
Evolution functions at 1 loop

I. CONVENTIONS AND NOTATIONS

The evolution of a low energy function (LCDA, PDF) is equivalent to the renormalization in the low energy EFT.
When one tries to establish the factorization theorem, this renormalization scale will become the factorization scale.

The covariant derivative is defined as

Dµ = ∂µ − igT aAaµ. (1)

(maybe it is more convenient to use n+ = (n0 + n3)/
√

2? ) We use the light-cone coordinates:

V + =
V 0 + V 3

√
2

, V − =
V 0 − V 3

√
2

, (2)

and it is convenient to introduce two light-cone vectors n± with the expression:

n+µ =
1√
2

(1, 0, 0, 1), n−µ =
1√
2

(1, 0, 0,−1). (3)

n+ · n− = 1, aµ = n− · an+µ + n+ · an−µ + a⊥µ, (4)

The P is moving on n− direction and the z is at n+

Pµ = n+Pn−µ , zµ = n−zn+µ . (5)

For the light-like momentum, we have

P · z = n+ · Pn− · z. (6)

d4k = dk+dk−d2k⊥, µ4−dddk = µ2εdk+dk−dd−2k⊥, (7)

II. BRODSKY-LEPAGE EVOLUTION

The LCDA for a light meson is formally defined as:

〈π(P )|(ūWc)(z)γµγ5(W †c d)(0)|0〉 = −ifπPµ
∫ 1

0

dxeixP ·zΦ(x, µ), (8)

and the LCDA is normalized as ∫ 1

0

dxΦ(x, µ) = 1. (9)

The Wilson line is defined as

Wc(z) = Pexp

(
igs

∫ 0

−∞
dsn+A(z + sn+)

)
(10)

The Brodsky-Lepage evolution for a LCDA is given as:

µ
d

dµ
Φ(x, µ) =

αs(µ)

π
CF

∫ 1

0

dyV0(x, y)Φ(y, µ). (11)

V0(x, y) =

[
1− x
1− y

(
1 +

1

x− y

)
θ(x− y) +

x

y

(
1 +

1

y − x

)
θ(y − x)

]
+

. (12)
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FIG. 1: Brodsky-Lepage evolution kernel at 1 loop. These diagrams are the same for the evolution of PDF, DGLAP.

Here we should understand the LCDA as a renormalized quantity.
In order to derive the evolution kernel, one needs to perform the matching and technically calculate the diagrams

in Fig. 1. Notice that in these diagrams the external lines are free quarks. So what one is going to compute is:

〈u(x0P )d̄(x̄0P )|(ūWc)(z)γµγ5(W †c d)(0)|0〉 = −if̂πPµ
∫ 1

0

dxeixP ·zΦ̂(x, µ), (13)

We will assume the Pµ is moving on the n− direction, and thus it is convenient to calculate the Frourier transformed
matrix element: ∫

d(n− · z)
2π

e−ixP ·z〈u(x0P )d̄(x̄0P )|(ūWc)(z)n/+γ5(W †c d)(0)|0〉 = −if̂πΦ̂(x, µ) . (14)

notice that the factor 1/2 arises from the Frourier transformation.
From the viewpoint of composite operator renormalization, one should also add (Z2/ZO − 1) times the tree-level

result, in order to make the full results finite. The tree-level result of the above matrix element is

〈Φ〉(0) =
1

n+ · P
ū(xP )n/+γ5d(x̄P )δ(x− x0). (15)

Thus one can formally define the following result for decay constant and LCDA:

−if̂π =
1

n+ · P
ū(xP )n/+γ5d(x̄P ), Φ̂(0)(x, µ) = δ(x− x0). (16)

Let us calculate the digram (a) in Fig. 1.

〈Φ〉(a) =

∫
d(n− · z)

2π
e−ixP ·z〈u(x0P )d̄(x̄0P )|ū(z)n/+γ5

(
−igs

∫ 0

−∞
dsn+ ·A(sn+)d

)
(0)

∫
d4z1igs

(
d̄T bA/bd

)
(z1)|0〉

= g2
sCF

∫
d(n− · z)

2(2π)
e−ixP ·z

∫ 0

−∞
ds

∫
d4z1

∫
d4q

(2π)4

∫
d4k

(2π)4
e−iq·(z1−sn+)e−ik·(0−z1)−i

q2
eix0P ·zeix̄0P ·z1

×ū(x0P )n/+γ5
ik/

k2
n/+d(x̄0P )

= g2
sCF

δ(x− x0)

n+ · P

∫
d4z1

∫
d4q

(2π)4

∫
d4k

(2π)4

1

in+ · q
i

k2

−i
q2
e−iq·(z1−0)e−ik·(0−z1)eix̄P ·z1

×ū(xP )n/+γ5k/n/+d(x̄P ). (17)

The momentum and coordinate integration gives k = q − x̄P . One can also use the following simplification method:

ū(xP )n/+γ5k/n/+d(x̄P ) = n+ · kū(xP )n/+γ5n/−n/+d(x̄P ) = 2n+ · kū(xP )n/+γ5d(x̄P ). (18)
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Thus we have

〈Φ〉(a) = 〈Φ〉(0) × (−i)g2
sCF

∫
d4q

(2π)4
2[n+ · q − x̄n+ · P ]

1

n+ · q
1

(q − x̄P )2

1

q2

= 〈Φ〉(0) × ig2
sCF

∫
d4q

(2π)4
2[x̄n+ · P − n+ · q]

1

n+ · q
1

(q − x̄P )2

1

q2

= 〈Φ〉(0) × ig2
sCF

∫
dq+dq−d2q⊥

(2π)4
2[x̄n+ · P − n+ · q]

1

n+ · q
1

2[q+ − x̄P+]q− + q2
⊥

1

2q+q− + q2
⊥
. (19)

The integration over q− can be performed using contour integration. The integral is nonzero when 0 < q+ < x̄P+:

〈Φ〉(a) = 〈Φ〉(0) × ig2
sCF

∫ x̄P+

0

dq+

∫
d2q⊥
(2π)4

[x̄n+ · P − n+ · q]
1

n+ · q
(−2πi)

1

−[q+ − x̄P+]
q2⊥
q+ + q2

⊥

1

q+

= 〈Φ〉(0) × (−1)
g2
s

8π2
CF

∫ x̄

0

dy
x̄− y
x̄y

1

ε̂

= 〈Φ〉(0) × (−1)
αs
2π
CF

∫ x̄

0

dy
x̄− y
x̄y

1

ε̂

= δ(x− x0)
ū(x0P )n/+γ5d(x̄0P )

n+ · P
× (−1)

αs
2π
CF

∫ x̄

0

dy
x̄− y
x̄y

1

ε̂
(20)

where it should be noted that the integration about q2
⊥ is∫

d2q⊥
q2
⊥

= −π
ε̂
. (21)

The second diagram gives

〈Φ〉(b) =

∫
d(n− · z)

2π
e−ixP ·z〈u(x0P )d̄(x̄0P )|ū(z)

(
igs

∫ 0

−∞
dsn+ ·A(z + sn+)

)
n/+γ5d(0)

∫
d4z1igs

(
d̄T bA/bd

)
(z1)|0〉

= −g2
sCF

∫
d(n− · z)

2π
e−ixP ·z

∫ 0

−∞
ds

∫
d4z1

∫
d4q

(2π)4

∫
d4k

(2π)4
e−iq·(z+sn+−z1)e−ik·(0−z1)−i

q2
eix0P ·zeix̄0P ·z1

×ū(x0P )n/+γ5
ik/

k2
n/+d(x̄0P )

= −g2
sCF

∫
d4z1

∫
d4q

(2π)4

δ(x− x0 + q+/P+)

n+ · P

∫
d4k

(2π)4

1

−in+ · q
i

k2

−i
q2
e−iq·(0−z1)e−ik·(0−z1)eix̄0P ·z1

×ū(xP )n/+γ5k/n/+d(x̄P )

=
ū(x0P )n/+γ5d(x̄0P )

n+ · P
× (−ig2

s)CF

∫
d4q

(2π)4
δ(x− x0 − q+/P+)2[x̄0n+ · P − n+ · q]

1

n+ · q
1

(q − x̄0P )2

1

q2

=
ū(x0P )n/+γ5d(x̄0P )

n+ · P
× (−ig2

s)CF

∫ x̄0P
+

0

dq+δ(x− x0 − q+/P+)[x̄0P
+ − q+]

−i
2π × 4π

1

q+

1

−x̄0P+

1

ε̂

=
ū(x0P )n/+γ5d(x̄0P )

n+ · P
× (−ig2

s)CF θ(x− x0)P+[x̄0P
+ − xP+ + x0P

+]
−i

2π × 4π

1

x− x0

1

P+

1

−x̄0P+

1

ε̂

=
ū(x0P )n/+γ5d(x̄0P )

n+ · P
× αs

2π
CF θ(x− x0)

1− x
x− x0

1

x̄0

1

ε̂
(22)

I will use the Feynman rule method to calculate this diagram again. The momentum q is choosing flowing into the
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quark line. We have the second diagram:

〈Φ〉(b) = CF

∫
ddq

(2π)d
ū(x0P )n/+γ5

−i(x̄0P/− q/)
(x̄0P − q)2

igsγµd(x̄0P )× igsnµ+
1

in+ · q
−i
q2
δ(xn+ · P − x0n+ · P − n+ · q)

= −ig2
sCF

∫
ddq

(2π)d
ū(x0P )n/+γ5(x̄0P/− q/)n/+d(x̄0P )

1

(x̄0P − q)2

1

q2

1

q+
δ(xP+ − x0P

+ − q+)

= −ig2
sCF ū(x0P )n/+γ5d(x̄0P )(1− x)P+

∫
dq−d2q⊥

(2π)4

1

xP+ − x0P+

1

q2

1

(q − x̄0P )2

= −ig2
sCF ū(x0P )n/+γ5d(x̄0P )

1− x
x− x0

2πi

x̄0P+

π

ε̂

1

(2π)4
θ(x− x0)

=
1

P+
ū(x0P )n/+γ5d(x̄0P )

αs
2π
CF θ(x− x0)

1− x
x− x0

1

x̄0

1

ε̂
. (23)

The third diagram is given as

〈Φ〉(c) =

∫
d(n−z)

2π
e−ixPz〈u(x0P )d̄(x̄0P )|ū(z)

(
igs

∫ 0

−∞
dsn+A(z + sn+)

)
n/+γ5d(0)

∫
d4z1igs

[
ū(z1)T bA/b(z1)u(z1)

]
|0〉

= −g2
sCF

∫
d(n−z)

2(2π)
e−ixPz

∫ 0

−∞
ds

∫
d4z1

∫
d4q

(2π)4

∫
d4k

(2π)4
e−ik(z1−z)−i

q2
e−iq(z1−z−sn+)eix0Pz1

×ū(x0P )n/+
ik/

k2
n/+γ5d(x̄0P )

= ig2
sCF

1

n+P
δ(x− n+q

n+P
− x0n+P − n+q

n+P
)

∫
d4q

(2π)4

1

n+q

1

q2

1

(x0P − q)2
2n+k

(
ū(x0P )n/+γ5d(x̄0P )

)
= ig2

sCF
1

n+P
δ(x− x0)

∫
d4q

(2π)4

1

n+q

1

q2

1

(x0P − q)2
2(x0n+P − n+q)

(
ū(x0P )n/+γ5d(x̄0P )

)
= ig2

sCF
1

n+P
δ(x− x0)i

1

8π2

1

ε̂

∫ x0

0

dy
x0 − y
x0y

(
ū(x0P )n/+γ5d(x̄0P )

)
=

1

n+P
δ(x− x0)

(
ū(x0P )n/+γ5d(x̄0P )

)
(−1)

αs
2π
CF

1

ε̂

∫ x0

0

dy
x0 − y
x0y

. (24)

I will use the Feynman rule method to calculate this diagram again.

〈Φ〉(c) = CF

∫
ddq

(2π)d
ū(x0P )igsγµ

i(x0P/− q/)
(x0P − q)2

n/+γ5d(x̄0P )× ignµ+
1

n+ · q
−i
q2
δ(xP+ − x0P

+)

= ig2
sCF δ(xP

+ − x0P
+)

∫
ddq

(2π)d
ū(x0P )n/+(x0P/− q/)n/+γ5d(x̄0P )

(x0P − q)2q+q2

= ig2
sCF δ(xP

+ − x0P
+)ū(x0P )n/+γ5d(x̄0P )

1

2

∫
dq+dq−d2q⊥

(2π)d
2(x0P

+ − q+)

(x0P − q)2q+q2

= ig2
sCF δ(xP

+ − x0P
+)ū(x0P )n/+γ5d(x̄0P )

∫
dq+dq−d2q⊥

(2π)d
(−2πi)

x0P
+ − q+

q+

1

q+
[
(q+ − x0P+)

q2⊥
q+ − q

2
⊥

]
= δ(x− x0)

ū(x0P )n/+γ5d(x̄0P )

n+ · P
× (−1)

αs
2π
CF

∫ x0

0

dy
x0 − y
yx0

1

ε̂
. (25)
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The fourth diagram is given as

〈Φ〉(d) =

∫
d(n−z)

2π
e−ixPz〈u(x0P )d̄(x̄0P )|ū(z)n/+γ5

(
− igs

∫ 0

−∞
dsn+A(sn+)

)
d(0)

∫
d4z1igs

[
ū(z1)T bA/b(z1)u(z1)

]
|0〉

= g2
sCF

∫
d(n−z)

2π
e−ixPz

∫ 0

−∞
ds

∫
d4z1

∫
d4q

(2π)4

∫
d4k

(2π)4
e−ik(z1−z)−i

q2
e−iq(z1−sn+)eix0Pz1

×ū(x0P )n/+
ik/

k2
n/+γ5d(x̄0P )

= g2
sCF

1

n+P
δ(x− n+k

n+P
)

∫
d4q

(2π)4

∫
d4k

(2π)4

1

in+q

1

q2

1

k2
δ(k + q − x0P )(2π)42n+k

(
ū(x0P )n/+γ5d(x̄0P )

)
= −ig2

sCF
1

n+P
δ(x− x0 +

n+q

n+P
)

∫
d(n+q)d

2q⊥d(n−q)

(2π)4

1

n+q

1

n+qn−q + q2
⊥

1

n−q(n+q − x0n+P ) + q2
⊥

×[x0n+P − n+q]
(
ū(x0P )n/+γ5d(x̄0P )

)
=

g2
s

8π
CF

1

n+P
δ(x− x0 + y)

1

ε̂

∫ x0

0

dy(n+P )
1

y2(n+ P )2
[x0n+P − n+q]

y

x0

(
ū(x0P )n/+γ5d(x̄0P )

)
=

αs
2π
CF

1

n+P

1

ε̂

∫ x0

0

dy
(x0 − y)y

y2x0
δ(x− x0 + y)

(
ū(x0P )n/+γ5d(x̄0P )

)
=

αs
2π
CF

1

n+P

1

ε̂

x

(x0 − x)x0
θ(x0 − x)

(
ū(x0P )n/+γ5d(x̄0P )

)
. (26)

I will use the Feynman rule method to calculate this diagram again.

〈Φ〉(d) = CF

∫
ddq

(2π)d
ū(x0P )igsγµ

i(x0P/− q/)
(x0P − q)2

n/+γ5d(x̄0P )× (−igsnµ+)
1

iq+

−i
q2
δ(xP+ − x0P

+ + q+)

= −ig2
sCF

∫
ddq

(2π)d
ū(x0P )n/+(x0P/− q/)n/+γ5d(x̄0P )

1

(x0P − q)2

1

q+

1

q2
δ(xP+ − x0P

+ + q+)

= −ig2
sCF ū(x0P )n/+γ5d(x̄0P )

∫
dq+dq−d2q⊥

(2π)d
x0P

+ − q+

(x0P − q)2

1

q+

1

q2
δ(xP+ − x0P

+ + q+)

= −ig2
sCF ū(x0P )n/+γ5d(x̄0P )xP+

∫ x0P
+

0

dq+

∫
d2q⊥
(2π)d

1

x0 − x
1

P+
(−2πi)

1

−x0P+

1

q2
⊥
δ(xP+ − x0P

+ + q+)

=
1

n+P
ū(x0P )n/+γ5d(x̄0P )

αs
2π
CF θ(x0 − x)

x

(x0 − x)x0

1

ε̂
. (27)

The fifth diagram is given as

〈Φ〉(e) =

∫
d(n−z)

2π
e−ixPz〈u(x0P )d̄(x̄0P )|ū(z)n/+γ5d(0)

∫
d4z1igs

[
d̄(z1)T aA/a(z1)d(z1)

] ∫
d4z2igs

[
ū(z2)T bA/b(z2)u(z2)

]
|0〉

= −g2
sCF

∫
d(n−z)

2π
e−ixPz

∫
d4z1

∫
d4z2

∫
d4q

(2π)4

∫
d4k1

(2π)4

∫
d4k2

(2π)4

×e−ik2(z2−z)−i
q2
e−iq(z2−z1)e−ik1(0−z1)eix0Pz2eix̄0Pz1

(
ū(x0P )γµ

ik/2

k2
2

n/+γ5
ik/1

k2
1

γµd(x̄0P )
)

= −ig2
sCF

1

n+P
δ(x− x0 +

n+q

n+P
)

∫
d4q

(2π)4

1

q2

1

(x̄0P + q)2

2q2
⊥

(x0P − q)2

(
ū(x0P )n/+γ5d(x̄0P )

)
= −ig2

sCF
1

n+P
δ(x− x0 +

n+q

n+P
)

∫
d(n+q)d

2q⊥d(n−q)

(2π)4

q2
⊥

n+qn−q + q2
⊥

1

n−q(n+q − x0n+P ) + q2
⊥

× 1

n−q(n+q + x̄0n+P ) + q2
⊥

(
ū(x0P )n/+γ5d(x̄0P )

)
. (28)

There are 3 poles for the n−q integration:

n−q =
−q2
⊥ − iε

2n+q
, n−q =

−q2
⊥ − iε

2(n+q − x0n+P )
, n−q =

−q2
⊥ − iε

2(n+q + x̄0n+P )
, (29)
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when 0 < n+q < x0n+P , one should choose the second pole in the upper half plane; when −x̄0n+P < q+ < 0, one
should choose the last pole in the lower half plane.

〈Φ〉(e) = −ig2
sCF

1

n+P
δ(x− x0 +

n+q

n+P
)
(
ū(x0P )n/+γ5d(x̄0P )

){
− 2iπ

(2π)4

∫ 0

−x̄0n+P

d(n+q)

∫
d2q⊥ q

2
⊥

× 1
−n+q

n+q+x̄0n+P
+ 1

1

(q2
⊥)2

1
−n+q+x0n+P
n+q+x̄0n+P

+ 1

1

n+q + x̄0n+P

+
2iπ

(2π)4

∫ x0n+P

0

d(n+q)

∫
d2q⊥ q

2
⊥

1
−n+q

n+q−x0n+P
+ 1

1

(q2
⊥)2

1
−n+q−x̄0n+P
n+q−x0n+P

+ 1

1

n+q − x0n+P

}

= −ig2
sCF

1

n+P
δ(x− x0 + y)

(
ū(x0P )n/+γ5d(x̄0P )

){ i

8π2

1

ε̂

∫ 0

−x̄0

dy(n+P )
y + x̄0

x̄0
(y + x̄0)

1

y + x̄0

1

n+P

− i

8π2

1

ε̂

∫ x0

0

dy(n+P )
y − x0

−x0
(x0 − y)

1

y − x0

1

n+P

}

=
αs
2π
CF

1

n+P

(
ū(x0P )n/+γ5d(x̄0P )

)1

ε̂

[1− x
x̄0

θ(x− x0) +
x

x0
θ(x0 − x)

]
. (30)

I will use the Feynman rule method to calculate this diagram again.

〈Φ〉(e) = CF

∫
ddq

(2π)d
ū(x0P )igsγµ

i(x0P/+ q/)

(x0P + q)2
n/+γ5

−i(x̄0P/− q/)
(x̄0P − q)2

igsγνd(x̄0P )× −ig
µν

q2
δ(xP+ − x0P

+ − q+)

= (−1???)ig2
sCF ū(x0P )n/+γ5d(x̄0P )

∫
ddq

(2π)d
2q2
⊥

(x0P + q)2

1

(x̄0P − q)2

1

q2
δ(xP+ − x0P

+ − q+) (31)

There are 3 poles for the q− integration:

q− =
−q2
⊥ − iε
2q+

, q− =
−q2
⊥ − iε

2(q+ − x̄0P+)
, q− =

−q2
⊥ − iε

2(q+ + x0P+)
, (32)

when 0 < q+ < x̄0P
+, one should choose the second pole in the upper half plane; when −x0P

+ < q+ < 0, one should
choose the last pole in the lower half plane.

〈Φ〉(e) = (−1???)ig2
sCF ū(x0P )n/+γ5d(x̄0P )

∫
dq+dq−d2q⊥

(2π)d
q2
⊥

(x0P + q)2

1

(x̄0P − q)2

1

q2
δ(xP+ − x0P

+ − q+)

= (−1???)ig2
sCF ū(x0P )n/+γ5d(x̄0P )

∫
d2q⊥
(2π)d

×
{∫ x̄0P

+

0

dq+2πi
q2
⊥

q+ − x̄0P+

δ(xP+ − x0P
+ − q+)

q+ q2⊥
q+−x̄0P+ − q2

⊥

1

(q+ + x0P+)
q2⊥

q+−x̄0P+ − q2
⊥

+

∫ 0

−x0P+

dq+(−2πi)
q2
⊥

q+ + x0P+

δ(xP+ − x0P
+ − q+)

q+ q2⊥
q++x0P+ − q2

⊥

1

(q+ − x̄0P+)
q2⊥

q++x0P+ − q2
⊥

}
= −αs

2π
CF ū(x0P )n/+γ5d(x̄0P )

1

ε̂

×
{∫ x̄0P

+

0

dq+ 1

x̄0P+

q+ − x̄0P
+

P+
−
∫ 0

−x0P+

dq+ q
+ + x0P

+

−x0P+

1

−x̄0P+ − x0P+

}
δ(xP+ − x0P

+ − q+)

= −αs
2π
CF ū(x0P )n/+γ5d(x̄0P )

1

P+

1

ε̂

(
θ(x− x0)

x− 1

1− x0
− θ(x0 − x)

x

x0

)
(33)

The QCD self-energy correction gives

〈Φ〉(s.e) = (Z2 − 1)
1

n+ · P
ū(xP )n/+γ5d(x̄P )δ(x− x0)

= −αs
4π
CF

1

ε̂

1

n+ · P
ū(xP )n/+γ5d(x̄P )δ(x− x0) (34)
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Add the divergences from these five diagrams up

〈Φ〉(all) =
αs
2π
CF

1

n+P

(
ū(x0P )n/+γ5d(x̄0P )

)1

ε̂

{
−δ(x− x0)

∫ x̄0

0

dy
x̄0 − y
x̄0y︸ ︷︷ ︸

T1

+ θ(x− x0)
1− x
x− x0

1

x̄0︸ ︷︷ ︸
T2

−δ(x− x0)

∫ x0

0

dy
x0 − y
yx0︸ ︷︷ ︸

T3

+ θ(x0 − x)
x

(x0 − x)x0︸ ︷︷ ︸
T4

+
( 1− x

x̄0
θ(x− x0)︸ ︷︷ ︸
T51

+
x

x0
θ(x0 − x)︸ ︷︷ ︸
T52

)}
(35)

Next, we define plus function, ∫ 1

0

dx
[
f(x)

]
+
g(x) ≡

∫ 1

0

dxf(x)(g(x)− g(x0)) , (36)

so, we have

f(x) =
[
f(x)

]
+

+

[ ∫ 1

0

dyf(y)

]
δ(x− x0). (37)

We will use the T2 and demonstrate the plus function:

T2 =

[
θ(x− x0)

1− x
x− x0

1

x̄0

]
+

+ δ(x− x0)

∫ 1

0

dyθ(y − x0)
1− y
y − x0

1

x̄0

=

[
θ(x− x0)

1− x
x− x0

1

x̄0

]
+

+ δ(x− x0)

∫ 1−x0

0

dy
x̄0 − y
y

1

x̄0
, (38)

where the second term exactly cancels the T1.
Nest we will do some modifications of (35),

T2 + T51 =
1− x
x̄0

[
1 +

1

x− x0

]
θ(x− x0) −→ [a]

T4 + T52 =
x

x0

[
1 +

1

x0 − x

]
θ(x0 − x) −→ [b]

So,

[a] = [a]+ +

∫ 1

0

dy a(y)δ(x− x0)

= [a]+ +

∫ 1

x0

dy
1− y
x̄0

[1 +
1

y − x0
]δ(x− x0)

= [a]+ +

∫ x̄0

0

dy
x̄0 − y
x̄0

[1 +
1

y
]δ(x− x0) −→ (1)

The 1/y will cancel the T1 term. The b term is given as

[b] = [b]+ +

∫ 1

0

dy b(y)δ(x− x0)

= [b]+ +

∫ x0

0

dy
y

x0
[1 +

1

x0 − y
]δ(x− x0)

= [b]+ +

∫ x0

0

dy
x0 − y
x0

[1 +
1

y
]δ(x− x0) −→ (2)

while the 1/y integration will cancel T3. Finally, (35) can be written as

〈Φ〉(all) =
αs
4π
CF

1

n+P

(
ū(x0P )n/+γ5d(x̄0P )

)1

ε̂
2

{
T1 + T3 + (1) + (2)

}

=
αs
4π
CF

1

n+P

(
ū(x0P )n/+γ5d(x̄0P )

)1

ε̂

{
2[a]+ + 2[b]+ + δ(x− x0)

}
. (39)
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Consider the QCD self-energy correction,

〈Φ〉(all) + 〈Φ〉(s.e) =
1

n+P

(
ū(x0P )n/+γ5d(x̄0P )

)αs
4π
CF

2

ε̂

∫ 1

0

dy V0(x, y)Φ(0)(y, µ) . (40)

where Φ(0)(y, µ) = δ(x0 − y). So,

V0(x, y) =
[1− x

1− y
[1 +

1

x− y
]θ(x− y) +

x

y
[1 +

1

y − x
]θ(y − x)

]
+
. (41)

One should notice that, after the composite operator renormalization, the divergences will be removed and what
will be left are the ln(µ2). So the evolution is given as

µ
dΦ(x, µ)

dµ
=
αs
π
CF

∫ 1

0

dy V0(x, y)Φ(y, µ), (42)

this is the Brodsky-Lepage evolution.
For a vector meson, there is a second type of LCDA at leading twist:

〈ρ(ε, P )|(ūWc)(z)
n/+

2
γ⊥α (W †c d)(0)|0〉 = −ifρε⊥α

∫ 1

0

dxeixP ·zΦT (x, µ), (43)

it should be noted that the decay constant fTρ also receives renormalization. This can be calculated using the tensor
current, where the only contribution is from self-energy diagrams. We have

µ
dfTρ (µ)

dµ
= −αs

2π
fTρ (µ). (44)

For the LCDA, only diagrams (a,b,c,d) contribute and thus the evolution kernel is given by

V T0 (x, y) =
[1− x

1− y
1

x− y
θ(x− y) +

x

y

1

y − x
θ(y − x)

]
+
. (45)

for the evolution equation:

µ
dΦT (x, µ)

dµ
=
αs
π
CF

∫ 1

0

dy V0(x, y)ΦT (y, µ). (46)

III. DGLAP EVOLUTION

The standard parton distribution function is defined as

fq(x) =

∫
d(n− · z)

2π
e−ixp·z〈P (p)|(q̄Wc)(z)

n/+

2
(W †c q)(0)|P (p)〉, (47)

fg(x) =
∑
j

∫
dω−

2πxp+
e−ixP

+ω−〈P (p)|(F+jWA)(ω−)(W †AF
+j)(0)|P (p)〉, (48)

where one should notice that the subscript A on WA denotes the Wilson line is in the adjoint representation.
The renormalized PDF is defined as

fj/H(x, µ) =

∫
dz

z
[Zj′(g, ε)Zjj′(z, g, ε)][Z

−1
j′ f(0)j′/H(x/z, µ)], (49)

where j and j′ can be quarks or gluons. The Z−1
j f(0)j′/H is the parton density with renormalized rather than bare

fields in its definition. Thus it is calculated using the standard Feynman rules for the theory and for the parton
density, counterterms from the Lagrangian are used as needed. In the compensation for the Z−1

j′ factor, the Zjj′
factor is combined with a factor of Zj′ .
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The RG can be generically written as

d

d lnµ
fj/H(ξ, µ) =

∑
j′

∫
dz

z
Pjj′(z, g)fj′/H(ξ/z, µ), (50)

where the DGLAP evolution kernel Pjj′ obeys

d

d lnµ
Zjk(z, g, ε) =

∑
j′

∫
dz′

z′
Pjj′(z

′, g, ε)Zj′k(z/z′, µ), (51)

namely,

P =
d

d lnµ
Z. (52)

More explicitly, the DGLAP evolution equation at one-loop is given as

µ
d

dµ
fq(x, µ) =

αs
π

∫ 1

x

dz

z

{
Pq→q(z)fq

(x
z
, µ
)

+ Pg→q(z)fg

(x
z
, µ
)}
, (53)

µ
d

dµ
fq̄(x, µ) =

αs
π

∫ 1

x

dz

z

{
Pq→q(z)fq̄

(x
z
, µ
)

+ Pg→q(z)fg

(x
z
, µ
)}
, (54)

µ
d

dµ
fg(x, µ) =

αs
π

∫ 1

x

dz

z

{
Pq→g(z)

[
fq

(x
z
, µ
)

+ fq̄

(x
z
, µ
)]

+ Pg→g(z)fg

(x
z
, µ
)}
, (55)

with the evolution kernel

Pq→q(z) = CF

[
1 + z2

(1− z)+
+

3

2
δ(1− z)

]
, (56)

Pq→g(z) = CF

[
1 + (1− z)2

z

]
, (57)

Pg→q(z) =
1

2

[
z2 + (1− z)2

]
, (58)

Pg→g(z) = 2C2(G)

[
1− z
z

+
z

(1− z)+
+ z(1− z) +

(
11

12
− nf

18

)
δ(1− z)

]
, (59)

Pg→g(z) = 2C2(G)

[
1− z
z

+
z

(1− z)+
+ z(1− z)

]
+

1

2

(
11− 2nf

3

)
δ(1− z)

= 2C2(G)

[
1

z
− 2 +

1

(1− z)+
+ z(1− z)

]
+

1

2

(
11− 2nf

3

)
δ(1− z) (60)

Feynman diagrams for quark PDFs are exactly the same as the LCDA ones.
At tree level, we may choose the free quarks as the incoming or outgoing states. Then we will obtain

f (0)
q (x) = δ(xp+ − p+)ū(p)

n/+

2
u(p)→ δ(xp+ − p+)ū(p)

1

2
tr

[
n/+

2
p/

]
= δ(x− 1). (61)

The first diagram in Fig. 1 is given as

f (1,a)
q (x) =

∫
d4q

(2π)4
ū(p)(−igstanµ+)

n/+

2

i(p/− q/)
(p− q)2

igtaγµu(p)× −i
q2

1

−in+ · q
δ(p+ − xp+)

= ig2
sCF

∫
dq+dq−d2q⊥

(2π)d
2(p+ − q+)p+δ(p+ − xp+)

1

q2

1

q+

1

(q − p)2

= ig2
sCF

∫
dq+d2q⊥

(2π)d
2(p+ − q+)δ(x− 1)× (−2πi)

1

q+

1

2q+

1

(q+ − p+)
−q2⊥
q+ + q2

⊥

= − g2
s

8π2
CF

1

ε
δ(x− 1)

∫
dq+(p+ − q+)

1

q+p+

= − g2
s

8π2
CF

1

ε
δ(x− 1)

∫ 1

0

dy
y

1− y
. (62)
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The third diagram gives identically the same contribution.
The second diagram gives the contribution:

f (1,b)
q (x) =

∫
d4q

(2π)4
ū(p)(igst

anµ+)
n/+

2

i(p/− q/)
(p− q)2

igtaγµu(p)× −i
q2

1

−in+ · q
δ(p+ − xp+ − q+)

= −ig2
sCF

∫
dq+dq−d2q⊥

(2π)4
2(p+ − q+)p+δ(p+ − xp+ − q+)

1

q+

1

q2

1

(q − p)2

= −ig2
sCF

∫
dq+d2q⊥

(2π)4
2(p+ − q+)p+δ(p+ − xp+ − q+)

1

q+
× (−2πi)

1

2q+

1

(q+ − p+)
−q2⊥
q+ + q2

⊥

= − g2
s

8π3
CF

∫
dq+d2q⊥(p+ − q+)p+δ(p+ − xp+ − q+)

1

q+
× 1

p+q2
⊥

=
g2
s

8π2
CF

1

ε

∫
dq+(p+ − q+)δ(p+ − xp+ − q+)

1

q+

=
g2
s

8π2
CF

1

ε

x

1− x
, (63)

and the fourth diagram gives the same contribution.
The fifth diagram gives

f (1,f)
q (x) =

∫
d4q

(2π)4
ū(p)igtaγµ

i(p/− q/)
(p− q)2

n/+

2

i(p/− q/)
(p− q)2

igtaγµu(p)
−i
q2
δ(xp+ − p+ + q+)

= −ig2
sCF

∫
dq+dq−d2q⊥

(2π)4
ū(p)γµ(p/− q/)n/+

2
(p/− q/)γµu(p)

1

[(q − p)2]2
1

q2
δ(xp+ − p+ + q+)

= −ig2
sCF (−2)

∫
dq+dq−d2q⊥

(2π)4
ū(p)q/

n/+

2
q/u(p)

1

[(q − p)2]2
1

q2
δ(xp+ − p+ + q+)

= −2ig2
sCF

∫
dq+dq−d2q⊥

(2π)4
ū(p)

n/+

2
u(p)

q2
⊥

[(q − p)2]2
1

q2
δ(xp+ − p+ + q+)

= −2ig2
sCF

∫
dq+d2q⊥

(2π)4
p+ × (−2πi)

q2
⊥(q+)2

[p+q2
⊥]2

1

2q+

=
g2
s

8π2
CF

1

ε
(1− x). (64)

Adding all contributions and including the self-energy diagrams, we have

f (1)
q (x) =

g2
s

4π2
CF

1

ε

{
x

1− x
− δ(x− 1)

∫ 1

0

dy
y

1− y
+

1− x
2
− 1

4
δ(1− x)

}
=

g2
s

8π2
CF

1

ε

{(
2

1− x

)
+

− (1 + x) +
3

2
δ(1− x)

}
. (65)

Thus the Z function is given by the negative of the divergence:

Zq/q(g, z, ε) = − g2
s

8π2
CF

1

ε

{(
2

1− z

)
+

− (1 + z) +
3

2
δ(1− z)

}
, (66)

which leads to

Pq/q(z) =
dZ

d lnµ
=

g2
s

4π2
CF

{(
2

1− z

)
+

− (1 + z) +
3

2
δ(1− z)

}
=
αs
π
Pq→q(z). (67)

Now we calculate the quark in gluon contribution with the following matrix element:

fq/g(x) =

∫
d(n− · z)

2π
e−ixP ·z〈g(p)|(q̄Wc)(z)

n/+

2
(W †c q)(0)|g(p)〉, (68)
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FIG. 2: quark in gluon

where the incoming and outgoing states are gluons with the same transverse polarizations. The Feynman diagram is
given in Fig. 2, with the amplitude

f
(1)
q/g(x) =

∫
d4q

(2π)4
δ(p+ − xp+ − q+)(−tr)

[
i(p/− q/)
(p− q)2

igtaγµ
−iq/
q2

igtbγν
i(p/− q/)
(p− q)2

n/+

2

]
× εµ(T )ε∗ν(T ), (69)

the contraction of polarization can be used as

εµ(T )ε∗ν(T )→ 1

2
(−g⊥µν) = −1

2
(gµν − n+µn−ν − n−µn+ν). (70)

The trace part is simplified as

N = (−tr)

[
(p/− q/)γµq/γν(p/− q/)n/+

2

]
1

2
(−g⊥µν)

=
1

2
tr

{[
(p/− q/)γµq/γµ(p/− q/)n/+

2

]
−
[
(p/− q/)n/+q/n/−(p/− q/)n/+

2

]
−
[
(p/− q/)n/−q/n/+(p/− q/)n/+

2

]}
=

1

2
tr

{
−2

[
p/q/p/

n/+

2

]
− (p+ − q+)

[
n/−n/+q/n/−(p/− q/)n/+

2

]
− (p+ − q+)

[
(p/− q/)n/−q/n/+n/−

n/+

2

]}
=

1

2

{
−8(p+)2q− − 4(p+ − q+)q2

⊥ − 4(p+ − q+)q2
⊥
}

=
1

2

{
−8(p+)2−q2

⊥
2q+

− 4(p+ − q+)q2
⊥ − 4(p+ − q+)q2

⊥

}
=

2q2
⊥

q+

{
(p+)2 − 2q+(p+ − q+)

}
(71)

Thus we have the PDG at one-loop

f
(1)
q/g(x) = −ig2

sTF δ
ab

∫
d4q

(2π)4
δ(p+ − xp+ − q+)

1

q2

1

[(q − p)2]2
2q2
⊥

q+

{
(p+)2 − 2q+(p+ − q+)

}
= −ig2

sTF δ
ab

∫
dq+d2q⊥

(2π)4
δ(p+ − xp+ − q+)(−2πi)

1

2q+

(q+)2

(p+)2(q2
⊥)2

2q2
⊥

q+

{
(p+)2 − 2q+(p+ − q+)

}
=

g2
s

8π2
TF δ

ab 1

ε
{1− 2x(1− x)} , (72)

and thus the counter-term is given as

Zq/g = − g2
s

8π2
TF δ

ab 1

ε
{1− 2x(1− x)} . (73)

The evolution kernel is

Pq/g =
d

d lnµ
Zq/g =

αs
π
TF [1− 2x(1− x)] ≡ αs

π
Pg→q(x). (74)
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For the gluon PDF, the tree-level result is given as

f (0)
g (x) =

∑
j

∫
dω−

2πxp+
e−ixp

+ω−〈g(p)|(F+jWA)(ω−)(W †AF
+j)(0)|g(p)〉

=
∑
j

∫
dω−

2πxp+
e−ixp

+ω−(ip+)(−ip+)eixp
+ω−εj(T )ε∗j(T )

= δ(x− 1). (75)

For the quark to gluon, the Feynman diagram is given in Fig. 3. The amplitude is given as

f
(1)
g/q(x) =

∑
j

∫
dω−

2πxp+
e−ixp

+ω−
∫

d4q

(2π)4
ei(p

+−q+)ω−(−i)(xp+gjµ − (p− q)jg+
µ )i(xp+gjν − (p− q)jg+

ν )

×ū(p)igtaγν
iq/

q2
igtaγµu(p)× −i

(q − p)2

−i
(q − p)2

= ig2
sCF

∑
j

1

xp+

∫
d4q

(2π)4
δ(p+ − xp+ − q+)(xp+gjµ + qjg+

µ )(xp+gjν + qjg+
ν )ū(p)γν

q/

q2
γµu(p)

1

q2[(q − p)2]2

= ig2
sCF

1

xp+

∫
d4q

(2π)4
δ(p+ − xp+ − q+)ū(p)

[
(xp+)2γjq/γj + qjqjn/+q/n/+ + xp+γjq/qjn/+ + qjn/+q/xp

+γj
]
u(p)

× 1

q2[(q − p)2]2

= ig2
sCF

1

xp+

∫
d4q

(2π)4
δ(p+ − xp+ − q+)ū(p)

[
(xp+)22q−n/+ − 2q+q2

⊥n/+ − 2xp+q2
⊥n/+

]
u(p)

1

q2[(q − p)2]2

= ig2
sCF

1

xp+

∫
dq+d2q⊥

(2π)4
δ(p+ − xp+ − q+)ū(p)

[
(xp+)22

−q2
⊥

2q+
n/+ − 2q+q2

⊥n/+ − 2xp+q2
⊥n/+

]
u(p)

×(−2πi)
1

2q+

(q+)2

(p+)2(q2
⊥)2

=
g2
s

16π2
CF

1

ε

1

xp+

[
x2 + 2(1− x)2 + 2x(1− x)

]
ū(p)n/+u(p)

=
g2
s

8π2
CF

1

ε

1 + (1− x)2

x
. (76)

The counter-term is then derived as

Zg/q(x) = − g2
s

8π2
CF

1

ε

1 + (1− x)2

x
, (77)

and thus

Pg/q(x) =
d

d lnµ
Zg/q(x) =

g2
s

4π2
CF

1 + (1− x)2

x
=
αs
π
CF

1 + (1− x)2

x
≡ αs

π
Pq→g(x). (78)

Now we come to the gluon PDF at one-loop, whose Feynman diagrams are given in Fig. 4. We quote the gluon
self-energy wave function renormalization constant as follows:

Z3 = 1− αs
4π

1

ε

[
2

3
nf − 5

]
(79)

For the calculation of gluon PDF, I will use the Feynman rules derived in Collins’s book, but notice the different
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FIG. 3: gluon in quark

(a) (b) (c) (d)

(f)(e)

FIG. 4: gluon PDF at one-loop

convention on the coupling constant gs. The first diagram in Fig. 4 is given as follows:

f
(1,a)
g/g (x) =

∑
j

∫
dω−

2πxp+
e−ixp

+ω−
∫

d4q

(2π)4
eip

+ω−ixp+gjµε
∗µ(−i)(xp+gjν − (p− q)jn+ν)fαγβ

′

× i

−q+
(−gsnρ+)gsf

βγβ′ [(p+ q)νgρσ + (−q + p− q)σgνρ + (−p+ q − p)ρgνσ]εσ
−i

(q − p)2

−i
q2

= −ig2
sC2(G)δαβ

∑
j

∫
dω−

2π
e−ixp

+ω−
∫

d4q

(2π)4
eip

+ω−ε∗j(xp+gjν + qjn+ν)

× 1

q+
[(p+ q)νnσ+ + (−q + p− q)σnν+ + n+ · (−p+ q − p)gνσ]εσ

1

(q − p)2

1

q2

= −ig2
sC2(G)δαβ

∑
j

δ(xp+ − p+)p+

∫
d4q

(2π)4
ε∗jεj(q − 2p)+ 1

q+

1

(q − p)2

1

q2

= −ig2
sC2(G)δαβδ(xp+ − p+)

∫
dq+d2q⊥

(2π)4
p+(q − 2p)+(−2πi)

1

q+

1

2p+q2
⊥

=
g2
s

16π2

1

ε
C2(G)δαβδ(x− 1)

∫ 1

0

dy

(
1− 2

1− y

)
. (80)
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Now let us consider the second diagram,

f
(1,b)
g/g (x) =

∑
j

∫
dω−

2πxp+
e−ixp

+ω−
∫

d4q

(2π)4
ei(p

+−q+)ω−ixp+gjµε
∗µ(−i)(xp+gjν − (p− q)jn+ν)fαγβ

′

× −i
−q+

(−gsnρ+)gsf
βγβ′ [(p+ q)νgρσ + (−q + p− q)σgνρ + (−p+ q − p)ρgνσ]εσ

−i
(q − p)2

−i
q2

= ig2
sC2(G)δαβ

∑
j

∫
dω−

2π
e−ixp

+ω−
∫

d4q

(2π)4
ei(p

+−q+)ω−ε∗j(xp+gjν + qjn+ν)

× 1

q+
[(p+ q)νnσ+ + (−q + p− q)σnν+ + n+ · (−p+ q − p)gνσ]εσ

1

(q − p)2

1

q2

= ig2
sC2(G)δαβ

∑
j

p+

∫
d4q

(2π)4
δ(xp+ + q+ − p+)xε∗jεj(q − 2p)+ 1

q+

1

(q − p)2

1

q2

= ig2
sC2(G)δαβ

∫
dq+d2q⊥

(2π)4
δ(xp+ − p+ + q+)xp+(q − 2p)+(−2πi)

1

q+

1

2p+q2
⊥

= − g2
s

16π2

1

ε
C2(G)δαβx

(
1− 2

1− x

)
. (81)

The contributions from the third and fourth diagrams are the same as above.
Let us now consider the fifth diagram:

f
(1,f)
g/g (x) =

∑
j

∫
dω−

2πxp+
e−ixp

+ω−
∫

d4q

(2π)4
ei(p

+−q+)ω−(−i)(xp+gjµ − (p− q)jn+µ)i(xp+gjν − (p− q)jn+ν)

× (−i)2

[(q − p)2]2
−i
q2
gsf

αβ′γ [(−p− p+ q)λgρν + (p− q − q)ρgλν + (q + p)νgρλ]

×gsfββ
′γ [(p+ p− q)λgσµ + (−p+ q + q)σgµλ + (−q − p)µgλσ]ε∗ρεσ

= ig2
sC2(G)δαβ

∑
j

1

xp+

∫
d4q

(2π)4
δ(p+ − xp+ − q+)(xp+gjµ + qjn+µ)(xp+gjν + qjn+ν)

× 1

[(q − p)2]2
1

q2
[(q − 2p)λε∗ν − 2ε∗ · qgλν + (q + p)νε∗λ]

×[(2p− q)λεµ + 2ε · qgµλ + (−q − p)µελ]

= ig2
sC2(G)δαβ

∑
j

1

xp+

∫
d4q

(2π)4
δ(p+ − xp+ − q+)

1

[(q − p)2]2
1

q2

×[xp+(q − 2p)λε∗j − 2xp+ε∗ · qgλj + xp+qjε∗λ − 2qjε∗ · qnλ+ + qj(q + p)+ε∗λ]

×[xp+(2p− q)λεj + 2xp+ε · qgjλ − xp+qjελ + 2qjε · qnλ+ − qj(p+ + q+)ελ]

= ig2
sC2(G)δαβ

1

xp+

∫
dq+d2q⊥

(2π)4
δ(p+ − xp+ − q+)(−2πi)

(q+)2

(p+q2
⊥)2

1

2q+

×2(p+)3q2
⊥(2x3 − 3x2 + 2x− 2)

= − g2
s

8π2
C2(G)δαβ

1

ε
(2x2 − 3x+ 2− 2

x
), (82)

where some part of simplification has relied on mathematica, and see Fig. 5.
Adding all diagram together we have

f
(1)
g/g(x) =

g2
s

8π2

1

ε
C2(G)δαβ

(
δ(x− 1)

∫ 1

0

dy

(
1− 2

1− y

)
− x

(
1− 2

1− x

)
− (2x2 − 3x+ 2− 2

x
)

)
−αs

4π

1

ε
δαβ

(
2

3
nf − 5

)
=

g2
s

8π2

1

ε

{
C2(G)

(
2x

(1− x)+
+

2(1− x)

x
+ 2x(1− x)

)
+

1

2

(
11− 2

3
nf

)}
, (83)
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FIG. 5: gluon PDF simplication

Thus the evolution kernel is given as

Pg/g =
g2
s

4π2

{
C2(G)

(
2x

(1− x)+
+

2(1− x)

x
+ 2x(1− x)

)
+

1

2

(
11− 2

3
nf

)}
=

αs
π

{
C2(G)

(
2x

(1− x)+
+

2(1− x)

x
+ 2x(1− x)

)
+

1

2

(
11− 2

3
nf

)}
≡ Pg→g

αs
π
. (84)

IV. LANGE-NEUBERT EVOLUTION

In HQET, the leading twist LCDA of B meson φ+
B(ω) is defined as

f̃BmBφ
+
B(ω) =

∫
dτ

2π
eiωτ 〈0|q̄(τn+)Wc[τn+, 0]n/+γ5hv(0)|B(mBv)〉. (85)

The renormalized operator is given as

Oren
+ (ω, µ) =

∫
dω′Z+(ω, ω′, µ)Obare

+ (ω′), (86)

where Z+(ω, ω′, µ) = δ(ω − ω′) at tree level. The renormalization group equation is given as

d

d lnµ
φ+
B(ω) = −

∫ ∞
0

dω′γ+(ω, ω′, µ)φB+(ω′, µ), (87)
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Next, we will deduce two useful formulas in order to get the expression of the anomalous dimension. First, we
define ∫

dω′Z+(ω, ω′, µ)Z−1
+ (ω, ω′′, µ) = δ(ω − ω′′). (88)

Second, we have

Oren
+ (ω, µ) =

∫
dω′′δ(ω − ω′′)Oren

+ (ω′′, µ)

=

∫
dω′′

[ ∫
dω′Z+(ω, ω′, µ)Z−1

+ (ω′, ω′′, µ)
]
Oren

+ (ω′′, µ)

=

∫
dω′Z+(ω, ω′, µ)

∫
dω′′Z−1

+ (ω′, ω′′, µ)Oren
+ (ω′′, µ) , (89)

So, we have

Obare
+ (ω′) =

∫
dω′′Z−1

+ (ω′, ω′′, µ)Oren
+ (ω′′, µ) . (90)

In order to get the expression of the anomalous dimension, we start from beginning,

Oren
+ (ω, µ) =

∫
dω̃Z+(ω, ω̃, µ)Obare

+ (ω̃) , (91)

so,

µ
dOren

+ (ω, µ)

dµ
= µ

∫
dω̃
dZ+(ω, ω̃, µ)

dµ
Obare

+ (ω̃) ,

(92)

so, ∫
dω′Γ+(ω, ω′, µ)Oren

+ (ω′, µ) = −
∫
dω̃
dZ+(ω, ω̃, µ)

d lnµ
Obare

+ (ω̃)

= −
∫
dω̃

∫
dω̃
dZ+(ω, ω̃, µ)

d lnµ

∫
dω′Z−1

+ (ω̃, ω′, µ)Oren
+ (ω′, µ)

=

∫
dω′
[
−
∫
dω̃
dZ+(ω, ω̃, µ)

d lnµ
Z−1

+ (ω̃, ω′, µ)
]
Oren

+ (ω′, µ) . (93)

Finally, we have

Γ+(ω, ω′, µ) = −
∫
dω̃
dZ+(ω, ω̃, µ)

d lnµ
Z−1

+ (ω̃, ω′, µ) . (94)

We know that Oren
+ (ω, µ) is given by the product f̃Bφ

+
B(ω), so, we can define γF , which is the universal anomalous

dimension of local heavy-light currents in HQET, determines the scale dependence of f̃B . Actually, this quantity γF
can be found in (3.24) in “Heavy Quark Effective Theory”. So, the anomalous dimension:

γ+(ω, ω′, µ) = −
∫
dω̃
dZ+(ω, ω̃, µ)

d lnµ
Z−1

+ (ω̃, ω′, µ)− γF (αs)δ(ω − ω′). (95)

We will calculate the one-loop corrections with the B meson in the initial state.
For the quark-level Feynman diagrams, we will choose the free quark states: the light anti-quark carries the

momentum ω0.
First, we write down the notations we need,

n+µ =
1√
2

(1, 0, 0, 1), n−µ =
1√
2

(1, 0, 0,−1), vµ = (1, 0, 0, 0). (96)
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(a) (b) (c) (d)

(f)(e)

FIG. 6: Lange-Neubert evolution kernel at 1 loop. The heavy and light quarks have the incoming momentum. The quark
double line denotes a heavy quark, while the gluon double line corresponds to the gauge link/Wilson line.

So,

n+ · v =
1√
2
. vµ =

1√
2

(n+µ + n−µ) . (97)

We calculate this matrix element in tree level∫
dτ

2π
eiωτ 〈0|q̄(τn+)n/+γ5hv(0)|d̄(ω0)b(pb)〉

=

∫
dτ

2π
eiωτe−iτn+ω0 v̄(ω0)n/+γ5uv(pb)

=

∫
dτ

2π
e−iτ(n+ω0−ω)v̄(ω0)n/+γ5uv(pb)

= δ(ω − ω+
0 )v̄(ω0)n/+γ5uv(pb) . (98)

Next, we will move on to one-loop diagrams, the amplitude of (c) diagram is

〈Φ〉(c) =

∫
dτ

2π
eiωτ 〈0|q̄(τn+)[igs

∫ 0

−∞
dsn+A(τn+ + sn+)]/n+γ5hv(0)

∫
d4z1igs[d̄T

bA/bd](z1)|d̄(ω0)b(pb)〉

= −g2
sCF

∫
dτ

2π
eiωτ

∫ 0

−∞
ds

∫
d4z1

∫
d4k

(2π)4
e−ik(z1−τn+)

∫
d4q

(2π)4
e−iq(z1−τn+−sn+)

×−i
q2
e−iω0z1e−ipb·0 [v̄(ω0)n/+k/n/+γ5uv(pb)]

= ig2
sCF δ(w + n+k + n+q)

∫
d4q

(2π)4

∫
d4k

(2π)4
(2π)4δ(k + q + ω0)

1

n+q

1

q2

1

k2
[v̄(ω0)n/+k/n/+γ5uv(pb)]

= ig2
sCF δ(w − n+w0)

∫
d4q

(2π)4

1

n+q

1

q2

1

(q + ω0)2
[v̄(ω0)n/+(−q/− ω/0)n/+γ5uv(pb)] .

(99)
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This tells us the Feynman Rules we want. So, we will calculate these diagrams directly writing the amplitude.

〈Φ〉(c) = CF v̄(ω0)

∫
d4q

(2π)4
igsγ

µ−i(q/+ ω/0)

(q + ω0)2
(igsn+µ)n/+γ5

−i
q2

1

in+q
uv(pb)δ(ω − ω+

0 )

= ig2
sCF δ(ω − ω+

0 )
1

(2π)4

∫
dq+dq−d2q⊥

1

q+

1

2q+q− + q2
⊥

1

2q−(q+ + ω+
0 ) + q2

⊥
(−2)n+ · (q + ω0)v̄(ω0)n/+γ5uv(pb)

= −ig2
sCF δ(ω − ω+

0 )
1

(2π)4

∫
dq+d2q⊥(−2πi)

q+ + ω+
0

ω+
0

1

q+

1

q2
⊥
v̄(ω0)n/+γ5uv(pb)

= ig2
sCF δ(ω − ω+

0 )i
1

(2π)3

∫
dq+ q

+ + ω+
0

ω+
0

1

q+

∫
d2q⊥

1

q2
⊥
v̄(ω0)n/+γ5uv(pb)

=
g2
s

8π2
CF δ(ω − ω+

0 )
1

ε

∫ 0

−1

ω+
0 dy

ω+
0 (y + 1)

ω+
0

1

yω+
0

v̄(ω0)n/+γ5uv(pb)

= −αs
2π
CF δ(ω − ω+

0 )
1

ε

∫ 1

0

dy
1− y
y

v̄(ω0)n/+γ5uv(pb) . (100)

The amplitude of (d) diagram is

〈Φ〉(d) = CF v̄(ω0)

∫
d4q

(2π)4
igsγ

µ−i(q/+ ω/0)

(q + ω0)2
(−igsn+µ)n/+γ5

−i
q2

1

in+q
uv(pb)δ(ω − ω+

0 − q+)

= ig2
sCF δ(ω − ω+

0 − q+)

∫
d4q

(2π)4

1

(q + ω0)2

1

q2

1

n+q
v̄(ω0)n/+(q/+ ω/0)n/+γ5uv(pb)

= ig2
sCF δ(ω − ω+

0 − q+)
1

(2π)4
(−2πi)(−π

ε
)

∫
dq+ q

+ + ω+
0

ω+
0

1

q+
v̄(ω0)n/+γ5uv(pb)

= − g
2
s

8π
CF

1

ε

ω − ω+
0 + ω+

0

ω+
0

1

ω − ω+
0

θ(ω+
0 − ω)v̄(ω0)n/+γ5uv(pb)

=
αs
2π
CF

1

ε

ω

ω+
0 (ω+

0 − ω)
θ(ω+

0 − ω)v̄(ω0)n/+γ5uv(pb) . (101)

The amplitude of (a) diagram has so called “Cusp Divergence”, now we tackle it. Note that divergence looks like
1
ε2 would show up, so, some quantities which did not contribute divergence to (b), (c) and (d) would also contribute
to divergence here, they should be considered too.

〈Φ〉(a) = CF v̄(ω0)

∫
ddq

(2π)d
n/+γ5(−igsn+µµ

ε)
1

in+q

i

v · q
−i
q2

(igsv
µµε)uv(pb)δ(ω − ω+

0 )

= −ig2
sCF δ(ω − ω+

0 )µ2ε

∫
ddq

(2π)d
n+v

n+q

1

vq

1

q2︸ ︷︷ ︸
(1)

v̄(ω0)n/+γ5uv(pb) (102)

(1) =

∫
ddq

(2π)d
1√
2

1

q+

1
1√
2
(q+ + q−)

1

2q+q− + q2
⊥

=
1

(2π)d

∫
dq+d2−2εq⊥(2πi)

1

q+

2q+

2(2q+)2 − q2
⊥

1

2q+
θ(−q+)

=
2πi

(2π)d
θ(−q+)

∫
dq+ 1

q+

(2π)2−2ε

(4π)−ε
Γ(ε)(2(q+)2)−ε

= − i

8π
(4π)εΓ(ε)

∫ ∞
0

dq+ 1

q+
(

1

2(q+)2
)ε . (103)

So,

〈Φ〉(a) = −αs
2π
CF δ(ω − ω+

0 )(4πµ2)εΓ(ε)v̄(ω0)n/+γ5uv(pb)

(
1

2

)ε ∫ ∞
0

dq+ 1

q+
(

1

(q+)2
)ε︸ ︷︷ ︸

(2)

. (104)
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(2) =

∫ ω

0

dq+(q+)−1−2ε +

∫ ∞
ω

dq+(q+)−1−2ε

=

∫ ω

0

dq+(q+)−1−2ε +
ω−2ε

2ε

=
ω−2ε

2ε
+

∫ ω

0

dt

ω − t
. (105)

The first term in the last line of equation above is “uv pole”, and the other is “non-uv pole”.
The amplitude of (b) is

〈Φ〉(b) = CF v̄(ω0)

∫
d4q

(2π)4
n/+γ5

1

in+q
(igsn+µ)

−i
q2

i

vq
(igsv

µ)uv(pb)δ(ω − ω+
0 + q+)

= ig2
sCF δ(ω − ω+

0 + q+)2π2i

∫
dq+ 1

q+

1

ε

= − g2
s

16π4
2π2CF

1

ε

∫ 0

−∞
dq+ 1

q+
δ(ω − ω+

0 + q+)

=
αs
2π
CF

1

ε

θ(ω − ω+
0 )

ω − ω+
0

. (106)

The diagram (e) has no divergence.
After calculating these four diagrams, let’s go back to the work of renormalization. The renormalized operator is

given as

Oren
+ (ω, µ) =

∫
dω′Z+(ω, ω′, µ)Obare

+ (ω′), (107)

At tree level, Oren
+ (ω, µ) and Obare

+ (ω′) have same structure, actually, we have already calculated it.

δ(ω − ω+
0 )v̄(ω0)n/+γ5uv(pb) =

∫
dω′Z+(ω, ω′, µ)δ(ω′ − ω+

0 )v̄(ω0)n/+γ5uv(pb) , (108)

so, we have

Z+(ω, ω′, µ) = δ(ω − ω′) . (109)

Next, we do the same thing to the one-loop level.

〈Oren
+ (ω, µ)〉 =

∫
dω′Z+(ω, ω′, µ)

√
zq
√
zh〈q̄ren

s · · ·hren〉 (110)

We know that

√
zq = 1− αs

4π
CF

1

ε

1

2
,

√
zh = 1 +

αs
4π
CF

1

ε
. (111)

For the compaction of formulations, we define four quantities from the calculations in the former four one-loop
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diagrams,

−αs
4π
CF δ(ω

′ − ω+
0 )

2

ε

∫ 1

0

dy
1− y
y︸ ︷︷ ︸

A1

,

αs
4π
CF

2

ε

ω′

ω+
0 (ω+

0 − ω′)
θ(ω+

0 − ω′)︸ ︷︷ ︸
A2

,

−αs
4π
CF δ(ω

′ − ω+
0 )
[
(

1

ε2
+

2

ε
ln
µ

ω′
) +

2

ε

∫ ω′

0

dt

ω′ − t

]
︸ ︷︷ ︸

A3

,

αs
4π
CF

2

ε

θ(ω′ − ω+
0 )

ω′ − ω+
0︸ ︷︷ ︸

A4

. (112)

So, Eq. (110) can be re-expressed as (we will set up αs

4πCF as 1 for simplicity)

〈Oren
+ (ω, µ)〉 =

∫
dω′Z+(ω, ω′, µ)

(
1 +

1

ε

)(
1− 1

2ε

)
×
{
δ(ω′ − ω+

0 ) +
2

ε

[
− δ(ω′ − ω+

0 )A1 +A2 +A4
]
− δ(ω′ − ω+

0 )A3

}
(113)

We define

Z+(ω, ω′, µ) = δ(ω − ω′)−N(ω, ω′, µ) . (114)

At one-loop level, the divergences on the R.H.S. of Eq. (113) should cancel, so, we have∫
dω′N(ω, ω′, µ)δ(ω′ − ω+

0 ) =

∫
dω′

{
δ(ω − ω′)δ(ω′ − ω+

0 )
1

2

+δ(ω − ω′)
[

2

ε

(
− δ(ω′ − ω+

0 )A1 +A2 +A4
)
− δ(ω′ − ω+

0 )A3

]}
(115)

This means

N(ω′ → ω+
0 ) =

{
1

2ε
δ(ω − ω+

0 ) +
2

ε

(
− δ(ω − ω+

0 )A1 +A2 +A4
)
− δ(ω − ω+

0 )A3

}
|ω′→ω . (116)

After converting ω+
0 → ω′ in the R.H.S. of the quation above, we have the N(ω, ω′, µ) we want,

N(ω, ω′, µ) =
αs
4π
CF

{
δ(ω − ω′)

[ 1

2ε
−2

ε

∫ 1

0

dy
1− y
y︸ ︷︷ ︸

I

−(
1

ε2
+

1

ε
2 ln

µ

ω
)−2

ε

∫ ω

0

dt

ω − t︸ ︷︷ ︸
II

]

+
2

ε

[ ω

ω′(ω′ − ω)
θ(ω′ − ω) +

θ(ω − ω′)
ω − ω′

]}
. (117)

We can rearrange the last line of equation above using plus function, when a plus function integrated with a function
g(ω′), one must replace g(ω′)→ g(ω′)− g(ω) under the integral. So, we have

f(ω′) = [f(ω′)]+ +

∫ ∞
0

dtf(t)δ(ω′ − ω) . (118)
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So the last line of Eq. (117) can be re-expressed as

2

ε

(ωθ(ω′ − ω)

ω′(ω′ − ω)
+
θ(ω − ω′)
ω − ω′

)
=

2

ε

[ωθ(ω′ − ω)

ω′(ω′ − ω)
+
θ(ω − ω′)
ω − ω′

]
+

+
2

ε

∫
dt
[ω
t

θ(t− ω)

t− ω
+
θ(ω − t)
ω − t

]
δ(ω′ − ω)

=
2

ε

[ωθ(ω′ − ω)

ω′(ω′ − ω)
+
θ(ω − ω′)
ω − ω′

]
+

+
2

ε

∫ ∞
ω

dt
ω

t

1

t− ω
δ(ω′ − ω)︸ ︷︷ ︸

III

+
2

ε

∫ ω

0

dt
1

ω − t
δ(ω′ − ω)︸ ︷︷ ︸

IV

. (119)

We take this expression back to Eq. (117), one can find that II + IV = 0, and I + III = 2
ε . Finally, we get

N(ω, ω′, µ) =
αs
4π
CF

{
δ(ω − ω′)

[ 1

2ε
+

2

ε
− (

1

ε2
+

1

ε
2 ln

µ

ω
)
]

+
2

ε

[ωθ(ω′ − ω)

ω′(ω′ − ω)
+
θ(ω − ω′)
ω − ω′

]
+

}
. (120)

So,

Z+(ω, ω′, µ) = δ(ω − ω′)− αs
4π
CF

{
δ(ω − ω′)

[ 5

2ε
− 1

ε2
− 2

ε
ln
µ

ω

]
+

2

ε

[ωθ(ω′ − ω)

ω′(ω′ − ω)
+
θ(ω − ω′)
ω − ω′

]
+

}
. (121)

Next, we will deduce γ+, we have already known that

γ+(ω, ω′, µ) = −
∫
dω̃
dZ+(ω, ω̃, µ)

d lnµ
Z−1

+ (ω̃, ω′, µ)− γF (αs)δ(ω − ω′). (122)

dZ+(ω, ω̃, µ)

d lnµ
=

CF
4π

dαs
d lnµ

{
δ(ω − ω′)

[
− 5

2ε
+

1

ε2
+

2

ε
ln
µ

ω

]
−2

ε

[ωθ(ω′ − ω)

ω′(ω′ − ω)
+
θ(ω − ω′)
ω − ω′

]
+

}
+
d ln µ

ω

d lnµ

2

ε

αs
4π
CF δ(ω − ω̃)

=
αs
4π
CF

{(
−2

ε
− 4 ln

µ

ω
+ 5

)
δ(ω − ω̃) + 4

[ω
ω̃

θ(ω̃ − ω)

ω̃ − ω
+
θ(ω − ω̃)

ω − ω̃

]
+

+
2

ε
δ(ω − ω̃)

}
. (123)

So, we have

−
∫
dω̃
dZ+(ω, ω̃, µ)

d lnµ
Z−1

+ (ω̃, ω′, µ) =
αs
4π
CF

{(
4 ln

µ

ω
− 5
)
δ(ω − ω′)− 4ω

[
θ(ω′ − ω)

ω′(ω′ − ω)
+
θ(ω − ω′)
ω(ω − ω′)

]
+

}
. (124)

So far, we have all the blocks we need.
The explicit expression is

γ+(ω, ω′, µ) =
[
Γcusp(αs) ln

µ

ω
+ γ(αs)

]
δ(ω − ω′) + ωΓ(ω, ω′, αs). (125)

In terms of CFαs/(4π), one has

Γ(1)
cusp = 4, γ(1) = −2, Γ(1)(ω, ω′) = −Γ(1)

cusp

[
θ(ω − ω′)
ω′(ω′ − ω)

+
θ(ω − ω′)
ω(ω − ω′)

]
+

. (126)


