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Classification of B decays
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 Purely leptonic decays: decay constant

 Hadronic decays: hadronic matrix elements

 Semi-leptonic decays: transition form factors

𝑊−

multi-scale problem with highly hierarchical scales!

How to deal with hadronic decays?

Lattice QCD or LCSR et al.



Why hadronic B decays
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 Test the (C)KM mechanism of quark flavor mixings and CP violation;     [J. Zupan, 1903.05062]

http://utfit.org/UTfit; Bayesian

http://ckmfitter.in2p3.fr/; frequentist

http://utfit.org/UTfit
http://ckmfitter.in2p3.fr/


Why hadronic B decays
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 Understand various aspects of strong interactions;

~80GeV

~4.2GeV

ത𝐵0 → 𝐷+ 𝜋−

 Problem: multiple scales spoil PT convergence due to 

large logs; 

 Solution: perturbative series should be re-organized, and all (𝜶𝒔ln
𝒎𝑾

𝒎𝒃
)𝒏 should be re-summed!

 Final result based on RG-improved PT:

𝑼(𝝁𝐡𝐢𝐠𝐡, 𝝁𝐥𝐨𝐰) is generally an exponential, and 

hence re-sums large logs (𝜶𝒔ln
𝝁𝐡𝐢𝐠𝐡

𝝁𝐥𝐨𝐰
)𝒏 !

 Hadronic matrix elements:

PQCD



Precision era of B physics
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 More data and more precise from B-dedicated exps.!    

BaBar, Belle, LHCb, and Belle II, …

https://hflav.web.cern.ch/

 More precise results for non-pert. hadronic parameters 

from LQCD & LCSR ! 

We are entering an era of precision flavor physics!
http://flag.unibe.ch/2019/

exciting

https://hflav.web.cern.ch/
http://flag.unibe.ch/2019/


Effective Hamiltonian for B decays
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 The starting point 𝓗𝐞𝐟𝐟 = −𝓛𝐞𝐟𝐟: obtained by integrating out heavy d.o.f. (𝑚𝑊,𝑍,𝑡 ≫ 𝑚𝑏);            

[BBL ’96; CMM '98] 

 Wilson coefficients 𝑪𝒊: all physics above 𝑚𝑏; 

perturbative calculable, NNLL program complete;         

[Gorbahn,Haisch ’04; Czakon,Haisch,Misiak ’06]

 Decay amplitude for a given decay:

 Hadronic matrix elements 𝑴𝟏𝑴𝟐|𝓞𝒊|ഥ𝑩 : 



QCD factorization
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 QCDF for 𝑴𝟏𝑴𝟐|𝓞𝒊|ഥ𝑩 : systematic framework to all orders in αs, but limited by 1/mb corrections.

reduces 𝑴𝟏𝑴𝟐|𝓞𝒊|ഥ𝑩 to simpler 𝑴|𝒋𝝁|ഥ𝑩 (form factors), 𝟎|𝒋𝝁|ഥ𝑩 , 𝑴|𝒋𝝁|𝟎 (decay constants & 

light-cone distribution amplitudes), all can be obtained from exp. data, lattice-QCD, or LCSR.

[BBNS, ’99-’03]

form-factor term
spectator-scattering term

◆ At LO in αs and 1/mb, reproduces the naïve 

factorization result.

◆ Higher-order pert. corrections in αs could be 

calculated systematically.

◆ Factorization generally broken at higher-order 
power in 1/mb.



Soft-collinear factorization from SCET
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 For hard kernel 𝑻𝑰: one-step matching, QCD → SCETI hc, c, s !

 For hard kernel 𝑻𝑰𝑰: two-step matching, QCD → SCETI hc, c, s → SCETII c, s !

𝑻𝑰𝑰

 SCET result exactly the same as QCDF, but more apparent & efficient;  [Beneke, 1501.07374]

 SCET: a suitable framework for studying factorization and re-summation for processes involving 

light energetic particles; [Bauer etal. '00; Beneke etal. '02; Becher, Broggio, Ferroglia '14]



Status of the calculation of  𝑻𝑰 and 𝑻𝑰𝑰
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 For each 𝑸𝒊 insertion, both tree & penguin topologies, and contribute to both 𝑻𝑰 & 𝑻𝑰𝑰.

Bell, Beneke, Huber, Li ’20Huber, Krankl, Li ’16 

◆ NNLO calculation 

for hard kernels    

now complete!

◆ Soft-collinear fact. 

at 2-loop proved 

at leading power!



QCD penguin amplitudes
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 Hadronic decays mediated by 𝒃 → 𝒔𝒒ഥ𝒒 transitions:

𝜆𝑢 = 𝑉𝑢𝑏𝑉𝑢𝑠
∗ ∼ 𝓞(𝜆4) 𝜆𝑐 = 𝑉𝑐𝑏𝑉𝑐𝑠

∗ ∼ 𝓞(𝜆2)

Penguin-dominated!

 Interference between tree and penguin: main source of direct CPV;

Tree Penguin



Why NNLO QCD penguin amplitudes
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 To predict accurately direct CPV, we need calculate both tree and penguin to NNLO;

 At LP in QCDF, strong phases generated only via hard loops with virtuality 𝒎𝒃
𝟐 (not 𝒎𝒃𝚲) ;

NNLO is only NLO for direct CPV, 
and large effects still possible.

 Driven by the exp. 

data;

Δ𝐴𝐶𝑃 puzzle

How about the situation @ NNLO?

Δ𝐴𝐶𝑃 = 𝐴𝐶𝑃 𝜋0𝐾− − 𝐴𝐶𝑃(𝜋
+𝐾−)

= 12.2 ± 2.2 %

differs from 0 by 5.5𝝈



Penguin topologies & various insertions
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 Effective Hamiltonian including penguin operators:                               [BBL ’96; CMM ’98] 

 Various operator insertions but all featured by wrong insertion:

current-current operators

QCD penguin operators

chromo-magnetic 
dipole operators

tree topology penguin topology

(i) Dirac structure of Qi, (ii) color structure of Qi, (iii) types of contraction, and (iv) quark mass in the fermion loop;



Matching procedure
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 Hard kernels 𝑻𝑰,𝑰𝑰 by 𝐐𝐂𝐃 → 𝐒𝐂𝐄𝐓I matching;    [see Beneke, Jager ’06]

 QCD matched onto SCETI :

 Matrix elements of SCETI operators:

 SCETI matched onto SCETII :
SCETI form factor
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 Final results for hard kernels 𝑻𝑰,𝑰𝑰: 

Hard kernel 𝑻𝑰𝑰at NNLO

 Hard kernel 𝑻𝑰𝑰 at NNLO;   [Beneke, Jager ’06]

 Hard function 𝑯𝑰𝑰 = 𝑯𝑽
𝑰𝑰 +𝑯𝑷

𝑰𝑰;  [Beneke, Jager ’06]

vertex contraction!

penguin contraction!



Hard kernel 𝑻𝑰at NNLO
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 Complete SCET operator basis:

 On-shell matrix elements at NNLO: 

QCD side

 Note: different contractions; 𝐐𝐂𝐃 → 𝐒𝐂𝐄𝐓𝐈 matching calculation:

 On-shell matrix elements at NNLO: 

SCET side

the only physical operator 
and factorizes into FF*LCDA.

𝒏 now up to 4, with 7 gamma matrices



𝑻𝑰 at NNLO
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 Master formula for 𝑻𝑰:

about 100 Feynman diagrams



On the QCD side
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 For ෩𝑨𝒊𝟏
𝟐 𝐧𝐟

, need consider 

Q3−6 insertion into tree 

topology (66 diagrams);

 1-loop diagrams with Q8g insertion;    [Kim, Yoon ’11]

- Similar to color-suppressed 

tree amplitude, but with more 

complicated Dirac structures!

- Relatively simpler 

since just 1-loop!



On the QCD side
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 Q12,3−6 insertion into penguin topology;

(i) fermion loop with either 𝑚 = 0,𝑚 = 𝑚𝑐 or 𝑚 = 𝑚𝑏.

(ii) genuine 2-loop two-scale problem: ത𝑢, 𝑧𝑐 = 𝑚𝑐
2/𝑚𝑏

2.

(iii) threshold at ത𝑢 = 4𝑧𝑐, need properly consider imaginary.



Techniques for 2-loop 2-scale diagrams
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thousands 
of scalar 
integrals

Get totally 
additional 36 MIs!

All MIs computed

analytically in terms 

of iterated integrals 

over generalized 

weight functions!



Final results for 𝒂𝟒
𝒑
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 Leading penguin amplitude 𝒂𝟒
𝒑

up to NNLO;

 Convolution with light-meson LCDA;

◆ all terms that involve powers of 𝑳 =

𝐥𝐧𝝁𝟐/𝒎𝒃
𝟐 completely analytically. 

◆ in 𝑳𝟎 pieces a few terms are obtained 

only as an interpolation in 𝒛𝒄.

◆ for 𝒂𝟒
𝒖 completely analytic, for 𝒂𝟒

𝒄 a few 

terms as an interpolation in 𝒛𝒄 = 𝒎𝒄
𝟐/𝒎𝒃

𝟐 .



Final results for 𝒂𝟒
𝒑
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 Final numerical results:

𝑻𝑰𝑰 = (𝑯𝑽
𝑰𝑰+𝑯𝑷

𝑰𝑰) ∗ 𝑱

◆ NNLO real part constitutes a (10 - 15)% correction relative to LO. 

◆ NNLO imaginary part represents a -27% correction for 𝒂𝟒
𝒖 and reaches -54% for 𝒂𝟒

𝒄 .

◆ Strong cancellation between NNLO correction from 𝑸𝟏,𝟐
𝒑

and from 𝑸𝟑−𝟔,𝟖𝒈 observed!

◆ spectator-scattering has 

only a small effect.



Scale dependence of 𝒂𝟒
𝒑
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 strong cancellation between 𝑸𝟏,𝟐
𝒑

and; 𝑸𝟑−𝟔,𝟖𝒈;

Scale dependence negligible, 

especially for µ > 4 GeV.

LO 𝐍𝐍𝐋𝐎|𝑸𝟑−𝟔,𝟖𝒈

NLO 𝐍𝐍𝐋𝐎|𝑸𝟏,𝟐

𝐍𝐍𝐋𝐎|𝐟𝐮𝐥𝐥

 Scale dependence of 𝒂𝟒
𝒑
: only form-factor term;



Summary
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 NNLO corrections to color-allowed, color-suppressed tree & leading penguin amplitudes

now complete.

 Individual contributions sizeable, but tend to cancel each other among them, and thus 

NNLO shift in amplitudes is rather small.

 Updated phen. analyses including these NNLO corrections and progress from other sides 

are work in progress.

Thank You for your attention!

For questions, email me: xqli@mail.ccnu.edu.cn


