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Quark model



QUARK POTENTIAL MODEL

One Gluon exchange potential plus confinement (Godfrey-Isgur, PRD
32,189(1985) ):

H=Hy+V, V=H"+H"+HY+Hy

» Pros: Including the relativistic correction, it can describe the
light meson spectra as well as heavy ones.

» Cons: The low lying 0" spectrum, o, &, f(980), a9(980), and
states above the open flavor threshold.

» Reason: it does not include the effects of the interaction
between hadrons in the spectrum
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» The lowest 01T isoscalar is 1.09GeV.
> No o(500)
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> The lowest 01T isovector is 1.09GeV.
> No ao(980) .
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UNITARIZED QUARK MODEL
Ann.Phys.123(1979),1; NPB203(1982)268; PRL,49(1982),624; Z.Phys,C61(1994),525,
Térnqvist;Z.Phys.C30, 615(1986),Beveren et al. ;PRD83(2011),014010,Zhou&ZX

» Assume that ¢g bare bound states (seeds) generated by QCD

are coupled to the pseudoscalar mesons.
» Take into account the hadron loop effect in the propagators of

the bare states.
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UNITARIZED QUARK MODEL

» Coupled channel effect: «a, 8 the bare states, i, j diffferent

channels
Ty = GiaPapGp,
a,B
(P~ }ap(s) = (Mo — 5)0as + ag(s),
ImHoz,B Z Gza Z gmgm )0( 5th,i),
ImII
ReHa[g 773/ &z m aﬁ
zZ— S

» There can be mixing between a and [ states by coupling to
the same channel.

» This T matrix satisfies the Unitarity automatically.



SPP INTERACTION

P> A simple model describing the
Scalar-Pseudoscalar-Pseudoscalar interaction including the
OZI violation interaction:

Lspp = aTr[SPP] + S Tr(S| Tr{PP] + ~vTr[S| Tr[P| Tr{P).

Othn + + NELARTITY ot o
\/E a K \/g o
5= ( a (=a4f) 0 ),P - VLA KO + 7%
v Ve
. &Y fs K~ K *\/%718
fo = nn= (uu+ dd)/v/2 and f, = s3.
» Also consider the isospin breaking effect and nn’ mixing.
» Combined fit of three cases: [ = % Kr; I=0, nm; I=1, 7y
S-wave scattering.
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NUMERICAL RESULTS
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» [=1/2, K S-wave: three poles generated by us state

Vs =0.76710.000 — 10.308.40.035 (5, Dynamical),
VT =1.456.40.015 — 10.1640.026, (K5(1430)from seed, shadow)
VsV =1.89010.020 — 10.29610.014,  (K5(1950)from seed, shadow)



NUMERICAL RESULTS
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» [ =0, all poles generated by n7 and s5 have the corresponance in PDG

Vsl =0.43010. 040 — 10.24910.075, (c(500)), Vsl =0.98610 015 — ©0.023 10 022, (fo(980)),
VsV =1.46710.035 — 0.22840.064, (f0(1370)), VsV =1.57710.040 — 0.306+0.023, (fo(1500)

VsV =1.93510.028 — 0.289+0.013, (f0(2020)),
> f5(1370) : PDG, 1200 — 1500 MeV, Belle 1.47GeV (PRD78,052004).

P Not including pp, 47 effects.



NUMERICAL RESULTS
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> Poles:

Vsl = 0.79240.015 — 0.29210.060, (a0 (980))
Vsl = 1.49149.034 — 10.13340.038, (ap(1450))

VsV = 1.83140.027 — ©0.2654£0.014, -

> ap(1830) predicted, maybe related to ap(1950)(ao(2020)) seen by
Brystal Barrel Collab. (PLB452,173)
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» 0,k, ap(980),/0(980) move farther away from the real axis

» o,k ap(980), fo(980): Dynamically generated by the
interaction between seeds and pseudoscalars.



WHAT WE LEARNED

» A whole picture: ¢q interaction with two particle continuum
— dynamically generated state.

» Pole from Seed + Dynamically generated pole: Two-Pole
structures.

» o,k, ap(980), fo(980) nonet are dynamically generated
different from the interaction of seeds and continua.

» Shadow poles in different sheets from the same seed.



PROBLEMS

The

model is too simple

Seed positions are fitted: should be predicted by quark model
— Gl model.

The form factor is put by hand, couplings are fitted: should
come from dynamics.

How to understand the dynamically generated state: the
mechanism.

Dynamically generated states: relation with the bare states
and continuum states?



Quark pair creation model & Form factor



BARE FROM GI & DYNAMICAL FORM-FACTOR, QPC
PRD84,(2011)034023, EPJA,50(2013),125 ZYZ, ZX
Consider the inverse propagator: for g;go meson, mg bare mass

P~ 1(s) =m2 — s+ T1(s) —s+ZH

Rell,(s) :17D dzM,
Sth,n (z - s)

el Do ya |
-

» Bare mass from Gl: Corrections to Gl spectrum

» Dynamically form factor: QPC(3P0) model, nonrelativistic,
only for heavy meson. (PRD29(1984),110, Térnqvist)



DYNAMICAL FORM FACTOR: QPC
Three-vertex: Quark Pair Creation model (3P0), creation of a
quark-antiquark pair (¢3q4) from the vacuum,
(PRD53(1996),3700,Blundell,Godfrey)

k&

3 . 3 . o \~,m,P3 — P4 . R
T=—3y> (lml — m|00) / &P p3d>p36% (7 + p2) V] T>x§‘i,,n¢34w84bg(m)dl(m),
m

(BCIT| Ay =8° (F; — Pym™IaMiMic,

/iB P
S
\;c T, C

Once subtracted dispersion relation:

s — S0 /00 q ImII, (2)

-1 =m2,—s —

P77 () = myyy +; - o =)=

» Wave function: SHO

» We discussed the D, D, (PRD84,(2011)034023), and cc spectra
(EPJA,50(2013),125 ZYZ, ZX).



Nonrelativistic Friedrichs Model



UNDERSTANDING THE DYNAMICAL POLE:FRIEDRICHS
MODEL[ComMmuN. PURE APPL. MATH.,1(1948),361, FRIEDRICHS]

H:H0—|—V

» One bare state |1) and a continuum state |w): free
Hamiltonian

Hy = wo|1)(1] + /Ooow|w><w|dw

» |nteraction:

V= /\/Ooo[f(W)IW><1I + [ (W) 1) (wl]ldw

This model is exactly solvable.



SOLUTIONS:
Eigenvalue equation:

H|V(E)) = (Ho + V)|¥) = E|¥(E)).
» Continuum: Eigenvalue E > 0, real Solution: define

_ = W) (w)
" (E) = E—wy — A\ ; mdw

[V (E) = |E)+ )\75;((EE)) [|1> + )\/OOO E—f((,uw):I:z'e|w>dw}

» S-matrix:

_ AE)f(E)
S(E,E) =6(E— E) (1 . QMT(E)).

» Discrete states: The zero point of n(E) corresponds to
eigenvalues of the full Hamiltonian — discrete states.



DISCRETE STATE SOLUTIONS: BOUND STATES

nI(E) :E—wo—AQ/oof(LZj)de:()
0 —w
n'"(E) = n'(2) = 2iG(2), G=NfE)f(E)

» Bound states: solutions on the first sheet real axis below the
threshold.

flw)

zZB — W

l2p) = NB(|1) + /\/ |w>dw)
0
2
where Np = (1/(25)) Y2 = (1+ X2 [ dw%)’lﬁ, such that
<ZB|ZB> =1.
> Elementariness: Z= N%;

Compositeness: X = NQ)\QfdJJ M)l
(z5—w)?"
> Eg. If wg <0, there could be a bound state. In the weak
coupling limit, it — [1),
> Eg. there could also be dynamically generated bound state in
the strong coupling.



DISCRETE STATE SOLUTIONS: VIRTUAL STATES

» Virtual states: Solutions on the second sheet real axis below
the threshold.

=N [ D), @=L

v W]i
where )
Ny = Ni* = (0 ()72 = (14 X [ do 807 5) 712,
such that (ZF|zF) = 1.

» When wy < 0, a bound state generated from |1) is always
accompanied with a virtual state in weak coupling.




DISCRETE STATE SOLUTIONS: VIRTUAL STATES
PRD94(2016),076006, ZYZ&ZX

» Dynamical virtual state comes from the singularity of the form
factor, analytically continued G(w) = |f(w)]?:

0o 2
et [T UL
0

Z— W

n(w) =nl(w) + 2riN? G (w) = nl(w) — 2X%7i G(w),

e |
N (w \\

-6r (W)

» Virtual state generated from the bare states: wg < 0



DISCRETE STATE SOLUTIONS: RESONANCE
> Resonant states: wq > threshold, the discrete state becomes a

pair of solutions zg, 25, on the second sheet of the complex
plane. H|zr) = zgr|2r)

R (R )]
2 = N (1 + [ ),

Second sheet 2 r
p-PWo | B
n L
a = Yi

-1.0 =0.5 0.5 1.0

i
1L FAN Gr+iy

_ofF




(GENERALIZATION :JmP. 58(2017),062110;JMP58(2017), 072102; ZYZ&ZX

To use this model in the real world

» Include more discrete states and more continua: coupled
channel interaction.

» Partial wave decomposition: The angular momentum space
states can be expressed in the Friedrichs model.

» Include interaction among continuum: in general not solvable.

D C 00
H:ZMZ-\W\ +Z/M‘ duwiwilwi; 1) {ws; 1]
+Z/

19,11 ll th

- ZZ/ dwgi j(w)|7) (w; | + h.c.

=1 j=1 Mj,en

/ dw fiy.4 (W', w)|w's d2) (w; i1

22 th



APPLICATION: X(3872), PrD96(2017),054031; 7YZ& 2X

Application:
» Using the GI's bare mass and wave function as input.
Using the QPC model to provide the form factor.
We can calculate the 7 function and solve n(z) =0
Coupling bare x.1(2P) (3953MeV) with DD*, D*D*.
X(3872) & X(3940) may be two-pole structure:
X(3872), natrually dynamically generated;
Xc1(2P) seed — 3917 — 457 MeV ~ may be related to
X(3940).
» If X(3872) is a bound state: it has a large portion of DD*.
» This information helps us in understanding its decay.
PRD100(2019),094025; PRD97(2018), 034011, ZYZ&ZX
» Also application in BB* system: the X(3872) counterpart
PRD99 (2019),034005; ZYZ& ZX

>
>
>
>



PROBLEMS

» Nonrelativistic Friedrichs model: the dispersion integrel is in F
not in s as in the relativistic dispersion relation.

_ o 7 fw)f (W)
77+(E) E— wo — A 0 mdw

Possible solution:
introducing the creation & annilation operators.

» The QPC model is non-relativistic: can not discribe the
interaction between low lying mesons with light quarks.

Possible solution: the relativistic kinetics and Lorentz boosts



Relativistic Generalization: Friedrichs & QPC



RELATIVISTIC FREE TWO PARTICLE STATES:

JMP4(1963),490, Macfarlane; Nuo.Cim,34,1289, McKerrell
We need the state in the angular momentum representation.
» In c.m. frame, choose w? = (g1 + ¢2)?, boost the two particle

system to have total 3-momentum 7, E = (7 + uw?)/2.

» In c.m. frame, choose a z direction, we can define orbital
angular momentum [ and total spin s, and total angular

momentum j, m. Then, we boost it to have 3-momantum p.

|[pm[wj]ls) = (%)1/2<2l+ 1>1/2 Z C(lsjlys,m)

/d(pSlnGd@D *0(©,0,0) Z Z C(s182811128%) zllul(R(pl,Z(p)))
H1p2 V1,2
x D72, (R(p2, £(p)))|p1ps1p2p42)

P> We treat the two particle states together using an
annihilation and creation operator: B[j

i(g—4d)

q2

0) = [Pm[wj]ls)

m[wj]ls

[B_"m’ [w! 1V s BII,‘ 5(3>(H - ﬂ,) 57nm’ 655’ 6ll' 5JJ/

m[wy] ls}

a3 E
’1112

= ﬁ715(3) (ﬁ - 5’)6(E - E/)57n7n’6ss’5ll’5jj’v ﬁ(E) =



RELATIVISITC FRIEDRICHS-LEE MODEL
JMP39(1998),2995, ANTONIOU; ARXIV:2008.02684,Z2YZ&ZX

Hamiltonian:
Py = / &kB(E)dEE B! (E,X)B(E,k) + / Prw(k) af (k)a(k)
+ / d*k B(E)dE ao(E, k) (a(k) + o' (—k)) (B'(E, k) + B(E, —k))

wk) =vm?+k2, «a(Ek)=a"(E, —k)

o interaction form factor between the discret state and the
continuum.
Eigenvalue problem: find b' s.t.

[, b1 (E)] = Eb' (E)



RELATIVISITC FRIEDRICHS-LEE MODEL

Solution:
» Continuum: E > Ey,

f _ _ 2w(p)a(k(E,p)) Bl (E',p)
bn(B:p) =B (Ep) n+(E,p) [ My, dE//B(E,)a(k(EI7p))[(E' —E— )
B(Evv _p)
B+ E+ z'O)] "~ 2u(p) (@) + B)al ()~ (p) - E)“(_p))} ’
ne(s) =s —wh — /Sm ds/sip‘g,sj: o P=2o ksé;z |eu(B))?

> S-matrix

S(E,p; B,p") = 8 (p — p)6(E ~ E’)(l ~omi P ) :
4 (s)

» Discrete state: at the solution of 7(z) =0

(w(p) + Eo) of

t _ _ (wp) = Bo)
b (o, ) —N[ i) - Oy
- vt [ ampe) [ S g s ) - SR i, ]

For bound state N = —2 [1 + 2w(p) fMth dE'B(E') 25 |a(k(E ,p))|?

—1/2
V2Ey m]



RELATIVISITC QPC
PRC86(2012),055205,Fuda; Arxiv:2008.02684,ZYZ&ZX

> A ¢q bound state can be expressed using a Mock state:

A2 g @) = 32 S [ ki, Wl simd) © e, semb)slful?

mymg M1M2
mymy

X Dziml [re(le(p), kl)]D:s

(El(Pl) e2(p2) Wia(k) )1/2
e1(k) e2(—k) E12(p, k) '

L [re(lc(p), k2)](s1s2maima|sams, ) (lasamy, ms,|jam;,)

» Quark pair creation: Hy = v [ d®zp(2)y(z), t=0,

d3p3d3py

To —Vamy [ —EPPP1 56004 b (1,m, 1, ~m]0, 0)
e3(p3)ea(pPa) %: Tr;:%

x V(PP 1/, ma, 172, malt, —my sl bl (05)dl, (pa),

» From the matrix element (BC|T|A), we obtain form factor «
for the Friedrichs model.



RELATIVISTIC FRIEDRICHS-QPC SCHEME

» Relativistic Friedrichs model: Inverse resolvent, 7(z)

/
) =s s [ a0 o= 2 SR

Solve n(z) = 0, find poles of S-matrix: resonance, bound

state, virtual state.

> Relativized quark model: Gl, bare mass(a little tuned), wave
function

» Relativistic QPC: only one parameter ~

» Spectrum: Broader range, inluding the light meson, and heavy
meson together.



Two-pole structures



TWO POLE STRUCTURES

When v = 4.3 GeV, Single channel approximation: general
appearance of two-pole structures

“discrete” “continuum” GI mass Input poles experiment states PDG values [15]
A (19R)  (7m)i=o 1.09 13 /s, =1.34-0.29i fo(1370) 1.3550-15 _ ( 9+0.05;
Vsra = 0.39 — 0.26i fo(500) 04752097 — 0.275+0-07%
us(1’Py)  (nK);_y 123 142 51 =141-01Ti K5 (1430) 14254005 — 0.135%0-04;
V52 = 0.66 — 0.34i K (700) 0.68+0-05 — (,30%0-04;
s5(13Py) KK 1.35 168 /5,1 =1.71-0.16i fo(1710) 1.7047%0-012 _ 0 062%0-009;
/56 = 0.98,,/5, = 0.19 £0(980) 0.99%0:92 _ 0,028+0-023;
“ﬁg‘f(l”ﬂ,) ™ 1.09 13 /5,0 =1.26-0.14i ao(1450) 14740019 0,13340.007;
V/5r2 = 0.70 — 0.42i a0(980) 0.98%092 — 0,038%001%;
cu(1®Po) Dr 24 24 /5,1 =258—0.24i D§(2300) 2.30+0-018 _ 0,137%0.02;
V52 = 2.08 — 0.10i
c5(1°Py) DK 248 248 /5,1 =2.80—0.23i
\/E = 224,\/5 - 18 D:O(2317) 2.31710.0005 _ 0.00381(].0()3Si
bu(1° Po) Br 576 5.76  /s;1 =6.01 —0.213
V52 = 5.56 — 0.07i
b5(1%Py) BK 583 583 /5,1 =6.23—0.17i
/36 = 5.66,,/5, = 5.3
ce(2°Py) DD* 3.95  3.95 /5,1 =4.01—0.049i X (3940)
/55 = 3.785 X (3872) 3.87169%0-00017




TWO-POLE STRUCTURES

Two pole structure, a general phenomenon:
when the coupling v is turned on

» Coupling a seed ¢q state with the nearest open flavor state in
S-wave — another new dynamical state (“dynamical pole").

» The seed will move into the second sheet — a pair of
resonance poles (“bare pole”).

» The dynamical pole come from far away on the second sheet
towards the real axis: Resonance or virtual state or /and
bound state poles.

Im(s)
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TWO POLE STRUCTURES: LIGHT SCALARS, PHASE
SHIFT SUM RULE

widd — - uu—dd
Seeds T3 US, 85,

> f(500)/0, fr(1370); K;(700)/k, K5(1430); £o(980),f(1710);
ap(980), ap(1450) are two pole structures.

» Phase: one single channel approximation is good, two poles
contribute a 180° phase shift.

350

300F
2501
200F

150 {
100 3

50

. . . 0 . . .
00 05 10 15 00 05 10 15 20
M(Km)GeV M(m)iGeV

As s — 00, Tocsinéei‘sw%—)o,éénx 180°,
Here n = 1.



cu SEED, bu SEED
» cu seed couples to Dr: Df5(2300), two broad poles
vy=43: /51 =2.08—10.10; +/s2 =2.58—10.24
v=3: /s =221—i0.28 /s =239—10.18
» Two-poles From Unitarized xPT: D};(2300), two poles

PLB582(2004),39,EEK et.al: PLB641(2006),278, FK.Guo, et. al.;
PLB,767(2017),465, MAet.al.:

V/s1=2.105 —0.102; /sp = 2.451 — 40.134
PRD92(2015),094008,ZH.Guo et.al.:
Vs =2.114 —i0.111;  /s9 = 2.473 — 40.140
» bu couples to Br:
v=4.3:/s1 =5.556 —0.07; +/s2 =6.01 —i0.21
v=30: /51 =5.62—1i0.13; +/s2=05.85—10.26
Unitarized xPT:
V/$1 =5.537 —i0.116; /s2 = 5.840 — 10.025



cs, bs SEEDS

» ¢5 couples to DK: D¥,(2317), dynamically generated;
vy=43:/sp =224, /s,=18, +/s;1 =2.80—0.23¢

v=30:sp =232, /s,=19, +/s;1 =2.68—0.267
» bs couples to BK:

v=43: /53 =566, /5,=53, /51 =6.23—0.17i

y=30: s=572 fs,=54, /5,1 =6.11—022i



X(3872)

» c¢(23Py) couples to DD*: X(3872) dynamically generated
vy=43: /5, =3.785, /s,1 =4.01 —0.049¢

vy=30: /sp =384, /s, =3.99—0.045¢



(GENERAL FEATURES OF THE TWO POLE STRUCTURE:

Coupling of a seed with a continuum: dynamically generate a new
state

» Nontrivial form factor: Scattering of mesons, composite of ¢g.
Non-local interaction.

» The dynamically generated state may come from far away
from the seed: in general from the singularity of the form
factor

» If single channel approximation is applicable, the two poles
together may roughly contribute a phase shift of 180°.

» Whether the dynamical state is a bound state, virtual state or
resonance depend on the specific wave function of the
particles in the interation.

» Conjecture: for S-wave coupling of gg with the nearest
open-flavor continuum, the two-pole structure may be near
the physical region and it is highly possible to have observable
effect in the experiments.



CONCLUSION & OUTLOOK

>

>

v

Coupling a seed with the continuum when all particles are
composite may in general generate a dynamically new state.
We combine the relativistic Friedrichs model and the
relativistic QPC model : this scheme can be applied to both
light mesons and heavy mesons.

f0(500)/£5(1370), £o(980)/6(1710), K (700)/K5(1430),
ap(980)/ap(1450), X(3872)/X(3940), all result from the
two-pole mechanism.

Prediction: D}j(2210)/D;(2390), D%,(2317)/D%,(2680),

B (5620)/B;(5850), B%,(5720)/B%,(6110). B%,(5720) should
be very narrow.

There could be other two-pole structures to be discovered.
Coupled channel generalization.

This mechanism may be much more general beyond hadron
physics.



Thanks !



Appendix



S-MATRIX UNITARITY

» S-Matrix: Sgo = (Bout|in)
» Unitarity: SST=1, S=1+:T

1= (1—iT)(1+iT) = 14iT—iT'+T'T = —(T-T)=1'T
» For initial ki, ko particle,
(@ Tk R2) = 2m) 8D (k + ke = Y @) Mk, ke = {ai})

» Unitarity: forward scattering
2ImM(a — a) = Z/ dILM™ (0 — HM(a — f)
f

» Optical theorem:

ImM(kh ky — ki, k2) = 2EmPemTiot



PARTIAL WAVE AMPLITUDE AND UNITARITY

» Partial wave decomposition for spinless particles
amplitude:2 — 2 amplitude

1
Ay(s) :3;77/1 dcos O P(cos0)A(s, t(s, cosh))

A(s, t,u) =167 (214 1) Pi(cos ) Ay(s)
l
» Partial wave S-matrix: S; = 14 2ip(s)A;, Si(s)S;(s) =1,
p(s) = 2k/E.
» Partial-wave Unitarity:
ImA(s) = %(A(s—i— i€) — A(s — ic)) = p(s)|A(s)|?
» Coupled channel: Sj; = 05 + 2i\/piAij\/pj

ImA; = Z Agpi(s) Ay, for on-shell internal k states
k



POLE, ZERO OF S-MATRIX AND STATES

The partial wave S-matrix can be analytically continued to the
complex s-plane:

» Unitary cut: s> sy, 5

» Single channle: S7 = SIIL(S)

P First sheet zero <+ second sheet pole — virtual state, or
resonance s = (M — i['/2)2.

> First sheet pole: on the real axis below threshold, — bound
state.

» Coupled channel: Riemann sheets doubled



DISPERSION RELATION
The amplitude A(s) is a real analytic function after analyt
continuation:

» Real analytic function: A(z*) = A*(2)
» Unitarity: ImA(s) # 0, for s > zr = right hand cut

ic

» Cauchy theorem: if A(s) converges at infinity, no poles on the

first sheet

1 A(?) TN
A(z)—m/cdzle_z / \

1 I A
- / 4 )
T ZR \\ /
This is called dispersion relation.

» Once subtracted dispersion relation:

A() = Alzo) + = /Z i E i“;jff)_

?)
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