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Symmetries of QCD 1n vacuum
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Classical QCD symmetry (mqg=0)

v

Quantum QCD vacuum (mq=0)

Chiral condensate: Axial anomaly:
spontaneous mass generation quantum violation of U(1)a

U(1) problem
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Ink painting masterpiece 1986:
'Nuclei as Heavy as Bulls, Through Collision
Generate New States of Matter”,
by Li Keran,
reproduced from open source works of
1. D. Lee.

F‘. '(l, (j verse
ity Universe The Phases of QCD
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Ordinary Quark Gluon Plasma

nuclear (QG P)
matter ; __

Quark-Gluon Plasma

113 . . . . Color /
The whole is more than sum of its parts. Superconductor

Aristotle, Metaphysica 10f-1045a i e N A /
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-ow do symmetries
manifest themselves Iin

QCD phase structure?
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&
0.4 = I4wF. ) Landau functional of QCD

Symmetry: SU(N;)p x SU(Ns)r x U(1)y X U(I)A Pisarski & Wilczek

PRD 84

1 o , | .
Chiral field: &, ~ 54 7 (1 —75)¢" = qrq,  Chiral transformation: & — 24 Vi ® v;;

1
Logs = 5 tr 00100 - ;trqﬂ‘cb

b2
4!

L SU(N)XSU(N)rXU(1)a

b1 r (qff (I)) ,

4]

(tr &1 @)

(det d + det P! ) S— Y (NH)LxSU(Nf)R

LD O

trh (®+ 7).

5 Quark mass term
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Julian Schwinger
“physicist who only needs
pencil and paper to do physics”

(and coftee)
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QCD Lagrang
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g=u.d,s,c,b.t
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L=

Lattice field theory

-~

® quark A gluon
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First numerical lattice simulations

10 : I —
E string tension .
: exp (- L (8-2)) I
|.OE-* -|n(_§_) ?
: i : Spawned
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ol ‘* golden age
| 'J in lattice QCD
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- Il
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@BNL lattice gauge coupling Ichale cutz

PRD 1080 on the beach
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Nature of QCD transition at the physical point

Crossover transition

__|_|—|_|_|_| T 1T T 1 I T |_|—|_|__
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Y. Aoki et al, Nature 443 (2006) 675-678

W A DWF:FIEFEKT
F X_IVI_S 2 Domain Wall Fermions
iF - ~ldisc re— m, = 135 MeV
= v - 32°x8 ~—e—
fi; 30 - 64°x8 o

m_= 200 MeV
ﬂﬁ 1E6RX8 I
2 50 2438 -
323x8 v

b HISQ

% m, =~ 161 MeV

10 | = 483x12 —a—
O . 1 d 1 2 1 A ] A | . ] M ——
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T [MeV]

B = NEELawrence Livermore E RSN

FOSequoiaiB it &

T. Bhattacharya,...HTD,...et al.[HotQCD],
Phys. Rev. Lett.,113(2014)082001

7 /33



Chiral crossover/phase transition temperature
at physical point and mq—0

Rigorous definition from O(4) universality class Based on 0(4) Scaling analyses
L70 l | | Temperature [ K | 160 )
- T,(0) [MeV] L - T [MeV] Clihlral crossover
i X A B 155 Y y=
165 | oX o - Too(H) Tpe'=156.5(1.5) MeV
_ A 5 ) 150
' . ® CO b 10" A 1
160 | D % Cy 145 - Too(H) = T(? (1 + z_p HW)
: H ; C%C < 10° 0
155 - ; ? (156.5£ 1.5) MeV m | & Ol Ts(H)
- 135 :
S N Chiral phase transition T
Y S > > 190 0 +3
\\% \ /@\\ ‘s S S . e  Hemym, TC = 1327 . MeV
—————————— 0 0.01 0.02 0.03 0.04
A. Bazavov, HTD, P. Hegde et al. [HotQCD], HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],
Chi FihyS- Lett. B795 (2019) 15 Phys. Rev. Lett. 123 (2019) 062002
1ral crossover transition
T=156.5(1.5) MeV Chiral phase transition T is

|
See also Wuppertal-Budapest, PRLi12§ (2020) 052001 abOUt 25 MeV IOWCI :
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Chiral crossover/phase transition temperature
at physical point and mq—0

Rigorous definition from O(4) universality class

170
- T.(0) [MeV]
| .
165 |
160 | o
.
155 | (1UVis o deu) T
| 1/N?
150 '
L kT 7 7
N\ N\ N\ N\ N\
\Cb \\/63\]‘3 \d) \6

A. Bazavov, HTD, P. Hegde et al. [HotQCD],
Phys. Lett. B795 (2019) 15

Chiral crossover transition

T=156.5(1.5) MeV

See also Wuppertal-Budapest, PRL125 (2020) 052001

Temperature

1

[K]
e® O
'DO @ °_

2nd order chiral phase transition
belongmg to 0(4) umversahty class ?

Based on O(4) scaling analyses

160

Chiral crossover
T2 156.5(1.5) MeV

T [MeV]
155

T__(H)

T,o(H) = T° (1 4 2r H%)

135 |

Chiral phase transition T

T =132F2 MeV

0 0.01 0.02 0.03 0.04

130

H=mymg

125

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],
Phys. Rev. Lett. 123 (2019) 062002

Chiral phase transition T is

about 25 MeV lower !
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Nature of chiral phase transition

Columbia plot:

QCD phase diagram in quark mass plane

HotQCD, PLB 795 (2019) 15

¢ At physical point Tpc= 156 MeV 5 pri 125 2020 052001

°° Ni=2 PURE . .
Mg i\ am . foAuGE Chiral phase transition T, =132(+3)(-6)MeV
2" order Z(2) ,.0'6'r'der HotQCD, PRL 123 (2019) 062002
O(4) »

physicgl point

tri
mg f?

o"d order
Z(2)

.
.
.
.
.
2
.
. —
.
—
.
.

Pisarski and Wilczek, PRD 29 (1984) 338

_ Butti, Pelissetto and Vicari, JHEP 08 (2003) 029
9 UA( 1 ) SymmetW- Pelissetto & Vicari, PRD 88 (2013) 105018
Ni=1 0 Grahl, PRD 90 (2014) 117904

e Broken, 2nd order (O(4)) phase transition

o Effectively restored, 1st or 2nd order
(U(2)LeU(2)r/U(2)v)

mu,d
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Signatures of symmetry restorations

-»- Susceptibilities defined as integrated two point correlation functions of the

local operators, e.g. x~ = / Az (7 ()7 (0)) with 7" (z) = i (2)ys7 Y ()

Restoration of SU2); xSU(2)x:

SU(2) | X SU(2) R

Xs,con 7T - EIYS% q4 S Elq XCOn+XdiSC — o =0
A A L =X » K = X =Xdisc =Xs,disc
uQ), u(1), K> = An =0
v o
Kcon 0:0;q = "M A9 Xscon” X5disc Effective restoration of U()a:

SU(2) Lx SU(2) g

An ~ A5 =0

2 n = X0 =Xdisc=Xs,disc =O
Xdisc = %/d4$<[¢(x)¢(af) — (P(z)h())] > Yo = An =O* K = XD =Kdisc=Xs,d
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Status of lattice studies on axial anomaly

70 -

mg (X7 — Xao )/Tzilc Td
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m.,. = 140 MeV @
i

cont.

Highly Improved Staggered fermions
Nf=2+1 QCD

B = S o—F <

T[GeV]

I I | I
0.16 0.18 0.20 0.22 0.24 0.26
HotQCD, Phys.Rev.D 100 (2019) 094510

M At physical pion mass at T < T axial
anomaly remains manifested in ¥x - X5

See similar conclusions obtained using chiral fermions:
HotQCD, PRL 113(2014)082001, PRD 89 (2014)054514
JLQCD, arXiv: 2011.01499, ...

1 How about the case in the chiral limit ?
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Axial anomaly towards chiral limit

Fixed scale approach, lattice spacing 2=0.074 tm

Nt=38, lattice spacing #~0.15 fm

25 - ¥ ........ ml — m8/27
. S mp = m8/40
S 20 - {”-l';}. .......
C\IEUD e, |
< 15° 5
> ................
|l: 10 i i .....................
S HISQ E
&
5 -
Ne=2+1 QCD .
0

| | | | |
0.975 1.000 1.025 1.050 1.075 1.100
T/T.

Sharma, Lattice 2018 Review talk, 1901.07190

Remains manifested at
my=110 MeV and T<1.1T.

Similar conclusions from
Dick et al., PRD 91(2015)094504, Ohno et al., PoS Lattice 2012(2012)093,
Mazur et al., 1811.08222,...

700

600

500

400

300

200

100

One quark mass below the physical point

I=190MeV +—v—
) 1=220MeV —a— |

Y 1=260MeV —eo—
1 1=260MeV (stochastic DW) —e— -
T 1=330MeV (stochastic DW) —=—

Chiral fermions

Ne=2 QCD

60 80 100 120
m (MeV)

JLQCD, arXiv: 2011.01499

Seems to disappear at T = 220 MeV

Similar conclusions from
Chiu et al.,PoS Lattice 2013 (2014)165,
Tomiya et al.,[JLQCD] PRD 96(2017)079902,
Brandt et al., JHEP 12 (2016) 158,..
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Axial anomaly towards chiral limit

Nt=8, lattice spacing #~0.15 fm Fixed scale approach, lattice spacing 2=0.074 tm
00 One quark mass below the physu:al pomt
20 - ¥ """""" myp = ms /27 T=190MeV -~
v& N : { ........... m; = ms /40 600 . | T;%gﬁzx —.—
Py e %' 500 - | 1=260MeV (stochastic DW) —e— -
S 15 - S Y 1=330MeV (stochastic DW) ~—»—
. Contmuum and chiral extrapolations are crucially needed!
= HISQ ™. e . '54 200 Chiral fermions _
°1  Ng2+1 QCD . T N2 QCD _
0 | | | | I 3 : 2
0.975 1.000 1.025 1.050 1.075 1.100 0 ” " 0 0
T/T.
m (MeV)
Sharma, Lattice 2018 Review talk, 1901.07190
R . . f d JLQCD, arXiv: 2011.01499
cmains maniiested at :
o MeV and Ter 1T Seems to disappear at T = 220 MeV
My=11 CcvV an <I.I
7 ¢ Similar conclusions from
Similar conclusions from Chiu et al.,PoS Lattice 2013 (2014)165,
Dick et al., PRD 91(2015)094504, Ohno et al., PoS Lattice 2012(2012)095, Tomiya et al.,[JLQCD] PRD 96(2017)079902,
Mazur et al., 1811.08222,... Brandt et al., JHEP 12 (2016) 158,..
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Signature of restorations in Dirac Eigenvalue Spectrum

- = Amyp /:: 3m7 p
{42 /() A2+ m? A 0 (A2 4+ m2)’

@ Restoration of SU(2).xSU(2)r symmetry
& p(0) =0 asfrom Banks-Casher formula: liril()(@;@@ = mp(0) N?Qﬁ%;”ﬁ&%ﬁ“fgé
m

¢ Partition function is an even function in quark mass due to the Z(2) subgroup

Q@ Effective restoration of U(1)a symmetry

¢ a sizable gap from zero, i.e. Q(A<A)=0  Cohen, arXiv:nucl-th/9801061

A\ if o) is analytic in m?, NOT be manifested in differences of up to 6

point correlation functions  Aoki, Fukaya and Taniguchi, PRDS6 (2012) 114512
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Possible behavior of p(A) making SU(2)xSU(2) restored but NO'1" U(1)a

o(h,m) = co + c;A + ¢, m2O(A) + ¢;m + ¢, m2 + O(A,m)
2

(1)) = 2com — deymIn(m) + 2com + 2mes + 2meam

Xr — Xs = 2com/m + 4c1 + 4es + 2wes + 2weam

Ansat - T — isc .
z] (YY) X oAt _fe Ao ¢, & ¢, terms: break both symmetries  smigs & scer,pe 93
c 2cT 2cm/m 0 2cmt/m 0 , :
A |—4mln(m) —4In(m) —41n(m) A 0 C,: N€ar Z2€ro mode contribution Gross, Yaffe & Pisarski, RMP 81’
m25(\)|  2m 2 —2 4 4 ¢y another U(1)a breaking term
m 2Tm 27 0 27 27T

c,: Not manifested in 2-pt correlators Aok Fukaya & Taniguch

2 27m 0 2rm  2rm PRD 2’

m 2Tm

HotQCD, PRD86(2012)094503

ﬁ LQCD: At high T for physical m, the T dependence of y: follows dilute instanto\n

g£as appr()ximati()n prediction See recent review: Lombardo & Trunin, IJJMPA 35(2020)2030010

_ Due to o(A,m) o« m20(\)? What happens for m—o ? 44//3 :




p(A) (GeV?)

Infrared enhancement 1n p

LQCD simulations of Ng=2+1 QCD using Domain Wall fermions, myx=200 MeV

black lines: results from 163 lattices, red histograms: results from 323 lattices

0.003 5 0.003 0.003 =TT 16° % 8 ——
177MeV 186MeV C195MeV T T
0.002 S po02 } £ 0.002
> >
3 3
S o
o~ o~
= =
0.001 < o000 | S 0.00!
"0 0006 001 0015 002 0025 003 0035 0.04 0 0006 001 0015 002 0025 003 0035 0.04 0 0005 001 0015 002 002 003 0035 0.04
A (GeV) A (GeV) A (GeV)

HotQCD, PRD 89 (2014)054514

The ms> dependence is not demonstrated as mi—o0
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No infrared enhancement in p

p(\)(GeV?)  P=4.30, 7=220MeV, L=32(2.4fm)
0.025 One quark mass below physical point

overlap, m=0.01
overlap, m=0.005

No clear gap

P02 overlap, m=0.00375
overlap, m=0.0025 - - At m<o.o1 and A>0,
0.015 1  overlap, m=0.001 <

m dependence can be

T* domain-wall -+ ol
0.01 | <gg>/m at T=0, m=0 ardly seen
0.005 | - Contmuu.m
A extrapolation
0 “__ is important
0 50 100 150 200

JLQCD, arXiv: 2011.01499 }\,(MCV) 16/33



So far...

¢ Mass dependence of rho ?

¢ Continuum and chiral extrapolations ?
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Novel relation: Light quark mass derivative of p and C,

p(A,my) = Vg[bl] /D[Z/{]e_SGW] det | D[U] + ms | (det [D[U] + ml])sz()\)

Partition function Z|U| = / Dlid]e Ml det DIU] + ms| (det [ DU] + mz])Q

Eigenvalue spectrum per ensemble pp(A) = Z O(A — Aj)
Quark mass dependence of p is enclosed in ’

det [P[U] +my] = | | (1A + mu) (=i A 4+ my) = exp (/OOO dA py(A)In [A* + mﬂ)

J
q v 9 :/md)\ Amy ©;
T Omy 0 2)\§+ml2

Ca(A, A2) = <PU()\)PU()\2)> — <PU()‘>><PU()\2)>
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Relation between p derivatives and Cp+1

V 0 AN —m)C > 4my)* C
I" Om; 0 (A5 + m7) 0 (A2 +mp) (A5 +mj)
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Signatures of symmetry restorations

SU(2)  x SU(2)

é Chlral Symmetry reStOratiOn: XJT - X6 =Xdisc Xs,con - Aqysi q- O Aqq Xcon ™ X disc
> 8m2 U s U(1),
— X5 = d\ L P J '
Xm = X6 = 2 2\2 > Xecon 0: 039 = "N qy:.d Xs5con” X5disc
0 ()\ —+ m; ) SU(2) Lx SU()
Toubl V hot, NPB6 2001) 343
o0 4ml 8,0/8ml oublan and Verbaarschot, 03 (2001) 3
Xdisc — dA 5 HotQCD, PRD90 (2014) 094503
0 \° T my, Kanazawa & Yamamoto, JHEP 01(2016)141

¢ If eigenvalues are uncorrelated C,°(Mi,--+ M) = 6(A — A2) -+ 3( A — A1) (pr (M) + O(1/N)

ap\ °  dAmp  Vp -
(a—m) A2+ m? TN (W)

— Q(Xw - X5)

Non-Poisson correlation among eigenvalues:
Kanazawa & Yamamoto,

needed for chiral symmetry restoration if Yz - Yo#0  JHEP01(2016)141
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> N=2 PURE
m
S 2" order 2" order 1St
04) > Z(2) \.order
physical point L Ne=3
> 00
mu,d

HTD, S.-T. Li, A. Tomiya, S. Mukherjee, X.-D. Wang, Y. Zhang

ar X1v: 2011.04870

Lattice setup |\B

GAUGE

% local GPU
u computers
@CCNU

¢ At a single T=205 MeV
¢ HISQ/tree action
¢ Ni=2+1:
M Nt=8,12,16 (a=0.12,0.08,0.06 fm)
& m2Ymi = 20, 27, 40, 80, 160
My ~160,140,110, 80, 55 MeV
1 9>Ns/N; >4
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Complete eigenvalue spectrum p and Coat '1=205 MeV

Co(Mphy) [MeV™?] (32°x8,m_=160 MeV) Co(Mphy) [MeV?] (56°x8,m._=55 MeV)
0.002 0.012
2 [ [ [ 3 [ [ [ [
32° X 8, m,=160 MeV —— - - 0.0018 400
(GeV?| 3 600
p € 56° X 8, m,;=55 MeV +>&— - < 0.01
0.0016 350
N 500 0.0014 0.008
300
0.0012
400
_ _ 0.006
1S 0.001 = 230
()] )
=, =,
S 300 0.0008 5200 0.004
| 0.0006 150
200 0.0004 0.002
3 100
' 0.0002 -
é_ ] 100 0
| | | | | | | | | O 50
0 500 1000 1500 2000 2500 3000 3500 4000
A [MeV 0 -0.0002 0 -0.002
[MeV] 0 100 200 300 400 500 600 0O 50 100 150 200 250 300 350 400
A, [MeV] A, [MeV]

HTD, S.-T. Li, S. Mukherjee, A. Tomiya, X.-D. Wang, Y. Zhang, arXiv:2010.14836

via Chebyshev Polynomial filtering technique

Giusti and Luscher, JHEPo03(2009)013, Patella PRD86(2012)025006, Cossu et al., PTEP 2016(2016)093B06
[tou & Tomiya, arXiv:1411.1155, Fodor et al., arXiv:1605.08091, de Forcrand & Jiger, arXiv: 1710.07305, HTD et al.; arXiv:2001.05217,2008.00493
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12

10 +

3

Ist & 2nd mass derivative ot p on N,=38 lattices

0"p/Om; [m; ™" [GeV]

. |

32° X 8, m, =
323 x 8, m,=
40% x 8, m,=

160 MeV 1
140 MeV
110 MeV

723 x 8, m,=80 MeV
563 x 8. m,.—55 MeV

%”Wﬁ?%
100

50

150
A [MeV]

n=1 n=2

O— —@—
—0—
—a— =
7

200

300

m; "0p/Omy ~ 8°p/Om;
Quark mass independent

Peaked structure developed in
the small A region

Drops rapidly towards zero

for AT >1
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2nd & 3rd mass derivative of p: volume and a dependences

140 - 3 02%p /m4
g amIQ /Tc

Peaked structure becomes sharper
towards continuum limit

120

800
600
100 F 400
200
80 + 0
—200
—400
—600
—&00

40—% )

20

Mild volume dependence
60 +

0°p/Om; ~ 0

Te=132 MeV is used from
HTD et al, [HotQCD} PRL 19’
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2nd & 3rd mass derivative of p: volume and a dependences

140 +

120

100 -

80

60 +

40 +

20

3 0%p /4
g amIQ /Tc

800
600
400
200

0
—200
—400
—600
—3800

£ o

Te=132 MeV is used from
HTD et al, [HotQCD} PRL 19’

Peaked structure becomes sharper
towards continuum limit

Mild volume dependence

0°p/Om; ~ 0
m; "0p/Omy ~ 8°p/Om;

Vo

p(A— 0,m; — 0) o< m;
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Non-Poisson correlations

AFe = i =2 [0 p/omit — (0" p/Om )]

3 AP 4
o0 |- msA O/Tc B 50 + m? AEO/Tf |

n

07 %c?%‘?@%wg"a‘@g@’@'@ 0 \gq o> ® Yo B ¥ ope

—50 - Q m =80Mev | Y @ me =110 MV~
n=1n=2 D

—100 - 793 % 8 Ot - —100 - n=1n=2 -
{7 723 x 12 —O— —@— 40% x 8 ——1 —@—

_150 803 X 10 —y/— Y | 150 L T 6()3 X 12 —6— —@)— |
T 643 X 16 —— —Y—

\ 4
—200 + 4 - —200 + -
| | | | — | | | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
A/ A/

Repulsive non-Poisson correlation gives rise to the o(A—0) peak
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14
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S N O OO

Quantities related to p

Q

& D O O & m, [MeV]
i mg(Xw — X(S)/Tg + -
l %‘ N.—16 S <I> _
: L N=12 -6 .
N, =8
R’ .
- ® )
i @ B
wm - —
0 0.0005 0.001  0.0015  0.002  0.0025  0.003
(my/my)?
> 8m? p
XTI' o X5 — / d)\ l 2 2
0 (A2 +m7)

” P D > > S [MeV]
()T ' ' '

12 - LA
10 -
NT: — = LA
8 - N, =12 —E— @ -

N,=16 —A—
6 - ® -
4+ @ -

LA E_
2 - @ E_ -
O B I m I I I I

0 0.01 0.02 0.03 0.04 0.05
m; /mg
> > dmyp
(Yih) = > dA
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S N O 00

Quantities related to Ist & 2nd derivatives of p

BOTPAN \/\9 \}9 \/%Q m,. |[MeV]
| | | |
HlQXdiS(:/T4 i
& N,=16 —o— %
® N —12 |—9—| —
1 N_ =81
<D
2 ® -
Q _
@ E | -
i
| | | | | N
0.0005 0.001 0.0015 0.002 0.0025
(1 /m)?

1
i = [ ar e 0l
0

)\Z—I—ml

400
300
300
250
200
150
100

o0

55 80 110 140 [MeV] 160
| | | | NT _ | |:
3 4 T —
m T N. =12 —O— _
s X2/ T N, = 16 —A—
_ 4 %
@®
® @
[l m
[- | [- [. | | |
0.01 0.02 0.03 0.04 0.05
ml/ms

4 2
X2=/ dA 0 p/Omy
0

)\2+ml
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(Q)XSU( ) symmetry restoration at T=205 MeV

” S O > Om [MeV]
ms<w>/Té* - -
19| it range: m. < 140 MeV - In the chiral symmetric phase
10 N =8 | ‘./3/, - , /“/‘_‘
N.—12 —O A e 7(2) subgroup of SU(2)xSU(2) sym.
S - N,=16 —A— ) ,/‘/ | s @ :/"
6 - & g#77 7 | Partition function: even function of m
4 ,‘,/"‘;“/ ) ’@" ;."; | } o - —- - - ] -
---------- ,”I'A‘: '/";";‘/ 2 - o <¢w> XM as M — O
2 F _..—;-"";1"’@"’ . _—,—..—/-’-"_" Dashed line: linear fit 7
_,.:_’.f., = = S Dot—Dashed hne quadratlc fit 5
) === | |
0 0.01 0.02 0.03 0.04 0.05 Xdisec X M~ as m — (0
ml/ms
X /dof Linear fits (Quadratic fits
N =8 0.43 13972.7
N, =12 4.4 1504.0
N =16 0.1 198.5 28/33
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S N O OO

Difference between T and 0

SU(2) | X SU(2) R

LG VAN ~0:q9
A A
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Two U(1)a measures
Y= — Xs should equal to yg;sc in chiral symmetric QCD
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Continuum and chiral extrapolations with m, < 140 MeV data
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Continuum and chiral extrapolations with m; < 140 MeV data
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Continuum and chiral extrapolations with m; < 140 MeV data
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Summary & Conclusion

We established novel relations between drp/0mr & C,.,
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Summary & Conclusion
Our study suggests:

2 At'T =z 1.6 Tc the microscopic origin of axial anomaly is driven by the
weakly interacting (quasi-) instanton gas motivated o(A—>0,m—0) « m2 0(A)

2 Nf=2+1 QCD: 2nd order chiral phase transition belonging to 3-d O(4)

Outlook:

[] the methodology would be useful for other discretization schemes
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