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Background and Motivation
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The Banks-Casher relation

connects the spectrum density (near zero modes) of the Dirac operator with the chiral condensate.

[T. Banks and A. Casher 1980]

The  dependence reveals the   of the vacuum, and the sea quark masses.λ Nf

[A. V. Smilga and J. Stern 1993]

[J. C. Osborn et al. 1999]



Related Lattice Studies
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Condensate from lattice QCD
(table from FLAG19)

Early overlap studies used 
quite small lattices with fixed 
topology. The JLQCD 16B 
work fitted only the small 
eigenvalues.

[G. Cossu et al. 2016]



Overlap Fermions
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The overlap Dirac operator and the chiral operator:

The chiral operator behaviors like the continuum one
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Low-Lying Modes of Overlap Fermions on Domain Wall Seas
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# of eigenvectors Max eigenvalues
1000 pairs ~120 MeV
1600 pairs ~180 MeV
1000 pairs ~ 400 MeV

Although the computations are very costly, we solved the low-lying modes of the overlap Dirac operators 
to a very high precision (thanks the powerful Machine 先导⼀号) on two large lattices at the physical pion 
mass point.

[T. Blum et al. 2016)] 
[R. D. Mawhinney 2019]

During investigations in the last decade, the near-zero eigen-pairs have been found to be extremely 
beneficial in the calculations of the correlators and quark loops to improve the signal-to-noise ratio. We 
actually have the low-lying modes for more ensembles than the ones listed in the table.

[A. Li et al. 2010] 
[Y.-B. Yang et al. 2016)] 
[J. Liang et al. 2017] 
[M. Gong et al. 2013] 



Extracting the Spectrum Density from the low-modes
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ρ(λ) =
δn(λ)

δλ

Based on the standard statistical 
requirement, we choose to use a 
5 MeV bin size in the following 
analysis.

With such a bin size, our 
statistical uncertainty (~0.2%) is 
an order of magnitude smaller 
than those of all the previous 
calculations.



Qualitative Analysis
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Σ ∼ πρ(λ ∼ 0)

Without any fitting/extrapolation, 
our results of  show 
consistency with the PDG value 
of the SU(2) chiral condensate at 
small .

Go to larger , we see a linear-
like behavior, which indicates the 
effects of the third flavor (the 
strange quark). 

Obvious discrete effects.

πρ

λ

λ



Subtracting Lattice Spacings Effects
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The discretization error and is found to be proportional to λ in the range λ ∈ (20, 100) MeV.

After the subtraction, the remaining differences at vary small λ may be due to the residual mixed action 
effect, which should vanish in the continuum limit. In further analysis the first two points are dropped.



Fitting of the Dirac Spectrum
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A NLO chiral formula that works in both p-regime and epsilon-regime with  non-degenerate flavors 
in a finite volume.

Nf

[Poul H. Damgaard , Hidenori Fukaya  2009]

 and  are the NLO 
corrections, the latter one 
has  dependence.

The full expression is quite 
lengthy.

Z0
v δZv

λ



Fitting of the Dirac Spectrum
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F = 86.2(5) MeV
λ ∈ (12,30) MeV 

 fixed by the Kaon mass
λ ∈ (15, 100) 
ms

The continuum limit here is to subtract the remaining discrete effects.

λ ∈ (15, 100) 

Thanks to the precise spectrum data, the complicated chiral formula can be really fitted.



Systematic Uncertainties
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From the fitting, the SU(2) chiral 
condensate and light quark mass are 
determined as 260.3(0.7)(1.3)(0.7)(0.8) 
MeV and 4.34(35)(6)(43)(1) MeV, 
respectively.

From the SU(3) case, we get the chiral 
condensate and light quark mass as 
67.8(1.2)(0.1)(2.0)(0.8) MeV and 
2.95(1)(4)(5)(1), respectively. The 
strange quark mass is 97(24)(13) MeV.

The four uncertainties are from the 
statistical fluctuations, renormalization 
constants, continuum extrapolation and 
the uncertainty of the lattice spacing.

The fitting range does not affect much.
The NNLO correction is not contained.



Results
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Precise but lower? much more precise 



The Renormalization Issues
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The non-linear  terms in fitting of the SMOM case can introduce additional systematic uncertainty. 

Simple linear extrapolation at small  leads to the 5~10% larger   and tuns larger Σ.a2Q2 ZS

MOM SMOM



Summary
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Based on the precise spectrum of the overlap Dirac operator with error at 0.2% level, we 
determined the SU(2) and SU(3) chiral condensates and the light quark mass.

The strange quark mass is only roughly fitted due to the fact that it mainly account for the large  
behavior.

The renormalization issue should be further investigated. 

It is fun to have such precise data to play with. Hopefully we can understand more about the 
Dirac spectrum and the physics related by more systematic analysis on more gauge ensembles.

λ
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Thank You


