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Hadronic Events at the Large Hadron Collider
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CMS hadronic     eventtt̄
<latexit sha1_base64="fUzZwAaOwCWAKnUFSdHGy1glkPQ="></latexit>

ATLAS high jet multiplicity events

Jets (collimated sprays of color-neutral particles) are ubiquitous at high-energy colliders
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Hadronic Events as a Particle Point Cloud
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High-energy collisions produce final state particles with 
energy, direction, charge, flavor, and other quantum numbers

Jets in e+e-

…
…

Jets in pp
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Jet Formation in Theory

Hard collision
Good understanding via perturbation theory

Fragmentation
Semi-classical parton shower, effective field theory

Hadronization
Poorly understood (non-perturbative), modeled empirically
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Fragmentation
partons  ! " # …

Collision

Detection
Hadronization
hadrons  $± &± …

'

'

Diagram by Eric Metodiev

Ê ' lim
t→∞

n̂iT
0i(t, vtn̂)

<latexit sha1_base64="xOg7oS6MkaOdUCXkIYW3nMmUl/I="></latexit>

Stress-energy flow

Robust to non-perturbative and 
detector effects

Well-defined for massless gauge 
theories

Correlation functions calculated 
in N=4 SYM and QCD

[Sveshnikov, Tkachov, PLB 1996; Hofman, Maldacena, JHEP 2008; Mateu, Stewart, Thaler, PRD 2013;
Belitsky, Hohenegger, Korchemsky, Sokatchev, Zhiboedov, PRL 2014; Chen, Moult, Zhang, Zhu, 2004.11381;

PTK, Moult, Thaler, Zhu, to appear soon]
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Events in Theory vs. Experiment
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Fragmentation
partons  ! " # …

Collision

Detection
Hadronization
hadrons  $± &± …

'

'

What information is both theoretically and experimentally robust?
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Theoretically and Experimentally Robust Information
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Infrared and Collinear Safe Information

Infrared (IR) safety – observable is unchanged under addition of a soft particle

Collinear (C) safety – observable is unchanged under a collinear splitting of a particle

QCD has soft and collinear divergences associated with gluon radiation

dPi→ig '

2αs

π
Ca

dθ

θ

dz

z
<latexit sha1_base64="subA+vmJKmyZTD6XsMW4hQeuWIs="></latexit><latexit sha1_base64="subA+vmJKmyZTD6XsMW4hQeuWIs="></latexit><latexit sha1_base64="subA+vmJKmyZTD6XsMW4hQeuWIs="></latexit><latexit sha1_base64="subA+vmJKmyZTD6XsMW4hQeuWIs="></latexit><latexit sha1_base64="2jWaCQ/7ibZA4T9XCP9LqvIisJQ="></latexit><latexit sha1_base64="2jWaCQ/7ibZA4T9XCP9LqvIisJQ="></latexit><latexit sha1_base64="2jWaCQ/7ibZA4T9XCP9LqvIisJQ="></latexit><latexit sha1_base64="2jWaCQ/7ibZA4T9XCP9LqvIisJQ="></latexit>

Cq = CF = 4/3
<latexit sha1_base64="UT30y3QmS34+6D+E2s1i6JNO1F0="></latexit><latexit sha1_base64="UT30y3QmS34+6D+E2s1i6JNO1F0="></latexit><latexit sha1_base64="UT30y3QmS34+6D+E2s1i6JNO1F0="></latexit><latexit sha1_base64="UT30y3QmS34+6D+E2s1i6JNO1F0="></latexit>

Cg = CA = 3
<latexit sha1_base64="rmuZjjTOeOueuKBMfRFQnSvRH7w="></latexit><latexit sha1_base64="rmuZjjTOeOueuKBMfRFQnSvRH7w="></latexit><latexit sha1_base64="rmuZjjTOeOueuKBMfRFQnSvRH7w="></latexit><latexit sha1_base64="rmuZjjTOeOueuKBMfRFQnSvRH7w="></latexit>

Theoretically

IRC safety is a statement of linearity in energy and continuity in geometry 

Experimentally

[Sveshnikov, Tkachov, hep-ph/9512370; Tkachov, hep-ph/9601308; Cherzor, Sveshnikov, hep-ph/9710349;
PTK, Metodiev, Thaler, JHEP 2020]

=

✏ → 0
<latexit sha1_base64="+7VgSN6bIS94rg923ECXL9Ylmgg="></latexit>

=
λ

<latexit sha1_base64="wXk7AmmngymkoNcky3vNULvpq4c="></latexit>

1− λ
<latexit sha1_base64="feDmrmhe5e0qNCrjBVSp9Fat0fI="></latexit>

e.g. groomed jet substructure at the LHC

[ATLAS, PRL 2018]

[See backup for more on IRC safety]
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Event Shapes Past and Present
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[ALEPH, EPJC 2004] [ATLAS, 2007.12600]

Ubiquitous collider observables that probe QCD radiation

C = 3(λ1λ2 + λ1λ3 + λ2λ3)

<latexit sha1_base64="qp04F7TKBXaUqVDfv/mZTNa5t20="></latexit>

Θ
ij =

X

k

zkn̂
i
kn̂

j
k, zk =

|~pk|P
i |~pi|

, n̂
i
k =

(~pk)
i

|~pk|

<latexit sha1_base64="4sfSDddjnAan3v5WUq6hHv4+qls="></latexit>

Sphericity tensor:
Eigenvalues of Θij

D = 27(λ1λ2λ3)

<latexit sha1_base64="NIEBS3gb5DotNbOq/xzicUvSZqE="></latexit>

e.g.

Have been used to extra  by comparing to precision QCD calculationsαs
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Master Formula for Collider Physics

Can we develop a systematic understanding of observables to inform 
selection of quantities to measure/calculate?
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σobs ∼
1

2E2
CM

∞X

n=2

Z

dΦn

| {z }

phase space

|MAB→12···n|
2

| {z }

amplitude

fobs(Φn)

| {z }

observable

<latexit sha1_base64="4WBF8XSIi75jWLsk3cyTh37nNOA="></latexit>

Guiding question for rest of talk:

Experiment Fixed-order calculations

Resummed calculations



Energy Flow Observables

Collider Event Fundamentals

Energy-Energy Correlators

Patrick Komiske – Probing QCD with Energy Flow Observables 11

p

p



Patrick Komiske – Probing QCD with Energy Flow Observables

θ2ij = 2nµ
i njµ = 2

p
µ
i

pTi

pµj

pTj

' (yi � yj)
2 + (φi � φj)

2

<latexit sha1_base64="Y0rfk5fl1PZuTnp/B3sCt0wqLOk="></latexit>

Energy Flow Polynomials (EFPs)

MX

i1=1

· · ·

MX

iN=1

zi1 · · · ziN

Y

(j,k)∈G

θ
β
ijik

<latexit sha1_base64="qAWkvkaO+Pl0Ul+X2H23cSuiWmA="></latexit>

[PTK, Metodiev, Thaler, JHEP 2018]

Multiparticle Correlators

Expanded upon during the jet substructure revolution at the LHC
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1

2
<latexit sha1_base64="v035pHIuDHkNAFoHQfq4cClSZlM="></latexit>

zi =
pTiP
j pTj

<latexit sha1_base64="Cu2GrMla560lvk+pJx1p0IKeHxk="></latexit>

MX

i=1

1

<latexit sha1_base64="bBZh4TQ1AR+G78UPnGX8dHEJMTI="></latexit>

Multiplicity

• Track multiplicity
• Subjet multiplicity
• Calo multiplicity

Mass

1

2

MX

i=1

MX

j=1

zizjθ
2

ij

<latexit sha1_base64="+pDKlKXPonL4k97X1rAm6vk/Buo="></latexit>

• Track mass
• Soft Drop mass
• Trimmed mass

Graphs represent correlators

vertex  energy factor↔ edge  pairwise angle↔
MX

ij=1

zij

<latexit sha1_base64="LgLXB58/rXuO97wJWpCPpGnFXHk="></latexit>

θikil
<latexit sha1_base64="yZ9CBSkEALNSfOTRkIcnwUK9onQ="></latexit>

Energy Correlation Functions (ECFs)

MX

i1=1

· · ·

MX

iN=1

zi1 · · · ziN

Y

j<k

θ
β
ijik

<latexit sha1_base64="GtdaagRMUkmKjs0RgMIyL0GMT+8="></latexit>

[Larkoski, Salam, Thaler, 1305.0007]
[Larkoski, Moult, Neill, 1409.6298]

:N = 1

:N = 2

:N = 4

:N = 3

• Ratios typical, D2, C2, C3, etc.
• Used for multi-prong tagging
• Generalized ECFs also useful (angular 

part not monomial)

( )3
D2 :

( )2
C2 :

zi =
EiP
j Ej

<latexit sha1_base64="vgIwoa+VPSNl2HJA/UtN5PnrMMU="></latexit>

pp :

e+e- : θ
2

ij = 2n
µ
i njµ = 2

p
µ
i

Ei

pjµ

Ej

<latexit sha1_base64="OyxG7o0e20ZDKTT5/UBmGr9NRNM="></latexit>

Definition of energy factor and pairwise angular 
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Energy Flow Polynomials (EFPs)

MX

i1=1

· · ·

MX

iN=1

zi1 · · · ziN

Y

(j,k)∈G

θ
β
ijik

<latexit sha1_base64="qAWkvkaO+Pl0Ul+X2H23cSuiWmA="></latexit>

[PTK, Metodiev, Thaler, 1712.07124]

Energy Flow Polynomials (EFPs)

Obtained via systematically expanding in energies and angles
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θ2ij = 2nµ
i njµ = 2

p
µ
i

pTi

pµj

pTj

' (yi � yj)
2 + (φi � φj)

2

<latexit sha1_base64="Y0rfk5fl1PZuTnp/B3sCt0wqLOk="></latexit>

Definition of energy factor and pairwise angular 

zi =
pTiP
j pTj

<latexit sha1_base64="Cu2GrMla560lvk+pJx1p0IKeHxk="></latexit>

Graphs represent correlators

vertex  energy factor↔ edge  pairwise angle↔
MX

ij=1

zij

<latexit sha1_base64="LgLXB58/rXuO97wJWpCPpGnFXHk="></latexit>

θikil
<latexit sha1_base64="yZ9CBSkEALNSfOTRkIcnwUK9onQ="></latexit>

zi =
EiP
j Ej

<latexit sha1_base64="vgIwoa+VPSNl2HJA/UtN5PnrMMU="></latexit>

pp :

e+e- : θ
2

ij = 2n
µ
i njµ = 2

p
µ
i

Ei

pjµ

Ej

<latexit sha1_base64="OyxG7o0e20ZDKTT5/UBmGr9NRNM="></latexit>

e.g.

Organized by number of edges d

!"

!#

$"#

[PTK, Metodiev, Thaler, JHEP 2018]
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Familiar Observables as EFPs
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mJ2 = 

(                )2
C2 = 

[Larkoski, Salam, Thaler, 2013]

(                )3
D2 = 

[Larkoski, Moult, Neill, 2014]

Energy correlation functions are complete graphs

Even angularities are exact linear combinations of EFPs

Observables commonly used at LHC

Even classic event shapes!

with β = 2
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EFPs as a Linear Basis of IRC-Safe Observables

Any IRC-safe observable is a linear combination of EFPs (via the Stone-Weierstrass approximation theorem)!

15

Multivariate combinations of EFPs only require linear methods to achieve full generality

Strategy: Learn coefficients sG via linear regression or classification 

S '

X

G∈G

sGEFPG, G a set of multigraphs

<latexit sha1_base64="B2zmgdiMb5j2k2HnrPcNMCcoq3s="></latexit><latexit sha1_base64="B2zmgdiMb5j2k2HnrPcNMCcoq3s="></latexit><latexit sha1_base64="B2zmgdiMb5j2k2HnrPcNMCcoq3s="></latexit><latexit sha1_base64="B2zmgdiMb5j2k2HnrPcNMCcoq3s="></latexit>

IRC-Safe Observable

[See backup for derivation]
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EFPs: Quark vs. Gluon

Pythia 8.226,
√
s = 13 TeV

R = 0.4, pT ∈ [500, 550] GeV

EFP β = 0.5

d ≤ 3

d ≤ 6

d ≤ 7

Linear

DNN

Testing EFPs on QCD Jets

16

better

Convergence observed with more EFPs 

DNN gets there faster but linear suffices

2 3 4 5 6 7

Max Degree of EFPs
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9
5
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QCD Jets

Pythia 8.226,
√
s = 13 TeV

R = 0.8, pT ∈ [500, 550] GeV

EFP β = 1

mJ/pTJ

λ
(α=1/2)

τ
(β=1)
2

τ
(β=1)
21

τ
(β=1)
32

Mult.

EFPs regress onto IRC-safe observables best

Quark vs. Gluon Likelihood Ratio

[PTK, Metodiev, Thaler, JHEP 2018]
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Computational Complexity
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Naive computation complexity of an energy correlator is   𝒪(MN)

EnergyCorrelator fjcontrib solution:

 iff G is complete graph, ECFs still slow χ = N

=

 

M
X

i1=1

M
X

i2=1

M
X

i3=1

zi1
zi2

zi3
θ
2

i1i2
θi2i3

! 

M
X

i4=1

M
X

i5=1

zi4
zi5

θ
4

i4i5

!

<latexit sha1_base64="jT8fmSVBJuuvnyWqVnFuv4UeLno="></latexit><latexit sha1_base64="jT8fmSVBJuuvnyWqVnFuv4UeLno="></latexit><latexit sha1_base64="jT8fmSVBJuuvnyWqVnFuv4UeLno="></latexit><latexit sha1_base64="jT8fmSVBJuuvnyWqVnFuv4UeLno="></latexit>

=

MX

i1=1

MX

i2=1

MX

i3=1

MX

i4=1

MX

i5=1

MX

i6=1

MX

i7=1

MX

i8=1

zi1zi2zi3zi4zi5zi6zi7zi8

7Y

j=2

θi1ij

| {z }

O(M8)
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| {z }

O

=

MX

i1=1

zi1

 
MX

i2=1

zi2θi1i2

!7

| {z }

O(M2)
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All tree graphs become 𝒪(M2)

Variable elimination (VE) algorithm: 𝒪(Mχ), χ ≲ N

Disconnected is product of connected

VE find clever parentheses placement to minimize computation

[PTK, Metodiev, Thaler, PRD 2020]

Energy Flow Moments (EFMs)

    removes square rootθij = 2nμ

i
njμ β = 2

Factors of  can be organized in optimal waynμ

i

I
µ1···µv

=

MX

i=1

zin
µ1

i · · ·n
µv

i

<latexit sha1_base64="gYV5NmsHkaGSiHNquP8perGJlnU="></latexit>

EFMv is a little group tensor with v indices

v 0 1 2 3 4 5 6

n
(d=4)
components 1 4 10 20 35 56 84

<latexit sha1_base64="FFjMBDioJ15CHhsV+Cc18ffSc94="></latexit>

=

MX

i1=1

MX

i2=1

MX

i3=1

zi1
zi2

zi3
θ
2

i1i2
θ
2

i1i3
θi2i3

= 2
5

 
MX

i1=1

zi1
n
↵
i1
n
�
i1
n
�
i1
n
�
i1

!

| {z }

I↵���

 
MX

i2=1

zi2
ni2↵ni2�n

✏
i2

!

| {z }

I
✏

↵�

 
MX

i3=1

zi3
ni3�ni3�ni3✏

!

| {z }

I��✏
<latexit sha1_base64="As0LQ62vWVlz6kHDT7LFJjYbdrM="></latexit>

Naively  EFP shown to be 𝒪(M3) 𝒪(M)

I
j1j2···jv = 2

v/2
Θ

j1j2···jv

<latexit sha1_base64="zd6CfV/XCV1tX7zk9QzeV3H28KA="></latexit>

spatial e+e- EFMs linearized sphericity tensors
[Donoghue, Low, Pi, PRD 1979]
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Computational Complexity
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Naive computation complexity of an energy correlator is   𝒪(MN)

EnergyCorrelator fjcontrib solution:

 iff G is complete graph, ECFs still slow χ = N
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All tree graphs become 𝒪(M2)

Variable elimination (VE) algorithm: 𝒪(Mχ), χ ≲ N

Disconnected is product of connected

VE find clever parentheses placement to minimize computation

Energy Flow Moments (EFMs)

    removes square rootθij = 2nμ

i
njμ β = 2

Factors of  can be organized in optimal waynμ
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I
µ1···µv

=

MX

i=1

zin
µ1

i · · ·n
µv

i
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EFMv is a little group tensor with v indices

v 0 1 2 3 4 5 6

n
(d=4)
components 1 4 10 20 35 56 84

<latexit sha1_base64="FFjMBDioJ15CHhsV+Cc18ffSc94="></latexit>

Naively  EFP shown to be 𝒪(M3) 𝒪(M)

All  EFPs are β = 2 𝒪(M)

•  are all 

•  are 

ECF(β=2)

N
𝒪(M)

D(β=2)

2
, C(β=2)

2
𝒪(M)

EFMs result from cutting edges of EFP graph

α
β

γ

δ

ϵ

i1

i2

i3

EFP

α

α

β

β

γ γ

δ δ

ϵ

ϵ

I
αβγδ

<latexit sha1_base64="063vCRZ+cJC+j7sIfWOoEkryIbI="></latexit>
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↵�
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I��✏
<latexit sha1_base64="xmZOTVlEbYyj6LgR4LYJaiQ1ey8="></latexit>

contractions of EFMs

=

[PTK, Metodiev, Thaler, PRD 2020]

I
j1j2···jv = 2

v/2
Θ

j1j2···jv

<latexit sha1_base64="zd6CfV/XCV1tX7zk9QzeV3H28KA="></latexit>

spatial e+e- EFMs linearized sphericity tensors
[Donoghue, Low, Pi, PRD 1979]
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Understanding Linear Redundancies via EFMs
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Linear redundancies among EFPs are troublesome

Studying coefficients of linear fit difficult

Examples of redundancies

O =

X

G

sGEFPG

<latexit sha1_base64="KJL0RF7nlnqPSGl4RLPXUG/ivb0="></latexit>

in 3 or fewer spacetime dimensions

in 4 or fewer spacetime dimensions

T
a1···ak

b1···b`[c1···cm] = 0
<latexit sha1_base64="b89kDhUmj3XCQTnt9Gm1OyN44oo="></latexit>

Consider tensor over n dimensional vector space

Antisymmetrize m > n indices

Result is zero because any assignment of n 
possible values to m slots has a repetition

How to obtain a tensor identity

Bonus: all tensor identities up to ones governed 
by existing symmetries take above form

[Sneddon, Journal of Mathematical Physics]

0 = I
β

[αI
γ
βI

δ
γI

α
δ]

<latexit sha1_base64="wN21mrpAw/dbwRCq4TC5tnYC+eg="></latexit>

0 = I
�

[↵I
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✏
�I

↵
✏]

<latexit sha1_base64="7sd4V7+P273G7TDaNAbNujErttE="></latexit>

[PTK, Metodiev, Thaler, PRD 2020]

In e+e- there are additional relations due to

n
µ
i = (1, n̂)µ =⇒ I

0µ1···µv =
√
2Iµ1···µv

<latexit sha1_base64="5OgS2+PpsweMZDnhNJKj11ZDEDo="></latexit>

See backup for more on these “Euclidean” relations
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Counting Superstring Amplitudes

20

Q: What is the number of symmetric polynomials of degree  
in kinematic variables up to momentum conservation?

d

Constructing a basis of amplitudes – how large is it?

pairwise angular distance

θ
2

ij = 2ni · nj
<latexit sha1_base64="8g+9FNGA4mZQDXFPok3m0jNnNOE="></latexit>

non-isomorphic multigraph 

⟺

⟺

0 =

MX

i=1

p
µ
i = I

µ
=

<latexit sha1_base64="2RRSIIfDUvRdj2IpFCnAUOquukA="></latexit>

⟺

A: Same as the number of non-isomorphic multigraphs 
with no leaves (vertices of valency one)

[Boels, 1304.7918; OEIS A226919]

Leafless Multigraphs

Connected All

Edges d A307317 A307316

1 0 0

2 1 1

3 2 2

4 4 5

5 9 11

6 26 34

7 68 87

8 217 279

9 718 897

10 2 553 3 129

11 9 574 11 458

12 38 005 44 576

13 157 306 181 071

14 679 682 770 237

15 3 047 699 3 407 332

16 14 150 278 15 641 159
<latexit sha1_base64="gv3Gl26o79eW71+q1eHBjptc+0c="></latexit>

Bolded values previously unknown

New OEIS Entries!
A307317, A307316
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Collider Event Fundamentals

Energy-Energy Correlators
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Beyond Observables via Weighted Cross Sections

22

Fragmentation
partons  ! " # …

Collision

Detection
Hadronization
hadrons  $± &± …

'

'

Stress-energy flow

E(n̂) =

∞Z

0

dt lim
r→∞

r2niT0i(t, rn̂)

<latexit sha1_base64="lKsENDRrZXwsi7Bw2wmCLbyscx4="></latexit>

[PTK, Moult, Thaler, Zhu, to appear soon]

Standard observable (e.g. EFPs)
Calculate a single number for each jet/event 
and study distribution of values

Weighted cross section
Calculate a distributional quantity per event 
and study the mean distribution

1

σtot

dσ

dn̂1 · · · dn̂N

=
hOE(n̂1) · · · E(n̂N )O†i

hOO†i

<latexit sha1_base64="tGXerMaS7Jzt+Zo/Wq6wuPFs8zo="></latexit>

Correlations of energy flow operators can be directly studied!

Diagram by Ian Moult

dΣ

d cosφ
=

X
i,j

Z
dσ

EiEj

Q2
δ(cos θij − cosφ)

<latexit sha1_base64="5yGpO6o8vy3f+5jiWrIpGpGZqjY="></latexit>

e.g. energy-energy correlator (EEC)
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Energy-Energy Correlators – Projection to Longest Side
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dΣ[N ]

dxL

=
X
n

X
1≤i1≤...≤iN≤n

Z
dσn

Ei1 · · ·EiN

QN
δ(xL − max

1≤j<k≤N
{θijik})

<latexit sha1_base64="u77yJXBY9bKoJqI4Q45Yorv7qp8="></latexit>

Integrate out shape dependence but keep overall size dependence
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[PTK, Moult, Thaler, Zhu, to appear soon]
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EEEC – Full Shape Dependence
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[PTK, Moult, Thaler, Zhu, to appear soon]
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Visualizing the 3D EEEC

Pythia Gluon Jets 
pT ∈ [500,550] GeV

Time in the videos corresponds to 
 going from 0 to ln xL −∞

Uniformly persistent red is roughly the 
perturbatively accessible region

Color corresponds to log of EEC 
(red is large, blue is small)

[PTK, Moult, Thaler, Zhu, to appear soon]

Pythia Quark Jets 
pT ∈ [500,550] GeV
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Collider Event Fundamentals

Energy-Energy Correlators
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p

p

– Single-log observables (no grooming!) probe detailed properties of QCD

– Benefit from jet substructure and conformal field theory insights

– Relatively simple to interface with track functions to compute on charged particles

Stay tuned!

– Energy flow is theoretically and experimentally robust

– See 2004.04159 or this talk for a new geometric phrasing of many 
collider techniques

– EFPs provide a systematic basis of IRC observables and encompass 

– EFMs allow for understanding EFP linear relations and fast computation

– EFNs (1810.05165) use ML to learn optimal IRC-safe observables automatically
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EnergyFlow Python Package

27

Computes EFPs efficiently via variable elimination and EFMs (for )

Detailed examples, demos, and documentation

Also computes EMD, constructs EFNs/PFNs, and loads datasets

β = 2

pip3 install energyflow
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Additional Slides

28



Patrick Komiske – Probing QCD with Energy Flow Observables

Rewriting General EFP as Contraction of EFMs
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√
s = 13 TeV

R = 0.8, pT ∈ [500, 550] GeV
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Boosted Top: EFP Classification Performance Comparison
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Top vs. QCD

Pythia 8.226,
√
s = 13 TeV

R = 0.8, pT ∈ [500, 550] GeV

EFP β = 0.5, d ≤ 7

EFPs, Lin.

EFPs, DNN

gray CNN

Nsubs, Lin.

Nsubs, DNN

color CNN

better

Saturation observed with more EFPs 

DNN gets there faster but linear suffices

Linear EFPs excel at high efficiency 

[de Oliviera, Kagan, Mackey, Nachman, Schwartzman, 2015; PTK, Metodiev, Schwartz, 2016; Datta, Larkoski, 2017]
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Two-Prong Classification with Varying β
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[Larkoski, Moult, Neill, 1409.6298]

 for both  for both Pythia 8 and Herwig++ works better than  for Z vs. QCDβ = 2 D2 and C2 β = 1
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Table of Euclidean-Lorentz Identities
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Derivation of EFP Linear Spanning Basis
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Rewriting General EFP as Contraction of EFMs
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Graph adjacency matrix Aℓk

EFM Graph-specific contraction
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Two-Prong Classification with Varying β
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[Larkoski, Moult, Neill, 1409.6298]

 for both  for both Pythia 8 and Herwig++ works better than  for Z vs. QCDβ = 2 D2 and C2 β = 1
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Table of Euclidean-Lorentz Identities
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Valid only in e+e- collisions
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Explicit Geometry – Events as Distributions of Energy
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Energy flow distribution fully 
captures IRC-safe information
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[PTK, Metodiev, Thaler, JHEP 2019; PTK, Metodiev, Thaler, JHEP 2020]
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Towards a Hidden Geometry – When are two events similar?

Optimal transport minimizes the “work" (stuff x distance) required to transport supply to demand
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[Peleg, Werman, Rom, IEEE 1989; Rubner, Tomasi, Guibas, ICCV 1998, ICJV 2000; Pele, Werman, ECCV 2008; Pele, Taskar, GSI 2013]

Provides a metric on normalized distributions in a space with a ground distance measure

symmetric, non-negative, triangle inequality, zero iff identical

φ
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The Energy Mover’s Distance (EMD)
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[PTK, Metodiev, Thaler, PRL 2019]
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Capacity constraints to ensure proper transport

EMD between energy flows defines a metric on the space of events

E
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R: controls cost of transporting energy vs. destroying/creating it

: angular weighting exponentβ

Triangle inequality satisfied forR ≥ dmax/2
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0 ≤ EMD(E , E 0) ≤ EMD(E , E 00) + EMD(E 00
, E

0)
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i.e. jet radius for conical jetsR ≥
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Geodesics in the Space of Events
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122.5 GeV 158.7 GeV

205.8 GeV

“Social networking of jets”
[Chu, MIT News 2019]

“Social networking of jets”

2020:  “Social distancing of jets”
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Visualizing Geometry in the Space of Events
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t-Distributed Stochastic Neighbor Embedding (t-SNE)
MNIST handwritten digits

[L. van der Maaten, G. Hinton, JMLR 2008 ]
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[PTK, Metodiev, Thaler, PRL 2019]
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Visualizing Geometry in CMS Open Data
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t-SNE Manifold Dimension 1
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[PTK, Mastandrea, Metodiev, Naik, Thaler, PRD 2019; code and datasets at energyflow.network]

Example jets sprinkled throughout

t-SNE Manifold Dimension 1
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CMS 2011 Open Data

AK5 Jets, |ηjet| < 1.9
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jet
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∈ [399, 401] GeV

CHS, Tracks, pPFC
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Scaled to 400 GeV, Rotated
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25 most representative jets (“medoids”)
Size is proportional to number of jets associated to that medoid
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EMD: Intrinsic Dimension

Pythia 8.235,
√
s = 14 TeV

R = 1.0, pT ∈ [500, 550] GeV

Top jets

W jets

QCD jets

Hadrons

Partons

Decays

Quantifying Event-Space Manifolds

43

[Grassberger, Procaccia, PRL 1983; PTK, Metodiev, Thaler, PRL 2019]

Correlation dimension: how does the # of 
elements within a ball of size Q change?

dim(Q) = Q
∂

∂Q
ln

X

i

X

j

Θ(EMD(E i, E
0

j) < Q)

<latexit sha1_base64="XKuBaJ7fsvZeohVRYf7hETWOHbM="></latexit>

Nneigh.(Q) ∝ Qdim =⇒ dim(Q) = Q
d

dQ
lnNneigh.(Q)

<latexit sha1_base64="TwWtGcO0QQbG7yKasfTozXEthQo="></latexit>

dim ≃ 1 dim ≃ 2

dim ≃ 0dim → 0

Correlation dimension lessons:
Decays are "constant" dim. at low Q
Complexity hierarchy: QCD < W < Top
Fragmentation increases dim. at smaller scales
Hadronization important around 20-30 GeV

*Preliminary LL calculation for QG jets in backup
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EMD: Intrinsic Dimension

Pythia 8.235,
√
s = 14 TeV

R = 1.0, pT ∈ [500, 550] GeV

Top jets

W jets

QCD jets

Hadrons

Partons

Decays

Quantifying Event-Space Manifolds

44

[Grassberger, Procaccia, PRL 1983; PTK, Metodiev, Thaler, PRL 2019]

Correlation dimension: how does the # of 
elements within a ball of size Q change?

dim(Q) = Q
∂

∂Q
ln

X

i

X

j

Θ(EMD(E i, E
0

j) < Q)

<latexit sha1_base64="XKuBaJ7fsvZeohVRYf7hETWOHbM="></latexit>

Nneigh.(Q) ∝ Qdim =⇒ dim(Q) = Q
d

dQ
lnNneigh.(Q)

<latexit sha1_base64="TwWtGcO0QQbG7yKasfTozXEthQo="></latexit>

dim ≃ 1 dim ≃ 2

dim ≃ 0dim → 0

Correlation dimension lessons:
Decays are "constant" dim. at low Q
Complexity hierarchy: QCD < W < Top
Fragmentation increases dim. at smaller scales
Hadronization important around 20-30 GeV

*Preliminary LL calculation for QG jets in backup
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AK5 Jets, |ηjet| < 1.9

p
jet
T

∈ [399, 401] GeV

CHS, Tracks, pPFC
T

> 1 GeV

Scaled to 400 GeV, Rotated

CMS 2011 Open Data

CMS 2011 Simulation

Pythia 6 Generation

… in CMS Open Data

*More in backup
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N-particle Manifolds in the Space of Events

 = set of all N-particle configurations = PN

<latexit sha1_base64="rrfbiO2lj9J+R3xEaBAGDnte4jU="></latexit>

45

(

N
X

i=1

Ei δ(n̂− n̂i)

�

�

�

�

�

Ei ≥ 0

)

<latexit sha1_base64="1rJD5feh31J52EfKIvYo+ktS+s8="></latexit>
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<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

P3

<latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="MaytutUC5MdqJ1qepYQVLb7QUss=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwNWTaauuu4MZlBfuAdhgyaaYNzWSGJCOUYX7BH3Crf+BO3PoP/oDfYfoQrOiBwOGce7knJ0g4UxqhD2ttfWNza7uwU9zd2z8o2YdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ372nUrFY3OlpQr0IjwQLGcHaSL5dGkRYjwnmWSv3s2ru22XkoMuaW3Ehci6Q26igBbmqV6HroDnKYImWb38OhjFJIyo04VipvosS7WVYakY4zYuDVNEEkwke0b6hAkdUedk8eA7PjDKEYSzNExrO1Z8bGY6UmkaBmZzFVL+9mfiX10912PAyJpJUU0EWh8KUQx3DWQtwyCQlmk8NwUQykxWSMZaYaNPVypWQTkWU5EVTzPfv4f+kU3Fc5Li3tXKzsayoAE7AKTgHLqiDJrgBLdAGBKTgETyBZ+vBerFerbfF6Jq13DkGK7DevwDhu5v0</latexit>

P2
<latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="KOxF7/xLsYdqqJTwGj/l/E7wiKw=">AAACDHicdVDLSgMxFM34rPXRqks3wSK4KpnWvnYFNy4r2Ae0w5BJM21oJjMkGaEM8wv+gFv9A3fi1n/wB/wOM20FK3ogcDjnXu7J8SLOlEbow9rY3Nre2c3t5fcPDo8KxeOTngpjSWiXhDyUAw8rypmgXc00p4NIUhx4nPa92XXm9++pVCwUd3oeUSfAE8F8RrA2klssjAKspwTzpJO6SSV1iyVURvVaq4ogKteQ3Wi1DEGo3qxWoG1IhhJYoeMWP0fjkMQBFZpwrNTQRpF2Eiw1I5ym+VGsaITJDE/o0FCBA6qcZBE8hRdGGUM/lOYJDRfqz40EB0rNA89MZjHVby8T//KGsfabTsJEFGsqyPKQH3OoQ5i1AMdMUqL53BBMJDNZIZliiYk2Xa1d8elcBFGaN8V8/x7+T3qVso3K9u1Vqd1cVZQDZ+AcXAIbNEAb3IAO6AICYvAInsCz9WC9WK/W23J0w1rtnII1WO9f+/qcBQ==</latexit>

P
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<latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="Xu6qyMwXUDRo7AELMH4Gui+m1Rc=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwVRJtbbsruHFZwT6gLSWTZtrQTGZIMsIwzC/4A271D9yJW//BH/A7TB+CFT0QOJxzL/fkeJHg2iD04aytb2xubed28rt7+wcF9/CorcNYUdaioQhV1yOaCS5Zy3AjWDdSjASeYB1vej3zO/dMaR7KO5NEbBCQseQ+p8RYaegW+gExE0pE2syGKc6GbhGVKgjXK3W4IJfIEoTL1coVxCU0RxEs0Ry6n/1RSOOASUMF0bqHUWQGKVGGU8GyfD/WLCJ0SsasZ6kkAdODdB48g2dWGUE/VPZJA+fqz42UBFongWcnZzH1b28m/uX1YuPXBimXUWyYpItDfiygCeGsBTjiilEjEksIVdxmhXRCFKHGdrVyxWeJDKIsb4v5/j38n7QvShiV8G252KgtK8qBE3AKzgEGVdAAN6AJWoCCGDyCJ/DsPDgvzqvzthhdc5Y7x2AFzvsX9dqcAQ==</latexit>

 : manifold of events with two particlesP2

<latexit sha1_base64="P56Ieon4CUqn4FN83EWloqcl8tM="></latexit>

 : manifold of events with one particle P1

<latexit sha1_base64="RK8QJQ5E1l3/mauAQmaGlwDLSb8="></latexit>

 : manifold of events with three particlesP3

<latexit sha1_base64="dECaUH6yoDiOKee38bkaLmc7PHY="></latexit>

…

PN ⊃ PN−1 ⊃ · · · ⊃ P3 ⊃ P2 ⊃ P1

<latexit sha1_base64="7R/N0re+hPKVdr2pFymV3jerLd4="></latexit>

by soft and collinear limits

U
<latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="mLPVFXE76qSokMb3S8pdhR3NoWo=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiJC667gxmUF0xbSUibTSTt0HmFmIoSQvT/gVv/Anbj1N/wBv8NJW8H6OHDhcM693HtPlDCqjee9Oyura+sbm5Wt6vbO7t5+7eCwo2WqMAmwZFL1IqQJo4IEhhpGeokiiEeMdKPpVel374jSVIpbkyVkwNFY0JhiZKwU9jkyE4xYHhTDWt1zLxueBfxNfNeboQ4WaA9rH/2RxCknwmCGtA59LzGDHClDMSNFtZ9qkiA8RWMSWioQJ3qQz04u4KlVRjCWypYwcKZ+n8gR1zrjke0sT9Q/vVL8ywtTEzcHORVJaojA80VxyqCRsPwfjqgi2LDMEoQVtbdCPEEKYWNTWtoSk0zwpKjaYL6+h/+Tzrnre65/c1FvNRcRVcAxOAFnwAcN0ALXoA0CgIEED+ARPDn3zrPz4rzOW1ecxcwRWILz9glJF5oP</latexit>

U
<latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="mLPVFXE76qSokMb3S8pdhR3NoWo=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiJC667gxmUF0xbSUibTSTt0HmFmIoSQvT/gVv/Anbj1N/wBv8NJW8H6OHDhcM693HtPlDCqjee9Oyura+sbm5Wt6vbO7t5+7eCwo2WqMAmwZFL1IqQJo4IEhhpGeokiiEeMdKPpVel374jSVIpbkyVkwNFY0JhiZKwU9jkyE4xYHhTDWt1zLxueBfxNfNeboQ4WaA9rH/2RxCknwmCGtA59LzGDHClDMSNFtZ9qkiA8RWMSWioQJ3qQz04u4KlVRjCWypYwcKZ+n8gR1zrjke0sT9Q/vVL8ywtTEzcHORVJaojA80VxyqCRsPwfjqgi2LDMEoQVtbdCPEEKYWNTWtoSk0zwpKjaYL6+h/+Tzrnre65/c1FvNRcRVcAxOAFnwAcN0ALXoA0CgIEED+ARPDn3zrPz4rzOW1ecxcwRWILz9glJF5oP</latexit>

Uniform event, not contained in any PN

[PTK, Metodiev, Thaler, 2004.04159]
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N-particle Manifolds in the Space of Events

 = set of all N-particle configurations = PN

<latexit sha1_base64="rrfbiO2lj9J+R3xEaBAGDnte4jU="></latexit>
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(

N
X

i=1

Ei δ(n̂− n̂i)

�

�

�

�

�

Ei ≥ 0

)

<latexit sha1_base64="1rJD5feh31J52EfKIvYo+ktS+s8="></latexit>

dPi→ig '

2αs

π
Ca

dθ

θ

dz

z
<latexit sha1_base64="subA+vmJKmyZTD6XsMW4hQeuWIs="></latexit><latexit sha1_base64="subA+vmJKmyZTD6XsMW4hQeuWIs="></latexit><latexit sha1_base64="subA+vmJKmyZTD6XsMW4hQeuWIs="></latexit><latexit sha1_base64="subA+vmJKmyZTD6XsMW4hQeuWIs="></latexit><latexit sha1_base64="2jWaCQ/7ibZA4T9XCP9LqvIisJQ="></latexit><latexit sha1_base64="2jWaCQ/7ibZA4T9XCP9LqvIisJQ="></latexit><latexit sha1_base64="2jWaCQ/7ibZA4T9XCP9LqvIisJQ="></latexit><latexit sha1_base64="2jWaCQ/7ibZA4T9XCP9LqvIisJQ="></latexit>

PN

<latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="7cLdUU0n89KEDkB05clWTPEiXwM=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwNWRqtXVXcONKKtgHtEPJpJk2NJMZkoxQhvkFf8Ct/oE7ces/+AN+h5m2ghU9EDiccy/35PgxZ0oj9GGtrK6tb2wWtorbO7t7JXv/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KV+517KhWLxJ2extQL8UiwgBGsjTSwS/0Q6zHBPG1mg/QmG9hl5KCLqltxIXLOkVuvoDm5rJ1B10EzlMECzYH92R9GJAmp0IRjpXouirWXYqkZ4TQr9hNFY0wmeER7hgocUuWls+AZPDHKEAaRNE9oOFN/bqQ4VGoa+mYyj6l+e7n4l9dLdFD3UibiRFNB5oeChEMdwbwFOGSSEs2nhmAimckKyRhLTLTpaulKQKcijLOiKeb79/B/0q44LnLc22q5UV9UVABH4BicAhfUQANcgyZoAQIS8AiewLP1YL1Yr9bbfHTFWuwcgiVY718M7ZwP</latexit>

PN
−
1

<latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="qKorqtoDZgNc12Sexz2smIaqQ9g=">AAACDnicdVDLSgMxFM3UV62vVpdugkVwY8m09rUruHElFewD2lIyaaYNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYaatYEUPBA7n3Ms9OU7AmdIIfViptfWNza30dmZnd2//IJs7bCs/lIS2iM992XWwopwJ2tJMc9oNJMWew2nHmV4mfueOSsV8catnAR14eCyYywjWRhpmc30P6wnBPGrGw+j63I6H2TwqoEq5XkIQFcrIrtbrhiBUqZWK0DYkQR4s0RxmP/sjn4QeFZpwrFTPRoEeRFhqRjiNM/1Q0QCTKR7TnqECe1QNonn0GJ4aZQRdX5onNJyrPzci7Ck18xwzmQRVv71E/MvrhdqtDSImglBTQRaH3JBD7cOkBzhikhLNZ4ZgIpnJCskES0y0aWvliktnwgvijCnm+/fwf9IuFmxUsG8u8o3asqI0OAYn4AzYoAoa4Ao0QQsQcA8ewRN4th6sF+vVeluMpqzlzhFYgfX+BRTjnJM=</latexit>

– Infrared Divergences

=

✏ → 0
<latexit sha1_base64="+7VgSN6bIS94rg923ECXL9Ylmgg="></latexit>

=
λ

<latexit sha1_base64="wXk7AmmngymkoNcky3vNULvpq4c="></latexit>

1− λ
<latexit sha1_base64="feDmrmhe5e0qNCrjBVSp9Fat0fI="></latexit>

Energy flow is unchanged by exact soft/collinear emissions

PN ⊃ PN−1 ⊃ · · · ⊃ P3 ⊃ P2 ⊃ P1

<latexit sha1_base64="7R/N0re+hPKVdr2pFymV3jerLd4="></latexit>

by soft and collinear limits

Functions of energy flow automatically satisfy exact IRC invariance!

Real and virtual divergences appear naturally together

✏ → 0
<latexit sha1_base64="+7VgSN6bIS94rg923ECXL9Ylmgg="></latexit> λ

<latexit sha1_base64="wXk7AmmngymkoNcky3vNULvpq4c="></latexit>

1− λ
<latexit sha1_base64="feDmrmhe5e0qNCrjBVSp9Fat0fI="></latexit>

[PTK, Metodiev, Thaler, 2004.04159]
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Defining IRC Safety Precisely

Infrared and collinear safety is a proxy for perturbative calculability of an observable

47

O(pµ
1
, . . . , p

µ
M ) = O(0pµ

0
, p

µ
1
, . . . , p

µ
M )

O(pµ
1
, . . . , p

µ
M ) = O(λpµ

1
, (1− λ)pµ

1
, . . . , p

µ
M )

<latexit sha1_base64="F9gCX1fxuBDAQh3AIhXiVu/Lf4M="></latexit>

Exact IRC invariance

Guarantees observable is well-defined on energy flows 

Allows for pathological observables, e.g. pseudo-multiplicity
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<latexit sha1_base64="mQ0QVF/Ecr7NfTXvr+0eZMnP9FI="></latexit>

Smooth IRC invariance

Eliminates common observables with hard boundaries

[Sterman, Weinberg, PRL 1997; Sterman, PRD 1978; Banfi, Salam, Zanderighi, JHEP 2005]
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More EMD Geometry – Continuity in the Space of Events

48

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

O

<latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="rVPSFT0/LT/ZtFtiMLZrAq8saKA=">AAACMXicbVDLSsNAFL2pr1pf8bFzEyyCCymJFOyy4MadFWwtpKFMppN26GQSZiZCCfkRf8MfcKt/0J24cONPOEkr2NYDA4dz7p17OH7MqFS2PTVKa+sbm1vl7crO7t7+gXl41JFRIjBp44hFousjSRjlpK2oYqQbC4JCn5FHf3yT+49PREga8Qc1iYkXoiGnAcVIaalv1tNe8Ykrhr6X2jW7wOUKyXohUiOMWHqXZX2z+qtbq8SZk2rzBAq0+uZXbxDhJCRcYYakdB07Vl6KhKKYkazSSySJER6jIXE15Sgk0kuLYJl1rpWBFURCP66sQv27kaJQykno68k8o1z2cvE/z01U0PBSyuNEEY5nh4KEWSqy8qqsARUEKzbRBGFBdVYLj5BAWOlCF64EZMLDOKvoYpzlGlZJ56rm2DXnvl5tNmYNQRlO4QwuwIFraMIttKANGJ7hFd7g3XgxpsaH8TkbLRnznWNYgPH9AzBwpyg=</latexit><latexit sha1_base64="c3dlULjjkQs/xfG9TzGp85KsY9s=">AAACMXicbVDLSsNAFJ3UV62vqEs3g0VwISWRgl0W3Lizgn1AGspkOmmHTiZhZiKEkB/xN/wBt/oH3YkLN/6EkzSCbT0wcDjn3rmH40WMSmVZc6Oysbm1vVPdre3tHxwemccnPRnGApMuDlkoBh6ShFFOuooqRgaRICjwGOl7s9vc7z8RIWnIH1USETdAE059ipHS0shspsPiE0dMPDe1GlaBqzWSDQOkphix9D7LRmb9V4frxC5JHZTojMyv4TjEcUC4wgxJ6dhWpNwUCUUxI1ltGEsSITxDE+JoylFApJsWwTJ4oZUx9EOhH1ewUP9upCiQMgk8PZlnlKteLv7nObHyW25KeRQrwvHikB8zqEKYVwXHVBCsWKIJwoLqrBBPkUBY6UKXrvgk4UGU1XQx9moN66R33bCthv3QrLdbZUVVcAbOwSWwwQ1ogzvQAV2AwTN4BW/g3Xgx5saH8bkYrRjlzilYgvH9A7e1ptQ=</latexit>

E
0

<latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="0o64kQWULZqPqWN7iJFUCGwJWeI=">AAACB3icdVDLSgMxFL1TX7W+6mPnJlhEV2VGhNZdQQSXFWwttEPJpJk2NJMJSUYYhn6AP+BW/8CduPUz/AG/w3SqYH0cCBzOuZd7cgLJmTau++YUFhaXlleKq6W19Y3NrfL2TlvHiSK0RWIeq06ANeVM0JZhhtOOVBRHAac3wfh86t/cUqVZLK5NKqkf4aFgISPYWKnXi7AZEcyzi8lRv1xxq2c11wL9Jl7VzVFp7EGOZr/83hvEJImoMIRjrbueK42fYWUY4XRS6iWaSkzGeEi7lgocUe1neeYJOrTKAIWxsk8YlKvfNzIcaZ1GgZ2cZtQ/van4l9dNTFj3MyZkYqggs0NhwpGJ0bQANGCKEsNTSzBRzGZFZIQVJsbWNHclpKmI5KRki/n6PfqftE+qnlv1rk4rjfqsISjCPhzAMXhQgwZcQhNaQEDCPTzAo3PnPDnPzststOB87uzCHJzXDw/pmoQ=</latexit><latexit sha1_base64="gegd3AJG8TEzIfq9YwTW3G7srgs=">AAACB3icdVDLSgMxFM34rPVVdekmWERXw4wIrbuCCC4r2Ad0hpJJM21okglJRijDfIA/4Fb/wJ249TP8Ab/DTFvB+jgQOJxzL/fkRJJRbTzv3VlaXlldWy9tlDe3tnd2K3v7bZ2kCpMWTliiuhHShFFBWoYaRrpSEcQjRjrR+LLwO3dEaZqIWzORJORoKGhMMTJWCgKOzAgjll3lJ/1K1XMvap4F/E1815uiCuZo9isfwSDBKSfCYIa07vmeNGGGlKGYkbwcpJpIhMdoSHqWCsSJDrNp5hweW2UA40TZJwycqt83MsS1nvDIThYZ9U+vEP/yeqmJ62FGhUwNEXh2KE4ZNAksCoADqgg2bGIJworarBCPkELY2JoWrsRkIrjMy7aYr9/D/0n7zPU91785rzbq84pK4BAcgVPggxpogGvQBC2AgQQP4BE8OffOs/PivM5Gl5z5zgFYgPP2CZcumjA=</latexit>

✏
<latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="jgUrJhLGALjMeIyRRVBYIdUwEyk=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKIoJdFty4rGBboQ1lMj1ph04mYWYilJDn8DV8Abf6BoILcSc+htO0gm39YeDjP+fMOfx+zJnSjvNuFVZW19Y3ipulre2d3b3y/kFLRYmk2KQRj+S9TxRyJrCpmeZ4H0skoc+x7Y+uJ/X2A0rFInGnxzF6IRkIFjBKtLF6ZTft5p905MD3Uqfq5DpfgqyLsWI8ElmvXPk17WVwZ1CpH0GuRq/81e1HNAlRaMqJUh3XibWXEqkZ5ZiVuonCmNARGWDHoCAhKi/Nr8rsU+P07SCS5glt5+7fiZSESo1D33SGRA/VYm1i/lfrJDqoeSkTcaJR0OmiIOG2juxJTnafSaSajw0QKpm51aZDIgnVJs25LQGORRhnJROMuxjDMrQuqq5TdW8vK/XaNCEowjGcwBm4cAV1uIEGNIHCIzzDC7xaT9ab9WF9TlsL1mzmEOZkff8AvcOl4w==</latexit><latexit sha1_base64="nY45iuKraCLDFewaTX5iwTSikYs=">AAACLnicbZDLSsNAFIYn9VbrLerSTbAILqQkIthlwY3LCvYCTSiT6Uk7dDIJMxMhhDyHr+ELuNU3EFyIO/ExnKYRbOsPAx//OWfO4fdjRqWy7Xejsra+sblV3a7t7O7tH5iHR10ZJYJAh0QsEn0fS2CUQ0dRxaAfC8Chz6DnT29m9d4DCEkjfq/SGLwQjzkNKMFKW0PTydzik4EY+15mN+xCFyuQuxBLyiKeD836r2mtglNCHZVqD80vdxSRJASuCMNSDhw7Vl6GhaKEQV5zEwkxJlM8hoFGjkOQXlZclVtn2hlZQST048oq3L8TGQ6lTENfd4ZYTeRybWb+VxskKmh6GeVxooCT+aIgYZaKrFlO1ogKIIqlGjARVN9qkQkWmCid5sKWAFIexnlNB+Msx7AK3cuGYzecu6t6q1lGVEUn6BSdIwddoxa6RW3UQQQ9omf0gl6NJ+PN+DA+560Vo5w5Rgsyvn8ARReljw==</latexit>

δ

<latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="CTit7owv6Rbo1QgImtmrLEJTECw=">AAACLHicbZDLSsNAFIZPvFtv8bJzEyyCC6mJCHZZcONSwVqhCWUyPWkHJ5MwMxFCyGP4Gr6AW30DNyJu+xxO0wpq/WHg4z/nzDn8YcqZ0q77bs3NLywuLa+s1tbWNza37O2dW5VkkmKbJjyRdyFRyJnAtmaa410qkcQhx054fzGudx5QKpaIG52nGMRkIFjEKNHG6tknhV990pWDMCjchlvpeAZKv49ck7Jn178tZxa8KdRbe1DpqmeP/H5CsxiFppwo1fXcVAcFkZpRjmXNzxSmhN6TAXYNChKjCorqptI5NE7fiRJpntBO5f6cKEisVB6HpjMmeqj+1sbmf7VupqNmUDCRZhoFnSyKMu7oxBmn5PSZRKp5boBQycytDh0SSag2Wf7aEmEu4rSsmWC8vzHMwu1pw3Mb3vVZvdWcJAQrsA8HcAQenEMLLuEK2kDhEZ7hBV6tJ+vN+rA+J61z1nRmF37JGn0B2F6k3w==</latexit><latexit sha1_base64="3pF/Jb7/cAnqPIgLpv26uMSvwlE=">AAACLHicbZDNSsNAFIUn9a/Wv6pLN4NFcCE1EcEuC25cVrCtkIQymd60QyeTMDMRSshj+Bq+gFt9AzcibvscTtsItvXAwMe59869nCDhTGnb/rRKa+sbm1vl7crO7t7+QfXwqKPiVFJo05jH8jEgCjgT0NZMc3hMJJAo4NANRrfTevcJpGKxeNDjBPyIDAQLGSXaWL3qZebNPnHlIPAzu27PdLECudcHrkneq9Z+LbwKTgE1VKjVq068fkzTCISmnCjlOnai/YxIzSiHvOKlChJCR2QArkFBIlB+Nrspx2fG6eMwluYJjWfu34mMREqNo8B0RkQP1XJtav5Xc1MdNvyMiSTVIOh8UZhyrGM8TQn3mQSq+dgAoZKZWzEdEkmoNlkubAlhLKIkr5hgnOUYVqFzVXfsunN/XWs2iojK6ASdonPkoBvURHeohdqIomf0it7Qu/VifVhf1ve8tWQVM8doQdbkB1+ypIs=</latexit>

An observable O is EMD continuous at an event E if, for
any ✏ > 0, there exists a � > 0 such that for all events E 0:

EMD(E , E 0) < � =⇒ |O(E)−O(E 0)| < ✏.

<latexit sha1_base64="i51gici9SArRx4fYDtAj5Q4j0wQ="></latexit>

Classic  definition of continuity in a metric spaceϵ − δ

[PTK, Metodiev, Thaler, 2004.04159]

IRC Safety = EMD Continuity*

Towards a geometric definition of IRC Safety

*on all but a negligible set‡ of events

‡a negligible set is one that contains no positive-radius EMD-ball

…
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Infrared singularities of massless 
gauge theories appear on each PN

✏ → 0
<latexit sha1_base64="+7VgSN6bIS94rg923ECXL9Ylmgg="></latexit> λ

<latexit sha1_base64="wXk7AmmngymkoNcky3vNULvpq4c="></latexit>

1− λ
<latexit sha1_base64="feDmrmhe5e0qNCrjBVSp9Fat0fI="></latexit>

Soft Collinear

PN

<latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="7cLdUU0n89KEDkB05clWTPEiXwM=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwNWRqtXVXcONKKtgHtEPJpJk2NJMZkoxQhvkFf8Ct/oE7ces/+AN+h5m2ghU9EDiccy/35PgxZ0oj9GGtrK6tb2wWtorbO7t7JXv/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KV+517KhWLxJ2extQL8UiwgBGsjTSwS/0Q6zHBPG1mg/QmG9hl5KCLqltxIXLOkVuvoDm5rJ1B10EzlMECzYH92R9GJAmp0IRjpXouirWXYqkZ4TQr9hNFY0wmeER7hgocUuWls+AZPDHKEAaRNE9oOFN/bqQ4VGoa+mYyj6l+e7n4l9dLdFD3UibiRFNB5oeChEMdwbwFOGSSEs2nhmAimckKyRhLTLTpaulKQKcijLOiKeb79/B/0q44LnLc22q5UV9UVABH4BicAhfUQANcgyZoAQIS8AiewLP1YL1Yr9bbfHTFWuwcgiVY718M7ZwP</latexit>

PN
−
1

<latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="qKorqtoDZgNc12Sexz2smIaqQ9g=">AAACDnicdVDLSgMxFM3UV62vVpdugkVwY8m09rUruHElFewD2lIyaaYNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYaatYEUPBA7n3Ms9OU7AmdIIfViptfWNza30dmZnd2//IJs7bCs/lIS2iM992XWwopwJ2tJMc9oNJMWew2nHmV4mfueOSsV8catnAR14eCyYywjWRhpmc30P6wnBPGrGw+j63I6H2TwqoEq5XkIQFcrIrtbrhiBUqZWK0DYkQR4s0RxmP/sjn4QeFZpwrFTPRoEeRFhqRjiNM/1Q0QCTKR7TnqECe1QNonn0GJ4aZQRdX5onNJyrPzci7Ck18xwzmQRVv71E/MvrhdqtDSImglBTQRaH3JBD7cOkBzhikhLNZ4ZgIpnJCskES0y0aWvliktnwgvijCnm+/fwf9IuFmxUsG8u8o3asqI0OAYn4AzYoAoa4Ao0QQsQcA8ewRN4th6sF+vVeluMpqzlzhFYgfX+BRTjnJM=</latexit>

Sudakov safety

Some observables have discontinuities on PN for some N

A resummed IRC-safe companion can mitigate the divergences

Event geometry suggests N-(sub)jettiness as universal companion

p(OSudakov) =

Z
dOComp. p(OSudakov|OComp.) p(OComp.)

<latexit sha1_base64="W6sDhi0jd4X5vbTHYOvFDyiMti8="></latexit>

[Larkoski, Thaler, JHEP 2014; Larkoski, Marzani, Thaler, PRD 2015]

[PTK, Metodiev, Thaler, 2004.04159]

Fixed-order calculability

Is a statement of integrability on each PN

EMD continuity must be upgraded to EMD-Hölder continuity on each PN

Example:                                               is EMD continuous but not EMD Hölder continuous (it is Sudakov safe)

lim
E!E0

O(E)−O(E 0)

EMD(E , E 0)c
= 0, c > 0

<latexit sha1_base64="OJ26IaP8BcK3QyL1R+qvb41yMn0="></latexit>

[Sterman, PRD 1979; Banfi, Salam, Zanderighi, JHEP 2005]

V (E) = T2(E)

✓

1 +
1

lnE(E)/T3(E)

◆

<latexit sha1_base64="NC1oKJtoMAtdY0Ub2j7XHEQ5HhM="></latexit>
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All Observables 
Measurable at a collider

Defined on Energy Flows 
Invariant to exact infrared & collinear emissions everywhere except a negligible set of events

Infrared & Collinear Safe 
EMD continuous everywhere except a negligible set of events

EMD Hölder Continuous 
Everywhere invariant to infinitesimal 

infrared & collinear emissions

Sudakov Safe 
Discontinuous on some 

N-particle manifolds

[PTK, Metodiev, Thaler, 2004.04159]
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M

<latexit sha1_base64="+4OU1goSFxfSKs+mQVslb8GvFK4=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgKfS4xlvAixchglkgCaGn05M06ekZunuEMMzdH/Cqf+BNvPob/oDfYWcSwYg+KHi8V0VVPS8SXBuMP5zcwuLS8kp+tbC2vrG5VdzeaegwVpTVaShC1fKIZoJLVjfcCNaKFCOBJ1jTG11N/OY9U5qH8s6MI9YNyEByn1NirNTuBMQMKRHJTdorlnD5DLuX5xjhMs6QkYp74iJ3ppSqe5Ch1it+dvohjQMmDRVE67aLI9NNiDKcCpYWOrFmEaEjMmBtSyUJmO4m2ckpOrRKH/mhsiUNytSfEwkJtB4Hnu2cnKh/exPxL68dG7/STbiMYsMknS7yY4FMiCb/oz5XjBoxtoRQxe2tiA6JItTYlOa2+Gwsgygt2GC+v0f/k8Zx2cVl9/a0VK1ME4I87MMBHIELF1CFa6hBHSiE8AhP8Ow8OC/Oq/M2bc05s5ldmIPz/gWfgZpN</latexit><latexit sha1_base64="+4OU1goSFxfSKs+mQVslb8GvFK4=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgKfS4xlvAixchglkgCaGn05M06ekZunuEMMzdH/Cqf+BNvPob/oDfYWcSwYg+KHi8V0VVPS8SXBuMP5zcwuLS8kp+tbC2vrG5VdzeaegwVpTVaShC1fKIZoJLVjfcCNaKFCOBJ1jTG11N/OY9U5qH8s6MI9YNyEByn1NirNTuBMQMKRHJTdorlnD5DLuX5xjhMs6QkYp74iJ3ppSqe5Ch1it+dvohjQMmDRVE67aLI9NNiDKcCpYWOrFmEaEjMmBtSyUJmO4m2ckpOrRKH/mhsiUNytSfEwkJtB4Hnu2cnKh/exPxL68dG7/STbiMYsMknS7yY4FMiCb/oz5XjBoxtoRQxe2tiA6JItTYlOa2+Gwsgygt2GC+v0f/k8Zx2cVl9/a0VK1ME4I87MMBHIELF1CFa6hBHSiE8AhP8Ow8OC/Oq/M2bc05s5ldmIPz/gWfgZpN</latexit><latexit sha1_base64="+4OU1goSFxfSKs+mQVslb8GvFK4=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgKfS4xlvAixchglkgCaGn05M06ekZunuEMMzdH/Cqf+BNvPob/oDfYWcSwYg+KHi8V0VVPS8SXBuMP5zcwuLS8kp+tbC2vrG5VdzeaegwVpTVaShC1fKIZoJLVjfcCNaKFCOBJ1jTG11N/OY9U5qH8s6MI9YNyEByn1NirNTuBMQMKRHJTdorlnD5DLuX5xjhMs6QkYp74iJ3ppSqe5Ch1it+dvohjQMmDRVE67aLI9NNiDKcCpYWOrFmEaEjMmBtSyUJmO4m2ckpOrRKH/mhsiUNytSfEwkJtB4Hnu2cnKh/exPxL68dG7/STbiMYsMknS7yY4FMiCb/oz5XjBoxtoRQxe2tiA6JItTYlOa2+Gwsgygt2GC+v0f/k8Zx2cVl9/a0VK1ME4I87MMBHIELF1CFa6hBHSiE8AhP8Ow8OC/Oq/M2bc05s5ldmIPz/gWfgZpN</latexit><latexit sha1_base64="BSUFuWg+E95SAj2SN3juglfYm7c=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwFSY+667gxo1QwbZCGspkOmmHTiZhZiKUkL0/4Fb/wJ249Tf8Ab/DSRrBih64cDjnXu69x485UxqhD6uysLi0vFJdra2tb2xu1bd3uipKJKEdEvFI3vlYUc4E7WimOb2LJcWhz2nPn1zmfu+eSsUicaunMfVCPBIsYARrI7n9EOsxwTy9zgb1BrJPkXNxhiCyUYGCNJ1jBzql0gAl2oP6Z38YkSSkQhOOlXIdFGsvxVIzwmlW6yeKxphM8Ii6hgocUuWlxckZPDDKEAaRNCU0LNSfEykOlZqGvunMT1S/vVz8y3MTHTS9lIk40VSQ2aIg4VBHMP8fDpmkRPOpIZhIZm6FZIwlJtqkNLcloFMRxlnNBPP9PfyfdI9sB9nOzUmj1SwjqoI9sA8OgQPOQQtcgTboAAIi8AiewLP1YL1Yr9bbrLVilTO7YA7W+xcm1Zn5</latexit>

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

O

<latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="JlQAED8xBMOW3AdyPm+2eCE6Nbc=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaegRl3gLePFmBLNAEkJPpydp0tMzdPcIw5C7P+BV/8CbePU3/AG/w86iGNEHBY/3qqiq58eCa4Pxu5NbWFxaXsmvFtbWNza3its7dR0lirIajUSkmj7RTHDJaoYbwZqxYiT0BWv4w8ux37hjSvNI3po0Zp2Q9CUPOCXGSq12SMyAEpFdj7rFEnZPsXdx5iHs4gnQt+LNlFJlDyaodosf7V5Ek5BJQwXRuuXh2HQyogyngo0K7USzmNAh6bOWpZKETHeyyckjdGiVHgoiZUsaNFF/TmQk1DoNfds5PlH/9sbiX14rMUG5k3EZJ4ZJOl0UJAKZCI3/Rz2uGDUitYRQxe2tiA6IItTYlOa2BCyVYTwq2GC+vkf/k/qx62HXuzkpVcrThCAP+3AAR+DBOVTgCqpQAwoRPMAjPDn3zrPz4rxOW3PObGYX5uC8fQKxqppZ</latexit><latexit sha1_base64="k+N7KHLY5UUKWbQWqsB+1pTchnk=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiI+6q7gxp0V7APSUCbTSTt0MhNmJkII2fsDbvUP3Ilbf8Mf8DuctFGs6IELh3Pu5d57gphRpR3n3VpYXFpeWa2sVdc3Nre2azu7HSUSiUkbCyZkL0CKMMpJW1PNSC+WBEUBI91gcln43TsiFRX8Vqcx8SM04jSkGGkjef0I6TFGLLvOB7W6Y5867sWZCx3bmQJ+K26p1EGJ1qD20R8KnESEa8yQUp7rxNrPkNQUM5JX+4kiMcITNCKeoRxFRPnZ9OQcHhplCEMhTXENp+rPiQxFSqVRYDqLE9VvrxD/8rxEhw0/ozxONOF4tihMGNQCFv/DIZUEa5YagrCk5laIx0girE1Kc1tCkvIozqsmmK/v4f+kc2y7ju3enNSbjTKiCtgHB+AIuOAcNMEVaIE2wECAB/AInqx769l6sV5nrQtWObMH5mC9fQI4/poF</latexit>

= min
{fij≥0}

MX

i=1

M 0X

j=1

fijθ
β
ij

<latexit sha1_base64="3xUT2Mf1RkRbI3mSctXL/v1eXYs="></latexit>

EMDβ(E , E
0) = lim

R!1

RβEMDβ,R(E , E
0)

<latexit sha1_base64="pleEILUKCFAH9L5P13Z91jU3O14="></latexit>

EMD variant for equal-energy events

Enforces equal energy (else infinity) on equal-energy events

O(E) = min
E02M

EMDβ,R(E , E
0)

<latexit sha1_base64="NMs2rhpY9+8b1SKO0pVZMdj+4TI="></latexit>

Many common observables are distance of closest 
approach from event to a specific manifold

[PTK, Metodiev, Thaler, 2004.04159]
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O(E) = min
E02M

EMDβ,R(E , E
0)

<latexit sha1_base64="NMs2rhpY9+8b1SKO0pVZMdj+4TI="></latexit>

I

<latexit sha1_base64="HP9X7Vlc+Ec5e+wd37erqWB7owo=">AAACBnicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZcFN7qrYB+QhjKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wknZhWw8MHM65l3vm+DFnStv2t1VZW9/Y3Kpu13Z29/YP6odHXRUlktAOiXgk+z5WlDNBO5ppTvuxpDj0Oe3509vC7z1RqVgkHnUaUy/EY8ECRrA2kjsIsZ4QzLP7fFhv2E27BFolzpw0WidQoj2s/wxGEUlCKjThWCnXsWPtZVhqRjjNa4NE0RiTKR5T11CBQ6q8rIyco3OjjFAQSfOERqX6dyPDoVJp6JvJIqJa9grxP89NdHDjZUzEiaaCzA4FCUc6QsX/0YhJSjRPDcFEMpMVkQmWmGjT0sKVgKYijPOaKcZZrmGVdC+bjt10Hq4aLXvWEFThFM7gAhy4hhbcQRs6QCCCF3iFN+vZerc+rM/ZaMWa7xzDAqyvX2KUmh8=</latexit><latexit sha1_base64="HP9X7Vlc+Ec5e+wd37erqWB7owo=">AAACBnicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZcFN7qrYB+QhjKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wknZhWw8MHM65l3vm+DFnStv2t1VZW9/Y3Kpu13Z29/YP6odHXRUlktAOiXgk+z5WlDNBO5ppTvuxpDj0Oe3509vC7z1RqVgkHnUaUy/EY8ECRrA2kjsIsZ4QzLP7fFhv2E27BFolzpw0WidQoj2s/wxGEUlCKjThWCnXsWPtZVhqRjjNa4NE0RiTKR5T11CBQ6q8rIyco3OjjFAQSfOERqX6dyPDoVJp6JvJIqJa9grxP89NdHDjZUzEiaaCzA4FCUc6QsX/0YhJSjRPDcFEMpMVkQmWmGjT0sKVgKYijPOaKcZZrmGVdC+bjt10Hq4aLXvWEFThFM7gAhy4hhbcQRs6QCCCF3iFN+vZerc+rM/ZaMWa7xzDAqyvX2KUmh8=</latexit><latexit sha1_base64="HP9X7Vlc+Ec5e+wd37erqWB7owo=">AAACBnicbVDLSsNAFL2pr1pf9bFzM1gEVyURQZcFN7qrYB+QhjKZTtqhk0mYmQghZO8PuNU/cCdu/Q1/wO9wknZhWw8MHM65l3vm+DFnStv2t1VZW9/Y3Kpu13Z29/YP6odHXRUlktAOiXgk+z5WlDNBO5ppTvuxpDj0Oe3509vC7z1RqVgkHnUaUy/EY8ECRrA2kjsIsZ4QzLP7fFhv2E27BFolzpw0WidQoj2s/wxGEUlCKjThWCnXsWPtZVhqRjjNa4NE0RiTKR5T11CBQ6q8rIyco3OjjFAQSfOERqX6dyPDoVJp6JvJIqJa9grxP89NdHDjZUzEiaaCzA4FCUc6QsX/0YhJSjRPDcFEMpMVkQmWmGjT0sKVgKYijPOaKcZZrmGVdC+bjt10Hq4aLXvWEFThFM7gAhy4hhbcQRs6QCCCF3iFN+vZerc+rM/ZaMWa7xzDAqyvX2KUmh8=</latexit><latexit sha1_base64="OOILMQpFDBu6ed402+1G+ee/oh4=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4KjMi6LLgRncVbCu0Q8mkd9rQTDIkGWEYZu8PuNU/cCdu/Q1/wO8w087Cth4IHM65l3tygpgzbVz326msrW9sblW3azu7e/sH9cOjrpaJotChkkv1GBANnAnoGGY4PMYKSBRw6AXTm8LvPYHSTIoHk8bgR2QsWMgoMVbqDyJiJpTw7C4f1htu050BrxKvJA1Uoj2s/wxGkiYRCEM50brvubHxM6IMoxzy2iDREBM6JWPoWypIBNrPZpFzfGaVEQ6lsk8YPFP/bmQk0jqNAjtZRNTLXiH+5/UTE177GRNxYkDQ+aEw4dhIXPwfj5gCanhqCaGK2ayYTogi1NiWFq6EkIoozmu2GG+5hlXSvWh6btO7v2y03LKiKjpBp+gceegKtdAtaqMOokiiF/SK3pxn5935cD7noxWn3DlGC3C+fgHp2ZnL</latexit>

t

<latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="xsud14FDcektnrghDiXFlY0IVqE=">AAAB/HicdVDJSgNBEK1xjXGLy81LYxA8hR7XeAt48ZiAWSCG0NOpSRp7eobuHiGE+ANe9Q+8iVf/xR/wO+xMIqjog4LHe1VU1QsSKYyl9N2bm19YXFrOreRX19Y3Ngtb2w0Tp5pjnccy1q2AGZRCYd0KK7GVaGRRILEZ3F5O/OYdaiNidW2HCXYi1lciFJxZJ9Vst1CkpVPqX5xRQks0Q0bK/rFP/JlSrOxChmq38HHTi3kaobJcMmPaPk1sZ8S0FVziOH+TGkwYv2V9bDuqWISmM8oOHZMDp/RIGGtXypJM/T4xYpExwyhwnRGzA/Pbm4h/ee3UhuXOSKgktaj4dFGYSmJjMvma9IRGbuXQEca1cLcSPmCaceuy+bElxKGKknHeBfP1PfmfNI5KPi35tZNihU4TghzswT4cgg/nUIErqEIdOCA8wCM8effes/fivU5b57zZzA78gPf2Calkldo=</latexit><latexit sha1_base64="3a3GJjcdt+LQtD5NsG2okswqLl0=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hVmf8Rbw4jEB84BkCbOT3mTI7OwyMyssIf6AV/0Db+LVf/EH/A4nmxWMaEFDUdVNd5cfC64NIR/O0vLK6tp6YaO4ubW9s1va22/pKFEMmiwSker4VIPgEpqGGwGdWAENfQFtf3wz89v3oDSP5J1JY/BCOpQ84IwaKzVMv1QmlQviXl8STCokQ0aq7pmL3Vwpoxz1fumzN4hYEoI0TFCtuy6JjTehynAmYFrsJRpiysZ0CF1LJQ1Be5Ps0Ck+tsoAB5GyJQ3O1J8TExpqnYa+7QypGenf3kz8y+smJqh6Ey7jxIBk80VBIrCJ8OxrPOAKmBGpJZQpbm/FbEQVZcZms7AlgFSG8bRog/n+Hv9PWqcVl1Tcxnm5RvKICugQHaET5KIrVEO3qI6aiCFAj+gJPTsPzovz6rzNW5ecfOYALcB5/wIwuJWG</latexit>

P
BB

2

<latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="ssH/DqpuHJHfFAwagi09v/Cr6gE=">AAACE3icdVDLSgMxFL3j2/qqD9y4CRbBVcn4dld047KCbYW2lkyaaYNJZkgyQhnnM/wBt/oH7sStH+AP+B2mUwUVPRA4nHMv9+QEseDGYvzmjY1PTE5Nz8wW5uYXFpeKyyt1EyWashqNRKQvA2KY4IrVLLeCXcaaERkI1giuT4d+44ZpwyN1YQcxa0vSUzzklFgndYrrLUlsnxKRVrOrtKUlOjnJOjudYgmX97F/fIARLuMcOTnyd33kfyqlyhrkqHaK761uRBPJlKWCGNP0cWzbKdGWU8GyQisxLCb0mvRY01FFJDPtNM+foS2ndFEYafeURbn6fSMl0piBDNzkMK357Q3Fv7xmYsOjdspVnFim6OhQmAhkIzQsA3W5ZtSKgSOEau6yItonmlDrKvtxJWQDJeOs4Ir5+j36n9R3yj4u++d7pQoeNQQzsAGbsA0+HEIFzqAKNaBwC/fwAI/enffkPXsvo9Ex73NnFX7Ae/0A/pSerQ==</latexit><latexit sha1_base64="dJttqGz1EWV3twGSS0kVVtxlisU=">AAACE3icdVDLSgMxFM3UV62vUcGNm2ARXJVMfdVdqRuXFewD2loyaaYNTTJDkhHKOJ/hD7jVP3Anbv0Af8DvMH0IVvRA4HDOvdyT40ecaYPQh5NZWFxaXsmu5tbWNza33O2dug5jRWiNhDxUTR9rypmkNcMMp81IUSx8Thv+8HLsN+6o0iyUN2YU0Y7AfckCRrCxUtfdawtsBgTzpJreJm0lYKWSdotdN48Kp8i7OEMQFdAEE1Lyjj3ozZQ8mKHadT/bvZDEgkpDONa65aHIdBKsDCOcprl2rGmEyRD3actSiQXVnWSSP4WHVunBIFT2SQMn6s+NBAutR8K3k+O0+rc3Fv/yWrEJSp2EySg2VJLpoSDm0IRwXAbsMUWJ4SNLMFHMZoVkgBUmxlY2dyWgIymiNGeL+f49/J/UiwUPFbzrk3wZzSrKgn1wAI6AB85BGVyBKqgBAu7BI3gCz86D8+K8Om/T0Ywz29kFc3DevwCF6J5Z</latexit>

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

U

<latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="KCK9oqMlgumUFByC6OTcW+zbbxU=">AAACBnicdVDLSsNAFL2pr1pf9bFzM1gEVyERoXVXcOOygmkLaSiT6aQdOpmEmYkQQvb+gFv9A3fi1t/wB/wOp62CzwMXDufcy733hClnSjvOq1VZWl5ZXauu1zY2t7Z36rt7XZVkklCPJDyR/RArypmgnmaa034qKY5DTnvh9GLm926oVCwR1zpPaRDjsWARI1gbyR/EWE8I5oVXDusNxz5vOgboN3FtZ45G+wDm6Azrb4NRQrKYCk04Vsp3nVQHBZaaEU7L2iBTNMVkisfUN1TgmKqgmJ9comOjjFCUSFNCo7n6daLAsVJ5HJrO2YnqpzcT//L8TEetoGAizTQVZLEoyjjSCZr9j0ZMUqJ5bggmkplbEZlgiYk2KX3bEtFcxGlZM8F8fo/+J91T23Vs9+qs0W4tEoIqHMIRnIALTWjDJXTAAwIJ3ME9PFi31qP1ZD0vWivWx8w+fIP18g7Bw5pj</latexit><latexit sha1_base64="mLPVFXE76qSokMb3S8pdhR3NoWo=">AAACBnicdVDLSsNAFJ34rPVVdelmsAiuQiJC667gxmUF0xbSUibTSTt0HmFmIoSQvT/gVv/Anbj1N/wBv8NJW8H6OHDhcM693HtPlDCqjee9Oyura+sbm5Wt6vbO7t5+7eCwo2WqMAmwZFL1IqQJo4IEhhpGeokiiEeMdKPpVel374jSVIpbkyVkwNFY0JhiZKwU9jkyE4xYHhTDWt1zLxueBfxNfNeboQ4WaA9rH/2RxCknwmCGtA59LzGDHClDMSNFtZ9qkiA8RWMSWioQJ3qQz04u4KlVRjCWypYwcKZ+n8gR1zrjke0sT9Q/vVL8ywtTEzcHORVJaojA80VxyqCRsPwfjqgi2LDMEoQVtbdCPEEKYWNTWtoSk0zwpKjaYL6+h/+Tzrnre65/c1FvNRcRVcAxOAFnwAcN0ALXoA0CgIEED+ARPDn3zrPz4rzOW1ecxcwRWILz9glJF5oP</latexit>

Thrust, spherocity, isotropy*

[Farhi, PRL 1977; Georgi, Machacek, PRL 1977]
*New! [Cesarotti, Thaler, 2004.06125]

Distance of closest approach 
to a specific manifold
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<latexit sha1_base64="OR3lAqUiLNysN1pSrYzZ46CvTgk="></latexit>

PN

<latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="JsZOYfja2vHFGx/cDtLrSJZ4kCM=">AAACDHicdVDLSgMxFL1T3/XR8bFzEyyCqyFTq627ghtXUsGq0JaSSTNtaCYzJBmhDPML/oBb/QN34tZ/8Af8DtNWQUUPBA7n3Ms9OUEiuDYYvzmFufmFxaXlleLq2vpGyd3cutJxqihr0VjE6iYgmgkuWctwI9hNohiJAsGug9HpxL++ZUrzWF6accK6ERlIHnJKjJV6bqkTETOkRGTNvJed5z23jD18XPUrPsLeEfbrFTwjJ7VD5Ht4inJjB6Zo9tz3Tj+macSkoYJo3fZxYroZUYZTwfJiJ9UsIXREBqxtqSQR091sGjxH+1bpozBW9kmDpur3jYxEWo+jwE5OYurf3kT8y2unJqx3My6T1DBJZ4fCVCATo0kLqM8Vo0aMLSFUcZsV0SFRhBrb1Y8rIRvLKMmLtpiv36P/yVXF87HnX1TLjfqsIViGXdiDA/ChBg04gya0gEIK9/AAj86d8+Q8Oy+z0YLzubMNP+C8fgCFmZxj</latexit><latexit sha1_base64="7cLdUU0n89KEDkB05clWTPEiXwM=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwNWRqtXVXcONKKtgHtEPJpJk2NJMZkoxQhvkFf8Ct/oE7ces/+AN+h5m2ghU9EDiccy/35PgxZ0oj9GGtrK6tb2wWtorbO7t7JXv/oK2iRBLaIhGPZNfHinImaEszzWk3lhSHPqcdf3KV+517KhWLxJ2extQL8UiwgBGsjTSwS/0Q6zHBPG1mg/QmG9hl5KCLqltxIXLOkVuvoDm5rJ1B10EzlMECzYH92R9GJAmp0IRjpXouirWXYqkZ4TQr9hNFY0wmeER7hgocUuWls+AZPDHKEAaRNE9oOFN/bqQ4VGoa+mYyj6l+e7n4l9dLdFD3UibiRFNB5oeChEMdwbwFOGSSEs2nhmAimckKyRhLTLTpaulKQKcijLOiKeb79/B/0q44LnLc22q5UV9UVABH4BicAhfUQANcgyZoAQIS8AiewLP1YL1Yr9bbfHTFWuwcgiVY718M7ZwP</latexit>

PN
−
1

<latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="1fXZyS78TMKvsIeI3ezYebd9gz0="></latexit><latexit sha1_base64="qKorqtoDZgNc12Sexz2smIaqQ9g=">AAACDnicdVDLSgMxFM3UV62vVpdugkVwY8m09rUruHElFewD2lIyaaYNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYaatYEUPBA7n3Ms9OU7AmdIIfViptfWNza30dmZnd2//IJs7bCs/lIS2iM992XWwopwJ2tJMc9oNJMWew2nHmV4mfueOSsV8catnAR14eCyYywjWRhpmc30P6wnBPGrGw+j63I6H2TwqoEq5XkIQFcrIrtbrhiBUqZWK0DYkQR4s0RxmP/sjn4QeFZpwrFTPRoEeRFhqRjiNM/1Q0QCTKR7TnqECe1QNonn0GJ4aZQRdX5onNJyrPzci7Ck18xwzmQRVv71E/MvrhdqtDSImglBTQRaH3JBD7cOkBzhikhLNZ4ZgIpnJCskES0y0aWvliktnwgvijCnm+/fwf9IuFmxUsG8u8o3asqI0OAYn4AzYoAoa4Ao0QQsQcA8ewRN4th6sF+vVeluMpqzlzhFYgfX+BRTjnJM=</latexit>

TN−1

<latexit sha1_base64="MWOMfinQAZIoKrPOwKhOT6/kobM="></latexit><latexit sha1_base64="MWOMfinQAZIoKrPOwKhOT6/kobM="></latexit><latexit sha1_base64="MWOMfinQAZIoKrPOwKhOT6/kobM="></latexit><latexit sha1_base64="4miLyAx6p6t5RquYQ9AkM/HLRVc=">AAAB7XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwf5AO5RM5k4bmmSGJCMMY1/ArW/gTnwiX8DnMP1ZWOuBwOGchHvzxbngxgbBl1fb2d3bP6gf+kcN//jktNnomazQDLssE5kexNSg4Aq7lluBg1wjlbHAfjy7X/T9Z9SGZ+rJljlGkk4UTzmj1kWdcbMVtIOlyLYJ16YFa42b36MkY4VEZZmgxgzDILdRRbXlTODcHxUGc8pmdIJDZxWVaKJqueacXLokIWmm3VGWLNPfLyoqjSll7G5Kaqfmb7cI/+uGhU1vo4qrvLCo2GpQWghiM7L4M0m4RmZF6QxlmrtdCZtSTZl1ZDampFgqmc99xyX8S2Hb9K7bYdAOHwOowzlcwBWEcAN38AAd6AKDBF7hzXvx3r2PFb+atwZ5BhvyPn8A3biSog==</latexit><latexit sha1_base64="2rx/vf8wAGeC+C00Vy3RWr2nlFo=">AAACLHicbZBPS8MwGMbfzn9zTp1evRSH4EFHuoviSfDiSSbsH6xlpFm6haVpSVKhlH4Xv4ZfwKtePXkbfgzTbQe3+ULg4XmSvA8/P+ZMaYS+rNLW9s7uXnm/clA9PDqunVS7KkokoR0S8Uj2fawoZ4J2NNOc9mNJcehz2vOnD0Xee6FSsUi0dRpTL8RjwQJGsDbWsHaXufNPBnLsexlqNFExVxsid0OsJwTzrJ0Ps6drJ8+HtTpqzENkbwpnKeqwnNawNnNHEUlCKjThWKmBg2LtZVhqRjjNK26iaIzJFI/pwEiBQ6q8bF4vty+MM7KDSJojtD13/77IcKhUGvrmZtFUrWeF+V82SHRw62VMxImmgiwWBQm3dWQXwOwRk5RonhqBiWSmq00mWGKiDdaVLQFNRRjnFQPGWcewKbrNhoMazjOCMpzBOVyCAzdwD4/Qgg4QeIV3+IBP6836tmYLhCVryfIUVsb6+QUGdKeG</latexit><latexit sha1_base64="2rx/vf8wAGeC+C00Vy3RWr2nlFo=">AAACLHicbZBPS8MwGMbfzn9zTp1evRSH4EFHuoviSfDiSSbsH6xlpFm6haVpSVKhlH4Xv4ZfwKtePXkbfgzTbQe3+ULg4XmSvA8/P+ZMaYS+rNLW9s7uXnm/clA9PDqunVS7KkokoR0S8Uj2fawoZ4J2NNOc9mNJcehz2vOnD0Xee6FSsUi0dRpTL8RjwQJGsDbWsHaXufNPBnLsexlqNFExVxsid0OsJwTzrJ0Ps6drJ8+HtTpqzENkbwpnKeqwnNawNnNHEUlCKjThWKmBg2LtZVhqRjjNK26iaIzJFI/pwEiBQ6q8bF4vty+MM7KDSJojtD13/77IcKhUGvrmZtFUrWeF+V82SHRw62VMxImmgiwWBQm3dWQXwOwRk5RonhqBiWSmq00mWGKiDdaVLQFNRRjnFQPGWcewKbrNhoMazjOCMpzBOVyCAzdwD4/Qgg4QeIV3+IBP6836tmYLhCVryfIUVsb6+QUGdKeG</latexit><latexit sha1_base64="Dqtz0RED7r0yhr7ApbpYax61mYs=">AAACN3icbVC9TsMwGHTKXyl/BUaWiAqJASKnCxVTJRYmVKS2VGqjyHGd1qrtRLaDVEV5F16DF2CFlYmtYuUNcNIOtOUkS6e77/N3uiBmVGkIP63SxubW9k55t7K3f3B4VD0+6aookZh0cMQi2QuQIowK0tFUM9KLJUE8YOQpmNzl/tMzkYpGoq2nMfE4GgkaUoy0kfzqbTooPunLUeCl0KnDHFdrJBtwpMcYsbSd+enDtZtlfrUGncKE9jpxF6QGFmj51dlgGOGEE6ExQ0r1XRhrL0VSU8xIVhkkisQIT9CI9A0ViBPlpUW8zL4wytAOI2me0Hah/t1IEVdqygMzmSdVq14u/uf1Ex02vJSKONFE4PmhMGG2juy8MHtIJcGaTQ1BWFKT1cZjJBHWptalKyGZCh5nFVOMu1rDOunWHRc67iOsNRuLisrgDJyDS+CCG9AE96AFOgCDF/AG3sGH9Wp9WTPrez5ashY7p2AJ1s8vQWmpGg==</latexit><latexit sha1_base64="8HonnepbMutXOee71ZXxB1PVekM=">AAACN3icbVDLSsNAFJ3UV62vqEs3wSK40DIpgsVVwY0rqdAXtKFMppN26GQSZiZCCPkXf8MfcKtbV+6KW//ASZqFbT0wcDjn3rmH44aMSgXhp1Ha2Nza3invVvb2Dw6PzOOTrgwigUkHBywQfRdJwignHUUVI/1QEOS7jPTc2X3m956JkDTgbRWHxPHRhFOPYqS0NDLvkmH+yUBMXCeBtTrMcLVG0qGP1BQjlrTTUfJ4bafpyKzCWm5Ca53YBamCAq2ROR+OAxz5hCvMkJQDG4bKSZBQFDOSVoaRJCHCMzQhA0058ol0kjxeal1oZWx5gdCPKytX/24kyJcy9l09mSWVq14m/ucNIuU1nITyMFKE48UhL2KWCqysMGtMBcGKxZogLKjOauEpEggrXevSFY/E3A/Tii7GXq1hnXTrNRvW7KebarNRVFQGZ+AcXAIb3IImeAAt0AEYvIA38A4+jFfjy5gb34vRklHsnIIlGD+/QqmpHg==</latexit><latexit sha1_base64="MWOMfinQAZIoKrPOwKhOT6/kobM="></latexit><latexit sha1_base64="MWOMfinQAZIoKrPOwKhOT6/kobM="></latexit><latexit sha1_base64="MWOMfinQAZIoKrPOwKhOT6/kobM="></latexit><latexit sha1_base64="MWOMfinQAZIoKrPOwKhOT6/kobM="></latexit><latexit sha1_base64="8HonnepbMutXOee71ZXxB1PVekM=">AAACN3icbVDLSsNAFJ3UV62vqEs3wSK40DIpgsVVwY0rqdAXtKFMppN26GQSZiZCCPkXf8MfcKtbV+6KW//ASZqFbT0wcDjn3rmH44aMSgXhp1Ha2Nza3invVvb2Dw6PzOOTrgwigUkHBywQfRdJwignHUUVI/1QEOS7jPTc2X3m956JkDTgbRWHxPHRhFOPYqS0NDLvkmH+yUBMXCeBtTrMcLVG0qGP1BQjlrTTUfJ4bafpyKzCWm5Ca53YBamCAq2ROR+OAxz5hCvMkJQDG4bKSZBQFDOSVoaRJCHCMzQhA0058ol0kjxeal1oZWx5gdCPKytX/24kyJcy9l09mSWVq14m/ucNIuU1nITyMFKE48UhL2KWCqysMGtMBcGKxZogLKjOauEpEggrXevSFY/E3A/Tii7GXq1hnXTrNRvW7KebarNRVFQGZ+AcXAIb3IImeAAt0AEYvIA38A4+jFfjy5gb34vRklHsnIIlGD+/QqmpHg==</latexit>

TN

<latexit sha1_base64="a7hIS5626J2KShLBpoHvP8uvxt8=">AAACNXicbVDLSsNAFL2pr1pf8bFzEyyCCylJEeyy4MaVVGhroQllMp20QyeTMDMRSsiv+Bv+gFvdu3An3foLTtIubOuBgcM59849HD9mVCrb/jRKG5tb2zvl3cre/sHhkXl80pVRIjDp4IhFoucjSRjlpKOoYqQXC4JCn5Enf3KX+0/PREga8baaxsQL0YjTgGKktDQwG6lbfNIXI99L7VrdznG9RjI3RGqMEUvb2SB9yLKBWbVrhWVb68RZkGrzDAq0BubMHUY4CQlXmCEp+44dKy9FQlHMSFZxE0lihCdoRPqachQS6aVFuMy61MrQCiKhH1dWof7dSFEo5TT09WSeU656ufif109U0PBSyuNEEY7nh4KEWSqy8rqsIRUEKzbVBGFBdVYLj5FAWOlSl64EZMrDOKvoYpzVGtZJt15z7JrzeFNtNuYNQRnO4QKuwIFbaMI9tKADGF7gDd7hw3g1voxvYzYfLRmLnVNYgvHzC7i7qQA=</latexit><latexit sha1_base64="a7hIS5626J2KShLBpoHvP8uvxt8=">AAACNXicbVDLSsNAFL2pr1pf8bFzEyyCCylJEeyy4MaVVGhroQllMp20QyeTMDMRSsiv+Bv+gFvdu3An3foLTtIubOuBgcM59849HD9mVCrb/jRKG5tb2zvl3cre/sHhkXl80pVRIjDp4IhFoucjSRjlpKOoYqQXC4JCn5Enf3KX+0/PREga8baaxsQL0YjTgGKktDQwG6lbfNIXI99L7VrdznG9RjI3RGqMEUvb2SB9yLKBWbVrhWVb68RZkGrzDAq0BubMHUY4CQlXmCEp+44dKy9FQlHMSFZxE0lihCdoRPqachQS6aVFuMy61MrQCiKhH1dWof7dSFEo5TT09WSeU656ufif109U0PBSyuNEEY7nh4KEWSqy8rqsIRUEKzbVBGFBdVYLj5FAWOlSl64EZMrDOKvoYpzVGtZJt15z7JrzeFNtNuYNQRnO4QKuwIFbaMI9tKADGF7gDd7hw3g1voxvYzYfLRmLnVNYgvHzC7i7qQA=</latexit><latexit sha1_base64="a7hIS5626J2KShLBpoHvP8uvxt8=">AAACNXicbVDLSsNAFL2pr1pf8bFzEyyCCylJEeyy4MaVVGhroQllMp20QyeTMDMRSsiv+Bv+gFvdu3An3foLTtIubOuBgcM59849HD9mVCrb/jRKG5tb2zvl3cre/sHhkXl80pVRIjDp4IhFoucjSRjlpKOoYqQXC4JCn5Enf3KX+0/PREga8baaxsQL0YjTgGKktDQwG6lbfNIXI99L7VrdznG9RjI3RGqMEUvb2SB9yLKBWbVrhWVb68RZkGrzDAq0BubMHUY4CQlXmCEp+44dKy9FQlHMSFZxE0lihCdoRPqachQS6aVFuMy61MrQCiKhH1dWof7dSFEo5TT09WSeU656ufif109U0PBSyuNEEY7nh4KEWSqy8rqsIRUEKzbVBGFBdVYLj5FAWOlSl64EZMrDOKvoYpzVGtZJt15z7JrzeFNtNuYNQRnO4QKuwIFbaMI9tKADGF7gDd7hw3g1voxvYzYfLRmLnVNYgvHzC7i7qQA=</latexit><latexit sha1_base64="4KKt/6XwuKjTW96Rf9GFyDS1qZI=">AAACNXicbVDLSsNAFJ3UV62vqEs3wSK4kJAUwS4LblxJhb6gCWEynbRDJ5MwMxFCyK/4G/6AW927cCfd+gtO0ixs64GBwzn3zj0cP6ZESMv61Gpb2zu7e/X9xsHh0fGJfno2EFHCEe6jiEZ85EOBKWG4L4mkeBRzDEOf4qE/vy/84TPmgkSsJ9MYuyGcMhIQBKWSPL2dOeUnYz713cwyW1aBmw2SOyGUMwRp1su97DHPPb1pmaVlGZvErkgTVOh6+sKZRCgJMZOIQiHGthVLN4NcEkRx3nASgWOI5nCKx4oyGGLhZmW43LhSysQIIq4ek0ap/t3IYChEGvpqssgp1r1C/M8bJzJouxlhcSIxQ8tDQUINGRlFXcaEcIwkTRWBiBOV1UAzyCGSqtSVKwFOWRjnDVWMvV7DJhm0TNsy7afbZqddVVQHF+ASXAMb3IEOeABd0AcIvIA38A4+tFftS/vWFsvRmlbtnIMVaD+/QA+orA==</latexit>

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

N-jettiness

Minimum distance from event 
to N-particle manifold

[Brandt, Dahmen, Z. Phys 1979;
Stewart, Tackmann, Waalewijn, PRL 2010]

T
(β)
N

(E) = min
E02PN

EMDβ(E , E
0)

<latexit sha1_base64="YoKipGQqeQ12K9+RqqMDNJAqmmc="></latexit>

without beam region

T
(β,R)
N (E) = min

E02PN

EMDβ,R(E , E
0)

<latexit sha1_base64="F60qfN4N93lD82srdGkTdgOBels="></latexit>

with constant beam distance Rβ

P
1

<latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="wRAE5ad95VGdLvG/Ha46Rd5kfeE=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEVyWjrW13BTcuK9gHtKVk0kwbmskMSUYow/yCP+BW/8CduPUf/AG/w7RVsKIHAodz7uWeHC8SXBuM352V1bX1jc3MVnZ7Z3cvl98/aOkwVpQ1aShC1fGIZoJL1jTcCNaJFCOBJ1jbm1zN/PYdU5qH8tZMI9YPyEhyn1NirDTI53oBMWNKRNJIB4mbDvIFXCxjt1auoQW5wJZgt1QpXyK3iOco1I9gjsYg/9EbhjQOmDRUEK27Lo5MPyHKcCpYmu3FmkWETsiIdS2VJGC6n8yDp+jUKkPkh8o+adBc/bmRkEDraeDZyVlM/dubiX953dj41X7CZRQbJunikB8LZEI0awENuWLUiKklhCpusyI6JopQY7tauuKzqQyiNGuL+f49+p+0zosuLro3pUK9umgIMnAMJ3AGLlSgDtfQgCZQiOEBHuHJuXeenRfndTG64nztHMISnLdPbpWcVQ==</latexit><latexit sha1_base64="Xu6qyMwXUDRo7AELMH4Gui+m1Rc=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwVRJtbbsruHFZwT6gLSWTZtrQTGZIMsIwzC/4A271D9yJW//BH/A7TB+CFT0QOJxzL/fkeJHg2iD04aytb2xubed28rt7+wcF9/CorcNYUdaioQhV1yOaCS5Zy3AjWDdSjASeYB1vej3zO/dMaR7KO5NEbBCQseQ+p8RYaegW+gExE0pE2syGKc6GbhGVKgjXK3W4IJfIEoTL1coVxCU0RxEs0Ry6n/1RSOOASUMF0bqHUWQGKVGGU8GyfD/WLCJ0SsasZ6kkAdODdB48g2dWGUE/VPZJA+fqz42UBFongWcnZzH1b28m/uX1YuPXBimXUWyYpItDfiygCeGsBTjiilEjEksIVdxmhXRCFKHGdrVyxWeJDKIsb4v5/j38n7QvShiV8G252KgtK8qBE3AKzgEGVdAAN6AJWoCCGDyCJ/DsPDgvzqvzthhdc5Y7x2AFzvsX9dqcAQ==</latexit>

P2

<latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="HCtUNp3JQxizVnLfnOcMYXRPGOE=">AAACDHicdVDLSgMxFL3js9ZXfezcBIvgqmRa7WNXcOOygq1COwyZNKPBTGZIMkIZ5hf8Abf6B+7Erf/gD/gdZloFFT0QOJxzL/fkBIng2mD85szNLywuLZdWyqtr6xubla3tgY5TRVmfxiJWlwHRTHDJ+oYbwS4TxUgUCHYR3JwU/sUtU5rH8txMEuZF5ErykFNirORXNkcRMdeUiKyX+1k99ytVXMPN404DI1w7xm6r07EE42a7UUeuJQWq3V2YoudX3kfjmKYRk4YKovXQxYnxMqIMp4Ll5VGqWULoDbliQ0sliZj2smnwHB1YZYzCWNknDZqq3zcyEmk9iQI7WcTUv71C/MsbpiZsexmXSWqYpLNDYSqQiVHRAhpzxagRE0sIVdxmRfSaKEKN7erHlZBNZJTkZVvM1+/R/2RQr7m45p4dVbvtWUNQgj3Yh0NwoQVdOIUe9IFCCvfwAI/OnfPkPDsvs9E553NnB37Aef0AdLWcWQ==</latexit><latexit sha1_base64="KOxF7/xLsYdqqJTwGj/l/E7wiKw=">AAACDHicdVDLSgMxFM34rPXRqks3wSK4KpnWvnYFNy4r2Ae0w5BJM21oJjMkGaEM8wv+gFv9A3fi1n/wB/wOM20FK3ogcDjnXu7J8SLOlEbow9rY3Nre2c3t5fcPDo8KxeOTngpjSWiXhDyUAw8rypmgXc00p4NIUhx4nPa92XXm9++pVCwUd3oeUSfAE8F8RrA2klssjAKspwTzpJO6SSV1iyVURvVaq4ogKteQ3Wi1DEGo3qxWoG1IhhJYoeMWP0fjkMQBFZpwrNTQRpF2Eiw1I5ym+VGsaITJDE/o0FCBA6qcZBE8hRdGGUM/lOYJDRfqz40EB0rNA89MZjHVby8T//KGsfabTsJEFGsqyPKQH3OoQ5i1AMdMUqL53BBMJDNZIZliiYk2Xa1d8elcBFGaN8V8/x7+T3qVso3K9u1Vqd1cVZQDZ+AcXAIbNEAb3IAO6AICYvAInsCz9WC9WK/W23J0w1rtnII1WO9f+/qcBQ==</latexit>

P3

<latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="+SHYSrABxIxjhGoGJu2YjyFLKXc=">AAACDHicdVDLSgMxFL3js9ZH62PnJlgEV0OmPlp3BTcuK9gqtKVk0kwbzGSGJCMMw/yCP+BW/8CduPUf/AG/w7SjoKIHAodz7uWeHD8WXBuM35y5+YXFpeXSSnl1bX2jUt3c6uooUZR1aCQide0TzQSXrGO4Eew6VoyEvmBX/s3Z1L+6ZUrzSF6aNGaDkIwlDzglxkrDaqUfEjOhRGTtfJgd5sNqDbv45Mirewi7x9hr1nFBThuHyHPxDLXWDszQHlbf+6OIJiGThgqidc/DsRlkRBlOBcvL/USzmNAbMmY9SyUJmR5ks+A52rfKCAWRsk8aNFO/b2Qk1DoNfTs5jal/e1PxL6+XmKA5yLiME8MkLQ4FiUAmQtMW0IgrRo1ILSFUcZsV0QlRhBrb1Y8rAUtlGOdlW8zX79H/pFt3Pex6F0e1VrNoCEqwC3twAB40oAXn0IYOUEjgHh7g0blznpxn56UYnXM+d7bhB5zXD1p2nEg=</latexit><latexit sha1_base64="MaytutUC5MdqJ1qepYQVLb7QUss=">AAACDHicdVDLSgMxFM34rPXRUZdugkVwNWTaauuu4MZlBfuAdhgyaaYNzWSGJCOUYX7BH3Crf+BO3PoP/oDfYfoQrOiBwOGce7knJ0g4UxqhD2ttfWNza7uwU9zd2z8o2YdHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0Gk+uZ372nUrFY3OlpQr0IjwQLGcHaSL5dGkRYjwnmWSv3s2ru22XkoMuaW3Ehci6Q26igBbmqV6HroDnKYImWb38OhjFJIyo04VipvosS7WVYakY4zYuDVNEEkwke0b6hAkdUedk8eA7PjDKEYSzNExrO1Z8bGY6UmkaBmZzFVL+9mfiX10912PAyJpJUU0EWh8KUQx3DWQtwyCQlmk8NwUQykxWSMZaYaNPVypWQTkWU5EVTzPfv4f+kU3Fc5Li3tXKzsayoAE7AKTgHLqiDJrgBLdAGBKTgETyBZ+vBerFerbfF6Jq13DkGK7DevwDhu5v0</latexit>

τ3

<latexit sha1_base64="KqQR3F4dUEcWwyc0uHPsydYe0oY=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgW7LLhxWcFeoAlhMp20QyeTMDMRSshz+Bq+gFt9A8GFuBMfw0nahW39YeDjP+fMOfx+zKhUlvVhlNbWNza3ytuVnd29/YPq4VFXRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kNq/3HomQNOIPahoTN0QjTgOKkdKWV7VTp/hkIEa+m1r1hpXrcgUyR6HES6+yzKvWrHrhWeYq2HOotU6gUNurfjvDCCch4QozJOXAtmLlpkgoihnJKk4iSYzwBI3IQCNHIZFuWlyVmefaGZpBJPTjyizcvxMpCqWchr7uDJEay+Vabv5XGyQqaLop5XGiCMezRUHCTBWZeU7mkAqCFZtqQFhQfauJx0ggrHSaC1sCMuVhnFV0MPZyDKvQbdRtq27fX9dazVlCUIZTOIMLsOEGWnAHbegAhid4gVd4M56Nd+PT+Jq1loz5zDEsyPj5BYsIpcM=</latexit><latexit sha1_base64="KqQR3F4dUEcWwyc0uHPsydYe0oY=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgW7LLhxWcFeoAlhMp20QyeTMDMRSshz+Bq+gFt9A8GFuBMfw0nahW39YeDjP+fMOfx+zKhUlvVhlNbWNza3ytuVnd29/YPq4VFXRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kNq/3HomQNOIPahoTN0QjTgOKkdKWV7VTp/hkIEa+m1r1hpXrcgUyR6HES6+yzKvWrHrhWeYq2HOotU6gUNurfjvDCCch4QozJOXAtmLlpkgoihnJKk4iSYzwBI3IQCNHIZFuWlyVmefaGZpBJPTjyizcvxMpCqWchr7uDJEay+Vabv5XGyQqaLop5XGiCMezRUHCTBWZeU7mkAqCFZtqQFhQfauJx0ggrHSaC1sCMuVhnFV0MPZyDKvQbdRtq27fX9dazVlCUIZTOIMLsOEGWnAHbegAhid4gVd4M56Nd+PT+Jq1loz5zDEsyPj5BYsIpcM=</latexit><latexit sha1_base64="KqQR3F4dUEcWwyc0uHPsydYe0oY=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgW7LLhxWcFeoAlhMp20QyeTMDMRSshz+Bq+gFt9A8GFuBMfw0nahW39YeDjP+fMOfx+zKhUlvVhlNbWNza3ytuVnd29/YPq4VFXRonApIMjFom+jyRhlJOOooqRfiwICn1Gev7kNq/3HomQNOIPahoTN0QjTgOKkdKWV7VTp/hkIEa+m1r1hpXrcgUyR6HES6+yzKvWrHrhWeYq2HOotU6gUNurfjvDCCch4QozJOXAtmLlpkgoihnJKk4iSYzwBI3IQCNHIZFuWlyVmefaGZpBJPTjyizcvxMpCqWchr7uDJEay+Vabv5XGyQqaLop5XGiCMezRUHCTBWZeU7mkAqCFZtqQFhQfauJx0ggrHSaC1sCMuVhnFV0MPZyDKvQbdRtq27fX9dazVlCUIZTOIMLsOEGWnAHbegAhid4gVd4M56Nd+PT+Jq1loz5zDEsyPj5BYsIpcM=</latexit><latexit sha1_base64="i+um0Dabifojc2j9VzRYGi5lvkw=">AAACLnicbZDLSsNAFIYnXmu9RV26CRbBhYSkCnZZcOOygr1AEsJkOmmHTiZhZiKEkOfwNXwBt/oGggtxJz6GkzQL2/rDwMd/zplz+IOEEiEt60NbW9/Y3Npu7DR39/YPDvWj44GIU45wH8U05qMACkwJw31JJMWjhGMYBRQPg9ltWR8+Yi5IzB5klmAvghNGQoKgVJav27lbfeLwSeDlltm2Sl2uQOFKmPr5VVH4essyK88yVsGuoQVq9Xz92x3HKI0wk4hCIRzbSqSXQy4JorhouqnACUQzOMGOQgYjLLy8uqowzpUzNsKYq8ekUbl/J3IYCZFFgeqMoJyK5Vpp/ldzUhl2vJywJJWYofmiMKWGjI0yJ2NMOEaSZgog4kTdaqAp5BBJlebClhBnLEqKpgrGXo5hFQZt07ZM+/661e3UETXAKTgDF8AGN6AL7kAP9AECT+AFvII37Vl71z61r3nrmlbPnIAFaT+/Elylbw==</latexit>

τ2

<latexit sha1_base64="OCMGyArS3uD5slhCVygpthd/noA=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgS7LLhxWcG2QhvKZDpph85MwsxECCHP4Wv4Am71DQQX4k58DCdpF7b1h4GP/5wz5/D7EaNKO86HVVpb39jcKm9Xdnb39g+qh0ddFcYSkw4OWSgffKQIo4J0NNWMPESSIO4z0vOnN3m990ikoqG410lEPI7GggYUI22sYdVNB8UnfTn2vdSpN5xclyuQDTSKh2kjy4bVmlMvPMdeBXcOtdYJFGoPq9+DUYhjToTGDCnVd51IeymSmmJGssogViRCeIrGpG9QIE6UlxZXZfa5cUZ2EErzhLYL9+9EirhSCfdNJ0d6opZruflfrR/roOmlVESxJgLPFgUxs3Vo5znZIyoJ1iwxgLCk5lYbT5BEWJs0F7YEJBE8yiomGHc5hlXoNuquU3fvrmqt5iwhKMMpnMEFuHANLbiFNnQAwxO8wCu8Wc/Wu/Vpfc1aS9Z85hgWZP38AolupcI=</latexit><latexit sha1_base64="OCMGyArS3uD5slhCVygpthd/noA=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgS7LLhxWcG2QhvKZDpph85MwsxECCHP4Wv4Am71DQQX4k58DCdpF7b1h4GP/5wz5/D7EaNKO86HVVpb39jcKm9Xdnb39g+qh0ddFcYSkw4OWSgffKQIo4J0NNWMPESSIO4z0vOnN3m990ikoqG410lEPI7GggYUI22sYdVNB8UnfTn2vdSpN5xclyuQDTSKh2kjy4bVmlMvPMdeBXcOtdYJFGoPq9+DUYhjToTGDCnVd51IeymSmmJGssogViRCeIrGpG9QIE6UlxZXZfa5cUZ2EErzhLYL9+9EirhSCfdNJ0d6opZruflfrR/roOmlVESxJgLPFgUxs3Vo5znZIyoJ1iwxgLCk5lYbT5BEWJs0F7YEJBE8yiomGHc5hlXoNuquU3fvrmqt5iwhKMMpnMEFuHANLbiFNnQAwxO8wCu8Wc/Wu/Vpfc1aS9Z85hgWZP38AolupcI=</latexit><latexit sha1_base64="OCMGyArS3uD5slhCVygpthd/noA=">AAACLnicbZDLSsNAFIZP6q3WW73s3ASL4EJKUgS7LLhxWcG2QhvKZDpph85MwsxECCHP4Wv4Am71DQQX4k58DCdpF7b1h4GP/5wz5/D7EaNKO86HVVpb39jcKm9Xdnb39g+qh0ddFcYSkw4OWSgffKQIo4J0NNWMPESSIO4z0vOnN3m990ikoqG410lEPI7GggYUI22sYdVNB8UnfTn2vdSpN5xclyuQDTSKh2kjy4bVmlMvPMdeBXcOtdYJFGoPq9+DUYhjToTGDCnVd51IeymSmmJGssogViRCeIrGpG9QIE6UlxZXZfa5cUZ2EErzhLYL9+9EirhSCfdNJ0d6opZruflfrR/roOmlVESxJgLPFgUxs3Vo5znZIyoJ1iwxgLCk5lYbT5BEWJs0F7YEJBE8yiomGHc5hlXoNuquU3fvrmqt5iwhKMMpnMEFuHANLbiFNnQAwxO8wCu8Wc/Wu/Vpfc1aS9Z85hgWZP38AolupcI=</latexit><latexit sha1_base64="ioB2LPklbwPAdaCrjFSL7r5PwJg=">AAACLnicbZDLSsNAFIYn9VbrLerSTbAILiQkRbDLghuXFewFkhAm00k7dDIJMxMhhDyHr+ELuNU3EFyIO/ExnKRZ2NYfBj7+c86cwx8klAhpWR9aY2Nza3unudva2z84PNKPT4YiTjnCAxTTmI8DKDAlDA8kkRSPE45hFFA8Cua3ZX30iLkgMXuQWYK9CE4ZCQmCUlm+budu9YnDp4GXW2bHKnW1BoUrYernnaLw9bZlVp5lrINdQxvU6vv6tzuJURphJhGFQji2lUgvh1wSRHHRclOBE4jmcIodhQxGWHh5dVVhXChnYoQxV49Jo3L/TuQwEiKLAtUZQTkTq7XS/K/mpDLsejlhSSoxQ4tFYUoNGRtlTsaEcIwkzRRAxIm61UAzyCGSKs2lLSHOWJQULRWMvRrDOgw7pm2Z9v11u9etI2qCM3AOLoENbkAP3IE+GAAEnsALeAVv2rP2rn1qX4vWhlbPnIIlaT+/EMKlbg==</latexit>

J

<latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="mkvvNO5IlOBoVho0vevrWglo9yk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFN+Kqgn1AGspkOmmHziPMTIQQsvcH3OofuBO3/oY/4Hc4aStYHwcuHM65l3vvCWNGtXHdd6e0srq2vlHerGxt7+zuVfcPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71weln4vTuiNJXi1qQxCTgaCxpRjIyV/AFHZoIRy67zYbXm1i8argX8Tby6O0MNLNAeVj8GI4kTToTBDGnte25sggwpQzEjeWWQaBIjPEVj4lsqECc6yGYn5/DEKiMYSWVLGDhTv09kiGud8tB2Fifqn14h/uX5iYmaQUZFnBgi8HxRlDBoJCz+hyOqCDYstQRhRe2tEE+QQtjYlJa2RCQVPM4rNpiv7+H/pHtW99y6d3NeazUXEZXBETgGp8ADDdACV6ANOgADCR7AI3hy7p1n58V5nbeWnMXMIViC8/YJN4SaBA==</latexit>

λ

<latexit sha1_base64="v+Ksdb72t4Vb0cOoq2s3juEBdYA=">AAACLXicbVDLSsNAFL2pr1pf9bFzEyyCCymTIthlwY3LCrYV0lAmk0k7dDIJMxOhhPyGv+EPuNU/cCGIS/0Np2kXtvXAhcM598XxE86URujDKq2tb2xulbcrO7t7+wfVw6OuilNJaIfEPJYPPlaUM0E7mmlOHxJJceRz2vPHN1O/90ilYrG415OEehEeChYygrWRBlWU9Yslrhz6XobqDTTF5QrJ+9wsDXA+qNZQvZCQvUqcOam1TqBAe1D97gcxSSMqNOFYKddBifYyLDUjnOaVfqpogskYD6lrqMARVV5WPJXb50YJ7DCWpoS2C/XvRIYjpSaRbzojrEdq2ZuK/3luqsOmlzGRpJoKMjsUptzWsT2NyQ6YpETziSGYSGZ+tckIS0y0CXPhSkgnIkryignGWY5hlXQbdQfVnburWqs5SwjKcApncAEOXEMLbqENHSDwBC/wCm/Ws/VufVpfs9aSNZ85hgVYP7+gDKVG</latexit><latexit sha1_base64="v+Ksdb72t4Vb0cOoq2s3juEBdYA=">AAACLXicbVDLSsNAFL2pr1pf9bFzEyyCCymTIthlwY3LCrYV0lAmk0k7dDIJMxOhhPyGv+EPuNU/cCGIS/0Np2kXtvXAhcM598XxE86URujDKq2tb2xulbcrO7t7+wfVw6OuilNJaIfEPJYPPlaUM0E7mmlOHxJJceRz2vPHN1O/90ilYrG415OEehEeChYygrWRBlWU9Yslrhz6XobqDTTF5QrJ+9wsDXA+qNZQvZCQvUqcOam1TqBAe1D97gcxSSMqNOFYKddBifYyLDUjnOaVfqpogskYD6lrqMARVV5WPJXb50YJ7DCWpoS2C/XvRIYjpSaRbzojrEdq2ZuK/3luqsOmlzGRpJoKMjsUptzWsT2NyQ6YpETziSGYSGZ+tckIS0y0CXPhSkgnIkryignGWY5hlXQbdQfVnburWqs5SwjKcApncAEOXEMLbqENHSDwBC/wCm/Ws/VufVpfs9aSNZ85hgVYP7+gDKVG</latexit><latexit sha1_base64="v+Ksdb72t4Vb0cOoq2s3juEBdYA=">AAACLXicbVDLSsNAFL2pr1pf9bFzEyyCCymTIthlwY3LCrYV0lAmk0k7dDIJMxOhhPyGv+EPuNU/cCGIS/0Np2kXtvXAhcM598XxE86URujDKq2tb2xulbcrO7t7+wfVw6OuilNJaIfEPJYPPlaUM0E7mmlOHxJJceRz2vPHN1O/90ilYrG415OEehEeChYygrWRBlWU9Yslrhz6XobqDTTF5QrJ+9wsDXA+qNZQvZCQvUqcOam1TqBAe1D97gcxSSMqNOFYKddBifYyLDUjnOaVfqpogskYD6lrqMARVV5WPJXb50YJ7DCWpoS2C/XvRIYjpSaRbzojrEdq2ZuK/3luqsOmlzGRpJoKMjsUptzWsT2NyQ6YpETziSGYSGZ+tckIS0y0CXPhSkgnIkryignGWY5hlXQbdQfVnburWqs5SwjKcApncAEOXEMLbqENHSDwBC/wCm/Ws/VufVpfs9aSNZ85hgVYP7+gDKVG</latexit><latexit sha1_base64="KuUheEyJrYgj8wE+YSc28/evbK4=">AAACLXicbVDLSsNAFJ3UV62vqEs3wSK4kDIpgl0W3LisYB+QhjKZTNqhM5MwMxFCyG/4G/6AW/0DF4K41N9w0nZhWw9cOJxzX5wgYVRpCD+sysbm1vZOdbe2t39weGQfn/RUnEpMujhmsRwESBFGBelqqhkZJJIgHjDSD6a3pd9/JFLRWDzoLCE+R2NBI4qRNtLIhvlwtsST48DPYaMJS1ytkWLIzNIQFSO7DhszCTrrxF2QOligM7K/h2GMU06Exgwp5bkw0X6OpKaYkaI2TBVJEJ6iMfEMFYgT5eezpwrnwiihE8XSlNDOTP07kSOuVMYD08mRnqhVrxT/87xURy0/pyJJNRF4fihKmaNjp4zJCakkWLPMEIQlNb86eIIkwtqEuXQlIpngSVEzwbirMayTXrPhwoZ7f11vtxYRVcEZOAeXwAU3oA3uQAd0AQZP4AW8gjfr2Xq3Pq2veWvFWsycgiVYP78nYKTy</latexit>

N-subjettiness, angularities

Smallest distance from jet to 
N-particle manifold 

[Ellis, Vermilion, Walsh, Hornig, Lee, JHEP 2010;
Thaler, Van Tilburg, JHEP 2011, JHEP 2012]

τ
(β)
N

(J ) = min
J 02PN

EMDβ(J ,J
0)

<latexit sha1_base64="yW2L8cEJNLqu6IYSyZOK2oFvH6M="></latexit>

λβ(J ) = min
J 02P1

EMDβ(J ,J
0)

<latexit sha1_base64="6R8CI/7MGyx/ekwYhZO38Ep2sg8="></latexit>

for recoil-free angularity

[PTK, Metodiev, Thaler, 2004.04159]
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J

<latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="mkvvNO5IlOBoVho0vevrWglo9yk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFN+Kqgn1AGspkOmmHziPMTIQQsvcH3OofuBO3/oY/4Hc4aStYHwcuHM65l3vvCWNGtXHdd6e0srq2vlHerGxt7+zuVfcPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71weln4vTuiNJXi1qQxCTgaCxpRjIyV/AFHZoIRy67zYbXm1i8argX8Tby6O0MNLNAeVj8GI4kTToTBDGnte25sggwpQzEjeWWQaBIjPEVj4lsqECc6yGYn5/DEKiMYSWVLGDhTv09kiGud8tB2Fifqn14h/uX5iYmaQUZFnBgi8HxRlDBoJCz+hyOqCDYstQRhRe2tEE+QQtjYlJa2RCQVPM4rNpiv7+H/pHtW99y6d3NeazUXEZXBETgGp8ADDdACV6ANOgADCR7AI3hy7p1n58V5nbeWnMXMIViC8/YJN4SaBA==</latexit>

PN

<latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="S2WUimDJBNXM1022st+tc8cbSz0=">AAACCHicdVDLSgMxFL3js9ZXfezcBIvgqmS0VbsruHElFawttEPJpBkNZjJjkhHKMD/gD7jVP3Anbv0Lf8DvMDNVUNEDgcM593JPjh8Lrg3Gb87U9Mzs3Hxpoby4tLyyWllbv9BRoijr0EhEqucTzQSXrGO4EawXK0ZCX7Cuf32c+91bpjSP5LkZx8wLyaXkAafEWMkbhMRcUSLSdjY8HVaquNbAbrPRRBOyjy3Bbv2wcYDcGi5QbW1Cgfaw8j4YRTQJmTRUEK37Lo6NlxJlOBUsKw8SzWJCr8kl61sqSci0lxahM7RjlREKImWfNKhQv2+kJNR6HPp2Mg+pf3u5+JfXT0xw5KVcxolhkk4OBYlAJkJ5A2jEFaNGjC0hVHGbFdErogg1tqcfVwI2lmGclW0xX79H/5OLvZqLa+5Zvdo6mjQEJdiCbdgFFw6hBSfQhg5QuIF7eIBH5855cp6dl8nolPO5swE/4Lx+AEJLmzU=</latexit><latexit sha1_base64="XRFGeT5wxbjFGX0jGdNJkkuvYHw=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4GjLa2nZXcONKKtgHtEPJpJk2NJMZk4xQhvkBf8Ct/oE7cetf+AN+h5m2ghU9EDiccy/35HgRZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473uQy8zv3VCoWils9jagb4JFgPiNYG8ntB1iPCeZJMx1cD4olZFeQU6/U4ZycI0OQU65WLqBjoxlKYIHmoPjZH4YkDqjQhGOleg6KtJtgqRnhNC30Y0UjTCZ4RHuGChxQ5Saz0Ck8McoQ+qE0T2g4U39uJDhQahp4ZjILqX57mfiX14u1X3MTJqJYU0Hmh/yYQx3CrAE4ZJISzaeGYCKZyQrJGEtMtOlp6YpPpyKI0oIp5vv38H/SPrMdZDs35VKjtqgoD47AMTgFDqiCBrgCTdACBNyBR/AEnq0H68V6td7mozlrsXMIlmC9fwHJkJrh</latexit>

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>

Exclusive cone finding

XCone finds N jets by 
minimizing N-jettiness

J
XCone

N,β,R (E) = argmin
J∈PN

EMDβ,R(E ,J )

<latexit sha1_base64="UchnqfRbusyiPqo2vigV6/wtIh0="></latexit>

[Stewart, Tackmann, Thaler, Vermilion, Wilkason, JHEP 2015;
Thaler, Wilkason, JHEP 2015]

[PTK, Metodiev, Thaler, 2004.04159]

E

<latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="yvFx+StuSuW/bUaEGokakvU66aw=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEWEMFjBLPAJISeTk/SpKd76O4RwpC7P+BV/8CbePU3/AG/w85Ewbg8KHi8V0VVvTDhTBvPe3MKS8srq2vF9dLG5tb2Tnl3r6VlqghtEsml6oRYU84EbRpmOO0kiuI45LQdji9mfvuWKs2kuDGThPZiPBQsYgQbKwXdGJsRwTy7nPbLFc89r3oW6DfxXS9HpX4AORr98nt3IEkaU2EIx1oHvpeYXoaVYYTTaambappgMsZDGlgqcEx1L8tPnqJjqwxQJJUtYVCufp/IcKz1JA5t5+xE/dObiX95QWqiWi9jIkkNFWS+KEo5MhLN/kcDpigxfGIJJorZWxEZYYWJsSktbInoRMTJtGSD+foe/U9ap67vuf71WaVemycERTiEIzgBH6pQhytoQBMISLiHB3h07pwn59l5mbcWnM+ZfViA8/oBqDOaUw==</latexit><latexit sha1_base64="PtXXnmdCsMbXLaN+2VpDyN1cQaM=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFEVxWsA9IQ5lMJ+3QeYSZiRBC9v6AW/0Dd+LW3/AH/A4nbQXr48CFwzn3cu89YcyoNq777pRWVtfWN8qbla3tnd296v5BV8tEYdLBkknVD5EmjArSMdQw0o8VQTxkpBdOLwu/d0eUplLcmjQmAUdjQSOKkbGSP+DITDBi2VU+rNbc+kXDtYC/iVd3Z6iBBdrD6sdgJHHCiTCYIa19z41NkCFlKGYkrwwSTWKEp2hMfEsF4kQH2ezkHJ5YZQQjqWwJA2fq94kMca1THtrO4kT90yvEvzw/MVEzyKiIE0MEni+KEgaNhMX/cEQVwYalliCsqL0V4glSCBub0tKWiKSCx3nFBvP1PfyfdM/qnlv3bs5rreYiojI4AsfgFHigAVrgGrRBB2AgwQN4BE/OvfPsvDiv89aSs5g5BEtw3j4BL4eZ/w==</latexit>
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1

<latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="1M0j37e4Az6Q6wCm8MyKfE+3RcE=">AAACDnicdVDLSgMxFL3js9ZXfezcBIvgxiGpj9ZdwY0boYJVoS0lk2Y0NJMZkoxShvkHf8Ct/oE7cesv+AN+h2mroKIHAodz7uWenCCRwliM37yJyanpmdnCXHF+YXFpubSyem7iVDPeZLGM9WVADZdC8aYVVvLLRHMaBZJfBP2joX9xw7URsTqzg4R3InqlRCgYtU7qllbaEbXXjMqskXezkx2Sd0tl7OODPVIhCPv7mNQqeEwOq7uI+HiEcn0dRmh0S+/tXszSiCvLJDWmRXBiOxnVVjDJ82I7NTyhrE+veMtRRSNuOtkoeo62nNJDYazdUxaN1O8bGY2MGUSBmxwGNb+9ofiX10ptWOtkQiWp5YqND4WpRDZGwx5QT2jOrBw4QpkWLiti11RTZl1bP66EfKCiJC+6Yr5+j/4n5xWfYJ+c7pXrtXFDUIAN2IRtIFCFOhxDA5rA4Bbu4QEevTvvyXv2XsajE97nzhr8gPf6AXAcnNQ=</latexit><latexit sha1_base64="hj95OHj0hMroDq1cRM0j1PsgHcY=">AAACDnicdVDLSgMxFM3UV62vVpdugkVw45DUauuu4MaNUMG2QltKJs20oZnMkGSUMsw/+ANu9Q/ciVt/wR/wO0wfghU9EDiccy/35HiR4Nog9OFklpZXVtey67mNza3tnXxht6nDWFHWoKEI1a1HNBNcsobhRrDbSDESeIK1vNHFxG/dMaV5KG/MOGLdgAwk9zklxkq9fKETEDOkRCT1tJdcHeO0ly8iF52VcQlD5J4iXC2hGTmvnEDsoimKYI56L//Z6Yc0Dpg0VBCt2xhFppsQZTgVLM11Ys0iQkdkwNqWShIw3U2m0VN4aJU+9ENlnzRwqv7cSEig9Tjw7OQkqP7tTcS/vHZs/Go34TKKDZN0dsiPBTQhnPQA+1wxasTYEkIVt1khHRJFqLFtLVzx2VgGUZqzxXz/Hv5PmiUXIxdfl4u16ryiLNgHB+AIYFABNXAJ6qABKLgHj+AJPDsPzovz6rzNRjPOfGcPLMB5/wL3YZyA</latexit>

PM
−
2

<latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="3gY/SO2oHA68IZwcO6RtgSHQCVg="></latexit><latexit sha1_base64="ni32HDw/9v6EG6V3r1jIBqLCGqo=">AAACDnicdVDLSgMxFM3UV62vVpdugkVwY8m09rUruHEjVLAPaEvJpJk2NJMZkoxShvkHf8Ct/oE7cesv+AN+h5m2ghU9EDiccy/35DgBZ0oj9GGl1tY3NrfS25md3b39g2zusK38UBLaIj73ZdfBinImaEszzWk3kBR7DqcdZ3qZ+J07KhXzxa2eBXTg4bFgLiNYG2mYzfU9rCcE86gZD6Pr82I8zOZRAVXK9RKCqFBGdrVeNwShSq1UhLYhCfJgieYw+9kf+ST0qNCEY6V6Ngr0IMJSM8JpnOmHigaYTPGY9gwV2KNqEM2jx/DUKCPo+tI8oeFc/bkRYU+pmeeYySSo+u0l4l9eL9RubRAxEYSaCrI45IYcah8mPcARk5RoPjMEE8lMVkgmWGKiTVsrV1w6E14QZ0wx37+H/5N2sWCjgn1zkW/UlhWlwTE4AWfABlXQAFegCVqAgHvwCJ7As/VgvViv1ttiNGUtd47ACqz3LxThnJM=</latexit>
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<latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="hKmioshlCbd6kzWpkxthD+Id5FQ=">AAACDnicdVDLSgMxFL3j2/qqj52bYBHcWDLW2roruHEjVLBWaEvJpBkNzWSGJKOUYf7BH3Crf+BO3PoL/oDfYWaqYEUPBA7n3Ms9OV4kuDYYvztT0zOzc/MLi4Wl5ZXVteL6xqUOY0VZi4YiVFce0UxwyVqGG8GuIsVI4AnW9oYnmd++ZUrzUF6YUcR6AbmW3OeUGCv1i+vdgJgbSkTSTPvJ2X4l7RdLuFzF7nH1GI1JBVuC3cNa9Qi5ZZyj1NiCHM1+8aM7CGkcMGmoIFp3XByZXkKU4VSwtNCNNYsIHZJr1rFUkoDpXpJHT9GuVQbID5V90qBc/bmRkEDrUeDZySyo/u1l4l9eJzZ+vZdwGcWGSTo+5McCmRBlPaABV4waMbKEUMVtVkRviCLU2LYmrvhsJIMoLdhivn+P/ieXB2UXl93zw1KjPm4IFmAbdmAPXKhBA06hCS2gcAcP8AhPzr3z7Lw4r+PRKedrZxMm4Lx9AoqfnOU=</latexit><latexit sha1_base64="54XftPE8r2ieJirpNG/eYVMe4Mo=">AAACDnicdVDLSgMxFM34rPXV6tJNsAhuLBnb2nZXcONGqGAf0A5DJs20oZnMkGSUMsw/+ANu9Q/ciVt/wR/wO0wfghU9EDiccy/35HgRZ0oj9GGtrK6tb2xmtrLbO7t7+7n8QVuFsSS0RUIeyq6HFeVM0JZmmtNuJCkOPE473vhy6nfuqFQsFLd6ElEnwEPBfEawNpKby/cDrEcE86SZusn1WSl1cwVUrCC7XqnDOSkhQ5BdrlYuoF1EMxTAAk0399kfhCQOqNCEY6V6Noq0k2CpGeE0zfZjRSNMxnhIe4YKHFDlJLPoKTwxygD6oTRPaDhTf24kOFBqEnhmchpU/fam4l9eL9Z+zUmYiGJNBZkf8mMOdQinPcABk5RoPjEEE8lMVkhGWGKiTVtLV3w6EUGUZk0x37+H/5P2edFGRfumXGjUFhVlwBE4BqfABlXQAFegCVqAgHvwCJ7As/VgvViv1tt8dMVa7ByCJVjvXxHznJE=</latexit>

J

<latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="ExPMY3VaKcIHcnf9hY3G/UyXlDQ=">AAACBnicdVDJSgNBEK2JW4xbXG5eGoPgaZgRIfEW8CKeIpgFJiH0dHqSJj3dQ3ePEIbc/QGv+gfexKu/4Q/4HXYmCsblQcHjvSqq6oUJZ9p43ptTWFpeWV0rrpc2Nre2d8q7ey0tU0Vok0guVSfEmnImaNMww2knURTHIaftcHwx89u3VGkmxY2ZJLQX46FgESPYWCnoxtiMCObZ1bRfrnjuedWzQL+J73o5KvUDyNHol9+7A0nSmApDONY68L3E9DKsDCOcTkvdVNMEkzEe0sBSgWOqe1l+8hQdW2WAIqlsCYNy9ftEhmOtJ3FoO2cn6p/eTPzLC1IT1XoZE0lqqCDzRVHKkZFo9j8aMEWJ4RNLMFHM3orICCtMjE1pYUtEJyJOpiUbzNf36H/SOnV9z/Wvzyr12jwhKMIhHMEJ+FCFOlxCA5pAQMI9PMCjc+c8Oc/Oy7y14HzO7MMCnNcPsDCaWA==</latexit><latexit sha1_base64="mkvvNO5IlOBoVho0vevrWglo9yk=">AAACBnicdVDLSsNAFJ3UV62vqks3g0VwVRIRWncFN+Kqgn1AGspkOmmHziPMTIQQsvcH3OofuBO3/oY/4Hc4aStYHwcuHM65l3vvCWNGtXHdd6e0srq2vlHerGxt7+zuVfcPulomCpMOlkyqfog0YVSQjqGGkX6sCOIhI71weln4vTuiNJXi1qQxCTgaCxpRjIyV/AFHZoIRy67zYbXm1i8argX8Tby6O0MNLNAeVj8GI4kTToTBDGnte25sggwpQzEjeWWQaBIjPEVj4lsqECc6yGYn5/DEKiMYSWVLGDhTv09kiGud8tB2Fifqn14h/uX5iYmaQUZFnBgi8HxRlDBoJCz+hyOqCDYstQRhRe2tEE+QQtjYlJa2RCQVPM4rNpiv7+H/pHtW99y6d3NeazUXEZXBETgGp8ADDdACV6ANOgADCR7AI3hy7p1n58V5nbeWnMXMIViC8/YJN4SaBA==</latexit>

Sequential recombination

Iteratively merges particles or 
identifies a jet

event with one fewer particle after one step

“destroying” energy 
corresponds to identifying a jet

[Catani, Dokshitzer, Seymour, Webber, Nucl. Phys. B 1993;
Ellis, Soper, PRD 1993;

Dokshitzer, Leder, Moretti, Webber, JHEP 1997;
Cacciari, Salam, Soyez, JHEP 2008]

E
(β,R)
M�1 (EM ) = argmin

E0

M�1
2PM�1

EMDβ,R(EM , E
0

M�1)

<latexit sha1_base64="1QRoi7FAv+o8tfxb50S2VtFYjDk="></latexit>
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Energy Flow Networks (EFN)
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EFN : Oa =
MX

i=1

ziΦa(yi,φi)
<latexit sha1_base64="QWjeJlAda4kfW0xSuQf0OYl2nL0="></latexit><latexit sha1_base64="QWjeJlAda4kfW0xSuQf0OYl2nL0="></latexit><latexit sha1_base64="QWjeJlAda4kfW0xSuQf0OYl2nL0="></latexit><latexit sha1_base64="QWjeJlAda4kfW0xSuQf0OYl2nL0="></latexit>

PFN : Oa =
MX

i=1

Φa(zi, yi,φi, [pidi])
<latexit sha1_base64="KhmHhlUM3n7Yforh38hCnRRYNRI="></latexit><latexit sha1_base64="KhmHhlUM3n7Yforh38hCnRRYNRI="></latexit><latexit sha1_base64="KhmHhlUM3n7Yforh38hCnRRYNRI="></latexit><latexit sha1_base64="KhmHhlUM3n7Yforh38hCnRRYNRI="></latexit>
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IRC safety is a statement of linearity in energy and 
continuity in geometry 

Theorem:  Any IRC-safe observable can be written in the following form:

Proof: In 1810.05165.

f({pµ
1
, . . . , p

µ
M}) = F

 

M
X

i=1

zi~Φ(p̂i)

!

, p̂i = (yi,�i).

<latexit sha1_base64="pE4MUcrjjGS37uo3nVIrBoVrL80="></latexit>
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Visualizing EFNs

55

0.0 0.2 0.4 0.6 0.8 1.0

Translated Rapidity y

0.0

0.2

0.4

0.6

0.8

1.0

T
ra
n
sl
a
te
d
A
zi
m
u
th
a
l
A
n
g
le

φ

0.0 0.2 0.4 0.6 0.8 1.0

Translated Rapidity y

0.0

0.2

0.4

0.6

0.8

1.0

T
ra
n
sl
a
te
d
A
zi
m
u
th
a
l
A
n
g
le

φ

−R −R/2 0 R/2 R

Translated Rapidity y

−R

−R/2

0

R/2

R

T
ra
n
sl
a
te
d
A
zi
m
u
th
a
l
A
n
g
le

φ

Simultaneous visualization strategy
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Energy Flow Network Latent Space (` = 256)


