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Black hole binary inspirals
Gravitational dynamics of radiating classical BH (or NS) binary systems in the non-relativistic limit
 is experimentally relevant (LIGO/VIRGO,…)

rg = 2GNM

rs(= rg for BH)

Gravitational radius:   

Physical radius:

Orbital scale:

Radiation wavelength
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Experiments will be sensitive to at least         = “3PN” corrections beyond Newtonian gravity (Thorne 
et al 1994).   (5PN considered feasible).   Numerical GR results also motivate computing higher order 
corrections.
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Even for                 , the non-linear nature of GR makes this a difficult problem, involving a hierarchy
 of length scales

v ⌧ 1

r ⇠ rg/v
2

� ⇠ r/v ⇠ rg/v
3

“correlated scales”

rg ⇠ rs ⌧ r ⌧ �
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In the NR limit                      these scales are correlated:

(WG+I. Rothstein, 2004)

v/c ⌧ 1

Thus at a fixed order in velocity (“Post-Newtonian expansion”),  physics effects from all these 
scales may appear.

r ⇠ rg/v
2 � ⇠ r/v ⇠ rg/v

3

The correct set of EFTs for the binary system has properties in common w/ its gauge theory 
counterparts (HQET, NRQED/NRQCD,…)

Treat each scale separately, by constructing 
a tower of gravity Effective Field Theories



Tower of gravity EFTs:  

Independent EFTs with distinct expansion parameter coincide in PN limit.
UV divergence in                 corresponds to IR effect in EFTi+1 EFTi

Full theory:

Finite size
S = SEH + Spp

2-body
(“NRGR”)

⌘0 = rs/r(= rg/r,BH)

⌘1 = rg/r(= v2,NR case)

⌘2 = r/�(= v,NR case)

⌘3 = rg/�(= v3, NR case)

Radiation
(multipole+non-
linear GR)

UV

UV

UV IR matching

IR matching

IR matching

Gµ⌫ = 8⇡GNTµ⌫



Finite size effects:
What can we learn about the internal structure of compact objects from 
binary inspirals at LIGO?

In the inspiral phase, binary constituents can be treated as point-like.   
Finite size effects encoded in an worldline EFT coupled to gravity

DOFs:

vµ = ẋµ

eµa=1,2,3

xµ(�)

Symmetries:

xµ(�) =
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worldline CM coordinate

Diff. invariance

Local          rotations acting on 
(for BH only)

eµa=1,2,3(�) =
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local frame (SPIN)

xµ 7! xµ + ⇠µ(x)
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Worldline RPI � 7! �0(�)
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EFT for gravity coupled to BH, in the point particle limit:

The most general (mod. e.o.m’s) point particle Lagrangian consistent with 
symmetries (ignoring spin, assume parity invariance), organized in a 
derivative expansion:

S = SEH + Spp

Spp = �m

Z
d⌧ + cE

Z
d⌧Eµ⌫E

µ⌫ + cB

Z
d⌧Bµ⌫B

µ⌫ + · · ·

SEH = −2m2

Pl

∫
d4x

√

gR(x)

(m2

Pl = 1/(32πGN ))
(~ = c = 1)

O(@0g)
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Eµ⌫ = Rµ↵⌫�v
↵v�

Bµ⌫ =
1

2
✏µ⇢��v

⇢v↵R⌫↵
��

w/                                                = “electric” curvature tensor

= “magnetic” curvature tensor

(Note:              terms, eg                   are redundant due to source free
eom            ).

Z
d⌧gµ⌫Rµ⌫
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The curvature couplings

Spp � cE

Z
d⌧Eµ⌫E

µ⌫ + cB

Z
d⌧Bµ⌫B

µ⌫
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describe the         linear tidal response of the compact object to external 
gravitational fields.

` = 2
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E.g, Newtonian spherical self-gravitating star (radius      ).  No external 
gravitational field:

⇢ 6= 0
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�
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�
= 0
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<latexit sha1_base64="kElBSGR5exwC2tCSTDTccAnEfYs=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7AckoWy2m3bpZjfuboQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WmCG0TyaXqRVhTzgRtG2Y47aWK4iTitBuNb2d+94kqzaR4MJOUhgkeChYzgo2V/KA1YoGgj8hF/WrNrbtzoFXiFaQGBVr96lcwkCRLqDCEY619z01NmGNlGOF0WgkyTVNMxnhIfUsFTqgO8/nJU3RmlQGKpbIlDJqrvydynGg9SSLbmWAz0sveTPzP8zMTX4c5E2lmqCCLRXHGkZFo9j8aMEWJ4RNLMFHM3orICCtMjE2pYkPwll9eJZ1G3buoN+4va82bIo4ynMApnIMHV9CEO2hBGwhIeIZXeHOM8+K8Ox+L1pJTzBzDHzifPxkykHk=</latexit>

�Qij = �2

3
k

R5

GN
Eij

<latexit sha1_base64="452eMXVtefQWxWrjw/KtGXxxYHU=">AAACHXicbVBLSwMxGMz6rPW16tFLsAheLLttRS9CUURP0op9QLcu2TRtY7ObJckKZdk/4sW/4sWDIh68iP/GdNuDtg4EJjPfkHzjhYxKZVnfxtz8wuLScmYlu7q2vrFpbm3XJY8EJjXMGRdND0nCaEBqiipGmqEgyPcYaXiD85HfeCBCUh7cqmFI2j7qBbRLMVJacs2S0yFMIVh1Y3qfwFN4GBccrhOwmMCBA+Obu6Px/dK9TuBFOuaaOStvpYCzxJ6QHJig4pqfTofjyCeBwgxJ2bKtULVjJBTFjCRZJ5IkRHiAeqSlaYB8Ittxul0C97XSgV0u9AkUTNXfiRj5Ug59T0/6SPXltDcS//NakeqetGMahJEiAR4/1I0YVByOqoIdKghWbKgJwoLqv0LcRwJhpQvN6hLs6ZVnSb2Qt4v5QrWUK59N6siAXbAHDoANjkEZXIEKqAEMHsEzeAVvxpPxYrwbH+PROWOS2QF/YHz9AO3IoJY=</latexit>

⇢ 6= 0
<latexit sha1_base64="Ansz2/ZYuAe7p5lvDffJ7CHF/FI=">AAAB8XicdVDLSsNAFJ3UV62vqks3g0VwFSZpaOuu4MZlBfvAJpTJdNoOnUzizEQooX/hxoUibv0bd/6Nk7aCih64cDjnXu69J0w4UxqhD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9kKsKGeCtjXTnPYSSXEUctoNp5e5372nUrFY3OhZQoMIjwUbMYK1kW59OYl9Qe8gGpQryL5o1FyvBpGNUN1xnZy4da/qQccoOSpghdag/O4PY5JGVGjCsVJ9ByU6yLDUjHA6L/mpogkmUzymfUMFjqgKssXFc3hmlCEcxdKU0HChfp/IcKTULApNZ4T1RP32cvEvr5/qUSPImEhSTQVZLhqlHOoY5u/DIZOUaD4zBBPJzK2QTLDERJuQSiaEr0/h/6Tj2k7Vdq+9SrOxiqMITsApOAcOqIMmuAIt0AYECPAAnsCzpaxH68V6XbYWrNXMMfgB6+0TWzCQrw==</latexit>

Eij = @i@j�
<latexit sha1_base64="QHmHJgvGmqPR8ndW0KPDZfG7PKM=">AAACCnicbZDLSgMxFIbPeK31NurSTbQIrspMFXQjFEVwWcFeoDMMmTRt02YuJBmhDF278VXcuFDErU/gzrcx0w6irT8EPv5zTpLz+zFnUlnWl7GwuLS8slpYK65vbG5tmzu7DRklgtA6iXgkWj6WlLOQ1hVTnLZiQXHgc9r0h1dZvXlPhWRReKdGMXUD3AtZlxGstOWZB9deygbjCyfGQjHMPYZ+cICcWp95ZskqWxOhebBzKEGummd+Op2IJAENFeFYyrZtxcpNs0sJp+Oik0gaYzLEPdrWGOKASjedrDJGR9rpoG4k9AkVmri/J1IcSDkKfN0ZYNWXs7XM/K/WTlT33E1ZGCeKhmT6UDfhSEUoywV1mKBE8ZEGTATTf0WkjwUmSqdX1CHYsyvPQ6NStk/KldvTUvUyj6MA+3AIx2DDGVThBmpQBwIP8AQv8Go8Gs/Gm/E+bV0w8pk9+CPj4xsdgpqF</latexit>

R
<latexit sha1_base64="9ezpHdquXosIrDIbVcqh+oEnlZ8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI4kXjyCkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj27nffkKleSwfzCRBP6JDyUPOqLFS475fLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNK5LtWoWRx7O4BwuwYMbqMEd1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKrtjNA=</latexit>

w/ dimensionless (gravitational) “Love number”                    that depends 
on fluid eqn. of state.

k ⇠ O(1)
<latexit sha1_base64="oukThxDFZ0iS+/YkWjzTWA6vBSY=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0Wol5JUQY9FL96sYD+gCWWz3bRLd5Owu1FK7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2CxsFbd3dvf27dJBS8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hrqtx+oVCyO7vU4ob7Ag4iFjGBtpJ5dGnmKCZR5BHN0O6m4pz277FSdGdAycXNShhyNnv3l9WOSChppwrFSXddJtJ9hqRnhdFL0UkUTTEZ4QLuGRlhQ5Wez0yfoxCh9FMbSVKTRTP09kWGh1FgEplNgPVSL3lT8z+umOrz0MxYlqaYRmS8KU450jKY5oD6TlGg+NgQTycytiAyxxESbtIomBHfx5WXSqlXds2rt7rxcv8rjKMARHEMFXLiAOtxAA5pA4BGe4RXerCfrxXq3PuatK1Y+cwh/YH3+ALnXkv4=</latexit>

Turn on weak external perturbation:



In the point particle EFT, the induce quadrupole moment is:

�Qij = � �

�Eij
Spp = �2cEEij

<latexit sha1_base64="oAKDDxM899USSmfZfzM5OmWKvH8=">AAACLHicbVDLSsNAFJ34rPUVdelmsAhuLEkVdCMUS8Fli/YBTQiTyaQdO3kwMxFKyAe58VcEcWERt36H0zQLbT0wcDjnXO7c48aMCmkYU21ldW19Y7O0Vd7e2d3b1w8OuyJKOCYdHLGI910kCKMh6UgqGenHnKDAZaTnjhszv/dEuKBR+CAnMbEDNAypTzGSSnL0huURJhFsOyl9zOANPE/nihWpscJs5mYG7500jvMQrEHsNAvD0StG1cgBl4lZkAoo0HL0N8uLcBKQUGKGhBiYRiztFHFJMSNZ2UoEiREeoyEZKBqigAg7zY/N4KlSPOhHXL1Qwlz9PZGiQIhJ4KpkgORILHoz8T9vkEj/2k5pGCeShHi+yE8YlBGcNQc9ygmWbKIIwpyqv0I8QhxhqfotqxLMxZOXSbdWNS+qtfZlpX5b1FECx+AEnAETXIE6uAMt0AEYPINX8AGm2ov2rn1qX/PoilbMHIE/0L5/AOn3pr8=</latexit>

so we expect on dimensional grounds:

vs.

Same scaling also holds for relativistic (compact) objects.   Eg elastic 
graviton+BH scattering amplitude:

�Qij = �2

3
k

R5

GN
Eij

<latexit sha1_base64="452eMXVtefQWxWrjw/KtGXxxYHU=">AAACHXicbVBLSwMxGMz6rPW16tFLsAheLLttRS9CUURP0op9QLcu2TRtY7ObJckKZdk/4sW/4sWDIh68iP/GdNuDtg4EJjPfkHzjhYxKZVnfxtz8wuLScmYlu7q2vrFpbm3XJY8EJjXMGRdND0nCaEBqiipGmqEgyPcYaXiD85HfeCBCUh7cqmFI2j7qBbRLMVJacs2S0yFMIVh1Y3qfwFN4GBccrhOwmMCBA+Obu6Px/dK9TuBFOuaaOStvpYCzxJ6QHJig4pqfTofjyCeBwgxJ2bKtULVjJBTFjCRZJ5IkRHiAeqSlaYB8Ittxul0C97XSgV0u9AkUTNXfiRj5Ug59T0/6SPXltDcS//NakeqetGMahJEiAR4/1I0YVByOqoIdKghWbKgJwoLqv0LcRwJhpQvN6hLs6ZVnSb2Qt4v5QrWUK59N6siAXbAHDoANjkEZXIEKqAEMHsEzeAVvxpPxYrwbH+PROWOS2QF/YHz9AO3IoJY=</latexit>

cE ⇠ R5/GN
<latexit sha1_base64="BIht1BPVckvckbKPU75s/5JjCvI=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzpTFV0WRXQlVewD2nHIpJk2NMkMSUaoQ7/EjQtF3Pop7vwb03YW2nrgwuGce7n3niBmVGnH+bZyC4tLyyv51cLa+sZm0d7abqgokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDC7GfvORSEUjca+HMfE46gkaUoy0kXy7iP3LjqIc3j2cHF75N75dcsrOBHCeuBkpgQw13/7qdCOccCI0ZkiptuvE2kuR1BQzMip0EkVihAeoR9qGCsSJ8tLJ4SO4b5QuDCNpSmg4UX9PpIgrNeSB6eRI99WsNxb/89qJDs+8lIo40UTg6aIwYVBHcJwC7FJJsGZDQxCW1NwKcR9JhLXJqmBCcGdfnieNStk9Klduj0vV8yyOPNgFe+AAuOAUVME1qIE6wCABz+AVvFlP1ov1bn1MW3NWNrMD/sD6/AEkZJIZ</latexit>

iA =
! !

(rs! ⌧ 1)

Full theory:

EFT: iA = +

cE,Bm

· · ·<latexit sha1_base64="9pGPaDabNijkWLtd2pluvCo4p5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AK+ljzM=</latexit> + + · · ·<latexit sha1_base64="9pGPaDabNijkWLtd2pluvCo4p5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSRV0GPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9Wik0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1L6q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AK+ljzM=</latexit>

⇠ cE,B

m2
Pl

!4

<latexit sha1_base64="0mnQNjZG1hlnlr1x+9zvuoiiFhg=">AAACD3icbVDLSgMxFM3UV62vqks3waK4kDJTC3ZZFMFlBfuAznTIpJk2NJkMSUYow/yBG3/FjQtF3Lp159+YPhbaeiBwOOdcbu4JYkaVtu1vK7eyura+kd8sbG3v7O4V9w9aSiQSkyYWTMhOgBRhNCJNTTUjnVgSxANG2sHoeuK3H4hUVET3ehwTj6NBREOKkTaSXzx1FeUQpthPb86vMleYMOR+2mBZr5JBV3AyQL2qXyzZZXsKuEycOSmBORp+8cvtC5xwEmnMkFJdx461lyKpKWYkK7iJIjHCIzQgXUMjxIny0uk9GTwxSh+GQpoXaThVf0+kiCs15oFJcqSHatGbiP953USHNS+lUZxoEuHZojBhUAs4KQf2qSRYs7EhCEtq/grxEEmEtamwYEpwFk9eJq1K2bkoV+6qpXptXkceHIFjcAYccAnq4BY0QBNg8AiewSt4s56sF+vd+phFc9Z85hD8gfX5A7TLm8o=</latexit>

cE,B ⇠ r5s/GN
<latexit sha1_base64="F1icUpksmsf87ZpmzbdRNp88b/I=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBIvgQupMVXRZKqIrqWAf0I5DJs20oUlmSDJCGQr+ihsXirj1O9z5N6btLLT1wIXDOfdy7z1BzKjSjvNtzc0vLC4t51byq2vrG5v21nZdRYnEpIYjFslmgBRhVJCappqRZiwJ4gEjjaB/OfIbj0QqGol7PYiJx1FX0JBipI3k27vYT6+OKsO2ohxKXz2cHV/7t75dcIrOGHCWuBkpgAxV3/5qdyKccCI0ZkipluvE2kuR1BQzMsy3E0VihPuoS1qGCsSJ8tLx+UN4YJQODCNpSmg4Vn9PpIgrNeCB6eRI99S0NxL/81qJDi+8lIo40UTgyaIwYVBHcJQF7FBJsGYDQxCW1NwKcQ9JhLVJLG9CcKdfniX1UtE9KZbuTgvlShZHDuyBfXAIXHAOyuAGVEENYJCCZ/AK3qwn68V6tz4mrXNWNrMD/sD6/AG3UJSt</latexit>

= rsf(rs!)
<latexit sha1_base64="k+Sij2H2+hrlVbCC6AwN88tUnzw=">AAAB+nicdVDLSsNAFJ3UV62vVJduBotQNyFJQ1sXQtGNywq2FdoQJtNJO3TyYGailNhPceNCEbd+iTv/xklbQUUP3MvhnHuZO8dPGBXSND+0wsrq2vpGcbO0tb2zu6eX97siTjkmHRyzmN/4SBBGI9KRVDJyk3CCQp+Rnj+5yP3eLeGCxtG1nCbEDdEoogHFSCrJ08tn3BMwqKo+iEMyQieeXjGN02bddurQNEyzYdlWTuyGU3OgpZQcFbBE29PfB8MYpyGJJGZIiL5lJtLNEJcUMzIrDVJBEoQnaET6ikYoJMLN5qfP4LFShjCIuapIwrn6fSNDoRDT0FeTIZJj8dvLxb+8fiqDppvRKEklifDioSBlUMYwzwEOKSdYsqkiCHOqboV4jDjCUqVVUiF8/RT+T7q2YdUM+8qptM6XcRTBITgCVWCBBmiBS9AGHYDBHXgAT+BZu9cetRftdTFa0JY7B+AHtLdPoo6TnA==</latexit>

from matching
(WG, ’06)



(Flanagan+Hinderer, 2007)

Given that                             ,  we expect finite size/tidal corrections to 
potentials and radiation to scale as

cE ⇠ R5/GN
<latexit sha1_base64="BIht1BPVckvckbKPU75s/5JjCvI=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyCqzpTFV0WRXQlVewD2nHIpJk2NMkMSUaoQ7/EjQtF3Pop7vwb03YW2nrgwuGce7n3niBmVGnH+bZyC4tLyyv51cLa+sZm0d7abqgokZjUccQi2QqQIowKUtdUM9KKJUE8YKQZDC7GfvORSEUjca+HMfE46gkaUoy0kXy7iP3LjqIc3j2cHF75N75dcsrOBHCeuBkpgQw13/7qdCOccCI0ZkiptuvE2kuR1BQzMip0EkVihAeoR9qGCsSJ8tLJ4SO4b5QuDCNpSmg4UX9PpIgrNeSB6eRI99WsNxb/89qJDs+8lIo40UTg6aIwYVBHcJwC7FJJsGZDQxCW1NwKcR9JhLXJqmBCcGdfnieNStk9Klduj0vV8yyOPNgFe+AAuOAUVME1qIE6wCABz+AVvFlP1ov1bn1MW3NWNrMD/sD6/AEkZJIZ</latexit>

which is formally a 5PN effect.   Specifically

Black hole:    

Neutron start:

R = rs
<latexit sha1_base64="+imEnoP2Om+nYKM8FglnzykO1rU=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYtpCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7Oyura+sVnYKm7v7O7tlw4OGzrJFEOfJSJRrZBqFFyib7gR2EoV0jgU2AyHt1O/+YRK80Q+mlGKQUz7kkecUWMl/+FadXW3VHYr7gxkmXg5KUOOerf01eklLItRGiao1m3PTU0wpspwJnBS7GQaU8qGtI9tSyWNUQfj2bETcmqVHokSZUsaMlN/T4xprPUoDm1nTM1AL3pT8T+vnZnoKhhzmWYGJZsvijJBTEKmn5MeV8iMGFlCmeL2VsIGVFFmbD5FG4K3+PIyaVQr3nmlen9Rrt3kcRTgGE7gDDy4hBrcQR18YMDhGV7hzZHOi/PufMxbV5x85gj+wPn8AYx+joM=</latexit>

Tidal effects at 5PN

R ⇠ O(10)⇥ rs
<latexit sha1_base64="lgEbcsGJokhYojRWv5ayw7gS3uQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyWpgi6LbtxZxT6gCWEynbRDZyZhZiKU0J0bf8WNC0Xc+gvu/BunbRbaeuDC4Zx7ufeeMGFUacf5tgpLyyura8X10sbm1vaOvbvXUnEqMWnimMWyEyJFGBWkqalmpJNIgnjISDscXk389gORisbiXo8S4nPUFzSiGGkjBfbhnacoh5mHEYM344rrnHiacqIglIGCgV12qs4UcJG4OSmDHI3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl7xUkQThIeqTrqECmVV+Nv1jDI+N0oNRLE0JDafq74kMcaVGPDSdHOmBmvcm4n9eN9XRhZ9RkaSaCDxbFKUM6hhOQoE9KgnWbGQIwpKaWyEeIImwNtGVTAju/MuLpFWruqfV2u1ZuX6Zx1EEB+AIVIALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH7PWgpXP7IM/sD5/AGWpl7k=</latexit>

Enhancement 
by a factor of 

⇠
✓
R

r

◆5

=

✓
R

rs

◆5

⇥ v10

<latexit sha1_base64="5IzhWTysYr2JNsw7Rr7Cuslk2gQ="></latexit>

Tidal effects

(in fact the NS/NS inspiral event GW17087 at LIGO has already placed 
very crude constraints on the neutron star tidal coefficients…)

⇠ 105
<latexit sha1_base64="ZA4eL5pVzV+aM9pu6YtjqYlqfi8=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtih6LXjxWsB/SriWbZtvQJLskWaEs/RVePCji1Z/jzX9jut2Dtj4YeLw3w8y8IOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvpn57SeqNIvkvZnE1Bd4KFnICDZWeuhpJpDnPl70yxW36mZAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zQ6eohOrDFAYKVvSoEz9PZFiofVEBLZTYDPSi95M/M/rJia88lMm48RQSeaLwoQjE6HZ92jAFCWGTyzBRDF7KyIjrDAxNqOSDcFbfHmZtGpV76xauzuv1K/zOIpwBMdwCh5cQh1uoQFNICDgGV7hzVHOi/PufMxbC04+cwh/4Hz+AIYbj5E=</latexit>



For the case of Schwarzschild black holes in            , the tidal response in 
the full theory                   has been computed analytically by

d = 4
<latexit sha1_base64="ronM8yuI27BtGAWqtv1UUlOCxjk=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqezWgl6EohePFe0HtEvJZrNtaDa7JFmhLP0JXjwo4tVf5M1/Y9ruQVsfDDzem2Fmnp8Iro3jfKPC2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1fWJZoJL1jLcCNZNFCORL1jHH9/O/M4TU5rH8tFMEuZFZCh5yCkxVnoIruuDcsWpOnPgVeLmpAI5moPyVz+IaRoxaaggWvdcJzFeRpThVLBpqZ9qlhA6JkPWs1SSiGkvm586xWdWCXAYK1vS4Ln6eyIjkdaTyLedETEjvezNxP+8XmrCKy/jMkkNk3SxKEwFNjGe/Y0Drhg1YmIJoYrbWzEdEUWosemUbAju8surpF2ruhfV2n290rjJ4yjCCZzCObhwCQ24gya0gMIQnuEV3pBAL+gdfSxaCyifOYY/QJ8/v1mNcQ==</latexit>

For neutron stars,         depends on the EOS and has been calculated 
numerically in (Flanagan+Hinderer, 2007)

cE
<latexit sha1_base64="WqpuFk8+8JzsCCVSfHwgmFgMHOE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WjGSfoR3QgecgZNVZ6YL3bXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8vyrXrPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AELUI2j</latexit>

Rµ⌫ = 0
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Damour+Nagar, 2009
Binnington+Poisson, 2009

Steinhoff et al 2013
Kol+Smolkin, 2011

while the EFT side corrections were shown to vanish in Kol+Smolkin, 
2011.    The result for BH’s in   

cBH

E
= cBH

B
= 0

<latexit sha1_base64="LMQwQbgcDcS4gT59JEYESOEMTFQ=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwVVJqqCbQqkIXVawF2hjmEwn7dDJhZmJUEPxVdy4UMSt7+HOt3HaZqGtPwx8/OcczpnfizmTyrK+jdzK6tr6Rn6zsLW9s7tn7h+0ZJQIQpsk4pHoeFhSzkLaVExx2okFxYHHadsbXU/r7QcqJIvCOzWOqRPgQch8RrDSlmsekfu0Vp+4N5UMaqhiuWbRKlkzoWWwMyhCpoZrfvX6EUkCGirCsZRd24qVk2KhGOF0UuglksaYjPCAdjWGOKDSSWfXT9CpdvrIj4R+oUIz9/dEigMpx4GnOwOshnKxNjX/q3UT5V85KQvjRNGQzBf5CUcqQtMoUJ8JShQfa8BEMH0rIkMsMFE6sIIOwV788jK0yiX7vFS+vShWa1kceTiGEzgDGy6hCnVoQBMIPMIzvMKb8WS8GO/Gx7w1Z2Qzh/BHxucPpn6UDA==</latexit>

d = 4
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so no (static) tidal response at            (and likely also for         …) ` = 2
<latexit sha1_base64="2Bu15L3npQxVqDYEm5+EErg5MyU=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9CIUvXisYD+gDWWznbRrN5uwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZKzS4KcV3tlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURSsME1brjuYnxM6oMZwInxW6qMaFsRAfYsVTSCLWfza6dkFOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhMXyd9rpAZMbaEMsXtrYQNqaLM2ICKNgRv8eVl0qxWvPNK9f6iXLvJ4yjAMZzAGXhwCTW4gzo0gMEjPMMrvDmx8+K8Ox/z1hUnnzmCP3A+fwAERI7C</latexit>

` > 2
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(However, non-static finite size effects, eg dissipation at the BH horizon, 
are non-vanishing…)

Recently extended to Kerr (spinning) BH, H.S Chia 2010.07300



Calculating the Binary waveform
In principle, the radiation field measured by observers at infinity

encodes all the relevant physical info about the binary (masses,spins, multipole moments,QNM 
frequencies,…).   In perturbation theory, it is most conveniently computed by recasting Einstein’s 
equations in the form (eg Weinberg 1972)

(deDonder gauge)

hµ⌫(x) =
1

2mPl

Z

k

e�ik·x

k2


T̃µ⌫(k)� 1

2
⌘µ⌫ T̃

�
�

�

T̃µ⌫ = Tµ⌫
pp + Tµ⌫

g = EM pseudotensor @µT̃
µ⌫ = 0

⇠ h@2h+ h2@2h+ · · ·

Spp = �m

Z
d⌧ + c

Z
d⌧R2

µ⌫↵� + · · ·

lim
r!1

rhTT
ij (~x, t)

<latexit sha1_base64="BGpqXbpohRXF3mMA9a0KAhq5xmc="></latexit>



The radiation field at infinity has a simple relation to the pseudo-tensor evaluated on-shell

h±(t,~n) =
4GN

r

Z
d!

2⇡
e�i!t✏⇤ij±(k)T̃ij(k)

w/ kµ = !(1,~n =
~x

r
)

k2 = 0

(Weinberg 1972)



In practice computing higher order terms in perturbation theory                      is difficult for two 
reasons: 

(v ⌧ 1)

Many terms in the expansion of                      at high orders in T̃µ⌫(x) hµ⌫

Many physically relevant scales

rg = 2GNM

rs(= rg for BH)

Gravitational radius:   

Physical radius:

Orbital scale:

Radiation wavelength

r

�

rg ⇠ rs � r � �

r ⇠ rg/v
2 � ⇠ r/v ⇠ rg/v

3

all correlated to the perturbative expansion parameter



These challenges can be ameliorated by employing some tools from QFT:

Many terms in the expansion of                      at high orders in T̃µ⌫(x) hµ⌫

Organize the expansion in terms of Feynman diagrams

Many physically relevant scales

Treat each scale separately, by constructing 
a tower of gravity Effective Field Theories

hµ⌫ = hpotential
µ⌫ + hrad

µ⌫



The types of Feynman diagrams that are relevant are of the same type as in Duff’s (1973) 
perturbative construction of the Schwarzschild solution:

hµ⌫ = + ++ + · · ·

(NOT A
PROPAGATOR!)



These are tree diagrams coupled to classical (particle sources).  Despite being tree, they have the 
same structure as loop Feynman integrals in QFT.   E.g.,

~̀ �(~̀+ ~k)

~k

⇠ I =

Z
dd�1`

(2⇡)d�1

1
~̀2

1

(~k + ~̀)2
[Numerator]

with interesting UV and IR structure (though at high orders in PT).

Note:   We use dimensional regularization to handle both UV and IR divergences



Diagramatics:

We now assume that internal scales have been integrated out.   We have a 
system of gravitationally bound point particles:

Spp = �
X

a=1,2

Z
d⌧ama +

X

a=1,2

Z
d⌧a

�
cEa E

2
µ⌫ + cBa B

2
µ⌫

�
+ · · ·

where now,

ignoring spin,

S = SEH + Spp



The gravitational “Wilson line”

W = exp i�[h̄, xa] =

Z
[Dhµ⌫ ]b.c’se

iS[h,h̄,xa]

generates all the observables of the (classical) binary system.  
Diagrammatically:

BH1

BH2

t

W = · · ·+ + · · ·

h̄µ⌫

h̄µ⌫

where we split up the metric into a background field and a “fluctuating 
part”: gµ⌫ = ⌘µ⌫ + h̄µ⌫ + hµ⌫

background

and integrate out fluctuations.

fluctuation

= e
P
(BH irreducible diagrams)



For example, 

�[h̄ = 0, xa] =

Z
dtL(xa(t), ẋa(t)) =

generates the equations of motion for the BH trajectories

The linear term in the  background defines an effective energy-
momentum tensor:

two-body 
Lagrangian

�[h̄ =, xa] = · · ·+ 1

2mPl

Z
d4xTµ⌫(x)h̄µ⌫ + · · ·

which can be used to compute radiation at infinity

@µT
µ⌫(x) = 0 (Ward id. for diff 

invariance)



d�h(k) =
1

T

d3k

(2⇡)32|k| |Ah(k)|2,

In particular, with standard in/out (Feynman) b.c.’s, graviton emission amplitude is 

Ah=±2(k) =

Z
d4xeik·x✏⇤µ⌫(h, k)T

µ⌫(x)

yield time-averaged energy and momentum emission rates:

Using in/in boundary conditions (as in cosmology) gives instantaneous 
observables, e.g. radiation field at infinity: 

hṖµih=±2 =

Z
kµd�h(k),

hJ̇i = 2

Z
nd�h=2(k)� 2

Z
nd�h=�2(k),

and the graviton emission rate over T ! 1

hµ⌫(x ! 1, t) =

Z
d4yDret

µ⌫;↵�(x� y)T↵�(y)

which yields the time-dep. waveform seen in the detector.

(Galley and Tiglio, 2009) 



gµ⌫ = ⌘µ⌫ + hµ⌫/mPl

w/ e.g 

SEH = �2m2
Pl

Z
d4x

p
gR

µ, ⌫ ↵,� =
i

k2
Pµ⌫;↵,�

k
(Feynman 
gauge)

To compute the generating function        one could use standard covariant 
Feynman rules obtained by expanding       

W

However, these Feynman rules are not optimal optimal for the NR limit  v ⌧ 1
The diagrams don’t have manifest power counting in the exp. parameter:

⇠ v?⇠ v2 + v4 + · · ·

(NOT A
PROPAGATOR!)==



“radiation”: (E � v/r, ⌥p � v/r)

“potential”: (E � 0, ⌃p � 1/r)

The radiation mode can be regarded as long wavelength background field 
in which potential gravitons propagate

The problem is that the diagrams involve momentum integrals over all 
momentum regions.   However, for NR kinematics, two momentum space 
configurations dominate:

The solution to this problem is well known from NRQED/NRQCD and 
HQET.  Decompose graviton into distinct momentum modes and “pull 
out” short scales:

gµ⌫(x) = ⌘µ⌫ + h̄µ⌫(x) +
X

k

e
ik·x

Hkµ⌫(x
0)

@µh̄ ⇠ v

r
h̄

k ⇠ 1

r

(off-shell)

@µHk ⇠ v

r
Hk



In addition, need to multipole expand the couplings of the radiation mode to the particles 
and to the potentials.   This yields an effective Lagrangian with manifest power counting in 
velocity:

By connecting vertices together, generate the 2-body potentials and the 
interactions of matter with radiation.  

Radiation-potential 
interaction

⇠ v5/2/
p
L

⇠ ~/L ⌧ 1

Pt. particle-Newton 
potential
interaction:

⇠
p
L

Potential graviton cubic 
self-interaction

⇠ v2/
p
L

Drop (for now) quantum corrections suppressed by powers of 



L =
1
2

�

a

ma⌃v
2
a +

GNm1m2

r

Leading order:   
Newton 
(1687)

Next-to-leading (1PN):   Einstein-Infeld 
Hoffman Lagrangian (1938)

LEIH =
1
8

⇤

a

ma⌥v
4
a +

GNm1m2

2r

�
3(⌥v2

1 + ⌥v2
2)� 7⌥v1 · ⌥v2 � (⌥v1 · n)(⌥v1 · n)

⇥

�G2
Nm1m2

2r2



2PN  (1981-2002):     Some of the diagrams are (Gilmore+Ross, PRD 2008)

(simplification of PT via field redefs:  
B. Kol+M. Smolkin, 2007-2008. )

reducible to one-loop integrals via 
IBP:Z

dd�1k

(2⇡)d�1

1

[(k+ p)2]↵[k2]�



4PN order (Foffa, Mastrolia,Sturani,Sturm;2016) (Damour et al; Blanchet et al 2015)

2-body graviton exchange diagrams Equivalent 2-pt fns.

Reduces to 5 master integrals via IBP identities:

Static 2-body Lagrangian:

where �E = 0.57721... is the Euler-Mascheroni constant. Finally, by means of the Fourier
transform formula

�
p

eip⋅rp−2a = �(d�2 − a)

(4⇡)d�2�(a) �
r

2
�

(2a−d)
, (3.18)

one obtains the following Lagrangian term,

L49 = −i lim
d→3
�
p

eip⋅rA49 = (32 − 3⇡
2
)
G5

N
m3

1m
3
2

r5
. (3.19)

4 Results and discussion

The complete 4PN, O(G5
N
) Lagrangian was already presented in [20],

L
G

5
N

4PN
=

3

8

G5
N
m5

1m2

r5
+
G5

N
m4

1m
2
2

r5
�
1690841

25200
+
105

32
⇡2
−
242

3
log

r

r′1
− 16 log

r

r′2
�

+
G5

N
m3

1m
3
2

r5
�
587963

5600
−
71

32
⇡2
−
110

3
log

r

r′1
� + (m1 ↔m2) , (4.1)

where r′1, r′2 are two UV scales which do not contribute to physical observables. Such a
Lagrangian gets contributions from the 50 genuine O(G5

N
) diagrams depicted in fig.1, and

from diagrams at lower orders in GN which are at least quadratic in the accelerations:

L
G

5
N

4PN
=

50

�

a=1La +
3

�

j=1L
G

j
N→G

5
N

4PN
+ (m1 ↔m2) . (4.2)

The evaluation of ∑50
a=1La represents the main result of this work, and it amounts to

50

�

a=1La =
3

8

G5
N
m5

1m2

r5
+
31

3

G5
N
m4

1m
2
2

r5
+
141

8

G5
N
m3

1m
3
2

r5
. (4.3)

The individual contributions La are presented in Appendix B. We observe that, al-
though there appear contributions which are divergent in the d → 3 limit, the sum of all
contributions is finite, hence L does not show up in physical observables.

To obtain the whole expression for the 4PN O(G5
N
) corrections, one would need to

add contributions generated from lower GN terms when using the equations of motion, in
order to eliminate terms quadratic at least in the accelerations. All such contributions have
been computed also in the EFT framework [17], except for LG

3
N→G

5
N

4PN
. We can nevertheless

perform partial checks between eq.(4.3) and eq.(4.1).

The m5
1m2-term. It can be proven that this term does not receive any contribution from

lower GN terms5, and the corresponding coefficient for the two-body Lagrangian of eq.(4.3)
5

Contributions to this term from lower GN orders would come from terms of the type G5−n
N m5−n

1 m2a
n
2

with 2 ≤ n ≤ 4. However, diagrams giving rise to such terms would have exactly one propagator attached

to particle 2, hence a2
2 or higher power of a2 can be taken out by integration by parts instead of by using

the doube zero trick. It can be checked explicitly in [17] that G5−n
N m5−n

1 m2a
n
2 terms do not appear in the

Lagrangian for n = 3,4.

– 11 –



5PN order Static potential has been computed by Foffa, Mastrolia,Sturani,Sturm,Bobadilla; 2019.

Reduces to 7 master integrals, corresponding to 3D massless Feynman 
integrals:

Static gravitational two-body potential to fifth post-Newtonian order Christian Sturm

M0,1
M1,1 M1,2

M1,3 M1,4 M2,2 M3,6

Figure 5: The master integrals appearing in the calculation of the static 4PN contribution are shown.

and with the program Reduze [46, 47]. Five of the seven MIs {M0,1,M1,1,M1,2,M1,3,M1,4} can
be calculated straightforwardly in a closed analytical form in d dimensions. They are expressible
in terms of G-functions. The MI M2,2 always appears multiplied by sufficient high positive powers
of e = (d �3) in the amplitude, so that it drops out in the limit e ! 0. The remaining seventh MI
M3,6 is known in an expansion in e in refs. [48, 21, 49].

Having all even PN orders at hand, the static 5PN contribution to the gravitational two-body
potential has been obtained for the first time in ref. [38] with the help of the factorization property.
It reads:

V (5PN)
static =

5
16

G6
Nm6

1m2

r6 +
91
6

G6
Nm5

1m2
2

r6 +
653
6

G6
Nm4

1m3
2

r6 +(m1 $ m2). (4.1)

The result has been checked in the test-particle limit, in which one considers the body with mass
m2 as a test particle in the gravitational field of the body with mass m1, corresponding to the
Schwarzschild limit which recovers the term linear in m2 and with the highest power in m1. At fifth
PN order this check has been used for the first-time in ref. [38]. In this limit the static effective
Lagrangian reads L m1�m2

static =�m2
p

1�GNm1/r/
p

1+GNm1/r. Its expansion permits to extract
this contribution to the potential at each PN order. Hence, the Schwarzschild metric allows to
predict the coefficients of the terms of the form G`

Nm`
1m2/r` at any n-th PN order with ` = n+ 1,

for example, at 6th PN order the coefficient of the term G7
Nm7

1m2/r7 reads �5/16. Finally eq. (4.1)
has been confirmed in ref. [50] by an independent calculation.

5. Summary and conclusion

We studied the gravitational two-body potential at fourth and fifth PN order in the EFT ap-
proach to GR in the static limit. Its calculation can be mapped onto the determination of four-
and five-loop self-energies, which can be solved with tools commonly used in high-energy particle
physics. We established a factorization property of the static diagrams appearing at odd PN orders,
so that these contributions can be determined recursively from the lower PN order results and no
loop integrals need to be computed. We verified the validity of our factorization theorem at the
lower odd PN orders and applied it to the fifth PN order in order to do a first-time calculation of
the static contributions to the gravitational two-body potential. The factorization property is also
applicable to a large subset of even-PN diagrams, which simplifies their calculation. As a result of
this the factorization property is a powerful tool to simplify higher order PN calculations.

6
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and with the program Reduze [46, 47]. Five of the seven MIs {M0,1,M1,1,M1,2,M1,3,M1,4} can
be calculated straightforwardly in a closed analytical form in d dimensions. They are expressible
in terms of G-functions. The MI M2,2 always appears multiplied by sufficient high positive powers
of e = (d �3) in the amplitude, so that it drops out in the limit e ! 0. The remaining seventh MI
M3,6 is known in an expansion in e in refs. [48, 21, 49].

Having all even PN orders at hand, the static 5PN contribution to the gravitational two-body
potential has been obtained for the first time in ref. [38] with the help of the factorization property.
It reads:
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The result has been checked in the test-particle limit, in which one considers the body with mass
m2 as a test particle in the gravitational field of the body with mass m1, corresponding to the
Schwarzschild limit which recovers the term linear in m2 and with the highest power in m1. At fifth
PN order this check has been used for the first-time in ref. [38]. In this limit the static effective
Lagrangian reads L m1�m2
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1+GNm1/r. Its expansion permits to extract
this contribution to the potential at each PN order. Hence, the Schwarzschild metric allows to
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for example, at 6th PN order the coefficient of the term G7
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1m2/r7 reads �5/16. Finally eq. (4.1)
has been confirmed in ref. [50] by an independent calculation.

5. Summary and conclusion

We studied the gravitational two-body potential at fourth and fifth PN order in the EFT ap-
proach to GR in the static limit. Its calculation can be mapped onto the determination of four-
and five-loop self-energies, which can be solved with tools commonly used in high-energy particle
physics. We established a factorization property of the static diagrams appearing at odd PN orders,
so that these contributions can be determined recursively from the lower PN order results and no
loop integrals need to be computed. We verified the validity of our factorization theorem at the
lower odd PN orders and applied it to the fifth PN order in order to do a first-time calculation of
the static contributions to the gravitational two-body potential. The factorization property is also
applicable to a large subset of even-PN diagrams, which simplifies their calculation. As a result of
this the factorization property is a powerful tool to simplify higher order PN calculations.
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Result for static (velocity independent) 2-body potential:



EFTIII:   Radiation
This is a field theory of radiation coupled to a point object with multipole 
moments.   Most general diff. invariant action:

(Double expansion:           
                                                    )

(WG+Ross, PRD 2010)

S = �
Z

d⌧(�)m(�)�
Z

dxµLab(�)!
ab
µ (x(⌧)) +

1

2

Z
d⌧(�)Iab(�)E

ab(x(⌧))

vµ = ẋµ

eµa=1,2,3

xµ(�)

The time evolution of the moments arises from short dist. 
(potentials) as well as radiative corrections (radiation reaction).

Can regard the moments as time-dependent Wilson 
coefficients (coupling constants).   Radiative corrections in the 
EFT will generate RG flows for them.

�2

3

Z
d⌧Jab(�)B

ab(x) +
1

6

Z
d⌧Iabc(�)rcEab(x) + · · ·

⌘2 = r/� ⇠ v

⌘3 = r/rg ⇠ v3
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b
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Matching and RG Running in the Radiation Sector


Matching:

UV divergences in EFT renormalize the multipole moments.    Logs of 
velocity can be “re-summed” using the renormalization group.

qµ ! 0
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Recent results in the radiation sector of the EFT:

2PN Radiation:    Leibovich, Maia, Rothstein, Yang, 1912.12546.

Logarithms in radiation at 6, 7PN:  Blanchet, Foffa, Larrouturou, Sturani, 1912.12359

Tail+memory effects at NLO (2.5,5PN):   Foffa, Sturani, 1907.02869.

Radiative corrections to conservative dynamics at 4PN:   Foffa, Sturani, 1903.05113; Foffa,  
Porto, Rothstein, Sturani, 1903.05118. 

Radiation reaction for spinning objects at 4PN:  Maia, Galley, Leibovich, Porto, 1705.07934,  
1705.07938.



EFT for BH Horizons

But formalism outlined so far neglects dissipation, ie absorption of energy and 
angular momentum by the compact objects themselves.   

Spp = �m

Z
d⌧ + cE

Z
d⌧Eµ⌫E

µ⌫ + cB

Z
d⌧Bµ⌫B

µ⌫ + · · ·

On general grounds, dissipation implies the existence of low frequency modes               
(eg NS: hydro modes,….  BH:   horizon absorption) not captured by the point 
particle EFT

The results on tidal coefficient suggests that finite size effects are absent for 
black holes.

(WG+ Rothstein, 2005; 2020)



eg, for a Schwarschild black hole, the spectrum contains an infinite tower of 
modes labeled by          .  In this case there are some zero modes:

Mode Freq. J
P

0

1
+

(spin)

0

1
−0

0m(�)

xµ(�)

!ij(�)

SO(3)
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Figure 5. Top: QNM frequencies for gravitational perturbations with l = 2
(black circles) and l = 3 (red diamonds). In both cases we mark by an arrow
the algebraically special mode, given analytically by Eq. (83); a more extensive
discussion of this mode is given in Appendix A. Notice that as the imaginary part
of the frequency tends to infinity the real part tends to a finite, l-independent limit.
Bottom: comparison of the l = |s| QNM frequencies for scalar, electromagnetic
and gravitational perturbations.

Schwarzschild QNMs for 
(Berti et al CQG (2009)):

there are also an infinite tower of “quasinormal modes”… 

(from Kokkotas and Schmidt, gr-qc/9909058).

which are increasingly
 “broad resonances,” rather than 
“quasiparticles”:

` = 2, 3
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Even though the form of the internal spectrum depends on the details of the 
internal structure, can incorporate the effects of dissipation in a model 
independent w/o the need to explicitly track the light DOFs

The idea is to treat the compact object as            as an “atom”, i.e a worldline 
with local operators coupled to gravitons.     For a spherical symmetric object, 
the leading interactions with gravitons take the form 

R ! 0

With operators                                      acting on the Hilbert space of 
internal states.    These are gravitational analogs of the EM dipole interaction

Qab
E (�), Qab

B (�) · · ·

Microscopic properties are then encoded in the correlation functions
〈QE,B · · ·QE,B〉

which can be related to observable quantities of the compact object.

Hem = �~̂p · ~E
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Sint = �
Z

d⌧(�)QE
ab(�)E

ab(x)�
Z

d⌧(�)QB
ab(�)B

ab(x).
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Example:    Classical graviton absorption and power dissipation in 
binary systems

Consider an compact object of mass       .   Graviton absorption amplitude in the object’s rest 
frame: 

M

absorption cross section is 

then, assuming unitarity (even for BHs!):

where the 2-pt. correlators are in the initial state of the compact object

hQE(0)QE(x0)i = hM |QE(0)QE(x0)|Mi

(alternatively, initial state could be mixed/thermal)

�abs(!) = lim
T!1

1

T
· 1

2!

X

X

|A(g(k) +M ! X)|2

iA(gh(k) +M ! X) = hX|Te�i
R
dtHint |k, h;Mi

X

X

|XihX| = I

⇡ �
Z

dthX|QE
ij(t)|Mih0|Eij(t, 0)|k, hi+ (E $ B)
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�abs(!) =
!3

8m2
Pl

Z
dte�i!t✏ij(k)✏

⇤
rs(k)

⇥
hM |QE

rs(0)Q
E
ij(t)|Mi+ hM |QB

rs(0)Q
B
ij(t)|Mi

⇤
,
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For the case of black holes, the low frequency               can be calculated analytically, by finding the 
graviton wavefunctions in the BH background:

�abs(!)

⇤BHhµ⌫ = 0

hµ⌫(x) = e�i!tR`(r)

r
Y `m
µ⌫ (⌦)

Schrodinger eqn for radial modes
=“Regge-Wheeler” eqn.

V`(r) =
⇣
1� rs

r

⌘✓
`(`+ 1)

r2
� 3rs

r3

◆

r⇤ ! 1

V`,s(r
⇤)

�1 

R`(r ! 1) ! e�i!r⇤ +R(!)ei!r⇤

R`(r ! rs) ! T (!)e�i!r⇤

|R(!)|2 + |T (!)|2 = 1

�abs(!) ⇠ |T (!)|2

BCs for scattering:    

(QNMs:   Same eqn. but purely outgoing bc’s at the horizon and infinity)

(r⇤ = r + rs ln |r/rs � 1|)

Matching to the full theory



These absorption coefficients were computed by Page (1975) for massless particles of arbitrary 
spin in the case of Kerr black holes:

P ARTIC LE EMISSION BATE S F ROM A BLACK HOLE:. . . 201

From the behavior of these analytic absorption probabilities at low frequencies for the various angular
modes, one can get the low-frequency (M&«1) absorption cross section for a massless particle of spin
s averaged over all orientations of the black hole:"

s=0
2',

o,(&u}=war ' I; &X(3M'-u'} '
1s 2

s=1 (19}

A(5M'+ &M'g'+ g )&u', s =2.

At high frequencies (M&@» 1}the angle-averaged
cross section for each kind of particle must ap-
proach the geometrical-optics limit of 27mM' for
a nonrotating hole and roughly the same value for
a rotating hole. " Thus the cross sections are
smaller at low frequencies. As the frequency is
reduced to zero, the cross sections retain finite
values for neutrinos and hypothetical spin-0 mass-
less particles and go to zero as the frequency
squared for photons and as the frequency to the
fourth power for gravitons.
Combining the low-frequency absorption prob-

abilities (13) and (14) with the thermal factor (4)
for a black hole with negligible rotation, one gets
the emission rate in a given angular and polari-
zation eigenstate for low frequencies,

d & P (l- s)!(I+s)! ' „+,
dfd+ ~ 4v (2 f )!(2l + 1) !!

(20)

where P=2 for bosons and P=7t' for fermions. The
fractional errors are of order M(~-mQ). Thus in
each case the emission rate at low frequencies
goes as td, and the power goes as + . This
qualitative behavior causes the particles with low-
er spine (and thus lower l allowed, since l ~ s) to
be emitted faster from a nonrotating hole, there-
by dominating the low-frequency power drain from
such a hole. However, the analytic expressions
for low frequency break down long before the
actual spectra peak, so numerical calculations
are needed to determine whether and to what ex-
tent this effect holds also for the total power drain.

III. NUMERICAL CALCULATIONS

The particle emission rates were calculated by
using Hawking's formula (4) and Eq. (11)with the
absorption probabilities ~ computed by the method
of Ref. 9, Sec. VII, using Bardeen's transforma-
tion discussed therein to allow stable integration
of the Teukolsky equation from the horizon to in-
finity. A purely ingoing solution was chosen on
the horizon, and after this solution was numeri-

cally integrated out to a sufficiently large radius,
it was resolved into ingoing and outgoing waves at
infinity. Then I' was calculated as the ratio of the
energy going down the hole to the energy of the
ingoing wave at infinity, and the thermal factors
were multiplied in to give the quantum emission
rates. These rates were multiplied by the energy
or angular momentum of each particle, integrated
over frequency, and summed over all angular
modes, polarizations, and species of particles to
give the total power and torque emitted [cf. Eq.
(12)] .
The accuracy of the numerical result was limited

by the step size in integrating the Teukolsky
equation, the radius where the resolution into in-
going and outgoing waves is made, and the step
size in integrating the spectra. To keep these
three sources of error under control, variable
step sizes were used with an error criterion for
each step, and the resolution into ingoing and out-
going waves was required to be the same within
a certain accuracy at two different radii. Thus the
total error was governed by three accuracy criter-
ia, and these were chosen for each mode to give
roughly the same effect on the final result so that
the result might have nearly the greatest accuracy
possible for a given computer machine time.
The numerical calculations of the emission rates

compared favorably with Eq. (20} at low frequen-
cies, although departures from the extended
Starobinsky- Churilov expression become signifi-
cant at fairly small values of M&. For example,
the actual value of 1 for neutrinos with l = ~

becomes 50% larger than that given by Eq. (14}
when Mt'd =0.05. This effect prevents one from
getting an accurate estimate of the total power
and torque emitted by inserting (13) and (14) into
(12). [One might have expected such an estimate
to be fairly accurate on grounds that the exponen-
tial of 8'~ (for a nonrotating hole) in the denom-
inator of (12) might become large and make the
integrand small before the expression for I' de-
velops serious errors. ] In fact, such an estimate
gave only 35% of the actual total power in neu-

Using his result we can match the two-point functions in the case s = 2
Z

dtei!thM |QE,B
ij (t)QE,B

kl (0)|Mi = 1

2
A+(!)

✓
�ik�jl + �il�jk � 2

3
�ij�kl

◆
,
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4m2
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(rs!)4

45
+O(rs!)
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�
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and

A+(! > 0) =
1

2GN

r6s!

45
+O(r8s!

3).
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A+(! < 0) = 0
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IF NO EMISSION FROM BH

“Boulware
state”



Same correlation functions encode dissipative effects in binary dynamics.   First consider the case of 
a BH in a background gravitational field, with                   curvature scale.   Pt. particle action:rs ⌧ R =
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Dissipative particle mechanics

S = Spp + SX
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�
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SX =

Z
d�eLX(X, e�1Ẋ)�

Z
d�eQE

µ⌫(X, e)Eµ⌫(x, p)�
Z

d�eQB
µ⌫(X, e)Bµ⌫(x, p)
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Hamiltonian form of pt. particle action:

Action for worldline localized DOFs:

ds = ed�
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(RPI worldline 
parameter)

explicit form of the internal Lagrangian                                    is not important.               LX = LX(X, e�1Ẋ)
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+ · · ·
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Schwinger-Keldysh variational principle:

We treat the internal modes quantum mechanically.    Since we are solving an initial value problem, 
the correct formulation of the EFT is the IN-IN (closed time path) formalism (see Galley+Tiglio, 
2009)
Effective action for orbital DOFs                      obtained by integrating out internal modes from the 
Schwinger-Keldysh path integral                     

� = (xµ, pµ)
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<latexit sha1_base64="fA+0+9NnWcKaqv3dG44Poa/sy4k=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokU7LHgxWMF+wFtKJvtpF262YTdiVBif4YXD4p49dd489+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJxqDm0ey1j3AmZACgVtFCihl2hgUSChG0xvc7/7CNqIWD3gLAE/YmMlQsEZWqn/JNRAMzWWUB5Wqm7NXYCuE68gVVKgNax8DUYxTyNQyCUzpu+5CfoZ0yi4hHl5kBpIGJ+yMfQtVSwC42eLk+f00iojGsbalkK6UH9PZCwyZhYFtjNiODGrXi7+5/VTDBt+JlSSIii+XBSmkmJM8//pSGjgKGeWMK6FvZXyCdOMo00pD8FbfXmddK5rXr1Wv69Xm40ijhI5JxfkinjkhjTJHWmRNuEkJs/klbw56Lw4787HsnXDKWbOyB84nz8UV5EX</latexit>

|ini

<latexit sha1_base64="fA+0+9NnWcKaqv3dG44Poa/sy4k=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KokU7LHgxWMF+wFtKJvtpF262YTdiVBif4YXD4p49dd489+4aXPQ1gcDj/dmmJkXJFIYdN1vZ2Nza3tnt7RX3j84PDqunJx2TJxqDm0ey1j3AmZACgVtFCihl2hgUSChG0xvc7/7CNqIWD3gLAE/YmMlQsEZWqn/JNRAMzWWUB5Wqm7NXYCuE68gVVKgNax8DUYxTyNQyCUzpu+5CfoZ0yi4hHl5kBpIGJ+yMfQtVSwC42eLk+f00iojGsbalkK6UH9PZCwyZhYFtjNiODGrXi7+5/VTDBt+JlSSIii+XBSmkmJM8//pSGjgKGeWMK6FvZXyCdOMo00pD8FbfXmddK5rXr1Wv69Xm40ijhI5JxfkinjkhjTJHWmRNuEkJs/klbw56Lw4787HsnXDKWbOyB84nz8UV5EX</latexit>

t = t0

<latexit sha1_base64="cZLc/JgHDlXjSsKLPEzjSayBdcg=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokU7EUoePFYwbSFNpTNdtMu3WzC7kQoob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut7OxubW9s1vaK+8fHB4dV05O2ybJNOM+S2SiuyE1XArFfRQoeTfVnMah5J1wcjf3O09cG5GoR5ymPIjpSIlIMIpW8vEWB+6gUnVr7gJknXgFqUKB1qDy1R8mLIu5QiapMT3PTTHIqUbBJJ+V+5nhKWUTOuI9SxWNuQnyxbEzcmmVIYkSbUshWai/J3IaGzONQ9sZUxybVW8u/uf1MowaQS5UmiFXbLkoyiTBhMw/J0OhOUM5tYQyLeythI2ppgxtPmUbgrf68jppX9e8eq3+UK82G0UcJTiHC7gCD26gCffQAh8YCHiGV3hzlPPivDsfy9YNp5g5gz9wPn8AXASOXQ==</latexit>

t = 1

<latexit sha1_base64="RrNR0UJA68ni/xwi4FLfTXeTcxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYC9CwYvHCvYD2lA22027dLOJuxOhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0ikMOi6305hY3Nre6e4W9rbPzg8Kh+ftE2casZbLJax7gbUcCkUb6FAybuJ5jQKJO8Ek9u533ni2ohYPeA04X5ER0qEglG0Uhdv+kKFOB2UK27VXYCsEy8nFcjRHJS/+sOYpRFXyCQ1pue5CfoZ1SiY5LNSPzU8oWxCR7xnqaIRN362uHdGLqwyJGGsbSkkC/X3REYjY6ZRYDsjimOz6s3F/7xeimHdz4RKUuSKLReFqSQYk/nzZCg0ZyinllCmhb2VsDHVlKGNqGRD8FZfXiftq6pXq9bua5VGPY+jCGdwDpfgwTU04A6a0AIGEp7hFd6cR+fFeXc+lq0FJ585hT9wPn8AHE2P/g==</latexit>

X

<latexit sha1_base64="Gkx4lXqcqfko1icSCnaooHk9o7E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYI8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzCxBP6JjyUPOqLFSqzcsV9yquwTZJF5OKpCjOSx/DUYxSyOUhgmqdd9zE+NnVBnOBM5Lg1RjQtmUjrFvqaQRaj9bHjonV1YZkTBWtqQhS/X3REYjrWdRYDsjaiZ63VuI/3n91IR1P+MySQ1KtloUpoKYmCy+JiOukBkxs4Qyxe2thE2ooszYbEo2BG/95U3Sual6tWqtVas06nkcRbiAS7gGD26hAffQhDYwQHiGV3hzHp0X5935WLUWnHzmHP7A+fwBtP2M2Q==</latexit>

X̃

<latexit sha1_base64="3hzVKzgoQHx3RQNq+loZ6LQIxzA=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KokU7LHgxWMF+4FtKJvNpF262YTdjVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXpIJr47rfzsbm1vbObmmvvH9weHRcOTnt6CRTDNssEYnqBVSj4BLbhhuBvVQhjQOB3WByO/e7T6g0T+SDmabox3QkecQZNVZ6zAeGixBJbzasVN2auwBZJ15BqlCgNax8DcKEZTFKwwTVuu+5qfFzqgxnAmflQaYxpWxCR9i3VNIYtZ8vLp6RS6uEJEqULWnIQv09kdNY62kc2M6YmrFe9ebif14/M1HDz7lMM4OSLRdFmSAmIfP3ScgVMiOmllCmuL2VsDFVlBkbUtmG4K2+vE461zWvXqvf16vNRhFHCc7hAq7Agxtowh20oA0MJDzDK7w52nlx3p2PZeuGU8ycwR84nz9rEpC5</latexit>

Equations of motion extremize the Schwinger-Keldysh action:

�

��(�)
�[�, e; �̃, ẽ]

����
�̃,ẽ=�,e

= 0.

<latexit sha1_base64="cw5snApTEjL4Ay5BIusduq3xwWM="></latexit>



For the system                        , variation of the IN-IN action yields:S = Spp + SX

<latexit sha1_base64="z2ibAs3hpzw2MOPsTN9vrveLDbQ=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRZBEMquFOxFKHjxWKn9gHZZsmm2Dc1mQ5IVytK/4cWDIl79M978N6btHrT1wcDjvRlm5oWSM21c99spbGxube8Ud0t7+weHR+Xjk45OUkVomyQ8Ub0Qa8qZoG3DDKc9qSiOQ0674eRu7nefqNIsEY9mKqkf45FgESPYWGnQum0FmZSzq1bQC8oVt+ougNaJl5MK5GgG5a/BMCFpTIUhHGvd91xp/Awrwwins9Ig1VRiMsEj2rdU4JhqP1vcPEMXVhmiKFG2hEEL9fdEhmOtp3FoO2NsxnrVm4v/ef3URHU/Y0KmhgqyXBSlHJkEzQNAQ6YoMXxqCSaK2VsRGWOFibExlWwI3urL66RzXfVq1dpDrdKo53EU4QzO4RI8uIEG3EMT2kBAwjO8wpuTOi/Ou/OxbC04+cwp/IHz+QNliJE+</latexit>

p
2 = m

2 + 2hHX +Hinti

<latexit sha1_base64="Z8rjrhmY82gavoeFSxNEnJ5Ikxo=">AAACFHicbVBNS8MwGE7n15xfVY9egkMQBqMdA3cRBl52nOA+YK0lzdItLE1Lkgqj7Ed48a948aCIVw/e/DemXQ+6+ULCk+d5X948jx8zKpVlfRuljc2t7Z3ybmVv/+DwyDw+6csoEZj0cMQiMfSRJIxy0lNUMTKMBUGhz8jAn91k+uCBCEkjfqfmMXFDNOE0oBgpTXlmLb5vwGsY6rsGG9BhiE8YgR1vqN8dL6VcLRyRkxXPrFp1Ky+4DuwCVEFRXc/8csYRTkLCFWZIypFtxcpNkVAUM7KoOIkkMcIzNCEjDTkKiXTT3NQCXmhmDINI6MMVzNnfEykKpZyHvu4MkZrKVS0j/9NGiQparjYWJ4pwvFwUJAyqCGYJwTEVBCs21wBhQfVfIZ4igbDSOWYh2KuW10G/Ubeb9eZts9puFXGUwRk4B5fABlegDTqgC3oAg0fwDF7Bm/FkvBjvxseytWQUM6fgTxmfP/2fm68=</latexit>

�

�e
:

<latexit sha1_base64="dx+ueAPx2085sdIabXwo5YcM+qc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVECoqrohuXFewDmlAmk5t26GQSZiZCCXXjr7hxoYhb/8Kdf+O0zUJbDwwczjmXO/cEKWdKO863VVpZXVvfKG9WtrZ3dvfs/YO2SjJJoUUTnshuQBRwJqClmebQTSWQOODQCUY3U7/zAFKxRNzrcQp+TAaCRYwSbaS+fZR7IXBNvMSk5hTDBF/hvl11as4MeJm4BamiAs2+/eWFCc1iEJpyolTPdVLt50RqRjlMKl6mICV0RAbQM1SQGJSfzy6Y4FOjhDhKpHlC45n6eyInsVLjODDJmOihWvSm4n9eL9PRpZ8zkWYaBJ0vijKOdYKndeCQSaCajw0hVDLzV0yHRBKqTWkVU4K7ePIyaZ/X3HqtflevNq6LOsroGJ2gM+SiC9RAt6iJWoiiR/SMXtGb9WS9WO/WxzxasoqZQ/QH1ucP2gSWfQ==</latexit>

HX = � �

�e

Z
d�eLX(X, e

�1
Ẋ) = Ẋ

@LX

@Ẋ
� LX =

<latexit sha1_base64="H5LaHBxrLbhmlYoAtEKj7hx725M="></latexit>

Hint =
�

�e

Z
d�e

�
Q

E
µ⌫E

µ⌫ +Q
B
µ⌫B

µ⌫
�
=

<latexit sha1_base64="Y9CWZQ1UWDfeFNBC8pgCNrnPTWQ="></latexit>

Internal
Hamiltonian

Tidal interaction

�

�xµ
:

<latexit sha1_base64="i/+fGge97rEpUlKj9LTcOoVsluE=">AAACBHicbVC7TsMwFHXKq5RXgLGLRYXEVCWoEoipgoWxSPQhNaFyHKe1aseR7SCqqAMLv8LCAEKsfAQbf4PTZoCWI1k6OudcXd8TJIwq7TjfVmlldW19o7xZ2dre2d2z9w86SqQSkzYWTMhegBRhNCZtTTUjvUQSxANGusH4Kve790QqKuJbPUmIz9EwphHFSBtpYFczLyRMI0+Y1JzChzuPp9OLysCuOXVnBrhM3ILUQIHWwP7yQoFTTmKNGVKq7zqJ9jMkNcWMTCteqkiC8BgNSd/QGHGi/Gx2xBQeGyWEkZDmxRrO1N8TGeJKTXhgkhzpkVr0cvE/r5/q6NzPaJykmsR4vihKGdQC5o3AkEqCNZsYgrCk5q8Qj5BEWJve8hLcxZOXSee07jbqjZtGrXlZ1FEGVXAEToALzkATXIMWaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/o7WYFA==</latexit>

D

Ds
pµ ⌘ dx⇢

ds
r⇢p

µ = hQE
⇢�irµE⇢� + hQB

⇢�irµB⇢�

<latexit sha1_base64="uQ8CCpYoXhh3N8YH/ERcjnYrRUM="></latexit>

(encodes transfer of energy bet. orbital and internal modes)

pµ =
dxµ

ds

<latexit sha1_base64="nLrehG0Sx+dHpbioWblBaALKmZU=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJUZKdiNUHDjsoJ9QGcsmUymDU0mQ5IRy1A3/oobF4q49S/c+Tdm2llo64HA4ZxzubknSBhV2nG+rdLK6tr6RnmzsrW9s7tn7x90lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxVe5374lUVMS3epIQn6NhTCOKkTbSwD5K7jyewkuYhQ8584RJw1BNB3bVqTkzwGXiFqQKCrQG9pcXCpxyEmvMkFJ910m0nyGpKWZkWvFSRRKEx2hI+obGiBPlZ7MLpvDUKCGMhDQv1nCm/p7IEFdqwgOT5EiP1KKXi/95/VRHDT+jcZJqEuP5oihlUAuY1wFDKgnWbGIIwpKav0I8QhJhbUqrmBLcxZOXSee85tZr9Zt6tdko6iiDY3ACzoALLkATXIMWaAMMHsEzeAVv1pP1Yr1bH/NoySpmDsEfWJ8/EMaWoA==</latexit>

(tidal force on CM momentum)

Here, the expectation value of an operator is defined as

hO[X]i =

Z
DXDX̃eiS[�,e,X]�iS[�,eX̃]

O[X]

<latexit sha1_base64="S2+oGCOVAKc9BiuqvoDrZarpqFo="></latexit>



For example, the presence of background curvature induces a non-zero expectation value for the 
quadrupole operators.   In the linear response approximation (drop curvature squared terms)

hQE
µ⌫(s)i =

Z
ds0GE;ret

µ⌫;⇢�(s� s0)E⇢�(x(s0)) +O(E2),

<latexit sha1_base64="7pdRXqSWDOTkKmk85Z2RYYu9MvE="></latexit>

with the Green’s function 

GE;ret
µ⌫,⇢�(s� s0) = �i✓(s� s0)h[QE

µ⌫(s), Q
E
⇢�(s

0)]i

<latexit sha1_base64="N5e/3T301wZIaUeVDWX+OQ8uYgk="></latexit>

is the retarded (causal) Green’s function of the operator    QE
µ⌫

<latexit sha1_base64="2jsUlLnFBCnPIoMyPJmyk3ErSS8=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBA8hV0JmGNABI8JmAdk1zA7mSRDZmaXeQhhyW948aCIV3/Gm3/jJNmDJhY0FFXddHfFKWfa+P63t7G5tb2zW9gr7h8cHh2XTk7bOrGK0BZJeKK6MdaUM0lbhhlOu6miWMScduLJ7dzvPFGlWSIfzDSlkcAjyYaMYOOksPl4189CYUNpZ/1S2a/4C6B1EuSkDDka/dJXOEiIFVQawrHWvcBPTZRhZRjhdFYMraYpJhM8oj1HJRZUR9ni5hm6dMoADRPlShq0UH9PZFhoPRWx6xTYjPWqNxf/83rWDGtRxmRqDZVkuWhoOTIJmgeABkxRYvjUEUwUc7ciMsYKE+NiKroQgtWX10n7uhJUK9VmtVyv5XEU4Bwu4AoCuIE63EMDWkAghWd4hTfPei/eu/exbN3w8pkz+APv8wcd6ZG3</latexit>

(similar equation holds for the magnetic curvature and quadrupole…)



Wightman vs. Retarded Green’s function.
In particular, consider a BH at rest at the origin placed in a background tidal field.   The induced 
quadrupole moment is then 

hQij(t)i = �2cEĒij(t, 0) +

Z 1

�1
dt0GR

ij,rs(t� t0)Ērs(t
0, 0),

<latexit sha1_base64="5tyu8uMissdkRBMZTqQVBDD5iWw="></latexit>

where I have also included the contribution of a term Spp � cE

Z
d⌧Eµ⌫E

µ⌫ + cB

Z
d⌧Bµ⌫B

µ⌫

<latexit sha1_base64="RL9TR4jDuvxnCVZuhIsC7SoWA2k="></latexit>

In frequency space,  can think of this as an “AC” (freq. dep.) Love number.   

hQij(!)i = �2cE(!)Ēij(!, 0),
<latexit sha1_base64="vx3uhMGTuhlxEK9pyrT94dIFrXM="></latexit>

cE(!) = cE � 1

2
GR(!) = cE � 1

2

Z 1

�1

d!0

2⇡

A+(!0)�A+(�!0)

! � !0 + i✏
.

<latexit sha1_base64="WZ2U0fUzU/9nT6QP3Y1lhBPr5BQ="></latexit> “dynamical Love number”

cE(!)|classical =
ir6s!

360GN
+O(r8s!

2).
<latexit sha1_base64="CJo343SCwf9ExuTr6dcJxTHXxnI="></latexit>

(tune                               to ensure
vanishing static Love number)

RecE(! ! 0) = 0

In the last line, I used a dispersion relation to related retarded correlator to           .   Given the 
matching result                                         as well as the vanishing of the static Love number yields 
a prediction for the response fn.

hQQi

<latexit sha1_base64="fJ0y+/rrud+PAXsLIp4UXfmAhx4=">AAAB+3icbZBNS8NAEIYnftb6VevRy2IRPJVECvZY8OKxBfsBbSib7aRdutmE3Y1YQv+KFw+KePWPePPfuE170NYXFh7emWFm3yARXBvX/Xa2tnd29/YLB8XDo+OT09JZuaPjVDFss1jEqhdQjYJLbBtuBPYShTQKBHaD6d2i3n1EpXksH8wsQT+iY8lDzqix1rBUHggqxwJJi7QGKsdhqeJW3VxkE7wVVGCl5rD0NRjFLI1QGiao1n3PTYyfUWU4EzgvDlKNCWVTOsa+RUkj1H6W3z4nV9YZkTBW9klDcvf3REYjrWdRYDsjaiZ6vbYw/6v1UxPW/YzLJDUo2XJRmApiYrIIgoy4QmbEzAJlittbCZtQRZmxcRVtCN76lzehc1P1atVaq1Zp1FdxFOACLuEaPLiFBtxDE9rA4Ame4RXenLnz4rw7H8vWLWc1cw5/5Hz+ADapk+I=</latexit>

A+(!) = ✓(!)r6s!/90GN

<latexit sha1_base64="vE6YVUVBumKdPQd9yfXBsFg1AKY=">AAACFXicbVDLSgNBEJz1bXytevQyGARFibsSNB6EiAc9SQSjQhKX2UlvMmT2wUyvEII/4cVf8eJBEa+CN//GSbKCr4KB6qpuerr8RAqNjvNhjYyOjU9MTk3nZmbn5hfsxaULHaeKQ5XHMlZXPtMgRQRVFCjhKlHAQl/Cpd856vuXN6C0iKNz7CbQCFkrEoHgDI3k2VuH3uZ6PQ6hxTYO6tgGZF8lVZ6+3h0W2/vOsXfq2Xmn4AxA/xI3I3mSoeLZ7/VmzNMQIuSSaV1znQQbPaZQcAm3uXqqIWG8w1pQMzRiIehGb3DVLV0zSpMGsTIvQjpQv0/0WKh1N/RNZ8iwrX97ffE/r5ZiUGr0RJSkCBEfLgpSSTGm/YhoUyjgKLuGMK6E+SvlbaYYRxNkzoTg/j75L7nYKbjFQvGsmC+XsjimyApZJevEJXukTE5IhVQJJ3fkgTyRZ+veerRerNdh64iVzSyTH7DePgGXpp0v</latexit>

(see also Steinhoff et al, 2013)



Stated covariantly, this implies that the transverse traceless response is 

hQE
µ⌫(s)i =

r6s
180GN

✓
Pµ

⇢P⌫
� � 1

3
Pµ⌫P

⇢�

◆
Ė⇢�(x(s)) + · · ·

<latexit sha1_base64="3tQgi3j1E1gOchhg/Jz0DD8KRNA="></latexit>

Ėµ⌫ = ẋ�r�Eµ⌫

<latexit sha1_base64="/LLjcfAu3gnDDVJw0NM9Z+goE+I=">AAACI3icbVDLSgMxFM34rPVVdekmWARXZUYKFkEQRHBZwbZCZxzupJkaTDJDkhHLMP/ixl9x40Ipblz4L6YPRKsHAifn3HuTe6KUM21c98OZm19YXFourZRX19Y3Nitb222dZIrQFkl4oq4j0JQzSVuGGU6vU0VBRJx2oruzkd+5p0qzRF6ZQUoDAX3JYkbAWCmsHOd+LzH4vAhzX2S+zAp8MpEeihtfs74AX0LEIZxc8Pl3YVipujV3DPyXeFNSRVM0w8rQDiaZoNIQDlp3PTc1QQ7KMMJpUfYzTVMgd9CnXUslCKqDfLxjgfet0sNxouyRBo/Vnx05CK0HIrKVAsytnvVG4n9eNzNxI8iZTDNDJZk8FGccmwSPAsM9pigxfGAJEMXsXzG5BQXE2FjLNgRvduW/pH1Y8+q1+mW9etqYxlFCu2gPHSAPHaFTdIGaqIUIekTP6BW9OU/OizN03ielc860Zwf9gvP5BaBFpXo=</latexit>

Pµ⌫ = gµ⌫ � pµp⌫

p2

<latexit sha1_base64="BRd4B0JQFZ/R0ge7Bj6rzt7wVrc=">AAACF3icbZDLSgMxFIYz9VbrbdSlm2AR3DjMlILdCAU3LivYC3TakkkzbWgmM+QilGHewo2v4saFIm5159uYtoNo64GEL/85J8n5g4RRqVz3yyqsrW9sbhW3Szu7e/sH9uFRS8ZaYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1gcj3Lt++JkDTmd2qakF6ERpyGFCNlpIHtNPqpH2mf6+xq9IPwAqZJ3xyg2bn2Y3OFwUo2sMuu484DroKXQxnk0RjYn/4wxjoiXGGGpOx6bqJ6KRKKYkaykq8lSRCeoBHpGuQoIrKXzufK4JlRhjCMhVlcwbn6uyNFkZTTKDCVEVJjuZybif/lulqFtV5KeaIV4XjxUKgZVDGcmQSHVBCs2NQAwoKav0I8RgJhZawsGRO85ZFXoVVxvKpTva2W67XcjiI4AafgHHjgEtTBDWiAJsDgATyBF/BqPVrP1pv1vigtWHnPMfgT1sc3LfGf5A==</latexit>

hQB
µ⌫(s)i =

r6s
180GN

✓
Pµ

⇢P⌫
� � 1

3
Pµ⌫P

⇢�

◆
Ḃ⇢�(x(s)) + · · · ,

<latexit sha1_base64="Mciq2aCJv3xf6zoWqq7cNBZ/23Q="></latexit>

Ḃµ⌫ = ẋ�r�Bµ⌫

<latexit sha1_base64="e8UxGT9SR0ERkBvOidbAgWZHGLU=">AAACI3icbVDLSgMxFM34rPVVdekmWARXZUYKFkEQ3bisYFuhMw530kwNJpkhyYhlmH9x46+4caEUNy78F9MHotUDgZNz7r3JPVHKmTau++HMzS8sLi2XVsqra+sbm5Wt7bZOMkVoiyQ8UdcRaMqZpC3DDKfXqaIgIk470d35yO/cU6VZIq/MIKWBgL5kMSNgrBRWjnO/lxh8VoS5LzJfZgU+mUgPxY2vWV+ALyHiEE4u+Oy7MKxU3Zo7Bv5LvCmpoimaYWVoB5NMUGkIB627npuaIAdlGOG0KPuZpimQO+jTrqUSBNVBPt6xwPtW6eE4UfZIg8fqz44chNYDEdlKAeZWz3oj8T+vm5m4EeRMppmhkkweijOOTYJHgeEeU5QYPrAEiGL2r5jcggJibKxlG4I3u/Jf0j6sefVa/bJePW1M4yihXbSHDpCHjtApukBN1EIEPaJn9IrenCfnxRk675PSOWfas4N+wfn8ApZ5pXQ=</latexit>

So the tidal friction on a black hole moving in a background field is 
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<latexit sha1_base64="ZUVgAMJYYIkNkuRJkIxKHHUvfj8="></latexit>

and thus the BH gains mass at rate, 
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<latexit sha1_base64="prkaT2qSH1AwaVTKwFBCq3DFFW8="></latexit>

consistent with (time averaged) results in D’Eath (1975), Poisson (2004)



Dissipation in PN and PM binary black hole systems

(a)
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Figure 1. Potential exchange diagrams that contribute to the two-particle action Sint. In (a) the particles
interact through the minimal gravitational interaction. Figure (b) is the term in Sint generated by the
quadrupole couplings of particle 1 (a similar diagram with 1 $ 2 has been omitted).

To integrate out the potential graviton modes, we fix deDonder gauge in which the graviton

propagator has the form Dµ⌫,↵�(x) = Pµ⌫,↵�D(x), where Pµ⌫,↵� = 1
2 [⌘µ↵⌘⌫� + ⌘µ�⌘⌫↵ � ⌘µ⌫⌘↵� ]

and

D(x) =

Z
d
4
k

(2⇡)4
e
ik·x i

k2
(3.2)

is the massless propagator. The i✏ prescription is not specified since we are in a kinematic regime

in which the exchanged graviton is o↵-shell (the e↵ects of radiation are higher order in the PM

or PN power counting). Then to leading order in powers of GN the gravitational interaction

(neglecting internal structure) is given by Fig. 1(a),

Sint = 8⇡iGN

Z
ds1ds2


(p1 · p2)

2
�

1

2
p
2
1p

2
2

�
D(x12) + · · · . (3.3)

Here and in what follows we drop UV power-divergent self-interaction diagrams in which potential

gravitons are emitted and re-absorbed by the same particle. Such divergences may be absorbed

into the coe�cients of local terms in the point particle action.

The internal dynamics mediated by the quadrupole operators generates an additional contri-

bution to Sint, which to leading order in GN is given by the Feynman diagrams in Fig. 1(b) and

takes the form

Sint = · · · + 8⇡iGN
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⇤
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(3.4)

where we define
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µ⌫,⇢� =
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⌘
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⌘
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(3.6)

with ✏
µ⌫ = ✏µ⌫⇢�p

⇢
1p

�
2 . TE,2

µ⌫,⇢� and TB,2
µ⌫,⇢� are similarly defined by exchanging p1 $ p2 in these

equations. Note that all variables appearing in Eqs. (3.4), (3.5), (3.6) have arbitrary dependence

on the worldline parameters s1,2. For example, x
µ
1 = x

µ
1 (s1), p

µ
1 = p

µ
1 (s1), etc.. Finally, we are

ignoring spin, so there is no distinction between global (flat space) indices and local indices in

these expressions.

– 7 –

Now we assume a separation of scales                      (PM) or                               (PN), in the two-
body system, so that the gravitational interaction is perturbative. 

GNE/b ⌧ 1

<latexit sha1_base64="ZylkTVkjT0KKHIM8ZpDvEPJfI18=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU92Vgj0WRPQkFewHdJeSTbNtaDZZkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48amuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2E4+uZ33miSjMpHs0koUGMh4JFjGBjJf+2f49uLkKfc+T1yxW36s6BVomXkwrkaPbLX/5AkjSmwhCOte55bmKCDCvDCKfTkp9qmmAyxkPas1TgmOogm988RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP+8XmqiepAxkaSGCrJYFKUcGYlmAaABU5QYPrEEE8XsrYiMsMLE2JhKNgRv+eVV0r6serVq7aFWadTzOIpwAqdwDh5cQQPuoAktIJDAM7zCm5M6L86787FoLTj5zDH8gfP5Aw2QkF4=</latexit>

v2 ⇠ GNM/r ⌧ 1

<latexit sha1_base64="HW3NyFQAtBcpPQtDE5LbBVx4gzc=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzpTCnZZcKEbpYJ9QGccMmmmDU0yQ5Ip1FL8FTcuFHHrf7jzb0zbWWjrgQuHc+7l3nvChFGlHefbyq2srq1v5DcLW9s7u3v2/kFTxanEpIFjFst2iBRhVJCGppqRdiIJ4iEjrXBwOfVbQyIVjcW9HiXE56gnaEQx0kYK7KPhQ9lTlMOr4BbenEuPMegGdtEpOTPAZeJmpAgy1AP7y+vGOOVEaMyQUh3XSbQ/RlJTzMik4KWKJAgPUI90DBWIE+WPZ9dP4KlRujCKpSmh4Uz9PTFGXKkRD00nR7qvFr2p+J/XSXVU9cdUJKkmAs8XRSmDOobTKGCXSoI1GxmCsKTmVoj7SCKsTWAFE4K7+PIyaZZLbqVUuasUa9Usjjw4BifgDLjgAtTANaiDBsDgETyDV/BmPVkv1rv1MW/NWdnMIfgD6/MHOsqTwg==</latexit>

In this case, we can view the grav. force as being mediated by the exchange of an off-shell 
(“potential”) graviton.    (On-shell radiation is higher order in the power counting)

Sint[x↵, p↵] =

<latexit sha1_base64="rfLkGuWcQpLvVkqBCY5kDV1PTtw=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBFcSEmkoBuh6MZlRfuANISb6aQdOpmEmYlYSldu/BU3LhRx6ze482+ctllo64GBwzn3cuecMOVMacf5thYWl5ZXVgtrxfWNza1te2e3oZJMElonCU9kKwRFORO0rpnmtJVKCnHIaTPsX4395j2ViiXiTg9S6sfQFSxiBLSRAvvgNhgyoUfeQ9AGnvbgJM2Jjy9wYJecsjMBniduTkooRy2wv9qdhGQxFZpwUMpznVT7Q5CaEU5HxXamaAqkD13qGSogpsofTmKM8JFROjhKpHlC44n6e2MIsVKDODSTMeiemvXG4n+el+no3Dcx00xTQaaHooxjneBxJ7jDJCWaDwwBIpn5KyY9kEC0aa5oSnBnI8+TxmnZrZQrN5VS9TKvo4D20SE6Ri46Q1V0jWqojgh6RM/oFb1ZT9aL9W59TEcXrHxnD/2B9fkDpb+YlA==</latexit>

+ · · ·+

<latexit sha1_base64="wH1WR1AAeMxKNItPzpS/9qJ3ckY=">AAAB73icbVBNS8NAEJ34WetX1aOXYBGEQkmkYI8FLx4r2A9oQ9lstu3SzW7cnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YSK4Qc/7djY2t7Z3dgt7xf2Dw6Pj0slp26hUU9aiSijdDYlhgkvWQo6CdRPNSBwK1gknt3O/88S04Uo+4DRhQUxGkg85JWilbqVPI4WmMiiVvaq3gLtO/JyUIUdzUPrqR4qmMZNIBTGm53sJBhnRyKlgs2I/NSwhdEJGrGepJDEzQba4d+ZeWiVyh0rbkugu1N8TGYmNmcah7YwJjs2qNxf/83opDutBxmWSIpN0uWiYCheVO3/ejbhmFMXUEkI1t7e6dEw0oWgjKtoQ/NWX10n7uurXqrX7WrlRz+MowDlcwBX4cAMNuIMmtICCgGd4hTfn0Xlx3p2PZeuGk8+cwR84nz99ho+W</latexit>

+ · · ·

<latexit sha1_base64="xBxu5i5OF9GZbTJH5pU+ELjttj8=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBEEoSRSsMeCF48V7Ae0oWw2m3bpZjfsToQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MBXcoOd9OxubW9s7u6W98v7B4dFx5eS0Y1SmKWtTJZTuhcQwwSVrI0fBeqlmJAkF64aTu7nffWLacCUfcZqyICEjyWNOCVqpez2gkUIzrFS9mreAu078glShQGtY+RpEimYJk0gFMabveykGOdHIqWCz8iAzLCV0Qkasb6kkCTNBvjh35l5aJXJjpW1JdBfq74mcJMZMk9B2JgTHZtWbi/95/QzjRpBzmWbIJF0uijPhonLnv7sR14yimFpCqOb2VpeOiSYUbUJlG4K/+vI66dzU/Hqt/lCvNhtFHCU4hwu4Ah9uoQn30II2UJjAM7zCm5M6L86787Fs3XCKmTP4A+fzBxTGj2E=</latexit>
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LO grav. interaction
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grav. monopole/quadrupole interaction
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tensor constructed out of
p1,2

<latexit sha1_base64="s+A1Lpv4KAqg5nRSXRqYb9F54hc=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgQcpuKdhjwYvHCvYD2qVk02wbms2GJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMC5XgxnreNypsbe/s7hX3SweHR8cn5dOzjklSTVmbJiLRvZAYJrhkbcutYD2lGYlDwbrh9G7hd5+YNjyRj3amWBCTseQRp8Q6qauGmX9Tmw/LFa/qLYE3iZ+TCuRoDctfg1FC05hJSwUxpu97ygYZ0ZZTwealQWqYInRKxqzvqCQxM0G2PHeOr5wywlGiXUmLl+rviYzExszi0HXGxE7MurcQ//P6qY0aQcalSi2TdLUoSgW2CV78jkdcM2rFzBFCNXe3YjohmlDrEiq5EPz1lzdJp1b169X6Q73SbORxFOECLuEafLiFJtxDC9pAYQrP8ApvSKEX9I4+Vq0FlM+cwx+gzx+fK48T</latexit>



Applications of the BH response function I: (WG+Rothstein, 2020)
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bµ
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p1 +�p1

Inelastic BH-BH scattering in the PM limit GNE/b ⌧ 1

<latexit sha1_base64="ZylkTVkjT0KKHIM8ZpDvEPJfI18=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU92Vgj0WRPQkFewHdJeSTbNtaDZZkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48amuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2E4+uZ33miSjMpHs0koUGMh4JFjGBjJf+2f49uLkKfc+T1yxW36s6BVomXkwrkaPbLX/5AkjSmwhCOte55bmKCDCvDCKfTkp9qmmAyxkPas1TgmOogm988RWdWGaBIKlvCoLn6eyLDsdaTOLSdMTYjvezNxP+8XmqiepAxkaSGCrJYFKUcGYlmAaABU5QYPrEEE8XsrYiMsMLE2JhKNgRv+eVV0r6serVq7aFWadTzOIpwAqdwDh5cQQPuoAktIJDAM7zCm5M6L86787FoLTj5zDH8gfP5Aw2QkF4=</latexit>

It is useful to split �pµ = �pµel +�pµin.
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By definition, the elastic part preserves the mass of each particle,                            , and can be 
computed by standard PM or scattering amplitude methods,

The momentum deflection of each particle follows from varying          (            free particle action)     
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The leading order inelastic contribution to         is from the quadrupole operators: �pµ
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Figure 1. Potential exchange diagrams that contribute to the two-particle action Sint. In (a) the particles
interact through the minimal gravitational interaction. Figure (b) is the term in Sint generated by the
quadrupole couplings of particle 1 (a similar diagram with 1 $ 2 has been omitted).

To integrate out the potential graviton modes, we fix deDonder gauge in which the graviton

propagator has the form Dµ⌫,↵�(x) = Pµ⌫,↵�D(x), where Pµ⌫,↵� = 1
2 [⌘µ↵⌘⌫� + ⌘µ�⌘⌫↵ � ⌘µ⌫⌘↵� ]

and

D(x) =

Z
d
4
k

(2⇡)4
e
ik·x i

k2
(3.2)

is the massless propagator. The i✏ prescription is not specified since we are in a kinematic regime

in which the exchanged graviton is o↵-shell (the e↵ects of radiation are higher order in the PM

or PN power counting). Then to leading order in powers of GN the gravitational interaction

(neglecting internal structure) is given by Fig. 1(a),
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Here and in what follows we drop UV power-divergent self-interaction diagrams in which potential

gravitons are emitted and re-absorbed by the same particle. Such divergences may be absorbed

into the coe�cients of local terms in the point particle action.

The internal dynamics mediated by the quadrupole operators generates an additional contri-

bution to Sint, which to leading order in GN is given by the Feynman diagrams in Fig. 1(b) and

takes the form

Sint = · · · + 8⇡iGN
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with ✏
µ⌫ = ✏µ⌫⇢�p

⇢
1p

�
2 . TE,2

µ⌫,⇢� and TB,2
µ⌫,⇢� are similarly defined by exchanging p1 $ p2 in these

equations. Note that all variables appearing in Eqs. (3.4), (3.5), (3.6) have arbitrary dependence

on the worldline parameters s1,2. For example, x
µ
1 = x

µ
1 (s1), p

µ
1 = p

µ
1 (s1), etc.. Finally, we are

ignoring spin, so there is no distinction between global (flat space) indices and local indices in

these expressions.

– 7 –

�pµ1,in = �5⇡

16

G7
Nm4

1m
4
2

b7
P (v1 · v2)p
(v1 · v2)2 � 1


m2

1

m2
2

(v1 � (v1 · v2)v2)µ � (1 $ 2)

�
,

<latexit sha1_base64="+XGY2LMemslrXWBZ5rLEmneK6nM="></latexit>

P (�) = 21�4 � 14�2 + 1

<latexit sha1_base64="9iAN4O8n13wTF2VEeJyy4+J7dg8=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoiGVSBuxGKLhxWcE+oB1LJs20ocnMkGSEMvQX3Pgrblwo4tadO//GtB1BWw8Ezj3nXm7u8WPOlHacLyu3srq2vpHfLGxt7+zu2fsHTRUlktAGiXgk2z5WlLOQNjTTnLZjSbHwOW35o6up37qnUrEovNXjmHoCD0IWMIK1kXp2qV7qDrAQ+BRewgqC8+LOhefI/Skq8Ayinl10ys4McJmgjBRBhnrP/uz2I5IIGmrCsVId5MTaS7HUjHA6KXQTRWNMRnhAO4aGWFDlpbOLJvDEKH0YRNK8UMOZ+nsixUKpsfBNp8B6qBa9qfif10l0UPVSFsaJpiGZLwoSDnUEp/HAPpOUaD42BBPJzF8hGWKJiTYhFkwIaPHkZdKslJFbdm/cYq2axZEHR+AYlAACF6AGrkEdNAABD+AJvIBX69F6tt6s93lrzspmDsEfWB/fVrWZhg==</latexit>

Some simple consequences of this result:
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Change in BH mass:

consistent with Hawking’s area thm.

Distribution of final state BH masses/areas:

which is a 6PM(!) effect.
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Correction to CM frame scattering angle at 8PM:
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✓
m5

1 +m5
2

m4
1m

4
2

◆�
|~p|6p
ŝ
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Applications of the BH response function II:
Horizon friction in non-relativistic BH/BH binary system.  Action in NR limit
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where in the first equality we have split up the result into an electric contribution on the first

line and the magnetic part on the second, while in the second equality we present the combined

result. As a simple but non-trivial check of this formula, we find that the change in the invariant
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�p
2
1 ⇡ 2p1 ·�p1,in =

5⇡

48

G
7
N
m

6
1m

2
2

(�b2)7/2

p
�2 � 1

⇥
20�8 + 63�6 � 73�4 + 21�2 + 17

⇤
> 0, (3.21)

is a positive definite quantity for all � � 1, consistent with Hawking’s area theorem.

We can use the result Eq. to calculate the inelastic correction to the CM frame scattering

cross section,
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In the CM frame, the relation between the scattering angle

3.2 PN equations of motion for binary dynamics

For non-relativistic particles, we have D(x) ⇡ �
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with ~x = ~x1 � ~x2, up to terms suppressed by more power of the velocities. Varying the IN-IN

action, we obtain in the linear response limit, an instantaneous non-conservative force on the
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the force can be expressed as
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where and ~v = d

dt
~x is the relative velocity.

As a simple example of this result, we compute the instantaneous mechanical power in a

binary that is converted into mass by the horizons of the two black holes
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while the decay of the CM frame orbital angular momentum is given by
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(WG+Rothstein, 2006;
agrees w/ Poisson ’95 
at               )µ ⌧ M

Note:                              is a (small) 4PN effect.   Absorption enhanced to       for rotating black 
holes (Tagoshi et al ’97, Poisson ’04)

Pabs/Pquad ⇠ v8 v5

(consistent with Endlich+Penco
2015)
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6.5PN rad reaction force



The spinning case
In the point particle limit, the action is now (Regge-Hansen 1974; Porto el al; 
Levi et al)
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The indices                      correspond to quantities measured in the local 
(rotating) frame of the particle.  The relation between the local frame and the 
global coordinates is encoded in a dynamical orthonormal frame      localized on
 the worldline  

a = 0, 1, 2, 3
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The multipole operators are now regarded as diffeo scalars living on the particle wordline
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The most general correlator can be expressed in a basis of local tensors invariant under rotations 
about the axis defined by the spin.   These consist of the independent powers of the generator of 
local rotations     about the spin axis.       J3
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                   should be viewed as the            matrix that generates rotations on the
(STF tensors) representation of            . It has been normalized to have eigenvalues 
ha, b|J3|c, di

<latexit sha1_base64="Q2QmFxfYKz6WY9oRzAZF3sc3NPA=">AAACBHicbVA9SwNBEN3zM8avU8s0i0GwCOFOA6YM2IhVBPMByXHMbTbJkr29Y3dPCJcUNv4VGwtFbP0Rdv4bN8kVmvhg4PHeDDPzgpgzpR3n21pb39jc2s7t5Hf39g8O7aPjpooSSWiDRDyS7QAU5UzQhmaa03YsKYQBp61gdD3zWw9UKhaJez2OqRfCQLA+I6CN5NuFLgcx4BRDKZjc+pcTUup15ULy7aJTdubAq8TNSBFlqPv2V7cXkSSkQhMOSnVcJ9ZeClIzwuk0300UjYGMYEA7hgoIqfLS+RNTfGaUHu5H0pTQeK7+nkghVGocBqYzBD1Uy95M/M/rJLpf9VIm4kRTQRaL+gnHOsKzRHCPSUo0HxsCRDJzKyZDkEC0yS1vQnCXX14lzYuyWylX7irFWjWLI4cK6BSdIxddoRq6QXXUQAQ9omf0it6sJ+vFerc+Fq1rVjZzgv7A+vwBd1eXUA==</latexit>

5⇥ 5

<latexit sha1_base64="IUlA49/VKfrMXq9gtg/6oD8JOho=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4Kom02GPBi8cK9kPaUDbbTbt0swm7E6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmt3O/88S1EbF6wGnC/YiOlAgFo2ilx1ofRcQNqQ1KZbfiLkDWiZeTMuRoDkpf/WHM0ogrZJIa0/PcBP2MahRM8lmxnxqeUDahI96zVFG7xs8WB8/IpVWGJIy1LYVkof6eyGhkzDQKbGdEcWxWvbn4n9dLMaz7mVBJilyx5aIwlQRjMv+eDIXmDOXUEsq0sLcSNqaaMrQZFW0I3urL66R9XfGqlep9tdyo53EU4Bwu4Ao8uIEG3EETWsAggmd4hTdHOy/Ou/OxbN1w8pkz+APn8wf8Oo/Z</latexit>

` = 2

<latexit sha1_base64="5A4APvnVtkM7uTQGaN/oyLNNj64=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp2ItQ8OKxgv2ANpTNdtKu3WzC7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxLBtXHdb2djc2t7Z7ewV9w/ODw6Lp2ctnWcKoYtFotYdQOqUXCJLcONwG6ikEaBwE4wuZ37nSdUmsfywUwT9CM6kjzkjBortfsoxE11UCq7FXcBsk68nJQhR3NQ+uoPY5ZGKA0TVOue5ybGz6gynAmcFfupxoSyCR1hz1JJI9R+trh2Ri6tMiRhrGxJQxbq74mMRlpPo8B2RtSM9ao3F//zeqkJ637GZZIalGy5KEwFMTGZv06GXCEzYmoJZYrbWwkbU0WZsQEVbQje6svrpF2teLVK7b5WbtTzOApwDhdwBR5cQwPuoAktYPAIz/AKb07svDjvzseydcPJZ87gD5zPHwI6jrs=</latexit>

SO(3)

<latexit sha1_base64="1LkTFswURQOrLYRRCeIdAy35hII=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSLUS9nVgj0WvHizotsW2qVk02wbmk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb2dtfWNza7uwU9zd2z84LB0dt7RMFaE+kVyqTog15UxQ3zDDaSdRFMchp+1wfDPz209UaSbFo5kkNIjxULCIEWys5D/cVa4u+qWyW3XnQKvEy0kZcjT7pa/eQJI0psIQjrXuem5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/dorOrTJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URPUgYyJJDRVksShKOTISzT5HA6YoMXxiCSaK2VsRGWGFibH5FG0I3vLLq6R1WfVq1dp9rdyo53EU4BTOoAIeXEMDbqEJPhBg8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gCDq43P</latexit>

m = ±2,±1, 0

<latexit sha1_base64="fNOQspv+elB+9SvZh2wS7rSCkqA=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEF6UkpWA3QsGNywr2AW0ok+mkHTqThJmJUEO/xI0LRdz6Ke78GydtFtp64F4O59zL3Dl+zJnSjvNtFba2d3b3ivulg8Oj47J9ctpVUSIJ7ZCIR7LvY0U5C2lHM81pP5YUC5/Tnj+7zfzeI5WKReGDnsfUE3gSsoARrI00ssviZhgLVK9m3a06I7vi1Jwl0CZxc1KBHO2R/TUcRyQRNNSEY6UGrhNrL8VSM8LpojRMFI0xmeEJHRgaYkGVly4PX6BLo4xREElToUZL9fdGioVSc+GbSYH1VK17mfifN0h00PRSFsaJpiFZPRQkHOkIZSmgMZOUaD43BBPJzK2ITLHERJusSiYEd/3Lm6Rbr7mNWuO+UWk18ziKcA4XcAUuXEML7qANHSCQwDO8wpv1ZL1Y79bHarRg5Ttn8AfW5w9J8pGF</latexit>

sa =

<latexit sha1_base64="T+zMXxqOqgHy0AJaRGb888d+iX0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYC9CwYvHCvYD2lg22027dHcTdjdCCf0LXjwo4tU/5M1/4ybNQVsfDDzem2FmXhBzpo3rfjuljc2t7Z3ybmVv/+DwqHp80tVRogjtkIhHqh9gTTmTtGOY4bQfK4pFwGkvmN1mfu+JKs0i+WDmMfUFnkgWMoJNJulHfDOq1ty6mwOtE68gNSjQHlW/huOIJIJKQzjWeuC5sfFTrAwjnC4qw0TTGJMZntCBpRILqv00v3WBLqwyRmGkbEmDcvX3RIqF1nMR2E6BzVSvepn4nzdITNj0UybjxFBJlovChCMToexxNGaKEsPnlmCimL0VkSlWmBgbT8WG4K2+vE66V3WvUW/cN2qtZhFHGc7gHC7Bg2towR20oQMEpvAMr/DmCOfFeXc+lq0lp5g5hT9wPn8AzR+ODg==</latexit>

unit spin vector (sas
a = �1)

<latexit sha1_base64="Gp8bk1jFbX1bWcIX4hbYHwUIs4I=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiwbArAXMRAl48RjAPSNbQO5lNhsw+nJkNhCXf4cWDIl79GG/+jZNkD5pY0FBUddPd5cWCK23b39ba+sbm1nZuJ7+7t39wWDg6bqookZQ1aCQi2fZQMcFD1tBcC9aOJcPAE6zljW5nfmvMpOJR+KAnMXMDHITc5xS1kdyS6iFRj0huLp2LXqFol+05yCpxMlKEDPVe4avbj2gSsFBTgUp1HDvWbopScyrYNN9NFIuRjnDAOoaGGDDlpvOjp+TcKH3iR9JUqMlc/T2RYqDUJPBMZ4B6qJa9mfif10m0X3VTHsaJZiFdLPITQXREZgmQPpeMajExBKnk5lZChyiRapNT3oTgLL+8SppXZadSrtxXirVqFkcOTuEMSuDANdTgDurQAApP8Ayv8GaNrRfr3fpYtK5Z2cwJ/IH1+QNq7pCK</latexit>

(J†
3 = J3)

<latexit sha1_base64="CQsa0wolWgG2jgmiqKq7YWXHqHo=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQNyXRgt0IBTfiqoJ9QBvDZDJJh04mYWYihFB/xY0LRdz6Ie78G6dtFtp64MKZc+5l7j1ewqhUlvVtlNbWNza3ytuVnd29/QPz8Kgn41Rg0sUxi8XAQ5IwyklXUcXIIBEERR4jfW9yPfP7j0RIGvN7lSXEiVDIaUAxUlpyzWr91r14GPkoDImAV1C/zlyzZjWsOeAqsQtSAwU6rvk18mOcRoQrzJCUQ9tKlJMjoShmZFoZpZIkCE9QSIaachQR6eTz5afwVCs+DGKhiys4V39P5CiSMos83RkhNZbL3kz8zxumKmg5OeVJqgjHi4+ClEEVw1kS0KeCYMUyTRAWVO8K8RgJhJXOq6JDsJdPXiW984bdbDTvmrV2q4ijDI7BCagDG1yCNrgBHdAFGGTgGbyCN+PJeDHejY9Fa8koZqrgD4zPHwzhkxA=</latexit>

Bab = eµae
⌫
bBµ⌫

<latexit sha1_base64="/zUCrfvJs8ZfFWlGdWKIYw5cXxY=">AAACEHicbZBNS8MwGMdTX+d8q3r0EhxDT6OVgbsIQy8eJ7gX2GpJs3QLS9KSpMIo/Qhe/CpePCji1aM3v43p1oNuPhD45f/PQ57nH8SMKu0439bK6tr6xmZpq7y9s7u3bx8cdlSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINJte5330gUtFI3OlpTDyORoKGFCNtJN8+vfJTFGTwEpL7AU/SzEc5iZwCaEwjmlvm2xWn5swKLoNbQAUU1fLtr8EwwgknQmOGlOq7Tqy9FElNMSNZeZAoEiM8QSPSNygQJ8pLZwtlsGqUIQwjaY7QcKb+7kgRV2rKzdxVjvRYLXq5+J/XT3TY8FIq4kQTgecfhQmDOoJ5OnBIJcGaTQ0gLKmZFeIxkghrk2HZhOAurrwMnfOaW6/Vb+uVZqOIowSOwQk4Ay64AE1wA1qgDTB4BM/gFbxZT9aL9W59zJ+uWEXPEfhT1ucPZg+c0Q==</latexit>



To extract the five form factors                   , we match to the probability that a Kerr BH absorbs a 
single graviton of energy      and angular momentum quantum numbers 

A+
k (s� s0)

<latexit sha1_base64="/RbLughtt0dC1B6TyaoDD8GiTQQ=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJWxLIrBXusePFYwX7Adi3ZNNuGZpMlyQql9Gd48aCIV3+NN/+NabsHbX0w8Hhvhpl5YcKZNq777aysrq1vbOa28ts7u3v7hYPDppapIrRBJJeqHWJNORO0YZjhtJ0oiuOQ01Y4vJ36rSeqNJPiwYwSGsS4L1jECDZW8m8eL7rDkr7UZ+fdQtEtuzOgZeJlpAgZ6t3CV6cnSRpTYQjHWvuem5hgjJVhhNNJvpNqmmAyxH3qWypwTHUwnp08QadW6aFIKlvCoJn6e2KMY61HcWg7Y2wGetGbiv95fmqiajBmIkkNFWS+KEo5MhJN/0c9pigxfGQJJorZWxEZYIWJsSnlbQje4svLpHlV9irlyn2lWKtmceTgGE6gBB5cQw3uoA4NICDhGV7hzTHOi/PufMxbV5xs5gj+wPn8AWyokAQ=</latexit>

!

<latexit sha1_base64="Mkz0XxYPcy+o35byzcYbQypHhJY=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kYMqAjWUEkwjJEfY2k2TN7u2xuyeEI//BxkIRW/+Pnf/GTXKFJj4YeLw3w8y8KBHcWN//9gobm1vbO8Xd0t7+weFR+fikbVSqGbaYEko/RNSg4DG2LLcCHxKNVEYCO9HkZu53nlAbruJ7O00wlHQU8yFn1Dqp3VMSR7RfrvhVfwGyToKcVCBHs1/+6g0USyXGlglqTDfwExtmVFvOBM5KvdRgQtmEjrDraEwlmjBbXDsjF04ZkKHSrmJLFurviYxKY6Yycp2S2rFZ9ebif143tcN6mPE4SS3GbLlomApiFZm/TgZcI7Ni6ghlmrtbCRtTTZl1AZVcCMHqy+ukfVUNatXaXa3SqOdxFOEMzuESAriGBtxCE1rA4BGe4RXePOW9eO/ex7K14OUzp/AH3ucPj3WPGA==</latexit>

(` = 2,m, h = ±2)

<latexit sha1_base64="MkdctwvPuvjv9UK4FbG07xu2HlY=">AAAB+3icbVBNa8JAEN3YL2u/UnvsZakULIgkItSLIPTSo4VqBRNks050cTcJu5tSEf9KLz20lF77R3rrv+mqObTaBwOP92aYmRcknCntON9Wbmt7Z3cvv184ODw6PrFPi10Vp5JCh8Y8lr2AKOAsgo5mmkMvkUBEwOEhmNws/IdHkIrF0b2eJuALMopYyCjRRhrYxbIHnDdrFVEZN71E4NrVwC45VWcJvEncjJRQhvbA/vKGMU0FRJpyolTfdRLtz4jUjHKYF7xUQULohIygb2hEBCh/trx9ji+NMsRhLE1FGi/V3xMzIpSaisB0CqLHat1biP95/VSHDX/GoiTVENHVojDlWMd4EQQeMglU86khhEpmbsV0TCSh2sRVMCG46y9vkm6t6tar9bt6qdXI4sijc3SByshF16iFblEbdRBFT+gZvaI3a269WO/Wx6o1Z2UzZ+gPrM8fVfGSqg==</latexit>

(Page 1975)

vs the EFT result, computed in the rest frame of the point particle, which rotates with constant 
angular velocity    :⌦

<latexit sha1_base64="JkdQ4c+ktdwdWEU+1v9nhBQ/WGI=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKwBwDXrwZwTwgWcLsZDYZM49lZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSjgz1ve/vcLG5tb2TnG3tLd/cHhUPj5pG5VqQltEcaW7ETaUM0lblllOu4mmWEScdqLJzdzvPFFtmJIPdprQUOCRZDEj2Dqp3b8TdIQH5Ypf9RdA6yTISQVyNAflr/5QkVRQaQnHxvQCP7FhhrVlhNNZqZ8ammAywSPac1RiQU2YLa6doQunDFGstCtp0UL9PZFhYcxURK5TYDs2q95c/M/rpTauhxmTSWqpJMtFccqRVWj+OhoyTYnlU0cw0czdisgYa0ysC6jkQghWX14n7atqUKvW7muVRj2PowhncA6XEMA1NOAWmtACAo/wDK/w5invxXv3PpatBS+fOYU/8D5/AF51jvg=</latexit>

eia =

0

@
cos⌦t � sin⌦t 0
sin⌦t cos⌦t 0
0 0 1

1

A

<latexit sha1_base64="pjOcywaYksyBUWtcrJCkUtDautY="></latexit>

One finds

(                        corresponds instead to superradiant emission from the BH)! �m⌦H < 0

<latexit sha1_base64="u0zCKgNvIthXX28tWfwjwQehjas=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgxjIjBbtwUXDTnRXsAzrDkEkzbWgyGZKMWIb+ihsXirj1R9z5N2baWWjrgcs9nHMvuTlhwqjSjvNtlTY2t7Z3yruVvf2DwyP7uNpTIpWYdLFgQg5CpAijMelqqhkZJJIgHjLSD6e3ud9/JFJRET/oWUJ8jsYxjShG2kiBXfUEJ2N0yb27vAftGyewa07dWQCuE7cgNVCgE9hf3kjglJNYY4aUGrpOov0MSU0xI/OKlyqSIDxFYzI0NEacKD9b3D6H50YZwUhIU7GGC/X3Roa4UjMemkmO9EStern4nzdMddT0MxonqSYxXj4UpQxqAfMg4IhKgjWbGYKwpOZWiCdIIqxNXBUTgrv65XXSu6q7jXrjvlFrNYs4yuAUnIEL4IJr0AJt0AFdgMETeAav4M2aWy/Wu/WxHC1Zxc4J+APr8wfx3ZOz</latexit>

eµa = �0a

<latexit sha1_base64="G6vMpz+8vqjAphrFs4lwBbXZhhM=">AAAB+3icbVBNS8NAEN34WetXrEcvwSJ4KokU7EUoePFYwX5Am4bJZtIu3XywuxFL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPz/JQzqWz729jY3Nre2S3tlfcPDo+OzZNKRyaZoNimCU9EzweJnMXYVkxx7KUCIfI5dv3J7dzvPqKQLIkf1DRFN4JRzEJGQWnJMys4HESZBzeDALmCoe2BZ1btmr2AtU6cglRJgZZnfg2ChGYRxopykLLv2KlycxCKUY6z8iCTmAKdwAj7msYQoXTzxe0z60IrgRUmQlesrIX6eyKHSMpp5OvOCNRYrnpz8T+vn6mw4eYsTjOFMV0uCjNuqcSaB2EFTCBVfKoJUMH0rRYdgwCqdFxlHYKz+vI66VzVnHqtfl+vNhtFHCVyRs7JJXHINWmSO9IibULJE3kmr+TNmBkvxrvxsWzdMIqZU/IHxucPfJeUDg==</latexit>

(freq space correlators)

note shifted frequency                       reflects transformation to the co-rotating frame ! ! ! �m⌦

<latexit sha1_base64="t5JTnRaU3Xg9aWvXYaG8VV4dTEE=">AAACCXicbVC7SgNBFJ31GeNr1dJmMAg2hl0JmDJgY2cE84DsEmYns8mQeSwzs0pY0tr4KzYWitj6B3b+jbPJFpp44HIP59zLzD1Rwqg2nvftrKyurW9slrbK2zu7e/vuwWFby1Rh0sKSSdWNkCaMCtIy1DDSTRRBPGKkE42vcr9zT5SmUtyZSUJCjoaCxhQjY6W+CwPJyRAFig5HBiklHwrlnAc3ee+7Fa/qzQCXiV+QCijQ7LtfwUDilBNhMENa93wvMWGGlKGYkWk5SDVJEB6jIelZKhAnOsxml0zhqVUGMJbKljBwpv7eyBDXesIjO8mRGelFLxf/83qpiethRkWSGiLw/KE4ZdBImMcCB1QRbNjEEoQVtX+FeIQUwsaGV7Yh+IsnL5P2RdWvVWu3tUqjXsRRAsfgBJwBH1yCBrgGTdACGDyCZ/AK3pwn58V5dz7moytOsXME/sD5/AHBcZpW</latexit>

graviton wavefn.
p(1 ! 0) ⇡ ⇡2

5(mPlM)2

����
Z

dshX|Qab
E (t)|Miha, b|` = 2,mi�(t)eim⌦t

����
2

+mag

<latexit sha1_base64="looR1oBV6xPUwqGko7eOWLEk/E8="></latexit>

Higher powers, of the form ha, b|Jk

3 |c, di. can be obtained from Eq. (3.19) by successive tensor

contraction, e.g.

ha, b|J2
3 |c, di =

X

e,f

ha, b|J3|e, fihe, f |J3|c, di, (3.20)

etc. We have defined these invariant tensors such that ha, b|J3|c, di is pure imaginary and Hermi-

tian, and therefore our tensor basis satisfies the relation

ha, b|J j

3 |c, di = (�1)jhc, d|J j

3 |a, bi. (3.21)

In this basis, the correlator then takes the form

hQab

E (s)Qcd

E (s0)i = M2
?

4X

j=0

A+
E,j

(s � s0)ha, b|J j

3 |c, di, (3.22)

where the functions A+
E,j

(s � s0) can depend on the magnitude of the particle spin as well as its

mass. We will adopt an identical decomposition for the magnetic correlator hQab

B
(s)Qcd

B
(s0)i.

In the point particle limit where our EFT is valid, the form factors A+
k
(s� s0) are analytic in

!, i.e. can be represented as series of derivatives acting on the delta function �(s � s0) given the

lack of long time tails. Note that Hermiticity of the operators Qab

E/B
(s) implies that the frequency

space Wightman function

W ab,cd

E/B
(!) = M⇤

Z
dsei!M⇤shQab

E/B
(s)Qcd

E/B
(0)i (3.23)

obeys the reality condition

[W ab,cd

E/B
(!)]⇤ = W cd,ab

E/B
(!) (3.24)

on the real !-axis. Given the properties of our tensor basis, this implies that the frequency-

dependent form factors A+
k
(!) = M⇤

R
dsei!M⇤sA+

k
(s) obey [A+

k
(!)]⇤ = [A+

k
(!)] on the real axis.

Inserting the form Eq. (3.22) into p(1 ! 0), and using the fact that J3|`, mi = m|`, mi, we

obtain that

p(1 ! 0) =
4

5
GN!5

4X

j=0

mj

⇣
A+

E,j
(! � m⌦) + A+

B,j
(! � m⌦)

⌘
. (3.25)

The dependence on the shifted frequency ! � m⌦ reflects the transformation from the static

frame to the rotating frame of the BH where the correlators are defined. We can read o↵ A+
k
(!)

by comparing powers of m in the result given in [17, 18]

p(1 ! 0) ⇡
16

225⇡
AH(GNM)4!5

⇥
1 + (m2

� 1)�2
⇤ 

1 +
1

4
(m2

� 4)�2

�
✓(! � m⌦H) (! � m⌦H) ,

(3.26)

with AH = 4⇡(r2+ + a2) = 8⇡(GNM)2
h
1 +

p
1 � �2

i
the area of the horizon, � = a/GNM =

J/GNM2 the dimensionless rotation parameter of the Kerr black hole, and ⌦H = 4⇡a/AH the

angular velocity of the horizon. This result is valid to all orders in the rotation parameter �, but

holds to leading order in GNM! ⌧ 1. The factor of ! � m⌦H , ensures that his result is valid

in both the slow and rapidly rotating cases. We have inserted a step function into eq. (3.26) to
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Higher powers, of the form ha, b|Jk

3 |c, di. can be obtained from Eq. (3.19) by successive tensor

contraction, e.g.

ha, b|J2
3 |c, di =

X

e,f

ha, b|J3|e, fihe, f |J3|c, di, (3.20)

etc. We have defined these invariant tensors such that ha, b|J3|c, di is pure imaginary and Hermi-

tian, and therefore our tensor basis satisfies the relation

ha, b|J j

3 |c, di = (�1)jhc, d|J j

3 |a, bi. (3.21)

In this basis, the correlator then takes the form

hQab

E (s)Qcd

E (s0)i = M2
?

4X

j=0

A+
E,j

(s � s0)ha, b|J j

3 |c, di, (3.22)

where the functions A+
E,j

(s � s0) can depend on the magnitude of the particle spin as well as its

mass. We will adopt an identical decomposition for the magnetic correlator hQab

B
(s)Qcd

B
(s0)i.

In the point particle limit where our EFT is valid, the form factors A+
k
(s� s0) are analytic in

!, i.e. can be represented as series of derivatives acting on the delta function �(s � s0) given the

lack of long time tails. Note that Hermiticity of the operators Qab

E/B
(s) implies that the frequency

space Wightman function

W ab,cd

E/B
(!) = M⇤

Z
dsei!M⇤shQab

E/B
(s)Qcd

E/B
(0)i (3.23)

obeys the reality condition

[W ab,cd

E/B
(!)]⇤ = W cd,ab

E/B
(!) (3.24)

on the real !-axis. Given the properties of our tensor basis, this implies that the frequency-

dependent form factors A+
k
(!) = M⇤

R
dsei!M⇤sA+

k
(s) obey [A+

k
(!)]⇤ = [A+

k
(!)] on the real axis.

Inserting the form Eq. (3.22) into p(1 ! 0), and using the fact that J3|`, mi = m|`, mi, we

obtain that

p(1 ! 0) =
4

5
GN!5

4X

j=0

mj

⇣
A+

E,j
(! � m⌦) + A+

B,j
(! � m⌦)

⌘
. (3.25)

The dependence on the shifted frequency ! � m⌦ reflects the transformation from the static

frame to the rotating frame of the BH where the correlators are defined. We can read o↵ A+
k
(!)

by comparing powers of m in the result given in [17, 18]

p(1 ! 0) ⇡
16

225⇡
AH(GNM)4!5

⇥
1 + (m2

� 1)�2
⇤ 

1 +
1

4
(m2

� 4)�2

�
✓(! � m⌦H) (! � m⌦H) ,

(3.26)

with AH = 4⇡(r2+ + a2) = 8⇡(GNM)2
h
1 +

p
1 � �2

i
the area of the horizon, � = a/GNM =

J/GNM2 the dimensionless rotation parameter of the Kerr black hole, and ⌦H = 4⇡a/AH the

angular velocity of the horizon. This result is valid to all orders in the rotation parameter �, but

holds to leading order in GNM! ⌧ 1. The factor of ! � m⌦H , ensures that his result is valid

in both the slow and rapidly rotating cases. We have inserted a step function into eq. (3.26) to

– 11 –



Comparing the Kerr BH to the EFT requires that                       and ⌦ = ⌦H
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A+
k (!) ⇠ i✓(!)!
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enforce the condition ! � m⌦H > 0 so that the single particle absorption probability is positive.

Naively, this seems to imply that we can not trust our results in the super-radiant regime ! ⌧ ⌦H .

However we can match in this regime for m⌦H < 0, which can then be continued for all m.

Comparison of p(1 ! 0) with Eq. (3.25) suggests that we should identify the angular velocity

in the EFT with the horizon angular velocity,

⌦ = ⌦H =
4⇡a

AH

, (3.27)

which, together with Eq. (3.4) fixes the relation between the angular velocity ⌦ab and spin Sab

for a Kerr black hole,

e�1⌦ab = gµ⌫e
a

µ

D

Ds
e⌫b =

4⇡

AH

M⇤
M

Sab. (3.28)

The non-vanishing frequency space response functions are then

A+
0,E(!) = A+

0,B(!) =
2AH

45⇡GN

(GNM)4(1 � �2)2✓(!)!, (3.29)

A+
2,E(!) = A+

2,B(!) =
AH

18⇡GN

(GNM)4�2(1 � �2)✓(!)!, (3.30)

A+
4,E(!) = A+

4,B(!) =
AH

90⇡GN

(GNM)4�4✓(!)!. (3.31)

In obtaining this result, we have assumed equality of the electric and magnetic response. We will

check this assumption below by comparing to known results obtained via di↵erent methods.

The step function ✓(!) reflects that matching was performed under the assumption the

graviton is quantized around the Boulware vacuum [28], corresponding to no (Hawking) particle

emission for ! � m⌦H > 0. By contrast, matching in the Unruh state [29], where the BH

can emit Hawking radiation, would lead to Wightman response functions A+(!) that are non-

vanishing even at ! < 0. See [7] for a more detailed discussion of matching in the Unruh state.

It is straightforward to check that in the Boulware state, the single particle emission probability

p(0 ! 1) is given in the EFT by a formula like Eq. (3.25) that involves the Wightman correlators

A+(m⌦�!), leading to the prediction of a non-zero emission probability in the for superradiant

modes with ! � m⌦H < 0.

p(0 ! 1) ⇡
16

225⇡
AH(GNM)4!5

⇥
1 + (m2

� 1)�2
⇤ 

1 +
1

4
(m2

� 4)�2

�
✓(m⌦H � !) (m⌦H � !) ,

(3.32)

see [12] for more a detailed discussion of the worldline EFT in the regime of superradiant emission.

3.2 The causal response function

In the classical processes that we consider in this paper, the relevant correlator is the retarded

Green’s function

Gab,cd

R
(s � s0) = �i✓(s � s0)h

h
Qab(s), Qcd(s0)

i
i (3.33)

rather than the Wightman functions obtained in the previous section. Because this is a real

quantity, the frequency space causal response Gab,cd

R
(!) = M⇤

R
dsei!M⇤sGab,cd

R
(s) satisfies the

– 12 –

Using a (Kramers-Kronig) dispersion relation* the retarded response is then 

The contribution from terms in the action also modifies the imaginary part by terms that

are odd under either ! ! �! or ab $ cd exchange6. Despite possibly having a non-vanishing

imaginary part, the local response Lab,cd(!) does not contribute to dissipation, as will discussed

below, and thus can not be matched using p(1 ! 0) but instead must be fixed by matching to

other observables in the full theory, for instance elastic scattering of low-frequency gravitons o↵

the black hole.

Because our matching procedure only fixes the Wightman function at low frequency, it does

not completely determine the form of the retarded response function. In particular, matching to

low-frequency absorption cannot yield information about the terms in Eq. (3.36) and Eq. (3.37)

that involve principal part integrals over high arbitrarily high frequency scales, where the EFT

description necessarily breaks down. However, from Eq. (3.36) and Table 1, we see that the

principal part integral contribution to ReGab,cd

R
(!) is analytic at ! = 0 (assuming the integral in

Eq. (3.36) converges), and even under either ! $ �! or ab $ cd exchange. Similarly ImGab,cd

R
(!)

is odd if we replace ! $ �! or ab $ cd. Consequently, the principal part contribution to Gab,cd

R
(!)

is physically indistinguishable (i.e. of the same form), from the local response Lab,cd(!) arising

from adding local counterterms to the point particle action.

On the other hand, the calculable part of Eqs. (3.36), Eqs. (3.37) gives rise to a genuinely

non-local contribution to the retarded Green’s function, of the form

Gab,cd

R,non�local
(!) = �

i

2

h
W ab,cd(!) � W cd,ab(�!)

i
. (3.38)

This object does not have the correct ab $ cd index exchange properties to arise from curvature

couplings in the point particle action, and cannot be absorbed into a local counterterm. It is in

particular this function Gab,cd

R,non�local
(!) that gives rise to dissipative e↵ects in the EFT description

of the black hole.

Ignoring the local contribution to the causal response, we obtain from Eqs. (3.29)-(3.31) the

result

Gab

R,Ecd(!) =
M2AH

45⇡GN

(GNM)4 (�i!) · ha, b|(1 � �2)2 +
5

4
�2(1 � �2)J2

3 +
1

4
�4J4

3 |c, di, (3.39)

with an identical expression for the magnetic Green’s function Gab

R,Bcd(!). This result is equivalent

to the statement that, up to local terms, the quadrupole moment induced7 by an external electric

field is

hQab

E (s)i =

Z
ds0Gab

R,Ecd(s � s0)Ecd(s
0)

=
AH

45⇡GN

(GNM)4ha, b|(1 � �2)2 +
5

4
�2(1 � �2)J2

3 +
1

4
�4J4

3 |c, di
d

ds
Ecd(x(s)),

(3.40)

6
An example of such term is Eq. (3.44) below.

7
Because of spin, the Kerr black hole has an infinite series of permanent multipole moments [30], which in

the point particle limit are equivalent to local spin-dependent worldline interactions that linearly in the curvature

tensor. Here, by induced moment, we mean the shift in the value of the permanent moments that are generated

when a background field Rµ⌫⇢� 6= 0 is turned on.
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Note that the time derivative is         

where we have defined (by an abuse of notation), rµE⇢� = p↵p�(rµW⇢↵��)/p2, rµB⇢� =

p↵p�(rµW̃⇢↵��)/p2. The first term2 on the RHS corresponds to the usual Mathison-Papapetrou-

Dixon [26] force on a spinning point particle, where Sµ⌫ = ✏µae⌫bhSab(X)i is the physical spin of

the object as measured by asymptotic observers, while the remaining terms give the finite size

corrections.

The expectation values hQE,B

ab
i in Eq. (2.15) are defined through Eq. (2.12) and are in general

functionals of the applied fields Eab, Bab as well as the orbital degrees of freedom. For weak

external fields, linear response theory implies that the the expectation values hQE,B

ab
i are of the

form3

hQab

E (s)i =

Z
ds0Gab,cd

R,E
(s � s0)Ecd(x(s0)) + O(E2), (2.16)

and similarly for hQB

ab
i, where the retarded Green’s function is

Gab,cd

R;E,B
(s � s0) = �i✓(s � s0)h[Qab

E,B(s), Qcd

E,B(s0)]i, (2.17)

with the expectation value calculated at zero external field, in the initial state of the compact

object4. If the internal dynamics is fast compared to the time scale of the tidal perturbation,

the response can be regarded to be nearly instantaneous, ie. a sum of time derivatives of delta

functions, with coe�cients that depend on the internal structure of the compact object, of the

form

hQE

ab
(s)i ⇡ ⇤ab,cd

0 Ecd(x(s)) + ⇤ab,cd

1
d

ds
Ecd(x(s)) + · · · . (2.18)

The tensors ⇤ab,cd

0,1 , which can depend on pa = hpa(X)i and Sab = hSab(X)i, carry information

about the microscopic structure of the compact object. In particular, ⇤ab,cd

0 encodes the static

response (including possible Love numbers) while ⇤ab,cd

1 includes the e↵ects of dissipation. We

will compute ⇤ab,cd

1 for the Kerr BH in sec. 3. Note that the derivative of the curvature includes

both the intrinsic time dependence of the background field as well as that induced by the rotation

of the compact object:

d

ds
Eab = e�1 d

d�
Eab = ea

µeb
⌫

✓
dx⇢

ds
r⇢

◆
Eµ⌫ � e�1⌦a

cEcb � e�1⌦b
cEac. (2.19)

To obtain the spin equation of motion, we vary the in-in e↵ective action with respect to the

frame eaµ. This variation must be carried out in a way that preserves the constraints [16] in

Eq. (2.1), i.e �eaµ = ✓abebµ, with parameters ✓ab = �✓ba and yields the evolution equation for

the spin Sµ⌫ = eµae⌫bhSab(X)i,

D

Ds
Sµ⌫ =

dx⌫

ds
pµ �

dxµ

ds
p⌫ + 2eµae

⌫
b


hQE

cd
i

�

�✓ab
Ecd + hQB

cd
i

�

�✓ab
Bcd

�
, (2.20)

2
Note that because of the constraints Eq. (2.1) on eaµ, the variation of the action with respect to xµ

must be

compensated by the variation �eaµ =
1
2g

⇢��g�µ, �gµ⌫ = �x⇢@⇢gµ⌫ in order to generate the first term in Eq. (2.15).

3
Parity invariance forbids a term in linear in Bab from appearing in hQE

abi and similarly for hQB
abi

4
For a classical black hole, this state is labeled by mass, spin and electric plus magnetic charges.
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which includes the transformation to the co-rotating frame, ėaµ = ⌦a
be

b
µ
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(in obtaining this result, we have also used the result of H.S Shen, 2010.07300,  to fix the time-reversal 
even part of the response)       



Check:                of  Kerr BH in a background field (curvature scale         )Ṁ, Ṡ
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The Schwinger-Keldysh e↵ective action (�) is defined through

exp
h
i�[�, e; �̃, e]

i
=

Z
DXDX̃ exp

h
iS[�, X, e] � iS[�̃, X̃, ẽ],

i
, (2.9)

Here, the path integral is over two copies of the X degrees of freedom with fixed boundary

conditions at initial time. Integration over X, X̃ yields a functional �[�, e; �̃, ẽ] whose variation

determines the classical motion of � = (xµ, eaµ) and the einbein e:

�

��(�)
�[�, e; �̃, ẽ]

����
�=�̃;e=ẽ

= 0. (2.10)

Note that by construction, �[�, e; �̃ = �, ẽ = e] = 0. Treating the interaction terms with

the background curvature in Eq. (2.5) perturbatively, the variation of �[�, e; �̃, ẽ] relates the

equations of motion for the orbital degrees of freedom to the correlation functions of the operators

Qab

E,B
, which can be calculated by matching to a full theory description of the internal structure

of the compact objects.

Variation of the in-in action � with respect to the einbein e(�) yields

hpap
a
� HX(X) � Hinti = 0. (2.11)

In this equation, h· · · i denotes a quantum expectation value in the initial state of the internal

modes X(�), and corresponds to the in-in path integral expression

hO[X]i =

Z
DXDX̃eiS[�,X,e]�iS[�̃,X̃,ẽ]

O[X] (2.12)

for any composite operator O. The internal Hamiltonian, in the absence of interactions, is

HX = �
�

�e

Z
dsLX(X, e�1Ẋ) = Ẋ

@LX

@Ẋ
� LX , (2.13)

while the tidal coupling gives

Hint = �
�

�e

Z
d�e

⇣
QE

ab
Eab + QB

ab
Bab

⌘
. (2.14)

In the absence of external curvature, Hint = 0 and Eq. (2.11) has the interpretation of a mass-

shell constraint hHX(X)i = hpapai whose solution relates the invariant mass M2 = hpapai to the

initial state of the variables X. More generally, when Hint 6= 0, Eq. (2.11) determines in principle

how M2 changes as a result of tidal interactions with the external field.

The change in M2 due to tidal interactions can also be obtained from the equation of motion

for pµ = eµahpa(X)i, which follows from the variation of the Schwinger-Keldysh action with

respect to xµ(�). To perform this variation, it is convenient to work in Fermi normal coordinates

centered on the worldline, i.e. @�gµ⌫(x(�)) = 0, and then covariantize to obtain a result valid in

any coordinate system. This yields,

D

Ds
pµ = �

1

2
Rµ

�⇢�

dx�

ds
S⇢� + ea⇢e

b
�

⇥
hQE

ab
ir

µE⇢� + hQB

ab
ir

µB⇢�
⇤
, (2.15)
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where we have defined (by an abuse of notation), rµE⇢� = p↵p�(rµW⇢↵��)/p2, rµB⇢� =

p↵p�(rµW̃⇢↵��)/p2. The first term2 on the RHS corresponds to the usual Mathison-Papapetrou-

Dixon [26] force on a spinning point particle, where Sµ⌫ = ✏µae⌫bhSab(X)i is the physical spin of

the object as measured by asymptotic observers, while the remaining terms give the finite size

corrections.

The expectation values hQE,B

ab
i in Eq. (2.15) are defined through Eq. (2.12) and are in general

functionals of the applied fields Eab, Bab as well as the orbital degrees of freedom. For weak

external fields, linear response theory implies that the the expectation values hQE,B

ab
i are of the

form3

hQab

E (s)i =

Z
ds0Gab,cd

R,E
(s � s0)Ecd(x(s0)) + O(E2), (2.16)

and similarly for hQB

ab
i, where the retarded Green’s function is

Gab,cd

R;E,B
(s � s0) = �i✓(s � s0)h[Qab

E,B(s), Qcd

E,B(s0)]i, (2.17)

with the expectation value calculated at zero external field, in the initial state of the compact

object4. If the internal dynamics is fast compared to the time scale of the tidal perturbation,

the response can be regarded to be nearly instantaneous, ie. a sum of time derivatives of delta

functions, with coe�cients that depend on the internal structure of the compact object, of the

form

hQE

ab
(s)i ⇡ ⇤ab,cd

0 Ecd(x(s)) + ⇤ab,cd

1
d

ds
Ecd(x(s)) + · · · . (2.18)

The tensors ⇤ab,cd

0,1 , which can depend on pa = hpa(X)i and Sab = hSab(X)i, carry information

about the microscopic structure of the compact object. In particular, ⇤ab,cd

0 encodes the static

response (including possible Love numbers) while ⇤ab,cd

1 includes the e↵ects of dissipation. We

will compute ⇤ab,cd

1 for the Kerr BH in sec. 3. Note that the derivative of the curvature includes

both the intrinsic time dependence of the background field as well as that induced by the rotation

of the compact object:

d

ds
Eab = e�1 d

d�
Eab = ea

µeb
⌫

✓
dx⇢

ds
r⇢

◆
Eµ⌫ � e�1⌦a

cEcb � e�1⌦b
cEac. (2.19)

To obtain the spin equation of motion, we vary the in-in e↵ective action with respect to the

frame eaµ. This variation must be carried out in a way that preserves the constraints [16] in

Eq. (2.1), i.e �eaµ = ✓abebµ, with parameters ✓ab = �✓ba and yields the evolution equation for

the spin Sµ⌫ = eµae⌫bhSab(X)i,

D

Ds
Sµ⌫ =

dx⌫

ds
pµ �

dxµ

ds
p⌫ + 2eµae

⌫
b


hQE

cd
i

�

�✓ab
Ecd + hQB

cd
i

�

�✓ab
Bcd

�
, (2.20)

2
Note that because of the constraints Eq. (2.1) on eaµ, the variation of the action with respect to xµ

must be

compensated by the variation �eaµ =
1
2g

⇢��g�µ, �gµ⌫ = �x⇢@⇢gµ⌫ in order to generate the first term in Eq. (2.15).

3
Parity invariance forbids a term in linear in Bab from appearing in hQE

abi and similarly for hQB
abi

4
For a classical black hole, this state is labeled by mass, spin and electric plus magnetic charges.

– 6 –

�

�xµ
� = 0
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that can be deduced from the electric-magnetic (Bel) decomposition of the Weyl tensor [27],
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To complete the system of equations of motion we need relations between the pairs (pµ, Sµ⌫)

and (ẋµ, ⌦µ⌫), which in the absence of dissipation, are usually determined by varying the action

with respect to pµ, Sµ⌫ . However, in Eq. (2.5), the momentum variables are regarded as dependent

on the internal modes X, so the necessary relations would follow from the equations of motion

for X. Because these equations depend on the (unknown) Lagrangian LX(X, e�1Ẋ), it is not

possible to obtain them in a model-independent way. For the Kerr BH, we will sidestep this

issue in the next section by performing an explicit matching calculation that yields the relation

between Sµ⌫ and ⌦µ⌫ . On the other hand, the relation between ẋµ and the momenta can be

obtained without knowledge of the Lagrangian, by demanding that consistency of the constraint

Sabpb = 0 with the equations of motion Eq. (2.20), (2.15). This yields

dxµ

ds
+

1

2p2
R⌫�⇢�

dx�

ds
Sµ⌫S⇢�

�
pµ

p2
p ·

dx

ds
=

1

p2
hQE

ab
i

⇣
2
p

p2eµd✏
dacBb

c + ea⇢e
b
�Sµ⌫

r⌫E
⇢�

⌘

+
1

p2
hQB

ab
i

⇣
2
p

p2eµd✏
dacEb

c + ea⇢e
b
�Sµ⌫

r⌫B
⇢�

⌘
,

(2.24)

which can be used to relate pµ to dxµ/ds. In particular, for an object at rest in the absence

of background fields, this equation simply states that pµ and dxµ/ds are colinear. Therefore,

in terms of the proper time ⌧ along the worldline, the four-velocity obeys the usual relation

vµ = dxµ/d⌧ = pµ/M .

In the case of a point-like spinning particle without tidal interactions, the equations of motion

imply that p2 = M2 and S2
⌘

1
2Sµ⌫Sµ⌫ are conserved along the worldline. The main new

feature of the composite object is that it incorporates the e↵ects of dissipation, for instance the

accretion/loss of mass and spin due to interactions with the background curvature. Including

dissipative e↵ects, we have instead (up to cubic and higher powers of the background curvature)

d

ds
M2 = 2ea⇢e

b
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⇥
hQE

ab
i(p ·r)E⇢� + hQB

ab
i(p ·r)B⇢�

⇤
6= 0, (2.25)

Similarly, the tidal coupling in Eq. (2.20) can generate non-trivial time dependence for S2:

d

ds
S2 = 4hQE

ab
iEbcSa

c + 4hQB

ab
iBbcSa

c 6= 0. (2.26)

We will use these results in sec. 3.3, sec. 4 to obtain predictions for the rate of mass and spin

dissipation of black holes coupled to tidal backgrounds.
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3.3 Check: Dissipative dynamics of a black hole in a tidal environment

Assuming that all the local contributions to BH response are indeed zero [19], the complete

equations of motion for a spinning black hole moving in a background gravitational field with

curvature scale R � GNM can be obtained straightforwardly by inserting the induced moments

hQE,Bi from Eq. (3.40) and its magnetic analog into Eqs. (2.15), (2.20). Because the resulting

expressions are messy and not particularly illuminating, we will report instead on the implications

of these equations for the rate of change of mass and spin that arise as a consequence of tidal

interactions, given in Eqs. (2.25), (2.26). We consider separately the cases of a rapidly spinning

BH, R
�1

⌧ ⌦H and � ⇠ O(1), as well as the opposite slow-spin limit R
�1

� ⌦H , which

necessarily requires that |�| ⌧ 1,

Using the relation in Eq. (3.4) between our parameter s and the proper time ⌧ along the

wordlline of the rotating BH, we find, in the large spin case

d

d⌧
M ⇡

8(GNM)5

45GN

�✏µ⌫�s
�


(1 + 3�2)Eµ⇢Ė

⇢
⌫ +

15

4
�2Eµ⇢s

⇢Ė⌫�s�
�

+ magnetic

+O(GNM/R). (3.45)

This result, which is valid to all orders in spin, agrees with result found in ref. [22, 23]. To linear

order in � it also agrees with results obtained in [10]. In the opposite, � ! 0 limit, we find

instead

d

d⌧
M ⇡

16

45GN

(GNM)6
h
Ė⇢�Ė⇢� + Ḃ⇢�Ḃ⇢�

i
+ O(�) (3.46)

which receives corrections at linear order in � ⌧ 1 from radiative tail contributions to the EFT

matching and to the Schwinger-Keldysh action. This is also in agreement with [20, 21].

For the torque induced on the black hole by the tidal background, we find from Eq. (2.20), (3.40)

d

d⌧
S ⇡ �

2

45GN

(GNM)5�
h
8(1 + 3�2)E⇢�E⇢� + 3(4 + 17�2)E�⇢E

�
�s⇢s� + 15�2(E⇢�s⇢s�)2

i

+ magnetic. (3.47)

in the limit ⌦H � R
�1. In the opposite, � ! 0, Eq. (3.40) is dominated by the time variation of

Eµ⌫ and the torque is instead

d

d⌧
S ⇡ �

8

45GN

(GNM)6✏µ⌫�s
�

h
Eµ⇢Ė

⇢
⌫ + Bµ⇢Ḃ

⇢
⌫

i
(3.48)

Both Eqs. (3.47), (3.48) are in agreement with results obtained previously in [20, 21]. To go to

next order in GNM/R ⌧ 1 would require the inclusion in both the EFT matching and Schwinger-

Keldysh action of infrared divergent tail terms corresponding to graviton scattering o↵ the BHs

own gravitational field. Ref. [23] has reported a result for these next-to leading order corrections,

although a discrepancy with their earlier results [22] obtained in a probe limit remains unsettled

in the literature.

As another check of our results, note that from Eqs. (2.15), (2.20), we also find that in terms

of the curvatures Eab, Bab in the rotating frame

d

d⌧
M � ⌦H

d

d⌧
S = hQE

ab
i

D

D⌧
Eab + hQB

ab
i

D

D⌧
Bab, (3.49)
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⇢
⌫

i
(3.48)

Both Eqs. (3.47), (3.48) are in agreement with results obtained previously in [20, 21]. To go to

next order in GNM/R ⌧ 1 would require the inclusion in both the EFT matching and Schwinger-

Keldysh action of infrared divergent tail terms corresponding to graviton scattering o↵ the BHs

own gravitational field. Ref. [23] has reported a result for these next-to leading order corrections,

although a discrepancy with their earlier results [22] obtained in a probe limit remains unsettled

in the literature.

As another check of our results, note that from Eqs. (2.15), (2.20), we also find that in terms

of the curvatures Eab, Bab in the rotating frame

d

d⌧
M � ⌦H

d

d⌧
S = hQE

ab
i

D

D⌧
Eab + hQB

ab
i

D

D⌧
Bab, (3.49)

– 16 –

(⌦H ⌧ R�1)

<latexit sha1_base64="+kYwBzBI1L4BbMD2TK380mJz7oM=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQF5ZECnZZcNOdVewDmhgm00k7dCYJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrowSgUkHRywSfR9JwmhIOooqRvqxIIj7jPT8ydXM7z0QIWkU3qlpTFyORiENKEZKS55ZrjrXnIyQ13IYg6mDEYO32X16bmdnnlmxatYccJXYOamAHG3P/HKGEU44CRVmSMqBbcXKTZFQFDOSlZxEkhjhCRqRgaYh4kS66fyJDJ5qZQiDSOgKFZyrvydSxKWccl93cqTGctmbif95g0QFDTelYZwoEuLFoiBhUEVwlggcUkGwYlNNEBZU3wrxGAmElc6tpEOwl19eJd2Lml2v1W/qlWYjj6MIyuAEVIENLkETtEAbdAAGj+AZvII348l4Md6Nj0VrwchnjsEfGJ8/4q2W8Q==</latexit>

3.3 Check: Dissipative dynamics of a black hole in a tidal environment

Assuming that all the local contributions to BH response are indeed zero [19], the complete

equations of motion for a spinning black hole moving in a background gravitational field with

curvature scale R � GNM can be obtained straightforwardly by inserting the induced moments

hQE,Bi from Eq. (3.40) and its magnetic analog into Eqs. (2.15), (2.20). Because the resulting

expressions are messy and not particularly illuminating, we will report instead on the implications

of these equations for the rate of change of mass and spin that arise as a consequence of tidal

interactions, given in Eqs. (2.25), (2.26). We consider separately the cases of a rapidly spinning

BH, R
�1

⌧ ⌦H and � ⇠ O(1), as well as the opposite slow-spin limit R
�1

� ⌦H , which

necessarily requires that |�| ⌧ 1,

Using the relation in Eq. (3.4) between our parameter s and the proper time ⌧ along the

wordlline of the rotating BH, we find, in the large spin case

d

d⌧
M ⇡

8(GNM)5

45GN

�✏µ⌫�s
�


(1 + 3�2)Eµ⇢Ė
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Both Eqs. (3.47), (3.48) are in agreement with results obtained previously in [20, 21]. To go to

next order in GNM/R ⌧ 1 would require the inclusion in both the EFT matching and Schwinger-

Keldysh action of infrared divergent tail terms corresponding to graviton scattering o↵ the BHs

own gravitational field. Ref. [23] has reported a result for these next-to leading order corrections,

although a discrepancy with their earlier results [22] obtained in a probe limit remains unsettled

in the literature.

As another check of our results, note that from Eqs. (2.15), (2.20), we also find that in terms

of the curvatures Eab, Bab in the rotating frame
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3.3 Check: Dissipative dynamics of a black hole in a tidal environment

Assuming that all the local contributions to BH response are indeed zero [19], the complete

equations of motion for a spinning black hole moving in a background gravitational field with

curvature scale R � GNM can be obtained straightforwardly by inserting the induced moments

hQE,Bi from Eq. (3.40) and its magnetic analog into Eqs. (2.15), (2.20). Because the resulting

expressions are messy and not particularly illuminating, we will report instead on the implications

of these equations for the rate of change of mass and spin that arise as a consequence of tidal

interactions, given in Eqs. (2.25), (2.26). We consider separately the cases of a rapidly spinning

BH, R
�1

⌧ ⌦H and � ⇠ O(1), as well as the opposite slow-spin limit R
�1

� ⌦H , which

necessarily requires that |�| ⌧ 1,

Using the relation in Eq. (3.4) between our parameter s and the proper time ⌧ along the

wordlline of the rotating BH, we find, in the large spin case
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+O(GNM/R). (3.45)

This result, which is valid to all orders in spin, agrees with result found in ref. [22, 23]. To linear

order in � it also agrees with results obtained in [10]. In the opposite, � ! 0 limit, we find

instead
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which receives corrections at linear order in � ⌧ 1 from radiative tail contributions to the EFT

matching and to the Schwinger-Keldysh action. This is also in agreement with [20, 21].

For the torque induced on the black hole by the tidal background, we find from Eq. (2.20), (3.40)
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in the limit ⌦H � R
�1. In the opposite, � ! 0, Eq. (3.40) is dominated by the time variation of

Eµ⌫ and the torque is instead
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next order in GNM/R ⌧ 1 would require the inclusion in both the EFT matching and Schwinger-

Keldysh action of infrared divergent tail terms corresponding to graviton scattering o↵ the BHs

own gravitational field. Ref. [23] has reported a result for these next-to leading order corrections,

although a discrepancy with their earlier results [22] obtained in a probe limit remains unsettled

in the literature.

As another check of our results, note that from Eqs. (2.15), (2.20), we also find that in terms

of the curvatures Eab, Bab in the rotating frame
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in agreement w/ D’Eath (1975), Poisson (2004), Chantziioannou et al (2012,2016)
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Figure 1. Potential exchange diagrams that contribute to the two-particle action Sint. In (a) the particles
interact through the minimal gravitational interaction. Figure (b) is the term in Sint generated by the
quadrupole couplings of particle 1 (a similar diagram with 1 $ 2 has been omitted).

To integrate out the potential graviton modes, we fix deDonder gauge in which the graviton

propagator has the form Dµ⌫,↵�(x) = Pµ⌫,↵�D(x), where Pµ⌫,↵� = 1
2 [⌘µ↵⌘⌫� + ⌘µ�⌘⌫↵ � ⌘µ⌫⌘↵� ]

and

D(x) =

Z
d
4
k

(2⇡)4
e
ik·x i

k2
(3.2)

is the massless propagator. The i✏ prescription is not specified since we are in a kinematic regime

in which the exchanged graviton is o↵-shell (the e↵ects of radiation are higher order in the PM

or PN power counting). Then to leading order in powers of GN the gravitational interaction

(neglecting internal structure) is given by Fig. 1(a),

Sint = 8⇡iGN

Z
ds1ds2


(p1 · p2)

2
�

1

2
p
2
1p

2
2

�
D(x12) + · · · . (3.3)

Here and in what follows we drop UV power-divergent self-interaction diagrams in which potential

gravitons are emitted and re-absorbed by the same particle. Such divergences may be absorbed

into the coe�cients of local terms in the point particle action.

The internal dynamics mediated by the quadrupole operators generates an additional contri-

bution to Sint, which to leading order in GN is given by the Feynman diagrams in Fig. 1(b) and

takes the form

Sint = · · · + 8⇡iGN

X

↵=1,2

Z
ds1ds2

⇥
Q

E,↵
µ⌫ (s↵)TE,↵

µ⌫,⇢� + Q
B,↵
µ⌫ (s↵)TB,↵

µ⌫,⇢�
⇤
@⇢@�D(x12) + · · ·

(3.4)

where we define

TE,1
µ⌫,⇢� =

1

2p
2
1

h
�
�
2(p1 · p2)

2
� p

2
1p

2
2

�
⌘
µ(⇢

⌘
�)⌫ + p

2
2

⇣
⌘
µ⌫

p
⇢
1p

�
1 � 2p

(µ
1 ⌘

⌫)(⇢
p
�)
1

⌘

+4(p1 · p2)p
(⇢
1 ⌘

�)(µ
p
⌫)
2 � 2p

µ
2p

⌫
2p

⇢
1p

�
1

i
, (3.5)

TB,1
µ⌫,⇢� =

1

2p
2
1

h
(p1 · p2)

⇣
✏
µ(⇢

⌘
�)⌫ + (µ ! ⌫)

⌘
� 2p

(µ
2 ✏

⌫)(⇢
p
�)
1

i
(3.6)

with ✏
µ⌫ = ✏µ⌫⇢�p

⇢
1p

�
2 . TE,2

µ⌫,⇢� and TB,2
µ⌫,⇢� are similarly defined by exchanging p1 $ p2 in these

equations. Note that all variables appearing in Eqs. (3.4), (3.5), (3.6) have arbitrary dependence

on the worldline parameters s1,2. For example, x
µ
1 = x

µ
1 (s1), p

µ
1 = p

µ
1 (s1), etc.. Finally, we are

ignoring spin, so there is no distinction between global (flat space) indices and local indices in

these expressions.
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Figure 1. Potential exchange diagrams that contribute to the two-particle action Sint. In (a) the particles
interact through the minimal gravitational interaction. Figure (b) is the term in Sint generated by the
quadrupole couplings of particle 1 (a similar diagram with 1 $ 2 has been omitted).

or by Eq. (3.40),
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Because the even powers of the tensor ha, b|J3|c, di are positive definite, this quantity is manifestly

positive in the physical region �2
 1. Therefore the change in the BH area as a result of tidal

interactions is also positive

d

d⌧
AH =

2AH

M
p

1 � �2

h
Ṁ � ⌦H Ṡ

i
� 0, (3.51)

as required on general grounds [36].

4 Post-Newtonian equations of motion for binary dynamics

The same worldline e↵ective action formalism can also be applied to dissipation in dynamically

generated spacetimes, i.e sourced by the particles themselves, rather than the fixed background

field case discussed above. In order to do so, we have to include in the Schwinger-Keldysh

functional an integral over the fluctuations of the gravitational field itself8.
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with ~x = ~x1 � ~x2, up to terms suppressed by more power of the velocities. Varying the in-in

action, we obtain, in the linear response limit, an instantaneous non-conservative force on the

8
The role of the in-in formalism to describe radiation reaction forces was first discussed in [37].
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On the right hand side of this and the previous equation, the in-in expectation values in the PN
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In Eq. (4.5), “1 $ 2” has the meaning that we exchange the particle labels without changing

the sign of ~x. The PN equations of motion to linear order in the spin for an arbitrary composite

object were first calculated in [38]. Our results at � ⌧ 1 agree with those of ref. [38] if one

uses Eq. (3.29) with � = 0 to fix their dissipation parameter. The friction force ~F1,2 is a 5PN

e↵ect, while our result for the torque is 4PN relative to the leading order gravito-magnetic spin

precession formula predicted by linearized GR.

As a simple consequence of Eq. (4.5), consider the mechanical power that is absorbed or

extracted by the BH horizons
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where ~L is the orbital angular momentum about the center of mass. This results agrees to linear

order with [10, 13]. Depending on the relative orientations between the spins and the orbit, the

rate of change of energy can be positive or negative, reflecting the possibility of energy extraction

from the black holes through the Penrose process. For example, if the spins are orthogonal to
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In Eq. (4.5), “1 $ 2” has the meaning that we exchange the particle labels without changing

the sign of ~x. The PN equations of motion to linear order in the spin for an arbitrary composite

object were first calculated in [38]. Our results at � ⌧ 1 agree with those of ref. [38] if one

uses Eq. (3.29) with � = 0 to fix their dissipation parameter. The friction force ~F1,2 is a 5PN

e↵ect, while our result for the torque is 4PN relative to the leading order gravito-magnetic spin

precession formula predicted by linearized GR.

As a simple consequence of Eq. (4.5), consider the mechanical power that is absorbed or

extracted by the BH horizons
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where ~L is the orbital angular momentum about the center of mass. This results agrees to linear

order with [10, 13]. Depending on the relative orientations between the spins and the orbit, the

rate of change of energy can be positive or negative, reflecting the possibility of energy extraction

from the black holes through the Penrose process. For example, if the spins are orthogonal to
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In Eq. (4.5), “1 $ 2” has the meaning that we exchange the particle labels without changing

the sign of ~x. The PN equations of motion to linear order in the spin for an arbitrary composite

object were first calculated in [38]. Our results at � ⌧ 1 agree with those of ref. [38] if one

uses Eq. (3.29) with � = 0 to fix their dissipation parameter. The friction force ~F1,2 is a 5PN

e↵ect, while our result for the torque is 4PN relative to the leading order gravito-magnetic spin

precession formula predicted by linearized GR.

As a simple consequence of Eq. (4.5), consider the mechanical power that is absorbed or

extracted by the BH horizons
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where ~L is the orbital angular momentum about the center of mass. This results agrees to linear

order with [10, 13]. Depending on the relative orientations between the spins and the orbit, the

rate of change of energy can be positive or negative, reflecting the possibility of energy extraction

from the black holes through the Penrose process. For example, if the spins are orthogonal to
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In Eq. (4.5), “1 $ 2” has the meaning that we exchange the particle labels without changing

the sign of ~x. The PN equations of motion to linear order in the spin for an arbitrary composite

object were first calculated in [38]. Our results at � ⌧ 1 agree with those of ref. [38] if one

uses Eq. (3.29) with � = 0 to fix their dissipation parameter. The friction force ~F1,2 is a 5PN

e↵ect, while our result for the torque is 4PN relative to the leading order gravito-magnetic spin

precession formula predicted by linearized GR.

As a simple consequence of Eq. (4.5), consider the mechanical power that is absorbed or

extracted by the BH horizons
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where ~L is the orbital angular momentum about the center of mass. This results agrees to linear

order with [10, 13]. Depending on the relative orientations between the spins and the orbit, the

rate of change of energy can be positive or negative, reflecting the possibility of energy extraction

from the black holes through the Penrose process. For example, if the spins are orthogonal to
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���
~x=~̃x;e1,2=ẽ1,2
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In Eq. (4.5), “1 $ 2” has the meaning that we exchange the particle labels without changing

the sign of ~x. The PN equations of motion to linear order in the spin for an arbitrary composite

object were first calculated in [38]. Our results at � ⌧ 1 agree with those of ref. [38] if one

uses Eq. (3.29) with � = 0 to fix their dissipation parameter. The friction force ~F1,2 is a 5PN

e↵ect, while our result for the torque is 4PN relative to the leading order gravito-magnetic spin

precession formula predicted by linearized GR.

As a simple consequence of Eq. (4.5), consider the mechanical power that is absorbed or

extracted by the BH horizons
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where ~L is the orbital angular momentum about the center of mass. This results agrees to linear

order with [10, 13]. Depending on the relative orientations between the spins and the orbit, the

rate of change of energy can be positive or negative, reflecting the possibility of energy extraction

from the black holes through the Penrose process. For example, if the spins are orthogonal to
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enhanced relative to             by                .    Note that             is allowed in the super-radiant 
regime corresponding to energy extraction from the BH  (Penrose process)       
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Hawking emission and EFT
In principle, same methods can be applied to capture long distance effects of emission by black hole 
horizon.    To understand how this effects the Wightman functions                       we match the EFT 
to the particle emission/absorption probabilities of the BH in the “Unruh state”

hQE,BQE,Bi
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Probability to emit     particles in normalized wavepacket, starting with       particles (same 
wavepacket) in the initial state:

n m

x = e��H!
Boltzmann factor |R`(!)|2 = 1� |B`(!)|2

<latexit sha1_base64="+dHR6YoY95MXct64At4Jzo+ztPg=">AAACF3icbVDLSgNBEJyNrxhfqx69DAYhHgy7UTAXIejFYxTzgOwaZiedZMjsg5lZIWzyF178FS8eFPGqN//GSbIHTSxoKKq66e7yIs6ksqxvI7O0vLK6ll3PbWxube+Yu3t1GcaCQo2GPBRNj0jgLICaYopDMxJAfI9DwxtcTfzGAwjJwuBODSNwfdILWJdRorTUNouj23biAOfjghP60CPHo/sSvsA2PhldLjptM28VrSnwIrFTkkcpqm3zy+mENPYhUJQTKVu2FSk3IUIxymGcc2IJEaED0oOWpgHxQbrJ9K8xPtJKB3dDoStQeKr+nkiIL+XQ93SnT1RfznsT8T+vFatu2U1YEMUKAjpb1I05ViGehIQ7TABVfKgJoYLpWzHtE0Go0lHmdAj2/MuLpF4q2qfF0s1ZvlJO48iiA3SICshG56iCrlEV1RBFj+gZvaI348l4Md6Nj1lrxkhn9tEfGJ8/vWueXA==</latexit>

(Bekenstein+Meisels;
 Pananganden+Wald, 1977)

Matching the probability amplitudes

October 10, 2019

Wald in his paper calculates the probability that a black hole emits n identical spin-0 particles

all in the same normalizable wavepacket | i with definite angular momentum ` and sharply

localized around some energy !0, given that the m particles were incident in the same state in

the far past,

p`(m ! n) =
(1� x)xn(1� |R`|

2)n+m

(1� x|R`|
2)n+m+1

min(n,m)X

k=0

(n+m� k)!

k!(n� k)!(m� k)!


(|R`|

2
� x)(1� x|R`|

2)

x(1� |R`|
2)2

�k
,

(0.1)

where |R`m(!)| is the reflection coe�cient (with |R`m(!)|2 = 1� |B`(!)|2) and for a non-rotating

black hole, x = exp[��H!].

We use this result to match the Green’s functions of the operator Q(�) in the worldline EFT,

SBH = �M

Z
d⌧(�)�

Z
d⌧(�)�(x(�))Q(�). (0.2)

1 Leading order probabilities

To compare to the result of Bekenstein, we compute in the EFT the amplitude

iA(m+M ! n+X) = hX;m|T exp


�i

Z
dtQ(t)�(x)

�
|M ;ni (1.1)

in the rest frame of the BH, taking an the initial state of the field �(x) to be the n-particle state

|ni =
1

p
n!

"Z
d3~k

(2⇡)32|~k|
 (~k)a†(k)

#n

|0i, (1.2)

for some wavepacket  (~k), normalized as
R

d3~k
(2⇡)32|~k|

| (~k)|2 = 1. Similarly, the final state consists

of m-particles in the same wavepacket. Since the monopole operator Q(t) only couples to s-wave

states, we take  (~k) to be isotropic, of the form

 (~k) =
1q
2⇡|~k|

 0(|~k|), (1.3)

normalized according to
R1
0

dk
2⇡ | 0(k)|2 = 1. We assume that the function  0(k) is sharply

localized around some frequency ! > 0. The transition probabilities are then

p(m ! n) =
X

X

|A(m+M ! n+X)|2. (1.4)

1

WG+Rothstein, arXiv:1912.13435
arXiv:2007.00731

p(1 ! 0) ⇡ p(0 ! 1)
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⇡
|Bh

`=2,m(!)|2

�H!
⇡ (rs!)6

225⇡
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(full theory)

p(1 ! 0) ⇡ 4

5
GN!5

�
AE

+(!) +AB
+(!)

�
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p(0 ! 1) ⇡ 4

5
GN!5

�
AE

+(�!) +AB
+(�!)

�
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(EFT)

Under the assumption that the magnetic and electric correlators are equal, comparison to the

full theory then yields

AE

+(!) = AB

+(!) ⇡
1

360⇡

r5s
GN

, (1.18)

for both positive (absorption) and negative (emission) frequency. Note that the scaling with

radius is the same as one would expect for the classical Love number of a relativistic compact

object. By comparing the EFT to the full theory transition probabilities with more than one

particle in the final or initial state, it is possible also to extract the higher-point correlators of

the worldline quadrupole operators. As in [?], one would find that the higher-point functions are

Gaussian, generated by the Schwinger-Keldysh matrix of two-point functions.

2 Inelastic scattering of infalling particles o↵ Hawking gravitons

As an application of the graviton EFT, we now compute the inelastic process �+BHM ! �0
+X

where a scalar field scatters o↵ a heavy black hole. Due to the presence of the horizon, the

scalar can tidally exchange energy and momentum with the black hole. In the Unruh state, the

exchanged energy can be of either sign, due to the possibility that � absorbs a virtual Hawking

mode emitted by the black hole.

In the EFT, the inclusive probability is given in Fig., where we sum over the unobserved

internal states X of the final black hole. We assume that the scalar couples minimally to gravity,

Lint = � 1

2mP l

hµ⌫
✓
@µ�@⌫�� 1

2
⌘µ⌫(@�)

2

◆
(2.1)

and work in a gauge in which the propagator of the exchanged graviton is
i

q2
Pµ⌫;↵� , with

Pµ⌫;↵� =
1

2
[⌘µ↵⌘⌫� + ⌘µ�⌘⌫↵ � ⌘µ⌫⌘↵� ] . (2.2)

At the level of the amplitude, we have, in the rest frame of the black hole, vµ = (1, 0)

iAX = � 1

2m2
P l

· i

q2

Z
d⌧e�iq·v⌧ hX|QE

ab
(⌧)|MiAE

ab
+mag. (2.3)

where, using FeynCalc [], the tensors AE

ab
= eµae⌫bAE

µ⌫ are given by

AE

µ⌫ = [(v · p)q � (v · q)p]µ [(v · p)q � (v · q)p]⌫ , (2.4)

AB

µ⌫ = ✏µ↵⇢�v
↵p⇢q� [(v · p)q � (v · q)p]⌫ . (2.5)

Summing over the final states X, the amplitude squared breaks up into electric and magnetic

contributions, X

X

|AX |2 = |AE |2 + |AB|2, (2.6)

where

|AE |2 =
1

4m4
P l

T

q4
AE

+(!)ha, b|c, diAE

ab
AE

cd
, (2.7)

4

Note that in the presence of Hawking emission, Wightman fns are enhanced by                       
relative to the classical case (no            suppression)!    Nevertheless, Hawking emission is 
suppressed in classical processes, i.e.      

(rs!)
�1 � 1
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GHawk.

ret
(!) = Gclass.

ret
(!) +O(~!/MPl)

2
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Application:   Inelastic gravitational scattering off BH mediated by virtual Hawking graviton
 exchange.

Wightman functions can be used to predict inclusive scattering cross section                                  .    
We assume that 

�+BH ! �+BH
0
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but otherwise generic kinematics.    In this limit the inelastic scattering process is dominated by off-
shell Hawking graviton exchange with the BH
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(In BH rest frame  )
vµ = (1, 0)
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and similarly for the magnetic piece. The time scale T ! 1 is an arbitrary IR cuto↵ associated

with time translation invariance which will noty appear in physical observables. Using the identity

ha, b|c, dieaµeb⌫ec⇢ed� =
1
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�
, (2.8)

with ⌘?µ⌫ = ⌘µ⌫ � vµv⌫ , we obtain
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|AB|2 ⇡ T
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(2.10)

where we drop terms subleading in powers of the momentum transfer. This should be compared

with the elastic gravitational scattering amplitude, which to leading order in GN is of the form

|Ael|2 = (2⇡)�(q · v)T
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2
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In terms of the squared amplitude, the BH-frame di↵erential cross section is
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dq2d(q · v) ⇡ 7GNr5s
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(In BH rest frame  )

Suppressed over elastic scattering by a factor of                        relative to LO elastic scattering off 
BH’s Newtonian gravitational field.     

⇠ q2

M2
Pl

(rsq)
3

vµ = (1, 0)
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+ +

This is same order in               as the correction to elastic scattering from one-loop graviton vacuum 
polarization, a new calculable perturbative quantum gravity effect…

q2/M2
Pl

Ael|O(~1) =
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and similarly for the magnetic piece. The time scale T ! 1 is an arbitrary IR cuto↵ associated

with time translation invariance which will noty appear in physical observables. Using the identity

ha, b|c, dieaµeb⌫ec⇢ed� =
1

2
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⌫� + ⌘?µ�⌘

?
⌫⇢ �

2

3
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?
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�
, (2.8)

with ⌘?µ⌫ = ⌘µ⌫ � vµv⌫ , we obtain
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where we drop terms subleading in powers of the momentum transfer. This should be compared

with the elastic gravitational scattering amplitude, which to leading order in GN is of the form

|Ael|2 = (2⇡)�(q · v)T
✓
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◆2 
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(2.11)

In terms of the squared amplitude, the BH-frame di↵erential cross section is
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Conclusions

Proliferation of length scales in the compact binary inspiral problem motivates an
 EFT description

Black hole finite size effects, eg dissipation, can be included systematically in this EFT.
For spinning BHs these can be enhanced in the superradiant regime                     .   ⌦H � !orbit
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Quantum effects associated with the horizon can also be described in this EFT.    

New results at 2.5PN for           in BH/BH binary inspirals. 

New calculable quantum gravity effects at                      
due to off-shell Hawking exchange.

O(q2/M2
Pl)
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