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Neutrino Oscillation
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𝜐𝑙 + 𝑛 = 𝑙 + 𝑝, (𝑙 = 𝑒, 𝜇, 𝜏)

A phenomenon that neutrino generated with a certain lepton flavor and measured to 
have another lepton flavor after travelling a distance.

source target

W W𝜐𝜇 𝜐𝑒

𝜇+ 𝑒+

There is mixing between the flavor and 
mass eigenstates of neutrinos! 

Composition changes over time.
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PMNS Matrix
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−𝑠13𝑒

𝑖𝛿 0 𝑐13

𝑐12 𝑠12 0
−𝑠12 𝑐12 0
0 0 1

1 0 0

0 𝑒𝑖
𝛼21
2 0

0 0 𝑒𝑖
𝛼31
2

𝑐𝑖𝑗 = 𝑐𝑜𝑠𝜃𝑖𝑗 𝑠𝑖𝑗 = 𝑠𝑖𝑛𝜃𝑖𝑗

Three mixing angles: 𝜃23, 𝜃13, 𝜃12

Three CP phases: 𝛿CP(Dirac), 𝛼21 and 
𝛼31 (Majorana)  

Three masses: 𝑚1, ∆𝑚21
2 , ∆𝑚31
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Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix 
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ۧ|𝜈𝑒
ൿ|𝜈𝜇
ۧ|𝜈𝜏

= 𝑈

ۧ|𝜈1
ۧ|𝜈2
ۧ|𝜈3

凌家杰

Irrelevant for oscillations(analogous to CKM matrix)



Current knowledge
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NuFIT 4.0 𝜽𝟏𝟐
( ° )

𝜽𝟐𝟑
( ° )

𝜽𝟏𝟑
( ° )

𝜹𝑪𝑷
( ° )

∆𝒎𝟐𝟏
𝟐

(× 𝟏𝟎−𝟓𝐞𝐕𝟐)
∆𝒎𝟑𝟐

𝟐

(× 𝟏𝟎−𝟑𝐞𝐕𝟐)

Normal 33.82−0.76
+0.78

33.44−0.74
+0.77

49.7−1.1
+0.9

49.2−1.2
+0.9

8.61−0.13
+0.12

8.57−0.12
+0.12

217−28
+40

197−24
+27

7.39−0.20
+0.21

7.42−0.20
+0.21

2.451−0.031
+0.033

2.443−0.028
+0.026

Inverted
(∆𝜒2=

9.3 → 7.1)

33.82−0.75
+0.78

33.45−0.75
+0.78

49.7−1.0
+0.9

49.3−1.1
+0.9

8.65−0.13
+0.12

8.60−0.12
+0.12

280−28
+25

282−30
+26

7.39−0.20
+0.21

7.42−0.20
+0.21

-2.512−0.031
+0.034

-2.498−0.028
+0.028

1𝜎
precision

2.3% 2.0% 1.5% 31.3% 2.8% 1.3%

JHEP 01 (2019) 106

• Well measured: 

𝜽𝟏𝟐,  𝜽𝟏𝟑,  ∆𝒎𝟐𝟏
𝟐 , |∆𝒎𝟑𝟐

𝟐 |

• Not-so-well measured: 

𝜽𝟐𝟑 Octant, 𝜹𝑪𝑷, neutrino mass ordering (sign of ∆𝒎𝟑𝟐
𝟐 )

JHEP 09 (2020) 178NUFIT
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PMNS Matrix
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𝑐12 𝑠12 0
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1 0 0
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2 0
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2

𝑐𝑖𝑗 = 𝑐𝑜𝑠𝜃𝑖𝑗 𝑠𝑖𝑗 = 𝑠𝑖𝑛𝜃𝑖𝑗

Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix 
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ۧ|𝜈𝑒
ൿ|𝜈𝜇
ۧ|𝜈𝜏

= 𝑈

ۧ|𝜈1
ۧ|𝜈2
ۧ|𝜈3
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Irrelevant for oscillations

Caution! Unitarity is assumed in this framework:   𝑈†𝑈 = 1

Is the PMNS matrix really unitary?
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PMNS Matrix Extension

• The 3x3 PMNS matrix is assumed unitary because only 3 neutrino flavor 
eigenstates are found.

• Should be extended to 𝑛 × 𝑛 matrix if 𝑛 > 3 flavor eigenstates. (sterile neutrinos)

凌家杰

3x3 PMNS matrix 
• 𝑛 = 3, unitary
• 𝑛 > 3, NOT unitary

𝑛 × 𝑛 PMNS matrix
• unitary 

subset



Experimental “hints” of sterile neutrinos
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Reactor anomaly

PRD 83, 073006(2011) PRC 73, 045805 (2006)

PRD 64, 112007(2001)

LSND

PRL 110, 161801(2013)

7
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Note: recent results 
from MicroBooNE
No electron excess 
at low energy



CKM matrix v.s. PMNS matrix
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CKM matrix

Unitarity not assumed

PMNS matrix

Unitarity assumed

𝑈𝑒1𝑈𝑒3
∗ + 𝑈𝜇1𝑈𝜇3

∗ + 𝑈𝜏1𝑈𝜇3
∗ = 0

NuFit Group: JHEP 09 (2020) 178 [arXiv:2007.14792]
CKM Fitter Group: Eur. Phys. J. C41, 1-131 
(2005) updated for EPS-HEP 2019

The triangle may not be closed 
without this assumption!
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JHEP 01 (2021) 124
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Unitarity Test

• Use global neutrino oscillation data to test the unitarity of the 
three flavor neutrino mixing matrix.

• Without unitary assumption, the neutrino oscillation (flavor 
change from α to β) probability

凌家杰

Current framework
Unitary assumed

This work
Unitary NOT assumed

JHEP 01 (2021) 124

testing



• If the three flavor neutrino mixing matrix is unitary:

the following conditions must be satisfied：
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Unitarity Conditions
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< 𝜐𝛼|𝜐𝛽 >= 0

< 𝜐𝑖|𝜐𝑗 >= 0

< 𝜐𝛼|𝜐𝛼 >= 1

< 𝜐𝑖|𝜐𝑖 >= 1
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Global Neutrino Data
Various neutrino experimental data can provide constraints on the different neutrino 
mixing elements
• Different energy scale
• Different baseline
• Different systematics
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Global Neutrino Data
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Global Neutrino Data
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Global Neutrino Data
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Global Neutrino Data
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Constraints from Sterile Searches

凌家杰

Some data provide direct constraints.

Assumed unitary

< 𝜐𝛼|𝜐𝛼 >= 1, < 𝜐𝛼|𝜐𝛽 >= 0
measurements

1 −< 𝜐𝛼 𝜐𝛼 >=?, < 𝜐𝑒 𝜐𝜇 >=?
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Matrix elements without unitarity

𝑈𝐵𝑒𝑠𝑡−𝑓𝑖𝑡

凌家杰



3𝜎 Ranges
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Unitary NOT assumed
3𝜎 range

Unitary IS assumed
3𝜎 range

Without assuming unitarity, 
• achieved the same precision for 𝑈𝑒𝑖, 
• while the precision for 𝑈𝜇𝑖 and 𝑈𝜏𝑖 are worse.
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Unitarity Triangle

𝑈𝑒1𝑈𝜇1
∗ + 𝑈𝑒2𝑈𝜇2

∗ + 𝑈𝑒3𝑈𝜇3
∗ = 0

𝑈𝑒1𝑈𝜇1
∗

𝑈𝑒3𝑈𝜇3
∗ + 

𝑈𝑒2𝑈𝜇2
∗

𝑈𝑒3𝑈𝜇3
∗ + 1 = 0

Matrix Orthogonal Test

凌家杰

Unitarity NOT assumed
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CP Violation

CP violation: 

Jarlskog factor: 

• Total 9 Jarlskog factors, NOT invariant 
when unitarity NOT assumed.

• Tested three cases and compared to 
the unitary case, consistent though 
less precise. 

凌家杰

𝐽 = 2 × Area of Unitarity Triangle
= base × height

A
B

C

Jarlskog factor ≠ 0

• The best fit value is ~ -0.013
• Data show a slightly hint for CP violation 

with ∆𝜒2= 0.8

𝐽 = 𝐴 ∙ ℎ𝐴 = 𝐵 ∙ ℎ𝐵 = 𝐶 ∙ ℎ𝐶
? ?
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Unitarity Test

• Electron-type neutrinos have the best unitarity constraints due to 
large data sample

• Tau-type neutrinos are very limited by the experimental data
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< 𝜐𝛼|𝜐𝛽 >= 0 < 𝜐𝑖|𝜐𝑗 >= 0< 𝜐𝛼|𝜐𝛼 >= 1 < 𝜐𝑖|𝜐𝑖 >= 1



Conclusion

• Neutrino oscillation is the most direct evidence of 
physics beyond the standard model. 

• Neutrino research provide an important window 
for new physics.

• No significant nonunitary is observed in the 
current PMNS matrix. 

• Future precision measurement on Tau-type 
neutrinos sector can significantly improve the 
precision of matrix nonunitarity .  
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Thank you!
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Extra Constraints

Probability conservation:

Cauchy-Schwartz inequalities:

凌家杰
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