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Quantum QCD vacuum (mq=0)
Chiral condensate:

spontaneous mass generation
Axial anomaly:

quantum violation of U(1)A

hq̄RqLi 6= 0 @µj
µ
5 =

g2Nf

16⇡2
tr(F̃µ⌫F

µ⌫)

Symmetries of  QCD in vacuum

2
SU(Nf )V ⇥ U(1)V

Classical QCD symmetry (mq=0)
SU(Nf )L ⇥ SU(Nf )R ⇥ U(1)V ⇥ U(1)A

L = �1

4
Fµ⌫Fµ⌫ +

X

q=u,d,s,c,b,t

q̄
h
i�µ(@µ � igAµ)�mq

i
q

ABJ…

U(1) problem
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Missing symmetries & Vacuum excitation

3

“໐ৼ᯿ইᇍ҅੒ඊኞෛா̶”
Ink painting masterpiece 1986: 

 "Nuclei as Heavy as Bulls, Through Collision 
Generate New States of Matter”, 

 by Li Keran,  
reproduced from open source works of  

T. D. Lee. 

�
��


�����

�������

�	��

How do symmetries 
manifest themselves in 
QCD phase structure? 

μB T

Quark Gluon Plasma
(QGP)

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a 

՗ᬮܻᦞکෆ֛ᦞ
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Landau functional of  QCD

4

Symmetry: SU(Nf )L ⇥ SU(Nf )R ⇥ U(1)V ⇥ U(1)A

Chiral field: �ij ⇠
1

2
q̄j(1� �5)q

i = q̄jRq
i
L � ! e�2i↵A VL �V †

R
Chiral transformation: 

SU(Nf)LxSU(Nf)RxU(1)A

SU(Nf)LxSU(Nf)R

Quark mass term

Leff =
1

2
tr @�†@�+

a

2
tr�†�

+
b1
4!

�
tr�†�

�2
+

b2
4!

tr
�
�†�

�2

� c

2

�
det�+ det�†�

� 1

2
trh

�
�+ �†� .d

Pisarski & Wilczek, 
PRD 84’

@µj
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g2Nf
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Julian Schwinger: 
“physicist who only needs 

pencil and paper to do physics” 
 (and coffee)

Kenneth G. Wilson
Lattice field theory

a

a→0 recovers QCD
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string tension

lattice gauge coupling

Michale Creutz 
@BNL

First numerical lattice simulations

Spawned  
golden age  

in lattice QCD

PRD 1980

Michale Creutz 
on the beach
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Nature of  QCD transition at the physical point

7

Y. Aoki et al, Nature 443 (2006) 675-678

�
�
�
�
�

T. Bhattacharya,…HTD,…et al.[HotQCD],  
Phys. Rev. Lett.,113(2014)082001 

Stoutғ
ᶋಋ஄ᩇᔂৼ

DWF:ಋ஄ᩇᔂৼ

Crossover transition

�
�
�
�
�

ᙧวԅᗦࢵLawrence Livermore ࢵਹਫḵਰ 
ጱSequoia᩻ᕆᦇᓒ๢
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Chiral crossover/phase transition temperature  
at physical point and mq→0

8
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(156.5± 1.5) MeV

A. Bazavov, HTD, P. Hegde et al. [HotQCD],  
Phys. Lett. B795 (2019) 15

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],  
Phys. Rev. Lett. 123 (2019) 062002

Chiral crossover transition 
T=156.5(1.5) MeV Chiral phase transition T is 

about 25 MeV lower !

Rigorous definition from O(4) universality class Based  on O(4) scaling analyses

See also Wuppertal-Budapest, PRL125 (2020) 052001 
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Chiral crossover/phase transition temperature  
at physical point and mq→0
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A. Bazavov, HTD, P. Hegde et al. [HotQCD],  
Phys. Lett. B795 (2019) 15

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],  
Phys. Rev. Lett. 123 (2019) 062002

Chiral crossover transition 
T=156.5(1.5) MeV Chiral phase transition T is 

about 25 MeV lower !

Rigorous definition from O(4) universality class Based  on O(4) scaling analyses

2nd order chiral phase transition 
belonging to O(4) universality class ?

See also Wuppertal-Budapest, PRL125 (2020) 052001 
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Nature of  chiral phase transition 

9
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Columbia plot: 
QCD phase diagram in quark mass plane

UA(1) symmetry:

•  Broken, 2nd order (O(4)) phase transition

• Effectively restored, 1st or 2nd order 
(U(2)L⊗U(2)R/U(2)V) 

Pisarski and Wilczek, PRD 29 (1984) 338
Butti, Pelissetto and Vicari, JHEP 08 (2003) 029 

Pelissetto & Vicari, PRD 88 (2013) 105018 
Grahl, PRD 90 (2014) 117904

?

At physical point Tpc ≈ 156 MeV HotQCD, PLB 795 (2019) 15
WB, PRL125 (2020) 052001

Chiral phase transition Tc  =132(+3)(-6)MeV 
HotQCD, PRL 123 (2019) 062002 
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 Susceptibilities defined as integrated two point correlation functions of the 
local operators, e.g.                                     with

Restoration of SU(2)LxSU(2)R:  

Effective restoration of U(1)A:  

Signatures of  symmetry restorations

/

b

o
2:  q a

5
q

:  q o
2 q

:  q

:  q a5q

m

d
L RSU(2)   x SU(2)

SU(2)   x SU(2)L R

U(1)AU(1)A

q rr

rrcon

con

5,con

5,con + r disc

< r 5,disc

<latexit sha1_base64="2PZ4Q9wwDLYCJ30mdvt078bVals="></latexit>

�disc =
T

V

Z
d4x

D⇥
 ̄(x) (x)�

⌦
 ̄(x) (x)

↵⇤2E

<latexit sha1_base64="Ms0Z7FWsIM5PvRVeQjFkOuufW9g="></latexit>

⇡i(x) = i ̄l(x)�5⌧
i l(x)

<latexit sha1_base64="/zk6h6tEy99OueXuM3nJoRi3liI="></latexit>

�⇡ =

Z
d4xh⇡i(x)⇡i(0)i

χπ - χδ =χdisc =χ5,disc
χπ - χσ =0
χδ - χη =0

χπ - χδ =χdisc=χ5,disc =0 
χπ - χδ =0 
χσ - χη =0
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Status of  lattice studies on axial anomaly

11

HotQCD, Phys.Rev.D 100 (2019) 094510

<latexit sha1_base64="qbr9Vait0ic+3hVsqkQX+8bb+kk="></latexit>

m⇡ = 140 MeV

Highly Improved Staggered fermions
Nf=2+1 QCD

See similar conclusions obtained using chiral fermions: 
HotQCD, PRL 113(2014)082001, PRD 89 (2014)054514

JLQCD, arXiv: 2011.01499, …

At physical pion mass at T ≤ Tpc axial 
anomaly remains manifested in χπ - χδ 

How about the case in the chiral limit ?
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JLQCD, arXiv: 2011.01499
Sharma,  Lattice 2018 Review talk, 1901.07190

Nt=8, lattice spacing a≈0.15 fm Fixed scale approach, lattice spacing a=0.074 fm

HISQ
Nf=2+1 QCD 

Remains manifested at 
mπ=110 MeV and T<1.1Tc

Similar conclusions from 
Dick et al., PRD 91(2015)094504, Ohno et al., PoS Lattice 2012(2012)095,

Mazur et al., 1811.08222,…

Seems to disappear at T ≿ 220 MeV

Chiral fermions
Nf=2 QCD 

Similar conclusions from 
Chiu et al.,PoS Lattice 2013 (2014)165,

Tomiya et al.,[JLQCD] PRD 96(2017)079902, 
Brandt et al., JHEP 12 (2016) 158,.. 

One quark mass below the physical point

Axial anomaly towards chiral limit
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JLQCD, arXiv: 2011.01499
Sharma,  Lattice 2018 Review talk, 1901.07190

Nt=8, lattice spacing a≈0.15 fm Fixed scale approach, lattice spacing a=0.074 fm

HISQ
Nf=2+1 QCD 

Remains manifested at 
mπ=110 MeV and T<1.1Tc

Similar conclusions from 
Dick et al., PRD 91(2015)094504, Ohno et al., PoS Lattice 2012(2012)095,

Mazur et al., 1811.08222,…

Seems to disappear at T ≿ 220 MeV

Chiral fermions
Nf=2 QCD 

Similar conclusions from 
Chiu et al.,PoS Lattice 2013 (2014)165,

Tomiya et al.,[JLQCD] PRD 96(2017)079902, 
Brandt et al., JHEP 12 (2016) 158,.. 

One quark mass below the physical point

Continuum and chiral extrapolations are crucially needed!

Axial anomaly towards chiral limit
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Signature of  restorations in Dirac Eigenvalue Spectrum

13

<latexit sha1_base64="Bk9q3Lo+CqQ7CfHZH8gmftZ8Pg4="></latexit>

h ̄ i =
Z 1

0

4ml ⇢

�2 +m2
l

d�

<latexit sha1_base64="tVjbm1Qj6of9UOmmDCq5860AJlI="></latexit>

�⇡ � �� =

Z 1

0
d�

8m2
l ⇢

(�2 +m2
l )

2

<latexit sha1_base64="tq69Q6/u5JsaJb0ItlsX3Xpua34="></latexit>

lim
ml!0

h ̄ i = ⇡⇢(0)as from Banks-Casher formula:
<latexit sha1_base64="4mLb1MsXSbAaDRfSuhu6ecLQkhc="></latexit>

⇢(0) = 0 

 Restoration of SU(2)LxSU(2)R symmetry

  Effective restoration of U(1)A symmetry 

,

 Partition function is an even function in quark mass due to the Z(2) subgroup 

 a sizable gap from zero, i.e. ρ(λ<λc)=0 Cohen, arXiv:nucl-th/9801061

Aoki, Fukaya and Taniguchi, PRD86 (2012) 114512

if ρ(λ) is analytic in m2 , NOT be manifested in differences of up to 6 
point correlation functions

Banks and Casher, 
NPB 169 (1980) 103

https://arxiv.org/abs/nucl-th/9801061
https://arxiv.org/abs/nucl-th/9801061
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Possible behavior of  ρ(λ) making SU(2)xSU(2) restored but NOT U(1)A

14

ρ(λ,m) = c0 + c1λ  + c2 m2 δ(λ) + c3 m + c4 m2  + O(λ,m)

HotQCD, PRD86(2012)094503

 LQCD: At high T for physical !, the T dependence of "t follows dilute instanton 
gas approximation prediction See recent review: Lombardo & Trunin, IJMPA 35(2020)2030010

Due to ρ(λ,m) ∝ m2 δ(λ)?  What happens for m→0 ?

co & c1 terms: break both symmetries
c2: near zero mode contribution
c3: another U(1)A breaking term
c4: Not manifested in 2-pt correlators

<latexit sha1_base64="m/eXCTHhTeBKK5BRYXpNpwUOw2U="></latexit>

�⇡ � �� = 2c0⇡/m+ 4c1 + 4c2 + 2⇡c3 + 2⇡c4m

Smilga & Stern, PLB 93’

Gross, Yaffe & Pisarski, RMP 81’

Aoki, Fukaya & Taniguchi, 
PRD12’ 

<latexit sha1_base64="CornJXde3i79YedL59Sem6rRJ6w="></latexit>

h ̄ i = 2c0⇡ � 4c1m ln(m) + 2c2m+ 2⇡c3 + 2⇡c4m
2
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Infrared enhancement in ρ 

15

HotQCD, PRD 89 (2014)054514

black lines:  results from 163 lattices, red histograms: results from 323 lattices
LQCD simulations of Nf=2+1 QCD using Domain Wall fermions, mπ=200 MeV

The ml2 dependence is not demonstrated as ml→0 
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No infrared enhancement in ρ 

16
JLQCD, arXiv: 2011.01499

No clear gap

At m<0.01 and λ>0, 
m dependence can be 

hardly seen

<latexit sha1_base64="6hITbth1J+8Oaaae91f/fwb2P3U="></latexit>

⇢(�)(GeV3)
One quark mass below physical point

Continuum 
extrapolation  
is important 
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 Mass dependence of rho ?

 Continuum and chiral extrapolations ?

So far…
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Novel relation: Light quark mass derivative of  ρ and Cn

18

⇢U (�) =
X

j

�(�� �j)

<latexit sha1_base64="4rDRAOsg7J+LNCdFWRx+HRzvRo8=">AAACGHicbVBPS8MwHE3nvzn/VT16KQ5hOzhbmehFGHrxOMFug7WUNE23bElbklQYZR/Di1/FiwdFvO7mtzHbKujmg5DHe79H8nt+QomQpvmlFVZW19Y3ipulre2d3T19/6Al4pQjbKOYxrzjQ4EpibAtiaS4k3AMmU9x2x/eTv32I+aCxNGDHCXYZbAXkZAgKJXk6WcO78eeXXGoygSweu2IlHkDJ8BUwh/1NL+9QdXTy2bNnMFYJlZOyiBH09MnThCjlOFIIgqF6FpmIt0MckkQxeOSkwqcQDSEPdxVNIIMCzebLTY2TpQSGGHM1YmkMVN/JzLIhBgxX00yKPti0ZuK/3ndVIZXbkaiJJU4QvOHwpQaMjamLRkB4RhJOlIEIk7UXw3UhxwiqbosqRKsxZWXSeu8ZtVrF/f1cuMmr6MIjsAxqAALXIIGuANNYAMEnsALeAPv2rP2qn1on/PRgpZnDsEfaJNvFdefzg==</latexit>
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<latexit sha1_base64="w4jtazUgaAiMmjCkUVq3PXl/yGE="></latexit>
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Relation between ρ derivatives and Cn+1

19

<latexit sha1_base64="HzJmTFMjzDlHxEua367LdjwrR4U="></latexit>
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<latexit sha1_base64="HF38T7yUlJA6Qj2uz2eapRGrpF4="></latexit>
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… … 
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Signatures of  symmetry restorations

20
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l

Chiral symmetry restoration: χπ - χδ =χdisc

,

HotQCD, PRD90 (2014) 094503
Toublan and Verbaarschot, NPB603 (2001) 343

Kanazawa & Yamamoto,  JHEP 01(2016)141

 If eigenvalues are uncorrelated
<latexit sha1_base64="M6g/A71XD0cZKfj6hRwwk0eTt/8="></latexit>

CPo
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�Po
disc = 2(�⇡ � ��)

Non-Poisson correlation among eigenvalues: 
needed for chiral symmetry restoration if χπ - χδ ≠0

Kanazawa & Yamamoto,  
JHEP 01(2016)141
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Lattice setup

21
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 HISQ/tree action
 Nf=2+1:

mπ ≈160,140,110, 80, 55 MeV
 ms   /ml  = 20, 27, 40, 80, 160phy

9≥Ns/Nt ≥4 

 Nt=8,12,16 (a=0.12,0.08,0.06 fm) 

?

HTD, S.-T. Li, A. Tomiya, S. Mukherjee, X.-D. Wang, Y. Zhang
arXiv: 2011.04870 

 At a single T=205 MeV

local GPU 
computers
@CCNU 

https://arxiv.org/abs/2011.04870
https://arxiv.org/abs/2011.04870
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Complete eigenvalue spectrum ρ and C2 at T=205 MeV

22

via Chebyshev Polynomial filtering technique
Giusti and Luscher,  JHEP03(2009)013, Patella PRD86(2012)025006, Cossu et al., PTEP 2016(2016)093B06

Itou & Tomiya, arXiv:1411.1155, Fodor et al., arXiv:1605.08091, de Forcrand & Jäger, arXiv: 1710.07305, HTD et al., arXiv:2001.05217,2008.00493

HTD, S.-T. Li, S. Mukherjee, A. Tomiya, X.-D. Wang, Y. Zhang, arXiv:2010.14836
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1st & 2nd mass derivative of  ρ on N$=8 lattices

23
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<latexit sha1_base64="8MgOgwp9VxGRMMhQEXySDhKuIBs="></latexit>

m�1
l @⇢/@ml ⇡ @2⇢/@m2

l

Drops rapidly towards zero 
for  λ/T >1

Quark mass independent 



/33

2nd & 3rd mass derivative of  #: volume and a dependences
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2nd & 3rd mass derivative of  #: volume and a dependences
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Non-Poisson correlations
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Quantities related to #
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Difference between π and δ 
susceptibilities
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Two U(1)A measures
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Continuum extrapolations are crucial!
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Continuum and chiral extrapolations with mπ ≤ 140 MeV data 
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Joint fit: simultaneous fits  
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Continuum and chiral extrapolations with mπ ≤ 140 MeV data 

31

Joint fit: simultaneous fits  

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

(ml/ms)2

N⌧
8,12,16����! 1

m2
s (�⇡ � ��)/T4

c

(ml/ms)2

m2
s (�⇡ � ��)/T4

c

chiral limit

Continuum: quadratic in 1/N$
Chiral: quadratic in quark mass

Value at N$→∞ and m→0  : 
8.0 ± 2.4

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

(ml/ms)2

N⌧
8,12,16����! 1

m2
s (�⇡ � ��)/T4

c

(ml/ms)2

N⌧
12,16���! 1

m2
s (�⇡ � ��)/T4

c

(ml/ms)2

m2
s (�⇡ � ��)/T4

c

(ml/ms)2

m2
s (�⇡ � ��)/T4

c

Value at N$→∞ and m→0  : 
6.1 ± 1.9

chiral extrapo.
Sequential fit: first continuum and 

then 
Continuum: quadratic in 1/N$ with     

N$=12 & 16 data 
Chiral: quadratic in quark mass



/3332

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

(ml/ms)2

N⌧
8,12,16����! 1

m2
s�disc/T4

c

(ml/ms)2

N⌧
12,16���! 1

m2
s�disc/T4

c

(ml/ms)2

m2
s�disc/T4

c

(ml/ms)2

m2
s�disc/T4

c

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

0

5

10

15

20

25

30

35

0 0.0003 0.0006 0.0009 0.0012 0.0015

55 80 11
0

14
0 m⇡[MeV]

(ml/ms)2

N⌧
8,12,16����! 1

m2
s (�⇡ � ��)/T4

c

(ml/ms)2

N⌧
12,16���! 1

m2
s (�⇡ � ��)/T4

c

(ml/ms)2

m2
s (�⇡ � ��)/T4

c

(ml/ms)2

m2
s (�⇡ � ��)/T4

c

m2
s �disc/T

4
c

<latexit sha1_base64="MEyMV9K1AeMwGjksIXKPbbh7nGo=">AAACK3icbVBLSwMxGMzWV62vVY9egkXwUOpuqeix1IvHCn3B7nbJpmkbmn2QZIWy7P/x4l/xoAcfePV/mG5X0NaBwDAzX/JlvIhRIQ3jXSusrW9sbhW3Szu7e/sH+uFRV4Qxx6SDQxbyvocEYTQgHUklI/2IE+R7jPS86c3c790TLmgYtOUsIo6PxgEdUYykkly9mdjZJRYfe05iVI0MlRWS+q4Y1OyKjSfUTYZU4PSi7eJBHaauXv5JwVVi5qQMcrRc/dkehjj2SSAxQ0JYphFJJ0FcUsxIWrJjQSKEp2hMLEUD5BPhJNmaKTxTyhCOQq5OIGGm/p5IkC/EzPdU0kdyIpa9ufifZ8VydO0kNIhiSQK8eGgUMyhDOC8ODiknWLKZIghzqnaFeII4wlLVW1IlmMtfXiXdWtWsVy/v6uVGM6+jCE7AKTgHJrgCDXALWqADMHgAT+AVvGmP2ov2oX0uogUtnzkGf6B9fQP9x6NP</latexit>

m2
s(�⇡ � ��)/T

4
c

<latexit sha1_base64="M0Jb9Y32Zht4XuscKJkSvM2+wVk="></latexit>

N$→∞ and m→0

Joint fit 5.6 ± 2.3 8.0 ± 2.4

Sequential fit 4.4 ± 1.9 6.1 ± 1.9

Continuum and chiral extrapolations with mπ ≤ 140 MeV data 
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N$→∞ and m→0

Joint fit 5.6 ± 2.3 8.0 ± 2.4

Sequential fit 4.4 ± 1.9 6.1 ± 1.9

Axial anomaly remains manifested in the two 
U(1)A measures at a 2-3 sigma level

Continuum and chiral extrapolations with mπ ≤ 140 MeV data 
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 At T ≳ 1.6 Tc the microscopic origin of axial anomaly is driven by the 
weakly interacting (quasi-) instanton gas motivated ρ(λ→0,m→0) ∝ m2 δ(λ)

Nf=2+1 QCD: 2nd order chiral phase transition belonging to 3-d O(4)

Our study suggests:

Outlook:
the methodology would be useful for other discretization schemes


