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Definition of B meson LCDA

I two-particle B-meson LCDA:

〈0|q̄β(z)[z, 0]hαv (0)|B̄(v)〉 (1)

= −
if̃BmB

4

[
1+ 6v

2

{
Φ̃+(t, z2) +

Φ̃−(t, z2)− Φ̃+(t, z2)

t
6z
}]αβ

. (2)

I light-cone: z2 → 0; z = z+n, z+ = n̄ · z/2; t = v · z = z+

I momentum space

φ±(ω) =

∫
dt

2π
eiωtΦ̃±(t) . (3)

I leading twist: φ+(ω)

iF (µ)Φ̃+(z, µ) = 〈0|q̄(tn) 6nγ5hv(0)|B̄(v)〉, (4)

I subleading twist φ−(ω)

iF (µ)Φ̃−(z, µ) = 〈0|q̄(tn) 6 n̄γ5hv(0)|B̄(v)〉 (5)
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Definition of twist

I definition of collinear twist:
t = d− s

I d: canonical dimension

d[ψ] = 3/2, d[A] = 1, d[Gµν ] = 2

I s: projection of the spin along light-cone

I the spin operator

Σµνφ = 0, Σµνψ =
i

2
σµνψ, ΣµνGαβ = gναGµβ−gµαGνβ+gµβGνα−gνβGµα

I light-cone projection

Σ+− =
1

2
Σµνn

µn̄ν

Σ+−ψ = −
1

8
(6n 6 n̄− 6 n̄ 6n)ψ ≡

1

2
(P+ − P−)ψ;

P 2
+ = P+ =

6 n̄ 6n
4
, P 2
− = P− =

6n 6 n̄
4
, P+ + P− = 1
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twist of a field

I quark field:
ψ = P+ψ + P−ψ ≡ ψ+ + ψ−

Σ+−ψ+ =
1

2
ψ+(s =

1

2
); Σ+−ψ− = −

1

2
ψ−(s = −

1

2
)

t[ψ+] =
3

2
−

1

2
= 1; t[ψ−] =

3

2
− (−

1

2
) = 2;

I gluon field

Σ+−G+⊥ = g−+G+⊥ − g++G−⊥ + g−⊥G++ − g+⊥G−+ = G+⊥

T+− =
1

2
Tµνn

µn̄ν , g−+ = g+− = 1

Σ+−G+− = 0, Σ+−G⊥⊥ = 0, Σ+−G−⊥ = −G−⊥
t[G+⊥] = 2− 1 = 1; t[G+−] = t[G⊥⊥] = 2− 0 = 2; t[G−⊥] = 2− (−1) = 3
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Example: Pion LCDAs

I leading twist: twist-2

ifπn̄ · p
∫
due

i
2
un·zn̄·pφπ(u) = 〈0|q̄+(nz) 6nγ5q+(0)|π(p)〉, (6)

I twist-3

ifπr
π
χ(µ)

∫
due

i
2
un·zn̄·pφ+−(u) = 2〈0|q̄+(nz)iγ5q−(0)|π(p)〉, (7)

ifπr
π
χ(µ)

∫
due

i
2
un·zn̄·pφ−+(u) = 2〈0|q̄−(nz)iγ5q+(0)|π(p)〉, (8)

φp(u) =
1

2
[φ+−(u) + φ−+(u)]; φ′σ(u) =

1

6
[φ+−(u)− φ−+(u)] (9)

q̄(nz)iγ5q(0) = q̄+(nz)iγ5q−(0) + q̄−(nz)iγ5q+(0) (10)

ifπr
π
χ(µ)

∫
due

i
2
un·zn̄·pφp(u) = 〈0|q̄(nz)iγ5q(0)|π(p)〉, (11)
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High twist B meson LCDA

I twist of heavy quark field:

6vhv = hv , t[hv ] = 1

I leading twist: φ+(ω)

iF (µ)Φ̃+(z, µ) = 〈0|q̄(tn)+ 6nγ5hv(0)|B̄(v)〉, (12)

I next-to-leading twist φ−(ω)

iF (µ)Φ̃−(z, µ) = 〈0|q̄(tn)− 6 n̄γ5hv(0)|B̄(v)〉 (13)

I obtain high twist LCDAs:

I replace q+ by q−, or add more quark fields or gluon fields
I expansion by z2
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High twist three-particle B meson LCDA

I covariant definition:

〈0|q̄(nz1)gGµν(nz2)Γhv(0)|B̄(v)〉

=
1

2
FB(µ)Tr

{
γ5Γ

1+ 6v
2

[
(vµγν − vνγµ)

[
ΨA −ΨV

]
− iσµνΨV

− (nµvν − nνvµ)XA + (nµγν − nνγµ)
[
W + YA

]
− iεµναβnαvβγ5X̃A + iεµναβn

αγβγ5ỸA

− (nµvν − nνvµ) 6nW + (nµγν − nνγµ) 6nZ
]}

(z1, z2;µ) . (14)

I The momentum space distributions are defined as

ΨA(z1, z2) =

∫ ∞
0
dω1

∫ ∞
0
dω2 e

−iω1z1−iω2z2 ψA(ω1, ω2) (15)

I contracted with the light-like vector

〈0|q̄(z1n)gGµν(z2n)nνΓhv(0)|B̄(v)〉

=
1

2
FB(µ)Tr

{
γ5ΓV+

[
( 6nvµ − γµ)

(
ΨA −ΨV

)
− iσµνnνΨV − nµXA + nµ 6nYA

]}
,
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Three-particle B meson LCDA with definite twist

I twist three

2FB(µ)Φ3(z1, z2;µ) = 〈0|q̄(z1)gGµν(z2)nν 6nγµ⊥γ5hv(0)|B̄(v)〉 ,

where

Φ3 = ΨA −ΨV ,

I twist-four DAs

2FB(µ)Φ4(z1, z2;µ) = 〈0|q̄(z1)gGµν(z2)nν 6 n̄γµ⊥γ5hv(0)|B̄(v)〉 ,

2FB(µ)Ψ4(z1, z2;µ) = 〈0|q̄(z1)gGµν(z2)n̄µnν 6nγ5hv(0)|B̄(v)〉 ,

2FB(µ)Ψ̃4(z1, z2;µ) = 〈0|q̄(z1)igG̃µν(z2)n̄µnν 6nhv(0)|B̄(v)〉 ,

where

Φ4 = ΨA + ΨV ,

Ψ4 = ΨA +XA ,

Ψ̃4 = ΨV − X̃A ,
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Three-particle B meson LCDA with definite twist

I twist-five DAs

2FB(µ)Φ̃5(z1, z2;µ) = 〈0|q̄(z1)gGµν(z2)n̄ν 6nγµ⊥γ5hv(0)|B̄(v)〉 ,

2FB(µ)Ψ5(z1, z2;µ) = 〈0|q̄(z1)gGµν(z2)n̄µnν 6 n̄γ5hv(0)|B̄(v)〉 ,

2FB(µ)Ψ̃5(z1, z2;µ) = 〈0|q̄(z1)igG̃µν(z2)n̄µnν 6 n̄hv(0)|B̄(v)〉 , (16)

where

Φ̃5 = ΨA + ΨV + 2YA − 2ỸA + 2W ,

Ψ5 = −ΨA +XA − 2YA ,

Ψ̃5 = −ΨV − X̃A + 2ỸA , (17)

I twist-six DA

2FB(µ)Φ̃6(z1, z2;µ) = 〈0|q̄(nz1)gGµν(nz2)n̄ν 6 n̄γµ⊥γ5hv(0)|B̄(v)〉 (18)

with

Φ6 = ΨA −ΨV + 2YA + 2W + 2ỸA − 4Z . (19)
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Two-particle higher twist B meson LCDA

I two-particle higher-twist DAs that arise as terms ∼ O(x2) in the expansion
of the relevant nonlocal quark-antiquark operator close to the light cone.

〈0|q̄(x)Γ[x, 0]hv(0)|B̄(v)〉 = −
i

2
FBTr

[
γ5ΓV+

] ∞∫
0

dω e−iω(vx)
{
φ+(ω) + x2g+(ω)

}

+
i

4
FBTr

[
γ5ΓV+ 6x

] 1

vx

∞∫
0

dω e−iω(vx)
{

[φ+ − φ−](ω) + x2[g+ − g−](ω)
}

(20)

I the constraints

∞∫
0

dω
[
φ+(ω)− φ−(ω)

]
= 0 ,

∞∫
0

dω
[
g+(ω)− g−(ω)

]
= 0 .
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Relation from EOM
I the operator identity

∂

∂xµ
q̄(x)γµΓ[x, 0]hv(0) = −i

∫ 1

0
udu q̄(x)[x, ux]xρgGρµ(ux)[ux, 0]γµΓhv(0) ,

vµ
∂

∂xµ
q̄(x)Γ[x, 0]hv(0) = i

∫ 1

0
ūdu q̄(x)[x, ux]xρgGρµ(ux)[ux, 0]vµΓhv(0)

+ (v · ∂)q̄(x)Γ[x, 0]hv(0) ,

I the relations[
z
d

dz
+ 1
]
Φ−(z) = Φ+(z) + 2z2

∫ 1

0
uduΦ3(z, uz) ,

2z2G+(z) = −
[
z
d

dz
−

1

2
+ izΛ̄

]
Φ+(z)−

1

2
Φ−(z)− z2

∫ 1

0
ūduΨ4(z, uz) ,

2z2G−(z) = −
[
z
d

dz
−

1

2
+ izΛ̄

]
Φ−(z)−

1

2
Φ+(z)− z2

∫ 1

0
ūduΨ5(z, uz) ,

Φ−(z) =

(
z
d

dz
+ 1 + 2izΛ̄

)
Φ+(z) + 2z2

∫ 1

0
du
[
uΦ4(z, uz) + Ψ4(z, uz)

]
,

I WW approximation(free parton)[
z
d

dz
+ 1
]
Φ−(z) = Φ+(z) (21)

Φ−(z) =

(
z
d

dz
+ 1 + 2izΛ̄

)
Φ+(z)
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WW approximation and beyond

I momentum space

ω
d

dω
φ−(ω) + φ+(ω) = 0; (22)

(ω − 2Λ̄)φ+(ω) + ωφ−(ω) = 0

I KKQT model(free parton model)

φWW
+ (ω) =

ω

2Λ̄2
θ(2Λ̄− ω); (23)

φWW
− (ω) =

2Λ̄− ω
2Λ̄2

θ(2Λ̄− ω)

I beyond WW approximation

ω
d

dω
φ−(ω) + φ+(ω) = 2ω

d

dω

∫ ω

0
dρ

∫ ∞
ω−ρ

dξ

ξ

∂φ3(ρ, ξ)

∂ξ
; (24)

(ω − 2Λ̄)φ+(ω) + ωφ−(ω) = −2
d

dω

∫ ω

0
dρ

∫ ∞
ω−ρ

dξ

ξ

[
2
∂ψV (ρ, ξ)

∂ξ
+ φ4(ρ, ξ)

]
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Evolution of twist-3 LCDAs

I the leading twist LCDA satisfy the Lange-Nuebert evolution equation

d

d lnµ
φ+(ω, µ) = −

αsCF

4π

∫ ∞
0

dω′Γ+(ω, ω′, µ)φ+
(
ω′, µ

)
, (25)

I position space

d

d lnµ
Φ+(t, µ) = −[Γcusp(αs) ln itµ̃+ γF (αs)]Φ

+(t, µ) +

∫ 1

0
dzK(z, αs)Φ

+(zt, µ) , (26)

I Mellin transform

Φ+(z, µ) = −
1

z2

∫ ∞
0

ds s eis/z η+(s, µ) ,

Φ−(z, µ) = −
i

z

∫ ∞
0

ds eis/z
[
η+(s, µ) + η

(0)
3 (s, µ)

]
,

I evolution equation in eigenspace[
µ
∂

∂µ
+ β(g)

∂

∂g
+
αs

2π
E+(s, µ)

]
F (µ) η+(s, µ) = 0 ,

E+(s, µ) = 2CF
[
ln
(
µs
)
− ψ(1)− 5/4

]
. (27)
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Evolution of twist-3 LCDAs
I The scale dependence of η+(s, µ) and η

(0)
3 (s, µ) is given by

η+(s, µ) = R(s;µ, µ0)η+(s, µ0) ,

η
(0)
3 (s, µ) = LNc/β0R(s;µ, µ0)η

(0)
3 (s, µ0) ,

R(s;µ, µ0) = L
3CF /(2β0)

exp

[
−
∫ µ
µ0

dτ

τ
Γcusp(αs(τ)) ln(τs/s0)

]

= L
3CF /(2β0)

(
µ

µ0

)− 2CF
β0

(
µ0s

s0

) 2CF
β0

lnL

L

− 4CF π

β2
0 αs(µ0)

. (28)

I The DA Φ3(z1, z2, µ) can be expanded in terms the eigenfunctions of the
large-Nc evolution kernel :

Φ3(z, µ) =

∫ ∞
0
ds
[
η

(0)
3 (s, µ)Y

(0)
3 (s | z) +

1

2

∫ ∞
−∞

dx η3(s, x, µ)Y3(s, x | z)
]
,

Y3(s, x | z) =
is2

z21z
3
2

∫ 1

0
duuū e

is(u/z1+ū/z2)
2F1

− 1
2
− ix,− 1

2
+ ix

2

∣∣∣ − u

ū

 ,
Y

(0)
3 (s | z) = Y3(s, x = i/2 | z) =

is2

z21z
3
2

∫ 1

0
duuū e

is(u/z1+ū/z2)

η3(s, x, µ) = Lγ3(x)/β0R(s;µ, µ0) η3(s, x, µ0) ,

γ3(x) = Nc
[
ψ
(
3/2 + ix

)
+ ψ

(
3/2− ix

)
+ 2γE

]
, γ

(0)
3 = γ3(x = i/2) = Nc
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Asymptotic form
I small momentum limit

φ+(ω, µ) =

∫ ∞
0

ds
√
ωsJ1(2

√
ωs) η+(s, µ) ,

φ−(ω, µ) =

∫ ∞
0

ds J0(2
√
ωs)

[
η+(s, µ) + η

(0)
3 (s, µ)

]
φ+(ω) ∼ ω, φ−(ω) ∼ 1

Φas
3 (z1, z2, µ) =

∫ ∞
0
ds η0(s, µ)Y

(0)
s (z1, z2). (29)

The corresponding expression in momentum space reads

φas
3 (ω1, ω2, µ) = −ω2

√
ω1

∫ ∞
0

ds
√
sη(0)(s, µ)

∫ 1

0
du
√
uJ1

(
2
√
sω1u

)
J2

(
2
√
sω2ū

)
φas

3 (ω1, ω2, µ) ∼ ω1ω
2
2

In general
φas(ω1, ω2) ∼ ω2j1−1

1 ω2j2−1
2

Conformal spin: j = (d+ s)/2

φ3(ω1, ω2) ∼ ω1ω
2
2 , φ4(ω1, ω2) ∼ ω2

2 , ψ4(ω1, ω2) ∼ ψ̃4(ω1, ω2) ∼ ω1ω2 .

I large momentum limit
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Model 1: exponential model

I two-particle LCDA

φ+(ω, µ0) =
ω

λ2
B

e−ω/λB , η+(s, µ) = e−sλB , (30)

WW approximation

φ−(ω) =
1

λB
e−ω/λB

I three-particle LCDA

φ3(ω1, ω2, µ0) =
λ2
E − λ

2
H

6ω5
0

ω1ω
2
2 e
−(ω1+ω2)/ω0 ,

φ4(ω1, ω2, µ0) =
λ2
E + λ2

H

6ω4
0

ω2
2 e
−(ω1+ω2)/ω0 ,

ψ4(ω1, ω2, µ0) =
λ2
E

3ω4
0

ω1ω2 e
−(ω1+ω2)/ω0 ,

ψ̃4(ω1, ω2, µ0) =
λ2
H

3ω4
0

ω1ω2 e
−(ω1+ω2)/ω0 , (31)
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Model 2: Local duality

I two particle

i

∫
d4y e−iω(vy)〈0|T{q̄(x)Γ1[x, 0]hv(0)h̄v(y)Γ2q(y)|0〉

=〈0|T{q̄(x)Γ1[x, 0]hv(0)|B̄(v)〉
1

Λ̄− ω
〈B̄(v)|h̄v(0)Γ2q(0)|0〉+ . . . (32)

Evaluating the simple quark loop and expanding in powers of x2 one obtains
in this way

φLD
+ (ω) =

3

4ω3
0

ω(2ω0 − ω)θ(2ω0 − ω) ,

gLD
+ (ω) =

3

16ω3
0

ω2(2ω0 − ω)2θ(2ω0 − ω) , (33)

I Selfconsistent models of this type can be constructed by including
three-particle contributions. It turns out that the constraints due to the
EOM require using the same threshold and power behavior ∼ (2ω0 − ω)p for
all DAs except for φ3 which has to be one power lower. p = 1, p = 3 is
commonly used.
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B → γν`

I hadronic tensor

T
(u)
µν (p, q) = −ieu

√
mB

∫
d4x eipx〈0|T{ū(x)γµu(x) ū(0)γν(1− γ5)hv(0)}|B(v)〉 (34)

I quark propagator in background field

S(x, 0) =
i

2π2

6x
x4
−

1

8π2x2

∫ 1

0
du

{
ixρgG̃ρσ(ux)γσγ5 + (2u− 1)xρgGρσ(ux)γσ

}
+ . . . ,

I the result

T
(u)
µν =

ieufBmB

2π2

∫
d4x

eipx

x4

[
(vx)gµν + iεµνρσx

ρvσ
]

×
{

Φ+(vx) + x2G+(vx)−
x2

4

∫ 1

0
du
[
(2u− 1)Ψ4 − Ψ̃4

]
(vx, uvx)

}
+ . . .

=
ieufBmB

2π2

∫
d4x

eipx

x4

[
(vx)gµν + iεµνρσx

ρvσ
]

×
{

Φ+(vx) + x2GWW
+ (vx)−

x2

2(vx)2
Φt3
− (vx)−

x2

4

∫ 1

0
du
[
Ψ4 − Ψ̃4

]t4
(vx, uvx)

}
+ . . .
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