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Introduction

 Mass resolution: essential for narrow resonances ~_.. .~
 Width measurement

* Correct treatment of interference term not only on
the peak but also in the tail

In Breit-Wigner@Gaussian case, mass resolution
should be considered when r's6c
v’ Typical mass resolution at BESIII is 5 MeV/c?
v Mass resolution should be considered for states }’
such as w, @, f,(1285),n, Z, ...

T=100,6=5




Introduction

* Mass resolution affects both width and branching ratio measurements
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Introduction

 PWA with mass resolution at BESIII
, _ _ Phys. Rev. D 89, 052001

* Mass resolution should be considered in many analyses  ppys. rev. D 92, 012014
* Dalitz analyses: D*>Knt'n®, n’/n—>3m, n’>nnm, ... Phys. Rev. Lett. 118, 012001
* PWA of J/U>KKT® BAM-114 BAM-205
 PWA of J/P(Y’)=>n't'c BAM-225
* PWA of J/JU—>vynn’  Dr. Liu Beijiang’s talk at 2014 BESIII Collab. Meeting [link]

°[No general framework for PWA with resolution] 5 FORTRAN e ===~~~

GPUPWA

Growing data size = GPUPWA & e

I, ete)»>n’nne 0 F | mpE-
‘ J/p->yrnire — 00151 /”/
GPUPWA

Sums on GPU

We need GPUPWA with

Number of Events

mass resolution © J. Phys. Conf. Ser. 219, 042031

Time/lteration



http://indico.ihep.ac.cn/event/4220/session/15/contribution/53/material/slides/0.pdf

Mass resolution in GPUPWA



How to describe mass resolution in PWA?

do
— = |z FiA; |2 = z FiF}-*AiA}k = 7 FiF; TiTj Propagator
d@ ‘/ W

\ here mass resolution matters
Orbital Tensor

weak dependency on mass

Magnitude/Phase
independent of mass

w/o mass resolution PP = f;(x)fi"(x) - (V) f ) -

w/ mass resolution PP/ = fi(x)fi (x)®g(x) - i(Mfi 0)®g () -
= hij(x) hii(y) -



How to describe mass resolution in PWA?

* Analytical convolution: apply to only a few functions

* Numerical convolution:

* hij(x) = | filx —m)fj"(x —m)g(m)dm = ¥, w(my) f;(x — my) fi" (x — my)
e g(m) is Gaussian:
* Use Gauss-Hermite quadrature
* High precision with quite a few sampling points
* http://mathworld.wolfram.com/Hermite-GaussQuadrature.html|
* g(m) is double Gaussian:
* Perform two separate Gauss-Hermite quadrature



http://mathworld.wolfram.com/Hermite-GaussQuadrature.html

Code design

GPUPropagatorResolution
class for propagators
* Sampling & store in memory

GPUBasicPropasator GPUFactorizedPartialWave
Pag GPUUnFactorizedPartialWave
l GPUFactorizedRadiativePartialWave

* Support resolution of arbitrary shape Single Gaussian [ ] GPUUnFactorizedRadiativePartialWave
H H . . Double Gaussian | GPUPropagatorResolution .
* Single Gaussian: 11 points Gauss-Hermite quadrature fﬁﬁﬁ?ﬁif&ﬁ;ﬂ'ﬁq,
* Double Gaussian: 2*11 points Gauss-Hermite quadrature CORE [: CrartialWavel > [
Propagator EE:
. . . Parti IW 2 ity 2 ==
e GPUBasicPartialWaveResolution

| Contract (with resolution):

class for partial waves [ Grupropsgtorpervarve | o with gy e 22
* Provide interface for management of parameters GPUPartialWaveResolution

GPURadiativePartialWaveResolution

GPUPartialWaveResolution/GPURadiativePartialWaveResolution
* class for partial waves of non-radiative/radiative decays
* |Inherit from GPUBasicPartialWaveResolution
* Provide interface for contraction

Resolution.cl
e kernel functions that do actual calculations



10

1/0 check: J/Y—>nntrc

* Input parameters 3 E
I/ ) po \\‘ mooo;— —;
|+ M=775.26 MeV/c?! Realdata = «p :
I ’ 6000{— -
l . r=149.1Mev/ :  of )/ T N
: | (BESINI 2009 run) | T ]
W : C H,,:*‘;; ]
: 8? I ID.E ‘ IO.T — IO‘B == ‘0.9 — 1 — 1.1
| « M =782.65 MeV/c?,
1 R
i * [=8.49 MeV/c* ! - n E M[r'r]
! * Magnitude=0.1 | ssoof- i E
\ I\ . - p i .
‘. * Phase=2.8 S Data-like MC - A =
________________ v .l/ll) énopo, poén‘“n' 15003— ++++ ++++ —i
v [P>ntw, wdTte L F =
8? *TJT? 0.6 — IO‘? — 0.8 — ‘0.9 — 1 i’ r?1




11

1/0 check: PWA w/o mass resolution

input Output Al/0 MC Projection v.s. data for M[rt*r]
M (MeV/c?) 775.26 775.8+0.3 1.8
P r (MeV/c?) 149.1 147.9+0.8 1.5 000 E
M (MeV/c2) 782.65 782.5+0.7 0.2 ool 7
I (MeV/c?) 8.49 13.6*16_, 3.7 %m; _;
N Magnitude 0.1 0.129+0.007 4.1 Esaoé_ _
Phase 2.8 2.7340.05 1.4 u%m;— E
log likelihood 74521.9 E E
X*/Naor = (Z |AI?/0%) /Naor 38.2/6 e Y Y SRS A B

0.8
M (GeV/c?)

PWA w/o mass resolution = Large deviation (>30)
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1/0 test: PWA w/ single Gaussian resolution

Input Output |A|/o 3:::_ . 4.05 MeV/c?

M (MeV/c?) 775.26 775.6 0.3 1.1 -
P [ (MeV/c?) 149.1 148.2+0.8 1.1 _
M (MeV/c?) 782.65 782.31+0.8 0.4 ‘°°°§

r (MeV/c?) 8.49 9.2+20_ 0.4 g N

N Magnitude 0.1 0.113+0.006 2.2 ] ]

Phase 2.8 2.721+0.05 1.6 E_ _E

log likelihood 74520.4 = -

X°/Naos = (Z |A1?/02)/Naoy 10.1/6 - E

PWA w/ single Gaussian resolution = reasonable results o
MC Projection v.s. data for M[n*rt]
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/0 test: PWA w/ double Gaussian resolution

Input Output [Al/0 eF 2.91 MeV/c? * 0.9
p M (MeV/c?) 77526  7755+03 0.8 Ny 9.45 MeV/c? * 0.1
r (Mev/c) 149.1 148.3+0.8 1.0 o
M (MeV/c?) 78265  782.6+0.7 0.1 -
r (MeV/c?) 8.49 9.7417 0.8 R R
’ Magnitude 0.1 0.112+0.006 2.0 7 7
Phase 2.8 2.7540.05 1.0 F :
log likelihood 74521.6 ‘;%m__ i
X*/Naos = (Z 1A12/0%) /Naog 7.3/6 i_ E

PWA w/ double Gaussian resolution = reasonable results o
MC Projection v.s. data for M[n*rt]



Conclusion from I/0 test

* PWA without mass resolution leads to large deviation between input and
output on width/magnitude (- branching ratio) of narrow resonances

* PWA with mass resolution gives reasonable results

* Those conclusions hold in several other I/O tests
* J/W->p°nY, pm, pyi>nOnte
* J/U->yf,>yKK
* J/b->vf,, viy 2yKK




Time consumption

15

w/o resolution w/ s.g. res. w/ d.g. res.
Start up (sec.) 2.17 2.16 2.07
MC integral (sec.) 0.91 1.08 1.07
LUT creation (sec.) 0.07 0.1 0.1
Fit (sec.) 52.49 31.64 32.83
Avg. fit time (sec.) 0.0030 0.0030 0.0025
Total (sec.) 55.57 34.88 35.97

v’ Time consumption of sampling is negligible
v’ Total time consumption decreases because it is easier for fitter
to find minimum with correct model than with wrong one
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Summary

* Mass resolution is essential for studying narrow resonances with PWA
* Width, branching ratio, ...

* PWA with mass resolution is implemented within the GPUPWA framework
v’ Support mass resolution of arbitrary shape/dimension (uncorrelated)
v'1/0 checks show good performance
v’ Time consumption of sampling is negligible

v  Total time consumption decreases because it is easier for fitter to find minimum with correct
model than with wrong one

v  PWA of processes including narrow resonances such as J/\p(’, e*e’)>nm* - become possible

* Future improvements
* Extreme narrow resonances: more sophisticated sampling method (e.g., FFT)
* Correlated multi-dimensional resolution



Backup



1/0 check:
p°-p-p; in J/Y->1One



Input

* M =1701 MeV/c?
e [ =17 MeV/c?

* Magnitude = 19.85
* Phase =0.501

* M =1687 MeV/c?
e [ =51 MeV/c?
 Magnitude = 89
 Phase=0.1213

° po
e M =775.26 MeV/c?
e [ =149.1 MeV/c?

* 69420 “data” events

* 931384 phsp MC events



20

Output: w/o resolution

Input Output ‘g :::%_ _%

M (MeV/c?) 1687 1686.710.6 | & E

r (MeV/c?) 51 64.56 ?35: IIIIIIIIIII xm S T

i Magnitude 89 91.42+0.96 = B -
Phase 0.1213 -0.0681+0.015 E_ b v bl IIHI 1t | —é

M (MeV/c?) 1701 17001402 | - f e -

r (MeV/c?) 17 15.0+0.3 R YL wet * "3

P Magnitude 19.85 18.5240.16 B B e T -
Phase 0.501 027140014 - I{ o *I || W %

log likelihood 45400.5 _ ;— i* || * faghir e P T Ly :;

X2/Nyor (p-value) 650.6/8(0) = " * ' =080 |

3 : ! —y
Mz2] (GeV/c?)



Input Output
M (MeV/c?) 1687 1686.9+0.5
r (MeV/c?) 51 50.3+1.3
P Magnitude 89 87.471+0.92
Phase 0.1213 0.13710.017
M (MeV/c?) 1701 1700.9£0.2
I (MeV/c?) 17 17.040.3
& Magnitude 19.85 19.57+0.22
Phase 0.501 0.5041+0.016
log likelihood 45554.2
X?/Nyo¢ (p-value) 5.8/8 (0.67)

)

19
(=]
=1
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=]

Events / ( 0.001

300

200

100

Output: w/ single Gaussian resolution

A RooPlot of ™

21

8 \Illl\l\\l\l\I|\I\Il\III|\Illl\l\\l\l\l‘\l\llllll

4.40 MeV/c? for M[rt*nt%]

4.48 MeV/c? for M[nn°]

o
@



Output: w/ single Gaussian resolution

1

2

ob—r T T T+~ [ T+~ T~ T T [ T T T T [ T T T T [ T T T T [ T T T 7T

Events/ {5 MeV/c?)

E &§ 88 8 8 8 B

x?*=0.79

|||||||||||||||||||||||||||||
0.8

Mirn] (GeV/c?)

&

Events / { 5 MeV/c?)

%2 =0.92 i et

- - [5] [+ w [ E
=] g 8 8 8B g B8

-]

. . N—
M[x*z%] (GeV/c?)

——
—
—_—
——
——
—_—

—
——

Events/ { 5 MeV/c?)

—_

x?=0.82 |

- - [*] [ w [ E
g 3 8 2 = 2 2

——

-

y I T
M[x ] (GeV/c?)



Output: w/ double Gaussian resolution

Input Output
M (MeV/c?) 1687 1686.9 0.5
r (Mev/c?) 51 50.7+13 ,
P Magnitude 89 86.88 1+0.91
Phase 0.1213 0.13410.017
M (MeV/c?) 1701 1701.0£0.2
I (MeV/c2) 17 16.9+0.3
& Magnitude 19.85 19.40+0.21
Phase 0.501 0.512+0.016
log likelihood 45556.3

X?/Nyo¢ (p-value)

11.3/8 (0.19)

)

19
(=]
=1

s
(=]
=]

Events / ( 0.001

300

200

100

A RooPlot of ™
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8 III\|IIII|I\I\ll\l\|I\I\|I\I\lllllll\llll\l\‘l\l\

3.39 MeV/c? * 0.88
8.84 MeV/c? * 0.12

for M[rt*nt°]

A RooPlot of ™

|
0.02

0.03

¢

3.59 MeV/c? * 0.90
9.47 MeV/c? * 0.10

for M[rtn]

o
@

0.02

0.03



Output: w/ double Gaussian resolution

Events / { 5 MeV/c?) Events / { 5 MeV/c?)

Events / { 5 MeV/c?)

5 5 8 88 B§ g8 B

g & 8 & 8 8 8

——

g & B B 8 B 8

¥2=0.79

£

=—

x2 = 0.92 y

—
-

2 : : : 2.'?
Mirn] (GeV/c2)

——

—_

x2=0.82 | T

- =
s

T
M[z ] (GeV/c?)



Comparison

Output
Input
w/o res. w/ s.g. res. w/ d.g. res.
M (MeV/c?) 1687 1686.7 0.6 1686.9 0.5 1686.9 0.5
I (MeV/c?) 51 64.5*16_ 50.3+1.3 50.7+13_ ,
p
Magnitude 89 91.421+0.96 87.471+0.92 86.881+0.91
Phase 0.1213 -0.068£0.015 0.13710.017 0.13410.017
M (MeV/c?) 1701 1700.1+0.2 1700.9+0.2 1701.0£+0.2
r (MeV/c?) 17 15.01+0.3 17.01+0.3 16.910.3
P3 .
Magnitude 19.85 18.521+0.16 19.571+0.22 19.401+0.21
Phase 0.501 0.271+0.014 0.504+0.016 0.512+0.016
log likelihood 45400.5 45554 .2 45556.3
x2/Ng (p-value) 650.6/8 (0) 5.8/8 (0.67) 11.3/8 (0.19)




1/0 check:
single f, in J/P->YK'K



one narrow f, state

* [nput parameters
« M =1554.0 MeV/c?
e [ =14.7 MeV/c?

e “Data”: 7042 events
e PHSP MC: 218760 events

—8000

] -
S7000F

[y

25000

w
5000
4000
3000
2000

1000

27

500 — H
400 — * +
by
o i M(KK)
f
200 — ++
' -
100|— +*+ 1
# JrJr+++
+
I |_|_-o-L+Jr-|+ +|+++|‘L+ -|++| Lo [ |++4|+++I+H7+ I i WA |
046 1.48 15 1.52 1.54 1.56 1.58 16 1.62
= ~8000—
Ll g8 ¢ U
= 7000
e - ¥ E C
— ° (53 ;
= single #t double
— . 5000 .
- gaussian wcgaussian
f_ 30005—
f_ 20003—
— 10005—
52 LéS 1.54 155 1.56 137 1.58 Péé Lés 15 155 156 Lé?

1.58



w/o resolution

* [nput parameters
« M =1554.0 MeV/c?
e [ =14.7 MeV/c?

* Qutput parameters S ,
e M = 1544_2+O.1_0.1 Mev/cz e MEP%4K](GE1\I%’?:2) E
« [=17.103 . MeV/c? e
* logL=3991.0

¥=098

Events / ( 1 MeV/c?)
2 & ] ]

P 1
65 017

‘ SIB‘ 1‘5|44| I1|.54-42 I 1I‘511-4I4 I 1‘. lutlﬁ I 1I.524‘B‘ ;Slds‘ .5452 .015§| I IOOIH% ‘ ICi.m = lIJ ‘ I0“0‘17|5I ‘ 50‘18‘ I IO‘tHBISI I
M(f (1500)) [Gev/c I'(f (1550))) [GeV/c?]



w/ single Gaussian resolution

* [nput parameters
« M =1554.0 MeV/c?
e [ =14.7 MeV/c?

* Output parameters
« M =1544.2"01 _ MeV/c? |
.r=14-9+0'3_0'3MEV/C2 ...‘...l..(.ar?p'f.._.._‘._ _H‘.‘H_‘C‘ir?p?“.,‘,,,
* log L=3981.7 :

Events / ( 1 MeV/c?)
2 & ] ]

2 1.54 1.56 1.58
M[KK] (GeV/c?)

I R E o L .
5446 1.5448 0.014 0.0145

15 TR T S F T S T TP R} o o9l . ootss
M(f (1500)) [GeWCsZ] I'(f (1550))) [GeV/cY]



w/ double Gaussian resolution

* [nput parameters
« M =1554.0 MeV/c?
e [ =14.7 MeV/c?

* Output parameters
« M =1544.2"01 _ MeV/c? |
e [=15.2*93  , MeV/c? e e
* log L=3988.8 '

Events / ( 1 MeV/c?)
2 & ] ]

2 1.54 1.56 1.58 ‘
MIKK] (GeV/c?)

T A
1,544 _ 1.544.

I 43é I 1I.5438 :’2 I1‘.5“1-4:'1 : 1‘.5&‘14:5 I 1|.51td‘8‘ ;.54 0. 35‘ I 6.01; ‘ ‘C;‘DIM‘SI ‘ 6[;15| I ‘0|‘0‘15‘5| : E‘)O‘H‘S ‘ IOI.O‘HS‘SI I 6017
M(f (1500)) [GeV/c?] I'(f (1550)) [GeV/c?]
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Comparison

_ mass (MeV/c?) 1554.0
input
width (MeV/c?) 14.7
mass (MeV/c?) 1544.2+01 1544.2+01 | 1544.2+01
output width (MeV/c?) 17.1+03 14.9+03 15.2+03

log L 3991.0 3981.7 3988.8



1/0 check:
f,-f, interference in J/P->yK*K-



one ordinary f, and one narrow f,

* Input parameters N mHﬁwww

« M1 = 1530.5 MeV/c? = MK

+ [1=52.9 MeV/c? = |

+ M2 = 1554.2 MeV/c? N .

* 2 =10.8 MeV/c?

+ Mag2 = 0.87098 T T

* Phase2 = 1.6201 i - 7
e “Data”: 17596 events e single =t double

wob- 2aUSSIaN wEgaussian

* PHSP MC: 218760 events 3

L ) (AN R T N AN SO T N / less ) PR T T N T N S )
10.52 1.53 1.54 1.55 1.56 1.57 1.58 'P.52 1.53 1.54 1.55 1.56 1.57 1.58



w/0 resolution

Input parameters Output parameters

* M1 =1530.5 MeV/c? * M1 =1528.3%4 , MeV/c?
*[1=52.9 MeV/c? * [1=54.7*1% . MeV/c?

* M2 =1554.2 MeV/c? * M2 =1553.0%4  , MeV/c?
* [2=10.8 MeV/c? * [2=14.3"10, MeV/c?

* Mag2 =0.87098 * Mag2 =1.162

* Phase2 =1.6201 * Phase2 =1.374

* log L=3949.1



w/o resolution

1

N

o

=]
IIII‘I\I\l\I\\‘\\H‘Hl\l\l\l‘lllllll

1.54 1.56
MIKK] (GeV/c?)

;IIII‘I\I\l\I\\‘HH‘HI\'\I\I‘IIII'II
R

|
P48 1.5 I

Graph
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Graph

_|III‘III‘II\‘I\\ll\\ll\ll\llllllL

Lol
1

jll\‘lll‘\llll\\l\

_llll‘lll‘ll\‘l\\ll\\ll\
JII\‘III‘\IIlIHl\II‘IHlIII‘\I

|
1.528

1.526 7
M(7 (1500)) [GeV/c

1.52

Graph

1.529
]

1.53

(=1
o
&
>

0.048 0.05 0.052 Ci.05¢|I IO.OSS 0.058 0.06 0.0
(i (1550))) [GeV/c?]

@
S

Graph

-H|IIII‘HH‘HII|IIII|IIH‘IIII|III\‘HH‘\II

‘I‘I|IIII‘HH‘HII'IIII'IIH‘Illlllll\‘\

1.551 1.5 55!

52 1.553
M(f (1500} [GeV/c

1
1.554

5

1.555

0.011 0012 0.013 0.014 0.017 0.018

0.015 0,016
Tt (1950)) {Gevicd



w/ single Gaussian resolution

Input parameters

* M1 =1530.5 MeV/c?
°[1=52.9 MeV/c?

* M2 =1554.2 MeV/c?
2 =10.8 MeV/c?

- Mag2 = 0.87098

* Phase2 =1.6201

Output parameters

* M1 =1529.3%4  , MeV/c?
e [1=53.2*14_, MeV/c?

* M2 =1553.7*> . MeV/c?
* [2=8.1"11, , MeV/c?

* Mag2 =0.766

* Phase2 =1.501

* log L=3950.1



w/ single Gaussian resolution

Graph Graph
: T T T T ‘ T T T T T T |: 14J_\ T T T T T T T T T T T ‘ T T T | T T T T T T T T l_
14— — C ]
C n 12— —
12— — C ]
10: . 10— —
i E o 1
i3 E o E
C T T T T ‘ T T | T T T T T T T T ] E E 4:_ _:
E - £ :
%‘ E E 01[ |; 07_| T B |;
= 250~ = 1527 1528 1 1. 1531 0.04 0.062
3 ¢ . (1800)) [GeVic?)
+— 200— —
< F ] Graph
2 150 - P
L%’ - E T —— —— — oF =
00— - B . = E
B ] 12 - °E E
0 - r ] E =
E = 101 r o 3
10_ [ T PR AN T N R N SN SR . - ] F 3
48 5 754 156 158 16 B2 Al = e E
MIKK] (GeV/c?) - ] = 3
68— - e E
- . s =
41— — = |
C ] 2 —
2 = = =
e R S csr Ll = 04:_7 SR R R SR NS SR A S S RS f&
1551 1552 1553 15 1555 0.004 0.006 0.008 0.01 0012 0.0
M (1560) [GeV/c r(f)(1550))) [GeV/c?]



w/ double Gaussian resolution

Input parameters

* M1 =1530.5 MeV/c?
°[1=52.9 MeV/c?

* M2 =1554.2 MeV/c?
2 =10.8 MeV/c?

- Mag2 = 0.87098

* Phase2 =1.6201

Output parameters

* M1 =1529.8"%4, MeV/c?
e [1=55.3*14_, MeV/c?

* M2 =1554.1*°> . MeV/c?
* [2=9.9"19 5, MeV/c?

* Mag2 =0.8350

* Phase2 =1.6124

* log L=3950.0



w/ double Gaussian resolution

Graph Graph
=T T T T T T T T ‘ T T T T — _‘ T T T T T T T T | T T T T T T T T T ]
16— 20— —
14— H B ]
12— = 15— -
10— —] B ]
8 — 10— -
_I T T T ‘ T T | T T T T T T T I_ S;_ _; : :
350 - o 3 s .
snnf— —f 2— = B ]
c}"__zﬁnz_ _: 0__I T B co o e 1: 0;\ T B R A R BRI I TR N I T T I \‘V:
= 200 = 1528 1529 153 1531 1532 0.046 0048 005 _0052_ 0054 _0056_ 0058 006 0062
% C ] M(ID(1500)) [GeVic?] F{f01550 ) [GeVie?]
+— 200— —
< F ] Graph Graph
2 150 4
S . 12 — — T T T —— =
> F - R ] 12—
"”mo:— — C ] C
E . 10 . 10
50— - = * C 7]
P: I R B B R . 8 ] 8|~ -
48 5 154 1.56 158 16 162 B . N ]
M[KK] (GeV/c?) o - s B
4} E 4__ .
o . i 1
0__. IR SR NSRRI Ll .__ 0; ol A R B -
1552 1553 1.554 1555 1556 0.006 0.008 0.01 012 0.014
M (1560) [GeV/c4] Pt (1550))) [Gev/c?]
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Comparison
T g resoluion | _singe gaussian | _doube gaussian_
massl (MeV/c?) 1530.5
widthl (MeV/c?) 52.9
. mass2 (MeV/c?) 1554.2
X width2 (MeV/c?) 10.8
mag?2 0.87098
phase2 1.6201
mass1 (MeV/c?) 1528.3+04 , 1529.3+04 , 1529.8+04 ,
width1 (MeV/c?) 54.7+16 53.2+414 55.3+14
mass2 (MeV/c?) 1553.0%%4, , 1553.7%0> 1554.1%0> .
output width2 (MeV/c?) 14.3+10 8.1+11 9.9+10
mag?2 1.162 0.766 0.8350
phase2 1.374 1.501 1.6124

log L 3949.1 3950.1 3950.0



Extreme narrow resonance?



42

Resolution =5
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Gauss-Hermite quadrature’s performance is bad when ' <=¢



ff(x—y)g(y)dy ~ Zf(x—yi)g(yi)
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Resolution =5, I'=1

More sampling
points - better
performance

Potential problems:
* Enough memory?
 Time consumption?



