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<latexit sha1_base64="hFuhKo6O5krFIhKbp0Tp0HWk5g8=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYEgjKChjII8pASK1pfNuGU80N3a1Bk5RNooaJDtHwPBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yVXmdx5QGxkGdzSN0PVhHMiRFECpdCsG9UGlatfsHHyROAWpsgLNQeWrPwxF7GNAQoExPceOyE1AkxQKZ+V+bDACMYEx9lIagI/GTfKoM34cG6CQR6i5VDwX8fdGAr4xU99LJ32gezPvZeJ/Xi+m0YWbyCCKCQORHSKpMD9khJZpB8iHUiMRZMmRy4AL0ECEWnIQIhXjtJRy2ocz//0iaddrzlnNvjmtNi6LZkrskB2xE+awc9Zg16zJWkywMXtiz+zFerRerTfr/Wd0ySp2DtgfWB/flDOSFQ==</latexit>c2
<latexit sha1_base64="d/+4mwzHQqlVXqh/ZN81WEzXls8=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkV2BIIygoYySOQhJVa0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFqHrwySQYymAUqkrhknjzJkPqzW7bufgy8QpSI0VaA2rX4NRKGIfAxIKjOk7dkRuApqkUDivDGKDEYgpTLCf0gB8NG6Sx53zk9gAhTxCzaXiuYi/NxLwjZn5XjrpAz2YRS8T//P6MY2v3EQGUUwYiOwQSYX5ISO0THtAPpIaiSBLjlwGXIAGItSSgxCpGKfFVNI+nMXvl0mnUXcu6vbdea15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf30HGk5I=</latexit>c2,1

<latexit sha1_base64="mkC8ufHq0Cw/TwJKS2QmnlUQg/w=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkxIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jF4A01BOpADKJFeM0tZiVG/YTbsA/0uckjRYic6o/jkcRyIJMCShwJiBY8fkpaBJCoWL2jAxGIOYwRQHGQ0hQOOlRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDk0ktlGCeEocgPkVRYHDJCy6wF5GOpkQjy5MhlyAVoIEItOQiRiUlWSy3rw1n+/i/pnjWd86Z922q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wJmjZMj</latexit>c4
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1. IR

3. Bounds at Tree-level

4. Loop effects

2. UV ➙ IR
(2 ➙2 amplitude, dispersion relation, arcs, moments)



Notation/Outline

<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

(e.g. tree-level)

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

<latexit sha1_base64="hFuhKo6O5krFIhKbp0Tp0HWk5g8=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYEgjKChjII8pASK1pfNuGU80N3a1Bk5RNooaJDtHwPBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yVXmdx5QGxkGdzSN0PVhHMiRFECpdCsG9UGlatfsHHyROAWpsgLNQeWrPwxF7GNAQoExPceOyE1AkxQKZ+V+bDACMYEx9lIagI/GTfKoM34cG6CQR6i5VDwX8fdGAr4xU99LJ32gezPvZeJ/Xi+m0YWbyCCKCQORHSKpMD9khJZpB8iHUiMRZMmRy4AL0ECEWnIQIhXjtJRy2ocz//0iaddrzlnNvjmtNi6LZkrskB2xE+awc9Zg16zJWkywMXtiz+zFerRerTfr/Wd0ySp2DtgfWB/flDOSFQ==</latexit>c2
<latexit sha1_base64="d/+4mwzHQqlVXqh/ZN81WEzXls8=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkV2BIIygoYySOQhJVa0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFqHrwySQYymAUqkrhknjzJkPqzW7bufgy8QpSI0VaA2rX4NRKGIfAxIKjOk7dkRuApqkUDivDGKDEYgpTLCf0gB8NG6Sx53zk9gAhTxCzaXiuYi/NxLwjZn5XjrpAz2YRS8T//P6MY2v3EQGUUwYiOwQSYX5ISO0THtAPpIaiSBLjlwGXIAGItSSgxCpGKfFVNI+nMXvl0mnUXcu6vbdea15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf30HGk5I=</latexit>c2,1

<latexit sha1_base64="mkC8ufHq0Cw/TwJKS2QmnlUQg/w=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkxIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jF4A01BOpADKJFeM0tZiVG/YTbsA/0uckjRYic6o/jkcRyIJMCShwJiBY8fkpaBJCoWL2jAxGIOYwRQHGQ0hQOOlRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDk0ktlGCeEocgPkVRYHDJCy6wF5GOpkQjy5MhlyAVoIEItOQiRiUlWSy3rw1n+/i/pnjWd86Z922q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wJmjZMj</latexit>c4

powers of t
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1. IR

3. Bounds at Tree-level

4. Loop effects

Field Content: for most of the talk, a single scalar <latexit sha1_base64="OXMVByLmnGDPliQctQEINFpBGgo=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRTzufT3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOzuBlsKi6346paXlldW18nplY3Nre6e6u9e2UWw4tHgkI9MNmAUpFLRQoISuNsDCQEInmFxlfucBjBWRusOpBj9kYyVGgjNMpdu+FoNqza27Oegi8QpSIwWag+pXfxjxOASFXDJre56r0U+YQcElzCr92IJmfMLG0EupYiFYP8mjzuhRbBlGVIOhQtJchN8bCQutnYZBOhkyvLfzXib+5/ViHF34iVA6RlA8O4RCQn7IciPSDoAOhQFEliUHKhTlzDBEMIIyzlMxTkuppH14898vkvZJ3TuruzentcZl0UyZHJBDckw8ck4a5Jo0SYtwMiZP5Jm8OI/Oq/PmvP+MlpxiZ5/8gfPxDfmFklY=</latexit>⇡

2. UV ➙ IR
(2 ➙2 amplitude, dispersion relation, arcs, moments)



Notation/Outline

<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

(e.g. tree-level)

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

<latexit sha1_base64="hFuhKo6O5krFIhKbp0Tp0HWk5g8=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYEgjKChjII8pASK1pfNuGU80N3a1Bk5RNooaJDtHwPBf+CbVxAwlSjmV3t7HiRkoZs+9NaWl5ZXVsvbZQ3t7Z3dit7+20TxlpgS4Qq1F0PDCoZYIskKexGGsH3FHa8yVXmdx5QGxkGdzSN0PVhHMiRFECpdCsG9UGlatfsHHyROAWpsgLNQeWrPwxF7GNAQoExPceOyE1AkxQKZ+V+bDACMYEx9lIagI/GTfKoM34cG6CQR6i5VDwX8fdGAr4xU99LJ32gezPvZeJ/Xi+m0YWbyCCKCQORHSKpMD9khJZpB8iHUiMRZMmRy4AL0ECEWnIQIhXjtJRy2ocz//0iaddrzlnNvjmtNi6LZkrskB2xE+awc9Zg16zJWkywMXtiz+zFerRerTfr/Wd0ySp2DtgfWB/flDOSFQ==</latexit>c2
<latexit sha1_base64="d/+4mwzHQqlVXqh/ZN81WEzXls8=">AAAB+XicbVC7TsNAEDyHVwivACXNiQiJAkV2BIIygoYySOQhJVa0vmzCKeeH7tZIkZWPoIWKDtHyNRT8C7ZxAQlTjWZ2tbPjRUoasu1Pq7Syura+Ud6sbG3v7O5V9w86Joy1wLYIVah7HhhUMsA2SVLYizSC7ynsetObzO8+ojYyDO5pFqHrwySQYymAUqkrhknjzJkPqzW7bufgy8QpSI0VaA2rX4NRKGIfAxIKjOk7dkRuApqkUDivDGKDEYgpTLCf0gB8NG6Sx53zk9gAhTxCzaXiuYi/NxLwjZn5XjrpAz2YRS8T//P6MY2v3EQGUUwYiOwQSYX5ISO0THtAPpIaiSBLjlwGXIAGItSSgxCpGKfFVNI+nMXvl0mnUXcu6vbdea15XTRTZkfsmJ0yh12yJrtlLdZmgk3ZE3tmL1ZivVpv1vvPaMkqdg7ZH1gf30HGk5I=</latexit>c2,1

<latexit sha1_base64="mkC8ufHq0Cw/TwJKS2QmnlUQg/w=">AAAB93icbVC7TsNAEDyHVwivACXNiQiJKrJREJQRNJRBwkmkxIrWl0045fzQ3RopsvINtFDRIVo+h4J/wTYuIDDVaGZXOzt+rKQh2/6wKiura+sb1c3a1vbO7l59/6BrokQLdEWkIt33waCSIbokSWE/1giBr7Dnz65zv/eA2sgovKN5jF4A01BOpADKJFeM0tZiVG/YTbsA/0uckjRYic6o/jkcRyIJMCShwJiBY8fkpaBJCoWL2jAxGIOYwRQHGQ0hQOOlRdgFP0kMUMRj1FwqXoj4cyOFwJh54GeTAdC9WfZy8T9vkNDk0ktlGCeEocgPkVRYHDJCy6wF5GOpkQjy5MhlyAVoIEItOQiRiUlWSy3rw1n+/i/pnjWd86Z922q0r8pmquyIHbNT5rAL1mY3rMNcJphkj+yJPVtz68V6td6+RytWuXPIfsF6/wJmjZMj</latexit>c4

powers of t
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1. IR

3. Bounds at Tree-level

4. Loop effects

Symmetries: sometimes shift symmetries ⇡ ! ⇡ + ↵+ �x · · ·+ �xn
<latexit sha1_base64="wGN8nb5rIlZfePVucxOecn/Ox9g="></latexit>

Field Content: for most of the talk, a single scalar <latexit sha1_base64="OXMVByLmnGDPliQctQEINFpBGgo=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGsogyENKrOh82YRTzufT3RoUWfkEWqjoEC3fQ8G/YBsXkDDVaGZXOzuBlsKi6346paXlldW18nplY3Nre6e6u9e2UWw4tHgkI9MNmAUpFLRQoISuNsDCQEInmFxlfucBjBWRusOpBj9kYyVGgjNMpdu+FoNqza27Oegi8QpSIwWag+pXfxjxOASFXDJre56r0U+YQcElzCr92IJmfMLG0EupYiFYP8mjzuhRbBlGVIOhQtJchN8bCQutnYZBOhkyvLfzXib+5/ViHF34iVA6RlA8O4RCQn7IciPSDoAOhQFEliUHKhTlzDBEMIIyzlMxTkuppH14898vkvZJ3TuruzentcZl0UyZHJBDckw8ck4a5Jo0SYtwMiZP5Jm8OI/Oq/PmvP+MlpxiZ5/8gfPxDfmFklY=</latexit>⇡

2. UV ➙ IR
(2 ➙2 amplitude, dispersion relation, arcs, moments)



1.  IR



A =
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+

E4

M4
+

E6

M6
+

E8

M8
+ · · ·

<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>
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0 ME
generic UV theory generates 
generic coefficients at E=M

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>A =

<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

Effective Field Theory
2>2 scattering
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+
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M8
+ · · ·

<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>
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0 ME
generic UV theory generates 
generic coefficients at E=M

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

in the EFT,  
coefficients run

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>
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c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

in the EFT,  
coefficients run

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>
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<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>
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<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?
No! Quantum effects 
homogenise them
c1 ⇠ c2 ⇠ c3 ⇠ · · ·

<latexit sha1_base64="EYutqa67bHUJJDg7RK9nXBCT8zI=">AAACEXicbVDJSgNBEO2JW4xb1KMIjUHwFGYyMdFb0IvHCGaBJAw9nUps7FnorhFCyMlP8Cu86smbePULPPgvzkwGcXuXerxXRVU9N5RCo2m+G7mFxaXllfxqYW19Y3OruL3T1kGkOLR4IAPVdZkGKXxooUAJ3VAB81wJHffmPPE7t6C0CPwrnIQw8NjYFyPBGcaSU9znjtXXwqPcqWTVTmqfDwPUTrFkluu2ZR5X6ZzUKxmpVa hVNlOUSIamU/zoDwMeeeAjl0zrnmWGOJgyhYJLmBX6kYaQ8Rs2hl5MfeaBHkzTN2b0MNIMAxqCokLSVITvE1PmaT3x3LjTY3itf3uJ+J/Xi3B0MpgKP4wQfJ4sQiEhXaS5EnE+QIdCASJLLgcqfMqZYoigBGWcx2IUB1ZI8zhNUPv6/i9pV8qWXbYvq6XGWZZMnuyRA3JELFInDXJBmqRFOLkjD+SRPBn3xrPxYrzOW3NGNrNLfsB4+wS2Rp1I</latexit>

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

Effective Field Theory
2>2 scattering
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<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?
No! Quantum effects 
homogenise them
c1 ⇠ c2 ⇠ c3 ⇠ · · ·

<latexit sha1_base64="EYutqa67bHUJJDg7RK9nXBCT8zI=">AAACEXicbVDJSgNBEO2JW4xb1KMIjUHwFGYyMdFb0IvHCGaBJAw9nUps7FnorhFCyMlP8Cu86smbePULPPgvzkwGcXuXerxXRVU9N5RCo2m+G7mFxaXllfxqYW19Y3OruL3T1kGkOLR4IAPVdZkGKXxooUAJ3VAB81wJHffmPPE7t6C0CPwrnIQw8NjYFyPBGcaSU9znjtXXwqPcqWTVTmqfDwPUTrFkluu2ZR5X6ZzUKxmpVa hVNlOUSIamU/zoDwMeeeAjl0zrnmWGOJgyhYJLmBX6kYaQ8Rs2hl5MfeaBHkzTN2b0MNIMAxqCokLSVITvE1PmaT3x3LjTY3itf3uJ+J/Xi3B0MpgKP4wQfJ4sQiEhXaS5EnE+QIdCASJLLgcqfMqZYoigBGWcx2IUB1ZI8zhNUPv6/i9pV8qWXbYvq6XGWZZMnuyRA3JELFInDXJBmqRFOLkjD+SRPBn3xrPxYrzOW3NGNrNLfsB4+wS2Rp1I</latexit>

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

Effective Field Theory
2>2 scattering
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<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?
No! Quantum effects 
homogenise them
c1 ⇠ c2 ⇠ c3 ⇠ · · ·

<latexit sha1_base64="EYutqa67bHUJJDg7RK9nXBCT8zI=">AAACEXicbVDJSgNBEO2JW4xb1KMIjUHwFGYyMdFb0IvHCGaBJAw9nUps7FnorhFCyMlP8Cu86smbePULPPgvzkwGcXuXerxXRVU9N5RCo2m+G7mFxaXllfxqYW19Y3OruL3T1kGkOLR4IAPVdZkGKXxooUAJ3VAB81wJHffmPPE7t6C0CPwrnIQw8NjYFyPBGcaSU9znjtXXwqPcqWTVTmqfDwPUTrFkluu2ZR5X6ZzUKxmpVa hVNlOUSIamU/zoDwMeeeAjl0zrnmWGOJgyhYJLmBX6kYaQ8Rs2hl5MfeaBHkzTN2b0MNIMAxqCokLSVITvE1PmaT3x3LjTY3itf3uJ+J/Xi3B0MpgKP4wQfJ4sQiEhXaS5EnE+QIdCASJLLgcqfMqZYoigBGWcx2IUB1ZI8zhNUPv6/i9pV8qWXbYvq6XGWZZMnuyRA3JELFInDXJBmqRFOLkjD+SRPBn3xrPxYrzOW3NGNrNLfsB4+wS2Rp1I</latexit>

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

Effective Field Theory
2>2 scattering
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<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?
No! Quantum effects 
homogenise them
c1 ⇠ c2 ⇠ c3 ⇠ · · ·

<latexit sha1_base64="EYutqa67bHUJJDg7RK9nXBCT8zI=">AAACEXicbVDJSgNBEO2JW4xb1KMIjUHwFGYyMdFb0IvHCGaBJAw9nUps7FnorhFCyMlP8Cu86smbePULPPgvzkwGcXuXerxXRVU9N5RCo2m+G7mFxaXllfxqYW19Y3OruL3T1kGkOLR4IAPVdZkGKXxooUAJ3VAB81wJHffmPPE7t6C0CPwrnIQw8NjYFyPBGcaSU9znjtXXwqPcqWTVTmqfDwPUTrFkluu2ZR5X6ZzUKxmpVa hVNlOUSIamU/zoDwMeeeAjl0zrnmWGOJgyhYJLmBX6kYaQ8Rs2hl5MfeaBHkzTN2b0MNIMAxqCokLSVITvE1PmaT3x3LjTY3itf3uJ+J/Xi3B0MpgKP4wQfJ4sQiEhXaS5EnE+QIdCASJLLgcqfMqZYoigBGWcx2IUB1ZI8zhNUPv6/i9pV8qWXbYvq6XGWZZMnuyRA3JELFInDXJBmqRFOLkjD+SRPBn3xrPxYrzOW3NGNrNLfsB4+wS2Rp1I</latexit>

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

Effective Field Theory

Yes! Approximate symmetries 
protect “softer” patterns

2>2 scattering



 

IE

I
Energy

|A
m

p|
2

0 ME

A =
E2

M2
+

E4

M4
+

E6

M6
+

E8

M8
+ · · ·

<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?
No! Quantum effects 
homogenise them
c1 ⇠ c2 ⇠ c3 ⇠ · · ·

<latexit sha1_base64="EYutqa67bHUJJDg7RK9nXBCT8zI=">AAACEXicbVDJSgNBEO2JW4xb1KMIjUHwFGYyMdFb0IvHCGaBJAw9nUps7FnorhFCyMlP8Cu86smbePULPPgvzkwGcXuXerxXRVU9N5RCo2m+G7mFxaXllfxqYW19Y3OruL3T1kGkOLR4IAPVdZkGKXxooUAJ3VAB81wJHffmPPE7t6C0CPwrnIQw8NjYFyPBGcaSU9znjtXXwqPcqWTVTmqfDwPUTrFkluu2ZR5X6ZzUKxmpVa hVNlOUSIamU/zoDwMeeeAjl0zrnmWGOJgyhYJLmBX6kYaQ8Rs2hl5MfeaBHkzTN2b0MNIMAxqCokLSVITvE1PmaT3x3LjTY3itf3uJ+J/Xi3B0MpgKP4wQfJ4sQiEhXaS5EnE+QIdCASJLLgcqfMqZYoigBGWcx2IUB1ZI8zhNUPv6/i9pV8qWXbYvq6XGWZZMnuyRA3JELFInDXJBmqRFOLkjD+SRPBn3xrPxYrzOW3NGNrNLfsB4+wS2Rp1I</latexit>

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

Effective Field Theory

+ · · ·
<latexit sha1_base64="TAtg5wbpOJ8wez7P9LSBJqK4s6c=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoMgCGFjxMct6MVjBPOAZAmzk04cMvtgplcISz7Cq568iVe/xoP/4u66iBrrVFR109Xlhkoasu13q7CwuLS8Ulwtra1vbG6Vt3faJoi0wJYIVKC7LjeopI8tkqSwG2rknquw406uUr9zj9rIwL+laYiOx8e+HEnBKZE6R30xDMgMyhW7amdg86SWkwrkaA7KH/1hICIPfRKKG9Or2SE5MdckhcJZqR8ZDLmY8DH2EupzD40TZ3Fn7CAynAIWomZSsUzEnxsx94yZem4y6XG6M3+9VPzP60U0Ondi6YcRoS/SQyQVZoeM0DLpAdlQaiTiaXJk0meCa06EWjIuRCJGSTGlrI+LFKff38+T9nG1Vq/Wb04qjcu8mSLswT4cQg3OoAHX0IQWCJjAAzzCkxVbz9aL9fo1WrDynV34BevtE+axlCA=</latexit>

A ⇠ c2
E4

M4
<latexit sha1_base64="NlQwA7NZUqieHJRiWMLMKtFtXqQ=">AAACDXicbVDLSgNBEJyN7/ha9SReBoPgKWwS8XGLiuBFUDBGyMbQO3Z0cPbBTK8QluAn+BVe9eRNvPoNHvwXd9cgaqxDU1R1093lRUoacpx3qzAyOjY+MTlVnJ6ZnZu3FxbPTBhrgQ0RqlCfe2BQyQAbJEnheaQRfE9h07vZz/zmLWojw+CUehG2fbgKZFcKoFTq2Mu7rpE+F50qd7saRHJwsdFPjtLSsUtO2cnBh0llQEpsgOOO/eFehiL2MSChwJhWxYmonYAmKRT2i25sMAJxA1fYSmkAPpp2kr/Q52uxAQp5hJpLxXMRf04k4BvT87200we6Nn+9TPzPa8XU3W4nMohiwkBki0gqzBcZoWWaDfJLqZEIssuRy4AL0ECEWnIQIhXjNKxinsdOhs3v74fJWbVcqZVrJxul+t4gmUm2wlbZOquwLVZnh+yYNZhgd+yBPbIn6956tl6s16/WgjWYWWK/YL19AtT0mxk=</latexit>

⇡ ! ⇡ + ↵
<latexit sha1_base64="ad3WZoxOlKl3llWFF1AYjif1dIU=">AAACBHicbVBNS8NAEN34bf2KevSyWARBKIkVP26iF48KtgpNKZPt1C7dJMvuRCjBq7/Cq568iVf/hwf/i0ksotZ3GB7vzTAzL9RKWvK8d2dicmp6ZnZuvrKwuLS84q6uNW2SGoENkajEXIdgUckYGyRJ4bU2CFGo8CocnBb+1S0aK5P4koYa2xHcxLInBVAudVw30DKgJK87ASjdh45b9WpeCT5O/BGpshHOO+5H0E1EGmFMQoG1Ld/T1M7AkBQK7ypBalGDGMANtnIaQ4S2nZWX3/Gt1AIlXKPhUvFSxJ8TGUTWDqMw74yA+vavV4j/ea2UeoftTMY6JYxFsYikwnKRFUbmkSDvSoNEUFyOXMZcgAEiNJKDELmY5hlVyjyOCux/fz9Omrs1v16rX+xVj09GycyxDbbJtpnPDtgxO2PnrMEEu2UP7JE9OffOs/PivH61TjijmXX2C87bJ2YXmD0=</latexit>

Goldstone

L =
c2
M4

(@⇡)4
<latexit sha1_base64="JhmAOsRY3Wleql1SJ9iiai04Odo="></latexit>

+ · · ·
<latexit sha1_base64="TAtg5wbpOJ8wez7P9LSBJqK4s6c=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoMgCGFjxMct6MVjBPOAZAmzk04cMvtgplcISz7Cq568iVe/xoP/4u66iBrrVFR109Xlhkoasu13q7CwuLS8Ulwtra1vbG6Vt3faJoi0wJYIVKC7LjeopI8tkqSwG2rknquw406uUr9zj9rIwL+laYiOx8e+HEnBKZE6R30xDMgMyhW7amdg86SWkwrkaA7KH/1hICIPfRKKG9Or2SE5MdckhcJZqR8ZDLmY8DH2EupzD40TZ3Fn7CAynAIWomZSsUzEnxsx94yZem4y6XG6M3+9VPzP60U0Ondi6YcRoS/SQyQVZoeM0DLpAdlQaiTiaXJk0meCa06EWjIuRCJGSTGlrI+LFKff38+T9nG1Vq/Wb04qjcu8mSLswT4cQg3OoAHX0IQWCJjAAzzCkxVbz9aL9fo1WrDynV34BevtE+axlCA=</latexit>

Yes! Approximate symmetries 
protect “softer” patterns

2>2 scattering



 

IE

I
Energy

|A
m

p|
2

0 ME

A =
E2

M2
+

E4

M4
+

E6

M6
+

E8

M8
+ · · ·

<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?
No! Quantum effects 
homogenise them
c1 ⇠ c2 ⇠ c3 ⇠ · · ·

<latexit sha1_base64="EYutqa67bHUJJDg7RK9nXBCT8zI=">AAACEXicbVDJSgNBEO2JW4xb1KMIjUHwFGYyMdFb0IvHCGaBJAw9nUps7FnorhFCyMlP8Cu86smbePULPPgvzkwGcXuXerxXRVU9N5RCo2m+G7mFxaXllfxqYW19Y3OruL3T1kGkOLR4IAPVdZkGKXxooUAJ3VAB81wJHffmPPE7t6C0CPwrnIQw8NjYFyPBGcaSU9znjtXXwqPcqWTVTmqfDwPUTrFkluu2ZR5X6ZzUKxmpVa hVNlOUSIamU/zoDwMeeeAjl0zrnmWGOJgyhYJLmBX6kYaQ8Rs2hl5MfeaBHkzTN2b0MNIMAxqCokLSVITvE1PmaT3x3LjTY3itf3uJ+J/Xi3B0MpgKP4wQfJ4sQiEhXaS5EnE+QIdCASJLLgcqfMqZYoigBGWcx2IUB1ZI8zhNUPv6/i9pV8qWXbYvq6XGWZZMnuyRA3JELFInDXJBmqRFOLkjD+SRPBn3xrPxYrzOW3NGNrNLfsB4+wS2Rp1I</latexit>

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

Effective Field Theory

+ · · ·
<latexit sha1_base64="TAtg5wbpOJ8wez7P9LSBJqK4s6c=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoMgCGFjxMct6MVjBPOAZAmzk04cMvtgplcISz7Cq568iVe/xoP/4u66iBrrVFR109Xlhkoasu13q7CwuLS8Ulwtra1vbG6Vt3faJoi0wJYIVKC7LjeopI8tkqSwG2rknquw406uUr9zj9rIwL+laYiOx8e+HEnBKZE6R30xDMgMyhW7amdg86SWkwrkaA7KH/1hICIPfRKKG9Or2SE5MdckhcJZqR8ZDLmY8DH2EupzD40TZ3Fn7CAynAIWomZSsUzEnxsx94yZem4y6XG6M3+9VPzP60U0Ondi6YcRoS/SQyQVZoeM0DLpAdlQaiTiaXJk0meCa06EWjIuRCJGSTGlrI+LFKff38+T9nG1Vq/Wb04qjcu8mSLswT4cQg3OoAHX0IQWCJjAAzzCkxVbz9aL9fo1WrDynV34BevtE+axlCA=</latexit>

A ⇠ c4
E8

M8
<latexit sha1_base64="vE2mBtp8i68pja0e1ZUdmZX1cVk=">AAACDXicbVDJSgNBEO2JW4xb1JN4aQyCpzBjxOXmguBFUDAmkMShpq3Exp6F7hohDMFP8Cu86smbePUbPPgvzoxB3N6heLxXRVU9L1LSkG2/WYWR0bHxieJkaWp6ZnauPL9wbsJYC6yLUIW66YFBJQOskySFzUgj+J7Chnd9kPmNG9RGhsEZ9SPs+NALZFcKoFRyy0t7bSN9LtwN3u5qEMnhxfYgOU6LW67YVTsH/0ucIamwIU7c8nv7MhSxjwEJBca0HDuiTgKapFA4KLVjgxGIa+hhK6UB+Gg6Sf7CgK/GBijkEWouFc9F/D6RgG9M3/fSTh/oyvz2MvE/rxVTd7uTyCCKCQORLSKpMF9khJZpNsgvpUYiyC5HLgMuQAMRaslBiFSM07BKeR47GTa/vv9LzterTq1aO92o7O4PkymyZbbC1pjDttguO2InrM4Eu2X37IE9WnfWk/VsvXy2FqzhzCL7Aev1A+TGmyM=</latexit>

Galileons ⇡ ! ⇡ + ↵+ �µx
µ

<latexit sha1_base64="XQXT6I7Ho67FNjUntKiBO0hdwZg=">AAACFXicbVA9SwNBEN3z2/gVtbRZDYIQCBcVPzrRxlLBmEAuhrnNRBf37pbdOVGCtT/BX2GrlZ3YWlv4X9w7g6jxFbuP92aYmRdqJS35/rs3NDwyOjY+MVmYmp6ZnSvOL5zaJDUCayJRiWmEYFHJGGskSWFDG4QoVFgPLw8yv36FxsokPqEbja0IzmPZlQLISe3icqBlQAl3XzkApS+gHIRI0A6ilF+fubddLPkVPwcfJNU+KbE+jtrFj6CTiDTCmIQCa5tVX1OrB4akUHhbCFKLGsQlnGPT0RgitK1efsotX00tuHU0Gi4Vz0X82dGDyNqbKHSVEdCF/etl4n9eM6XuTqsnY50SxiIbRFJhPsgKI11GyDvSIBFkmyOXMRdggAiN5CCEE1MXWiHPYzfD1vf1g+R0vVLdqGwcb5b29vvJTLAltsLWWJVtsz12yI5YjQl2xx7YI3vy7r1n78V7/Sod8vo9i+wXvLdP7L+e+w==</latexit>

L =
c4
M8

(@@⇡)4
<latexit sha1_base64="Fhrpxg6FiwoqBDCErF5iRF9guQY="></latexit>

+ · · ·
<latexit sha1_base64="TAtg5wbpOJ8wez7P9LSBJqK4s6c=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoMgCGFjxMct6MVjBPOAZAmzk04cMvtgplcISz7Cq568iVe/xoP/4u66iBrrVFR109Xlhkoasu13q7CwuLS8Ulwtra1vbG6Vt3faJoi0wJYIVKC7LjeopI8tkqSwG2rknquw406uUr9zj9rIwL+laYiOx8e+HEnBKZE6R30xDMgMyhW7amdg86SWkwrkaA7KH/1hICIPfRKKG9Or2SE5MdckhcJZqR8ZDLmY8DH2EupzD40TZ3Fn7CAynAIWomZSsUzEnxsx94yZem4y6XG6M3+9VPzP60U0Ondi6YcRoS/SQyQVZoeM0DLpAdlQaiTiaXJk0meCa06EWjIuRCJGSTGlrI+LFKff38+T9nG1Vq/Wb04qjcu8mSLswT4cQg3OoAHX0IQWCJjAAzzCkxVbz9aL9fo1WrDynV34BevtE+axlCA=</latexit>

Nicolois,Rattazzi,Trincherini’08

Yes! Approximate symmetries 
protect “softer” patterns

2>2 scattering
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<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?
No! Quantum effects 
homogenise them
c1 ⇠ c2 ⇠ c3 ⇠ · · ·

<latexit sha1_base64="EYutqa67bHUJJDg7RK9nXBCT8zI=">AAACEXicbVDJSgNBEO2JW4xb1KMIjUHwFGYyMdFb0IvHCGaBJAw9nUps7FnorhFCyMlP8Cu86smbePULPPgvzkwGcXuXerxXRVU9N5RCo2m+G7mFxaXllfxqYW19Y3OruL3T1kGkOLR4IAPVdZkGKXxooUAJ3VAB81wJHffmPPE7t6C0CPwrnIQw8NjYFyPBGcaSU9znjtXXwqPcqWTVTmqfDwPUTrFkluu2ZR5X6ZzUKxmpVa hVNlOUSIamU/zoDwMeeeAjl0zrnmWGOJgyhYJLmBX6kYaQ8Rs2hl5MfeaBHkzTN2b0MNIMAxqCokLSVITvE1PmaT3x3LjTY3itf3uJ+J/Xi3B0MpgKP4wQfJ4sQiEhXaS5EnE+QIdCASJLLgcqfMqZYoigBGWcx2IUB1ZI8zhNUPv6/i9pV8qWXbYvq6XGWZZMnuyRA3JELFInDXJBmqRFOLkjD+SRPBn3xrPxYrzOW3NGNrNLfsB4+wS2Rp1I</latexit>

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

Effective Field Theory

⇡ ! ⇡ + ↵+ �x · · ·+ �xn
<latexit sha1_base64="wGN8nb5rIlZfePVucxOecn/Ox9g="></latexit>

A ⇠ cN
E2N

M2N
+ · · ·

<latexit sha1_base64="7RzIYinK3yla/KV8+2oklSsNxVg="></latexit>

Super-Soft

e.g. Hinterbichler,Joyce’14

Yes! Approximate symmetries 
protect “softer” patterns

2>2 scattering
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M2
+

E4

M4
+
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M6
+

E8

M8
+ · · ·

<latexit sha1_base64="VJIq+bbJhTLkuJe5WOCZ6hYZxm4="></latexit>

c1
<latexit sha1_base64="xLzTEUGFMTte9iTTGaBzGXuyTnE=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrKTQJIugoYyCPKQEis6XzbhlPNDd2tQZOUTaKGiQ7R8DwX/gm0sxGuq0cyudnacQAqNpvlm5JaWV1bX8uuFjc2t7Z3i7l5X+6Hi0OG+9FXfYRqk8KCDAiX0AwXMdST0nNl54vduQWnhe9c4D8B22dQTE8EZxtIVH1mjYsksN5uNk0qNmuVqs1GrWzExU1ArIyWSoT0qvg/HPg9d8JBLpvXAMgO0I6ZQcAmLwjDUEDA+Y1MYxNRjLmg7SqMu6FGoGfo0AEWFpKkI3zci5mo9d5140mV4o397ififNwhx0rAj4QUhgseTQygkpIc0VyLuAOhYKEBkSXKgwqOcKYYISlDGeSyGcSmFrI8Yp1/f/yXdStmqlquXtVLrLGsmTw7IITkmFqmTFrkgbdIhnEzJPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASbJKM</latexit>

c2
<latexit sha1_base64="t1dPdrD3lVV/4ZxxYUPWW1a+S2o=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriw/IwX7CL9XqlXD6ldtGp16qOY4i9AC2lpEBSNIf59/4o4JEHPnLJtO6V7BAHMVMouIR5rh9pCBmfsgn0DPWZB3oQL6LO6VGkGQY0BEWFpAsRvm/EzNN65rlm0mN4o397ifif14twXBvEwg8jBJ8nh1BIWBzSXAnTAdCRUIDIkuRAhU85UwwRlKCMcyNGppRc2odB5ev7v6RdLpaconN5Umicpc1kyQE5JMekRKqkQS5Ik7QIJxNyTx7Io3VnPVnP1svnaMZKd/bJD1ivHw9ckoo=</latexit>

c3
<latexit sha1_base64="9V/6LkMvFMwlonzjJa8URNtk+KQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuwYcnQRNJRBkENKrGi9eQmrrA/tPoOiKJ9ACxUdouV7KPgXHGMhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fWYaw4tHgoQ9X1mAYpAmihQAndSAHzPQkdb3K+8Du3oLQIg2ucRuD6bByIkeAME+mKD5xBsWSZ9XqlXD6llunUa1XHSYiVgtoZKZEMzUHxvT8MeexDgFwyrXu2FaE7YwoFlzAv9GMNEeMTNoZeQgPmg3ZnadQ5PYo1w5BGoKiQNBXh+8aM+VpPfS+Z9Bne6N/eQvzP68U4qrkzEUQxQsAXh1BISA9prkTSAdChUIDIFsmBioByphgiKEEZ54kYJ6UUsj4SVL6+/0vaZdN2TOfypNQ4y5rJkwNySI6JTaqkQS5Ik7QIJ2NyTx7Io3FnPBnPxsvnaM7IdvbJDxivHxDrkos=</latexit>

c4
<latexit sha1_base64="EnuogQMDeQbgPiAMydZDmWSCT9k=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKisuw45OgiaCiDIIeUWNF68xJWrA/tPoMiK59ACxUdouV7KPgXnGAhrqlGM+/pzRsvkkKjZb0ZuaXlldW1/HphY3Nre6e4u9fRYaw4tHkoQ9XzmAYpAmijQAm9SAHzPQld7+Zs7ndvQWkRBlc4jcD12SQQY8EZptIlH1aGxZJlNhrVcvmEWqbTqNccJyXWAtTOSIlkaA2L74NRyGMfAuSSad23rQjdhCkUXMKsMIg1RIzfsAn0UxowH7SbLKLO6FGsGYY0AkWFpAsRvm8kzNd66nvppM/wWv/25uJ/Xj/Gcd1NRBDFCAGfH0IhYXFIcyXSDoCOhAJENk8OVASUM8UQQQnKOE/FOC2lkPWRovr1/V/SKZu2YzoXlVLzNGsmTw7IITkmNqmRJjknLdImnEzIPXkgj8ad8WQ8Gy+fozkj29knP2C8fgASepKM</latexit>

Can coefficients be hierarchical?
No! Quantum effects 
homogenise them
c1 ⇠ c2 ⇠ c3 ⇠ · · ·

<latexit sha1_base64="EYutqa67bHUJJDg7RK9nXBCT8zI=">AAACEXicbVDJSgNBEO2JW4xb1KMIjUHwFGYyMdFb0IvHCGaBJAw9nUps7FnorhFCyMlP8Cu86smbePULPPgvzkwGcXuXerxXRVU9N5RCo2m+G7mFxaXllfxqYW19Y3OruL3T1kGkOLR4IAPVdZkGKXxooUAJ3VAB81wJHffmPPE7t6C0CPwrnIQw8NjYFyPBGcaSU9znjtXXwqPcqWTVTmqfDwPUTrFkluu2ZR5X6ZzUKxmpVa hVNlOUSIamU/zoDwMeeeAjl0zrnmWGOJgyhYJLmBX6kYaQ8Rs2hl5MfeaBHkzTN2b0MNIMAxqCokLSVITvE1PmaT3x3LjTY3itf3uJ+J/Xi3B0MpgKP4wQfJ4sQiEhXaS5EnE+QIdCASJLLgcqfMqZYoigBGWcx2IUB1ZI8zhNUPv6/i9pV8qWXbYvq6XGWZZMnuyRA3JELFInDXJBmqRFOLkjD+SRPBn3xrPxYrzOW3NGNrNLfsB4+wS2Rp1I</latexit>

A =
<latexit sha1_base64="BAeIcZqtk37SE9woxXyd+2fdJC8=">AAAB9HicbVC7TsNAEDyHVwivACXNiQiJKrIJ4lEgBWgoAyIPKbGi82UTTjmfrbt1pMjKH9BCRYdo+R8K/gXbWIjXVKOZXe3seKEUBm37zSrMzS8sLhWXSyura+sb5c2tlgkizaHJAxnojscMSKGgiQIldEINzPcktL3xZeq3J6CNCNQtTkNwfTZSYig4w0S6OT/rlyt21c5A/xInJxWSo9Evv/cGAY98UMglM6br2CG6MdMouIRZqRcZCBkfsxF0E6qYD8aNs6QzuhcZhgENQVMhaSbC942Y+cZMfS+Z9Bnemd9eKv7ndSMcnrixUGGEoHh6CIWE7JDhWiQVAB0IDYgsTQ5UKMqZZoigBWWcJ2KUdFLK+jhNcfT1/V/SOqg6tWrt+rBSv8ibKZIdskv2iUOOSZ1ckQZpEk6G5J48kEdrYj1Zz9bL52jByne2yQ9Yrx/N25HI</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

c0
<latexit sha1_base64="fRiuQL5f/GMNsfr+zrSCNmyuJtw=">AAAB9XicbVDJTgJBFOzBDXFDPXrpSEw8kYFRlhvRi0eMsiRASE/zwA49S7rfaMiET/CqJ2/Gq9/jwX+xByfGrU6Vqvfy6pUbSqHRtt+szNLyyupadj23sbm1vZPf3WvrIFIcWjyQgeq6TIMUPrRQoIRuqIB5roSOOz1P/M4tKC0C/xpnIQw8NvHFWHCGRrriQ3uYL9jFer1SLp9Su+jUa1XHMcRegJZSUiApmsP8e38U8MgDH7lkWvdKdoiDmCkUXMI81480hIxP2QR6hvrMAz2IF1Hn9CjSDAMagqJC0oUI3zdi5mk981wz6TG80b+9RPzP60U4rg1i4YcRgs+TQygkLA5proTpAOhIKEBkSXKgwqecKYYISlDGuREjU0ou7cOg8vX9X9IuF0tO0bk8KTTO0may5IAckmNSIlXSIBekSVqEkwm5Jw/k0bqznqxn6+VzNGOlO/vkB6zXDww+kog=</latexit>

Effective Field Theory

⇡ ! ⇡ + ↵+ �x · · ·+ �xn
<latexit sha1_base64="wGN8nb5rIlZfePVucxOecn/Ox9g="></latexit>

A ⇠ cN
E2N

M2N
+ · · ·

<latexit sha1_base64="7RzIYinK3yla/KV8+2oklSsNxVg="></latexit>

Super-Soft

e.g. Hinterbichler,Joyce’14

Yes! Approximate symmetries 
protect “softer” patterns

2>2 scattering

Can supersoft theories be UV completed in QFT?
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ItForward Scattering <latexit sha1_base64="085A39i1IzncX6/gO5C8Mqb/iT4=">AAAB+HicdVDLTgJBEJz1ifhCPXqZSEw8bWYRAtyIXjxiImACxPQODYzOPjLTa4KEf/CqJ2/Gq3/jwX9xQUzUaJ0qVd3p6vJjrSwJ8eYsLC4tr6xm1rLrG5tb27md3aaNEiOxISMdmUsfLGoVYoMUabyMDULga2z5N6dTv3WLxqoovKBRjN0ABqHqKwmUSs0ODZHgKpcXblWUKpUCF27xuFSoFlMiCuViyeOeK2bIsznqV7n3Ti+SSYAhSQ3Wtj0RU3cMhpTUOMl2EosxyBsYYDulIQRou+NZ2gk/TCxQxGM0XGk+E/H7xhgCa0eBn04GQEP725uKf3nthPqV7liFcUIYyukhUhpnh6w0Kq0BeU8ZJIJpcuQq5BIMEKFRHKRMxSTtJZv28fU0/580C65XcsV5MV87mTeTYfvsgB0xj5VZjZ2xOmswya7ZPXtgj86d8+Q8Oy+fowvOfGeP/YDz+gHQN5P/</latexit>

✓
<latexit sha1_base64="JFDH94rEXTnr7WEm2mp3LW1EGho=">AAACBHicdVDLTgJBEJzFF+Jr1aOXicTEE1leAgcTohePmAiYAJLeodEJs4/M9JIQwtWv8Konb8ar/+HBf3F5mKjROlWqutPV5YZKGnKcdyuxtLyyupZcT21sbm3v2Lt7DRNEWmBdBCrQ1y4YVNLHOklSeB1qBM9V2HQH51O/OURtZOBf0SjEjge3vuxLARRLXdumtpEeb9MdEtzkTp2unXYyxXKpXCnwmFQqOWdO8if5Es9mnBnSbIFa1/5o9wIReeiTUGBMK+uE1BmDJikUTlLtyGAIYgC32IqpDx6azniWfMKPIgMU8BA1l4rPRPy+MQbPmJHnxpMe0J357U3Fv7xWRP1yZyz9MCL0xfQQSYWzQ0ZoGVeCvCc1EsE0OXLpcwEaiFBLDkLEYhR3lIr7+Hqa/08auUy2mHEuC+nq2aKZJDtgh+yYZVmJVdkFq7E6E2zIHtgje7LurWfrxXqdjyasxc4++wHr7RMKU5fj</latexit>

t ⇠ ✓2 = 0
<latexit sha1_base64="7u8464IxumTZjdoM7jGpsrmYryk=">AAAB93icdVDLSgNBEJz1GeMr6tHLYBA8LZuXSQ5CUASPEcwDkjXMTjpxyOyDmV4hhHyDVz15E69+jgf/xdkkgorWqajqpqvLi6TQ6Djv1tLyyuraemojvbm1vbOb2dtv6jBWHBo8lKFqe0yDFAE0UKCEdqSA+Z6Elje6SPzWPSgtwuAGxxG4PhsGYiA4QyM19Nnlbb6XyTp2qVKuVIvUkGo178xJ4bRQpjnbmSFLFqj3Mh/dfshjHwLkkmndyTkRuhOmUHAJ03Q31hAxPmJD6BgaMB+0O5mFndLjWDMMaQSKCklnInzfmDBf67HvmUmf4Z3+7SXiX14nxkHFnYggihECnhxCIWF2SHMlTAtA+0IBIkuSAxUB5UwxRFCCMs6NGJta0qaPr6fp/6SZt3Ml27kuZmvni2ZS5JAckROSI2VSI1ekThqEE0EeyCN5ssbWs/Vivc5Hl6zFzgH5AevtE1xbkyE=</latexit>

s = E2Total energy
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Froissart,Martin’,…60s

Adams,Arkani-Hamed,Dubovsky,


Nicolis,Rattazzi’06,

…

 

It

 

It

 

It

 

ItForward Scattering <latexit sha1_base64="085A39i1IzncX6/gO5C8Mqb/iT4=">AAAB+HicdVDLTgJBEJz1ifhCPXqZSEw8bWYRAtyIXjxiImACxPQODYzOPjLTa4KEf/CqJ2/Gq3/jwX9xQUzUaJ0qVd3p6vJjrSwJ8eYsLC4tr6xm1rLrG5tb27md3aaNEiOxISMdmUsfLGoVYoMUabyMDULga2z5N6dTv3WLxqoovKBRjN0ABqHqKwmUSs0ODZHgKpcXblWUKpUCF27xuFSoFlMiCuViyeOeK2bIsznqV7n3Ti+SSYAhSQ3Wtj0RU3cMhpTUOMl2EosxyBsYYDulIQRou+NZ2gk/TCxQxGM0XGk+E/H7xhgCa0eBn04GQEP725uKf3nthPqV7liFcUIYyukhUhpnh6w0Kq0BeU8ZJIJpcuQq5BIMEKFRHKRMxSTtJZv28fU0/580C65XcsV5MV87mTeTYfvsgB0xj5VZjZ2xOmswya7ZPXtgj86d8+Q8Oy+fowvOfGeP/YDz+gHQN5P/</latexit>

✓
<latexit sha1_base64="JFDH94rEXTnr7WEm2mp3LW1EGho=">AAACBHicdVDLTgJBEJzFF+Jr1aOXicTEE1leAgcTohePmAiYAJLeodEJs4/M9JIQwtWv8Konb8ar/+HBf3F5mKjROlWqutPV5YZKGnKcdyuxtLyyupZcT21sbm3v2Lt7DRNEWmBdBCrQ1y4YVNLHOklSeB1qBM9V2HQH51O/OURtZOBf0SjEjge3vuxLARRLXdumtpEeb9MdEtzkTp2unXYyxXKpXCnwmFQqOWdO8if5Es9mnBnSbIFa1/5o9wIReeiTUGBMK+uE1BmDJikUTlLtyGAIYgC32IqpDx6azniWfMKPIgMU8BA1l4rPRPy+MQbPmJHnxpMe0J357U3Fv7xWRP1yZyz9MCL0xfQQSYWzQ0ZoGVeCvCc1EsE0OXLpcwEaiFBLDkLEYhR3lIr7+Hqa/08auUy2mHEuC+nq2aKZJDtgh+yYZVmJVdkFq7E6E2zIHtgje7LurWfrxXqdjyasxc4++wHr7RMKU5fj</latexit>

t ⇠ ✓2 = 0
<latexit sha1_base64="7u8464IxumTZjdoM7jGpsrmYryk=">AAAB93icdVDLSgNBEJz1GeMr6tHLYBA8LZuXSQ5CUASPEcwDkjXMTjpxyOyDmV4hhHyDVz15E69+jgf/xdkkgorWqajqpqvLi6TQ6Djv1tLyyuraemojvbm1vbOb2dtv6jBWHBo8lKFqe0yDFAE0UKCEdqSA+Z6Elje6SPzWPSgtwuAGxxG4PhsGYiA4QyM19Nnlbb6XyTp2qVKuVIvUkGo178xJ4bRQpjnbmSFLFqj3Mh/dfshjHwLkkmndyTkRuhOmUHAJ03Q31hAxPmJD6BgaMB+0O5mFndLjWDMMaQSKCklnInzfmDBf67HvmUmf4Z3+7SXiX14nxkHFnYggihECnhxCIWF2SHMlTAtA+0IBIkuSAxUB5UwxRFCCMs6NGJta0qaPr6fp/6SZt3Ml27kuZmvni2ZS5JAckROSI2VSI1ekThqEE0EeyCN5ssbWs/Vivc5Hl6zFzgH5AevtE1xbkyE=</latexit>
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<latexit sha1_base64="7u8464IxumTZjdoM7jGpsrmYryk=">AAAB93icdVDLSgNBEJz1GeMr6tHLYBA8LZuXSQ5CUASPEcwDkjXMTjpxyOyDmV4hhHyDVz15E69+jgf/xdkkgorWqajqpqvLi6TQ6Djv1tLyyuraemojvbm1vbOb2dtv6jBWHBo8lKFqe0yDFAE0UKCEdqSA+Z6Elje6SPzWPSgtwuAGxxG4PhsGYiA4QyM19Nnlbb6XyTp2qVKuVIvUkGo178xJ4bRQpjnbmSFLFqj3Mh/dfshjHwLkkmndyTkRuhOmUHAJ03Q31hAxPmJD6BgaMB+0O5mFndLjWDMMaQSKCklnInzfmDBf67HvmUmf4Z3+7SXiX14nxkHFnYggihECnhxCIWF2SHMlTAtA+0IBIkuSAxUB5UwxRFCCMs6NGJta0qaPr6fp/6SZt3Ml27kuZmvni2ZS5JAckROSI2VSI1ekThqEE0EeyCN5ssbWs/Vivc5Hl6zFzgH5AevtE1xbkyE=</latexit>

s = E2Total energy
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Unitarity

Physical Properties Mathematical Properties 
of 2➙2 forward amplitude A(s)/sn

(optical theorem)
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<latexit sha1_base64="fJIaawic/3eTAu+dqUsulcYgzh8=">AAACCXicbVC7TsNAEDzzDOEVHh3NiQiJKtgoEpQRaSiDREik2IrOl01yyvmhuzVSsPIDfAUtVJSIlq+g4F84GxeQMNVoZlc7O34shUbb/rSWlldW19ZLG+XNre2d3cre/p2OEsWhzSMZqa7PNEgRQhsFSujGCljgS+j4k2bmd+5BaRGFtziNwQvYKBRDwRkaqV851K4IqRswHPt+2pydxeOp7leqds3OQReJU5AqKdDqV77cQcSTAELkkmndc+wYvZQpFFzCrOwmGmLGJ2wEPUNDFoD20jz9jJ4kmmFEY1BUSJqL8HsjZYHW08A3k1lMPe9l4n9eL8HhpZeKME4QQp4dQiEhP6S5EqYWoAOhAJFlyYGaJjhTDBGUoIxzIyamp7Lpw5n/fpF0zmtOveY4N/Vq46qopkSOyDE5JQ65IA1yTVqkTTh5IE/kmbxYj9ar9Wa9/4wuWcXOAfkD6+MbADyZ7w==</latexit>

s 2 C/phys
<latexit sha1_base64="uHmtxEBUpBIW+nHaFjgdeTPZwrY=">AAACBHicbVC7TsNAEDyHVwiPGChpTkRIVJGNIkEZQUMZECGRYis6XzbhlPPZulsjRVZKvoIWKkpEy39Q8C/YxgUkTDWa2dXOThBLYdBxPq3Kyura+kZ1s7a1vbNbt/f270yUaA5dHslI9wNmQAoFXRQooR9rYGEgoRdML3O/9wDaiEjd4iwGP2QTJcaCM8ykoV03nlDUCxneB0F6Mx/aDafpFKDLxC1Jg5ToDO0vbxTxJASFXDJjBq4To58yjYJLmNe8xEDM+JRNYJBRxUIwfloEn9PjxDCMaAyaCkkLEX5vpCw0ZhYG2WSe0Cx6ufifN0hwfO6nQsUJguL5IRQSikOGa5E1AnQkNCCyPDnQrATONEMELSjjPBOTrKJa1oe7+P0y6Z023VbTda9bjfZFWU2VHJIjckJcckba5Ip0SJdwkpAn8kxerEfr1Xqz3n9GK1a5c0D+wPr4BjGYl9k=</latexit>

s 2 R
<

< vanishes for n≥2 
(Froissart bound)

M

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

II

I

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

II

I

Im(s)

Re(s)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

ft

I

EFT
???

>>

Cauchy

2

Froissart,Martin’,…60s

Adams,Arkani-Hamed,Dubovsky,


Nicolis,Rattazzi’06,

…

 

It

 

It

 

It

 

ItForward Scattering <latexit sha1_base64="085A39i1IzncX6/gO5C8Mqb/iT4=">AAAB+HicdVDLTgJBEJz1ifhCPXqZSEw8bWYRAtyIXjxiImACxPQODYzOPjLTa4KEf/CqJ2/Gq3/jwX9xQUzUaJ0qVd3p6vJjrSwJ8eYsLC4tr6xm1rLrG5tb27md3aaNEiOxISMdmUsfLGoVYoMUabyMDULga2z5N6dTv3WLxqoovKBRjN0ABqHqKwmUSs0ODZHgKpcXblWUKpUCF27xuFSoFlMiCuViyeOeK2bIsznqV7n3Ti+SSYAhSQ3Wtj0RU3cMhpTUOMl2EosxyBsYYDulIQRou+NZ2gk/TCxQxGM0XGk+E/H7xhgCa0eBn04GQEP725uKf3nthPqV7liFcUIYyukhUhpnh6w0Kq0BeU8ZJIJpcuQq5BIMEKFRHKRMxSTtJZv28fU0/580C65XcsV5MV87mTeTYfvsgB0xj5VZjZ2xOmswya7ZPXtgj86d8+Q8Oy+fowvOfGeP/YDz+gHQN5P/</latexit>

✓
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s = E2Total energy
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of 2➙2 forward amplitude A(s)/sn
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<latexit sha1_base64="fJIaawic/3eTAu+dqUsulcYgzh8=">AAACCXicbVC7TsNAEDzzDOEVHh3NiQiJKtgoEpQRaSiDREik2IrOl01yyvmhuzVSsPIDfAUtVJSIlq+g4F84GxeQMNVoZlc7O34shUbb/rSWlldW19ZLG+XNre2d3cre/p2OEsWhzSMZqa7PNEgRQhsFSujGCljgS+j4k2bmd+5BaRGFtziNwQvYKBRDwRkaqV851K4IqRswHPt+2pydxeOp7leqds3OQReJU5AqKdDqV77cQcSTAELkkmndc+wYvZQpFFzCrOwmGmLGJ2wEPUNDFoD20jz9jJ4kmmFEY1BUSJqL8HsjZYHW08A3k1lMPe9l4n9eL8HhpZeKME4QQp4dQiEhP6S5EqYWoAOhAJFlyYGaJjhTDBGUoIxzIyamp7Lpw5n/fpF0zmtOveY4N/Vq46qopkSOyDE5JQ65IA1yTVqkTTh5IE/kmbxYj9ar9Wa9/4wuWcXOAfkD6+MbADyZ7w==</latexit>

s 2 C/phys
<latexit sha1_base64="uHmtxEBUpBIW+nHaFjgdeTPZwrY=">AAACBHicbVC7TsNAEDyHVwiPGChpTkRIVJGNIkEZQUMZECGRYis6XzbhlPPZulsjRVZKvoIWKkpEy39Q8C/YxgUkTDWa2dXOThBLYdBxPq3Kyura+kZ1s7a1vbNbt/f270yUaA5dHslI9wNmQAoFXRQooR9rYGEgoRdML3O/9wDaiEjd4iwGP2QTJcaCM8ykoV03nlDUCxneB0F6Mx/aDafpFKDLxC1Jg5ToDO0vbxTxJASFXDJjBq4To58yjYJLmNe8xEDM+JRNYJBRxUIwfloEn9PjxDCMaAyaCkkLEX5vpCw0ZhYG2WSe0Cx6ufifN0hwfO6nQsUJguL5IRQSikOGa5E1AnQkNCCyPDnQrATONEMELSjjPBOTrKJa1oe7+P0y6Z023VbTda9bjfZFWU2VHJIjckJcckba5Ip0SJdwkpAn8kxerEfr1Xqz3n9GK1a5c0D+wPr4BjGYl9k=</latexit>

s 2 R
<

< vanishes for n≥2 
(Froissart bound)
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<latexit sha1_base64="rlw1SKh5k64shyn37z0YAUby5/Y=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRbYDBHcIGhqkIJEEKQlofWzCKeeH7tZIyKLhK2ihokO0/AkF/4JtIsRrqtHMrnZ2/FhJQ7b9Zk1MTk3PzJbmyvMLi0vLlZXVtokSLbAlIhXpMx8MKhliiyQpPIs1QuAr7Pijw9zvXKM2MgpP6SbGfgDDUA6kAMqk854PmhveU4ofn7sXlapdazi229jhGXHr256XE8dr1F3u1OwCVTZG86Ly3ruMRBJgSEKBMV3HjqmfgiYpFN6We4nBGMQIhtjNaAgBmn5apL7lm4kBiniMmkvFCxG/b6QQGHMT+NlkAHRlfnu5+J/XTWiw109lGCeEocgPkVRYHDJCy6wO5JdSIxHkyZHLkAvQQIRachAiE5Osn3LRh5dj9+v7v6Tt1px6rX6yXd0/GDdTYutsg20xhzXYPjtiTdZigml2zx7Yo3VnPVnP1svn6IQ13lljP2C9fgBVE5aM</latexit>

=<latexit sha1_base64="MothCEB2wmoC7VC3OC+GyGrRDzA=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMQDHrxmIB5QLKE2UknDpl9MNMrhCVf4FVP3tSr3+EniAf/xd1NEDXWqajqpqvLDaXQaFkfRm5hcWl5Jb9qrq1vbG4VtneaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uU791C0qLwL/GcQiOx4a+GAjOMJHqlV6haJWsDHSe2DNSPH8zK+Hzu1nrFT67/YBHHvjIJdO6Y1shOjFTKLiEidmNNISMj9gQOgn1mQfaibOgE3oQaYYBDUFRIWkmws+NmHlajz03mfQY3ui/Xir+53UiHJw6sfDDCMHn6SEUErJDmiuRNAC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QSM+vjLMXx9/fzpHlUssulct0qVi/IFHmyR/bJIbHJCamSK1IjDcIJkDtyTx6MyHg0noyX6WjOmO3skl8wXr8Axq6Uug==</latexit>

s̄
<latexit sha1_base64="2K9qPot6e1Bu5wj2M278nXTh7sc=">AAAB+XicbVDLSgNBEJz1GddX1KOXwSB4CrMRkngQg148KhgTSELoHVsdMvtgpleQxY/wqifxIl79CD9BPPgv7q4ivupUVHXT1eXHWlkS4tUZG5+YnJouzbizc/MLi+Wl5WMbJUZiW0Y6Ml0fLGoVYpsUaezGBiHwNXb80V7udy7QWBWFR3QZ4yCAs1CdKgmUSZ2+D4ZbPixXRLXheTXh8YzUhGjWP4lX415VFKjsPLvb8f2LezAsv/VPIpkEGJLUYG3PEzENUjCkpMYrt59YjEGO4Ax7GQ0hQDtIi7hXfD2xQBGP0XCleSHi940UAmsvAz+bDIDO7W8vF//zegmdNgepCuOEMJT5IVIai0NWGpX1gPxEGSSCPDlyFXIJBojQKA5SZmKSFeMWfWzlqH99/5cc16reZnXzUFRau+wDJbbK1tgG81iDtdg+O2BtJtmIXbMbduukzp3z4Dx+jI45nzsr7Aecp3cbW5cs</latexit>

= any energy within EFTs̄
<latexit sha1_base64="CCzdnrOfe2sNtDzsB89x4KCDdQw=">AAAB+HicbVDLSgNBEJz17fqKevQyGARPYSaK0YMY9OJRwUQhCdI7tjo6+2CmV9CQf/CqJ8GDePUn/ATx4L+4uwo+61RUddPVFSRGOxLi1evrHxgcGh4Z9cfGJyanStMzTRenVmFDxSa2BwE4NDrCBmkyeJBYhDAwuB+cb+X+/gVap+Nojy4T7IRwEuljrYAyqdkOwHJ3WCqLSk1KWVvmGakKIdZyIleqcoXLiihQ3nj215P7F3/nsPTWPopVGmJEyoBzLSkS6nTBklYGe347dZiAOocTbGU0ghBdp1uk7fGF1AHFPEHLteGFiN83uhA6dxkG2WQIdOp+e7n4n9dK6Xi109VRkhJGKj9E2mBxyCmrsxqQH2mLRJAnR64jrsACEVrNQalMTLNe/KKPtRxf3/8lzWpFLlWWdkW5vsk+MMLm2DxbZJLVWJ1tsx3WYIqdsWt2w269K+/Oe/AeP0b7vM+dWfYD3tM72IGXEQ==</latexit>
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<latexit sha1_base64="rlw1SKh5k64shyn37z0YAUby5/Y=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRbYDBHcIGhqkIJEEKQlofWzCKeeH7tZIyKLhK2ihokO0/AkF/4JtIsRrqtHMrnZ2/FhJQ7b9Zk1MTk3PzJbmyvMLi0vLlZXVtokSLbAlIhXpMx8MKhliiyQpPIs1QuAr7Pijw9zvXKM2MgpP6SbGfgDDUA6kAMqk854PmhveU4ofn7sXlapdazi229jhGXHr256XE8dr1F3u1OwCVTZG86Ly3ruMRBJgSEKBMV3HjqmfgiYpFN6We4nBGMQIhtjNaAgBmn5apL7lm4kBiniMmkvFCxG/b6QQGHMT+NlkAHRlfnu5+J/XTWiw109lGCeEocgPkVRYHDJCy6wO5JdSIxHkyZHLkAvQQIRachAiE5Osn3LRh5dj9+v7v6Tt1px6rX6yXd0/GDdTYutsg20xhzXYPjtiTdZigml2zx7Yo3VnPVnP1svn6IQ13lljP2C9fgBVE5aM</latexit>

=<latexit sha1_base64="MothCEB2wmoC7VC3OC+GyGrRDzA=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMQDHrxmIB5QLKE2UknDpl9MNMrhCVf4FVP3tSr3+EniAf/xd1NEDXWqajqpqvLDaXQaFkfRm5hcWl5Jb9qrq1vbG4VtneaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uU791C0qLwL/GcQiOx4a+GAjOMJHqlV6haJWsDHSe2DNSPH8zK+Hzu1nrFT67/YBHHvjIJdO6Y1shOjFTKLiEidmNNISMj9gQOgn1mQfaibOgE3oQaYYBDUFRIWkmws+NmHlajz03mfQY3ui/Xir+53UiHJw6sfDDCMHn6SEUErJDmiuRNAC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QSM+vjLMXx9/fzpHlUssulct0qVi/IFHmyR/bJIbHJCamSK1IjDcIJkDtyTx6MyHg0noyX6WjOmO3skl8wXr8Axq6Uug==</latexit>

s̄
<latexit sha1_base64="2K9qPot6e1Bu5wj2M278nXTh7sc=">AAAB+XicbVDLSgNBEJz1GddX1KOXwSB4CrMRkngQg148KhgTSELoHVsdMvtgpleQxY/wqifxIl79CD9BPPgv7q4ivupUVHXT1eXHWlkS4tUZG5+YnJouzbizc/MLi+Wl5WMbJUZiW0Y6Ml0fLGoVYpsUaezGBiHwNXb80V7udy7QWBWFR3QZ4yCAs1CdKgmUSZ2+D4ZbPixXRLXheTXh8YzUhGjWP4lX415VFKjsPLvb8f2LezAsv/VPIpkEGJLUYG3PEzENUjCkpMYrt59YjEGO4Ax7GQ0hQDtIi7hXfD2xQBGP0XCleSHi940UAmsvAz+bDIDO7W8vF//zegmdNgepCuOEMJT5IVIai0NWGpX1gPxEGSSCPDlyFXIJBojQKA5SZmKSFeMWfWzlqH99/5cc16reZnXzUFRau+wDJbbK1tgG81iDtdg+O2BtJtmIXbMbduukzp3z4Dx+jI45nzsr7Aecp3cbW5cs</latexit>

= any energy within EFTs̄
<latexit sha1_base64="CCzdnrOfe2sNtDzsB89x4KCDdQw=">AAAB+HicbVDLSgNBEJz17fqKevQyGARPYSaK0YMY9OJRwUQhCdI7tjo6+2CmV9CQf/CqJ8GDePUn/ATx4L+4uwo+61RUddPVFSRGOxLi1evrHxgcGh4Z9cfGJyanStMzTRenVmFDxSa2BwE4NDrCBmkyeJBYhDAwuB+cb+X+/gVap+Nojy4T7IRwEuljrYAyqdkOwHJ3WCqLSk1KWVvmGakKIdZyIleqcoXLiihQ3nj215P7F3/nsPTWPopVGmJEyoBzLSkS6nTBklYGe347dZiAOocTbGU0ghBdp1uk7fGF1AHFPEHLteGFiN83uhA6dxkG2WQIdOp+e7n4n9dK6Xi109VRkhJGKj9E2mBxyCmrsxqQH2mLRJAnR64jrsACEVrNQalMTLNe/KKPtRxf3/8lzWpFLlWWdkW5vsk+MMLm2DxbZJLVWJ1tsx3WYIqdsWt2w269K+/Oe/AeP0b7vM+dWfYD3tM72IGXEQ==</latexit>

<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>
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ds
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⇡
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> 0Arcs:
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<
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EFTEFT UV

s̄ ⌧ M2
<latexit sha1_base64="rlw1SKh5k64shyn37z0YAUby5/Y=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRbYDBHcIGhqkIJEEKQlofWzCKeeH7tZIyKLhK2ihokO0/AkF/4JtIsRrqtHMrnZ2/FhJQ7b9Zk1MTk3PzJbmyvMLi0vLlZXVtokSLbAlIhXpMx8MKhliiyQpPIs1QuAr7Pijw9zvXKM2MgpP6SbGfgDDUA6kAMqk854PmhveU4ofn7sXlapdazi229jhGXHr256XE8dr1F3u1OwCVTZG86Ly3ruMRBJgSEKBMV3HjqmfgiYpFN6We4nBGMQIhtjNaAgBmn5apL7lm4kBiniMmkvFCxG/b6QQGHMT+NlkAHRlfnu5+J/XTWiw109lGCeEocgPkVRYHDJCy6wO5JdSIxHkyZHLkAvQQIRachAiE5Osn3LRh5dj9+v7v6Tt1px6rX6yXd0/GDdTYutsg20xhzXYPjtiTdZigml2zx7Yo3VnPVnP1svn6IQ13lljP2C9fgBVE5aM</latexit>

=<latexit sha1_base64="MothCEB2wmoC7VC3OC+GyGrRDzA=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMQDHrxmIB5QLKE2UknDpl9MNMrhCVf4FVP3tSr3+EniAf/xd1NEDXWqajqpqvLDaXQaFkfRm5hcWl5Jb9qrq1vbG4VtneaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uU791C0qLwL/GcQiOx4a+GAjOMJHqlV6haJWsDHSe2DNSPH8zK+Hzu1nrFT67/YBHHvjIJdO6Y1shOjFTKLiEidmNNISMj9gQOgn1mQfaibOgE3oQaYYBDUFRIWkmws+NmHlajz03mfQY3ui/Xir+53UiHJw6sfDDCMHn6SEUErJDmiuRNAC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QSM+vjLMXx9/fzpHlUssulct0qVi/IFHmyR/bJIbHJCamSK1IjDcIJkDtyTx6MyHg0noyX6WjOmO3skl8wXr8Axq6Uug==</latexit>

positives̄
<latexit sha1_base64="2K9qPot6e1Bu5wj2M278nXTh7sc=">AAAB+XicbVDLSgNBEJz1GddX1KOXwSB4CrMRkngQg148KhgTSELoHVsdMvtgpleQxY/wqifxIl79CD9BPPgv7q4ivupUVHXT1eXHWlkS4tUZG5+YnJouzbizc/MLi+Wl5WMbJUZiW0Y6Ml0fLGoVYpsUaezGBiHwNXb80V7udy7QWBWFR3QZ4yCAs1CdKgmUSZ2+D4ZbPixXRLXheTXh8YzUhGjWP4lX415VFKjsPLvb8f2LezAsv/VPIpkEGJLUYG3PEzENUjCkpMYrt59YjEGO4Ax7GQ0hQDtIi7hXfD2xQBGP0XCleSHi940UAmsvAz+bDIDO7W8vF//zegmdNgepCuOEMJT5IVIai0NWGpX1gPxEGSSCPDlyFXIJBojQKA5SZmKSFeMWfWzlqH99/5cc16reZnXzUFRau+wDJbbK1tgG81iDtdg+O2BtJtmIXbMbduukzp3z4Dx+jI45nzsr7Aecp3cbW5cs</latexit>

= any energy within EFTs̄
<latexit sha1_base64="CCzdnrOfe2sNtDzsB89x4KCDdQw=">AAAB+HicbVDLSgNBEJz17fqKevQyGARPYSaK0YMY9OJRwUQhCdI7tjo6+2CmV9CQf/CqJ8GDePUn/ATx4L+4uwo+61RUddPVFSRGOxLi1evrHxgcGh4Z9cfGJyanStMzTRenVmFDxSa2BwE4NDrCBmkyeJBYhDAwuB+cb+X+/gVap+Nojy4T7IRwEuljrYAyqdkOwHJ3WCqLSk1KWVvmGakKIdZyIleqcoXLiihQ3nj215P7F3/nsPTWPopVGmJEyoBzLSkS6nTBklYGe347dZiAOocTbGU0ghBdp1uk7fGF1AHFPEHLteGFiN83uhA6dxkG2WQIdOp+e7n4n9dK6Xi109VRkhJGKj9E2mBxyCmrsxqQH2mLRJAnR64jrsACEVrNQalMTLNe/KKPtRxf3/8lzWpFLlWWdkW5vsk+MMLm2DxbZJLVWJ1tsx3WYIqdsWt2w269K+/Oe/AeP0b7vM+dWfYD3tM72IGXEQ==</latexit>

<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>
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EFTEFT UV

s̄ ⌧ M2
<latexit sha1_base64="rlw1SKh5k64shyn37z0YAUby5/Y=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRbYDBHcIGhqkIJEEKQlofWzCKeeH7tZIyKLhK2ihokO0/AkF/4JtIsRrqtHMrnZ2/FhJQ7b9Zk1MTk3PzJbmyvMLi0vLlZXVtokSLbAlIhXpMx8MKhliiyQpPIs1QuAr7Pijw9zvXKM2MgpP6SbGfgDDUA6kAMqk854PmhveU4ofn7sXlapdazi229jhGXHr256XE8dr1F3u1OwCVTZG86Ly3ruMRBJgSEKBMV3HjqmfgiYpFN6We4nBGMQIhtjNaAgBmn5apL7lm4kBiniMmkvFCxG/b6QQGHMT+NlkAHRlfnu5+J/XTWiw109lGCeEocgPkVRYHDJCy6wO5JdSIxHkyZHLkAvQQIRachAiE5Osn3LRh5dj9+v7v6Tt1px6rX6yXd0/GDdTYutsg20xhzXYPjtiTdZigml2zx7Yo3VnPVnP1svn6IQ13lljP2C9fgBVE5aM</latexit>

=<latexit sha1_base64="MothCEB2wmoC7VC3OC+GyGrRDzA=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMQDHrxmIB5QLKE2UknDpl9MNMrhCVf4FVP3tSr3+EniAf/xd1NEDXWqajqpqvLDaXQaFkfRm5hcWl5Jb9qrq1vbG4VtneaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uU791C0qLwL/GcQiOx4a+GAjOMJHqlV6haJWsDHSe2DNSPH8zK+Hzu1nrFT67/YBHHvjIJdO6Y1shOjFTKLiEidmNNISMj9gQOgn1mQfaibOgE3oQaYYBDUFRIWkmws+NmHlajz03mfQY3ui/Xir+53UiHJw6sfDDCMHn6SEUErJDmiuRNAC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QSM+vjLMXx9/fzpHlUssulct0qVi/IFHmyR/bJIbHJCamSK1IjDcIJkDtyTx6MyHg0noyX6WjOmO3skl8wXr8Axq6Uug==</latexit>

positives̄
<latexit sha1_base64="2K9qPot6e1Bu5wj2M278nXTh7sc=">AAAB+XicbVDLSgNBEJz1GddX1KOXwSB4CrMRkngQg148KhgTSELoHVsdMvtgpleQxY/wqifxIl79CD9BPPgv7q4ivupUVHXT1eXHWlkS4tUZG5+YnJouzbizc/MLi+Wl5WMbJUZiW0Y6Ml0fLGoVYpsUaezGBiHwNXb80V7udy7QWBWFR3QZ4yCAs1CdKgmUSZ2+D4ZbPixXRLXheTXh8YzUhGjWP4lX415VFKjsPLvb8f2LezAsv/VPIpkEGJLUYG3PEzENUjCkpMYrt59YjEGO4Ax7GQ0hQDtIi7hXfD2xQBGP0XCleSHi940UAmsvAz+bDIDO7W8vF//zegmdNgepCuOEMJT5IVIai0NWGpX1gPxEGSSCPDlyFXIJBojQKA5SZmKSFeMWfWzlqH99/5cc16reZnXzUFRau+wDJbbK1tgG81iDtdg+O2BtJtmIXbMbduukzp3z4Dx+jI45nzsr7Aecp3cbW5cs</latexit>

An > 0
<latexit sha1_base64="SpVTFMlFfDCyJgnDOTIQJ24H+T8=">AAACEXicbVC7SgNBFJ31GeMrKtiIMCiCVdgY8NFI1MZSwUQhCeHueNUhs7PLzF0hLFv5CX6FhY1WdiJ2foGFfou7axBfpzqcc+/cM8cLlbTkuq/OwODQ8MhoYaw4PjE5NV2amW3YIDIC6yJQgTnxwKKSGuskSeFJaBB8T+Gx193L/ONLNFYG+oh6IbZ9ONfyTAqgVOqUFuNW/kjsqQiTlg90IUDFO0lHb7tJp7Tslt0c/C+p9Mlybf7wXd7uPh90Sm+t00BEPmoSCqxtVtyQ2jEYkkJhUmxFFkMQXTjHZko1+GjbcZ4g4SuRBQp4iIZLxXMRv2/E4Fvb8710Mstpf3uZ+J/XjOhssx1LHUaEWmSHSCrMD1lhZNoP8lNpkAiy5Mil5gIMEKGRHIRIxSgtrJj3sZVh/ev3f0ljrVyplquHaTG77BMFtsCW2CqrsA1WY/vsgNWZYFfsht2xe+faeXAenafP0QGnvzPHfsB5+QBprKHj</latexit>

= any energy within EFTs̄
<latexit sha1_base64="CCzdnrOfe2sNtDzsB89x4KCDdQw=">AAAB+HicbVDLSgNBEJz17fqKevQyGARPYSaK0YMY9OJRwUQhCdI7tjo6+2CmV9CQf/CqJ8GDePUn/ATx4L+4uwo+61RUddPVFSRGOxLi1evrHxgcGh4Z9cfGJyanStMzTRenVmFDxSa2BwE4NDrCBmkyeJBYhDAwuB+cb+X+/gVap+Nojy4T7IRwEuljrYAyqdkOwHJ3WCqLSk1KWVvmGakKIdZyIleqcoXLiihQ3nj215P7F3/nsPTWPopVGmJEyoBzLSkS6nTBklYGe347dZiAOocTbGU0ghBdp1uk7fGF1AHFPEHLteGFiN83uhA6dxkG2WQIdOp+e7n4n9dK6Xi109VRkhJGKj9E2mBxyCmrsxqQH2mLRJAnR64jrsACEVrNQalMTLNe/KKPtRxf3/8lzWpFLlWWdkW5vsk+MMLm2DxbZJLVWJ1tsx3WYIqdsWt2w269K+/Oe/AeP0b7vM+dWfYD3tM72IGXEQ==</latexit>

(n � 2)
<latexit sha1_base64="MsBNL0cyI36Lyc8JgWQmFTaNoo4=">AAACCnicbVC7SgNBFJ2NrxhfUcHGZjAIESFsEvDRBW0sI5hEyIYwO7nGIbOz68xdIaz5A0u/wFYrO7H1J1L4L+5ugvg61eGce+fcOW4ghUHbHluZmdm5+YXsYm5peWV1Lb++0TR+qDk0uC99fekyA1IoaKBACZeBBua5Elru4DTxW7egjfDVBQ4D6Hisr8SV4AxjqZvfctI3IleGMKJF5fThhlb2uvmCXbJT0L+kPCWF2o6z/zCuDevd/IfT83nogUIumTHtsh1gJ2IaBZcwyjmhgYDxAetDO6aKeWA6UZo9oruhYejTADQVkqYifN+ImGfM0HPjSY/htfntJeJ/XjvEq6NOJFQQIiieBKGQkAYZrkVcDNCe0IDIksuBCkU50wwRtKCM81gM46ZyaR/HCQ6+fv+XNCulcrVUPY+LOSETZMk22SFFUiaHpEbOSJ00CCd35JE8kWfr3nqxXq23yWjGmu5skh+w3j8BTdidMw==</latexit>

<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>
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EFTEFT UV

s̄ ⌧ M2
<latexit sha1_base64="rlw1SKh5k64shyn37z0YAUby5/Y=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRbYDBHcIGhqkIJEEKQlofWzCKeeH7tZIyKLhK2ihokO0/AkF/4JtIsRrqtHMrnZ2/FhJQ7b9Zk1MTk3PzJbmyvMLi0vLlZXVtokSLbAlIhXpMx8MKhliiyQpPIs1QuAr7Pijw9zvXKM2MgpP6SbGfgDDUA6kAMqk854PmhveU4ofn7sXlapdazi229jhGXHr256XE8dr1F3u1OwCVTZG86Ly3ruMRBJgSEKBMV3HjqmfgiYpFN6We4nBGMQIhtjNaAgBmn5apL7lm4kBiniMmkvFCxG/b6QQGHMT+NlkAHRlfnu5+J/XTWiw109lGCeEocgPkVRYHDJCy6wO5JdSIxHkyZHLkAvQQIRachAiE5Osn3LRh5dj9+v7v6Tt1px6rX6yXd0/GDdTYutsg20xhzXYPjtiTdZigml2zx7Yo3VnPVnP1svn6IQ13lljP2C9fgBVE5aM</latexit>

=<latexit sha1_base64="MothCEB2wmoC7VC3OC+GyGrRDzA=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMQDHrxmIB5QLKE2UknDpl9MNMrhCVf4FVP3tSr3+EniAf/xd1NEDXWqajqpqvLDaXQaFkfRm5hcWl5Jb9qrq1vbG4VtneaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uU791C0qLwL/GcQiOx4a+GAjOMJHqlV6haJWsDHSe2DNSPH8zK+Hzu1nrFT67/YBHHvjIJdO6Y1shOjFTKLiEidmNNISMj9gQOgn1mQfaibOgE3oQaYYBDUFRIWkmws+NmHlajz03mfQY3ui/Xir+53UiHJw6sfDDCMHn6SEUErJDmiuRNAC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QSM+vjLMXx9/fzpHlUssulct0qVi/IFHmyR/bJIbHJCamSK1IjDcIJkDtyTx6MyHg0noyX6WjOmO3skl8wXr8Axq6Uug==</latexit>

positives̄
<latexit sha1_base64="2K9qPot6e1Bu5wj2M278nXTh7sc=">AAAB+XicbVDLSgNBEJz1GddX1KOXwSB4CrMRkngQg148KhgTSELoHVsdMvtgpleQxY/wqifxIl79CD9BPPgv7q4ivupUVHXT1eXHWlkS4tUZG5+YnJouzbizc/MLi+Wl5WMbJUZiW0Y6Ml0fLGoVYpsUaezGBiHwNXb80V7udy7QWBWFR3QZ4yCAs1CdKgmUSZ2+D4ZbPixXRLXheTXh8YzUhGjWP4lX415VFKjsPLvb8f2LezAsv/VPIpkEGJLUYG3PEzENUjCkpMYrt59YjEGO4Ax7GQ0hQDtIi7hXfD2xQBGP0XCleSHi940UAmsvAz+bDIDO7W8vF//zegmdNgepCuOEMJT5IVIai0NWGpX1gPxEGSSCPDlyFXIJBojQKA5SZmKSFeMWfWzlqH99/5cc16reZnXzUFRau+wDJbbK1tgG81iDtdg+O2BtJtmIXbMbduukzp3z4Dx+jI45nzsr7Aecp3cbW5cs</latexit>

An > 0
<latexit sha1_base64="SpVTFMlFfDCyJgnDOTIQJ24H+T8=">AAACEXicbVC7SgNBFJ31GeMrKtiIMCiCVdgY8NFI1MZSwUQhCeHueNUhs7PLzF0hLFv5CX6FhY1WdiJ2foGFfou7axBfpzqcc+/cM8cLlbTkuq/OwODQ8MhoYaw4PjE5NV2amW3YIDIC6yJQgTnxwKKSGuskSeFJaBB8T+Gx193L/ONLNFYG+oh6IbZ9ONfyTAqgVOqUFuNW/kjsqQiTlg90IUDFO0lHb7tJp7Tslt0c/C+p9Mlybf7wXd7uPh90Sm+t00BEPmoSCqxtVtyQ2jEYkkJhUmxFFkMQXTjHZko1+GjbcZ4g4SuRBQp4iIZLxXMRv2/E4Fvb8710Mstpf3uZ+J/XjOhssx1LHUaEWmSHSCrMD1lhZNoP8lNpkAiy5Mil5gIMEKGRHIRIxSgtrJj3sZVh/ev3f0ljrVyplquHaTG77BMFtsCW2CqrsA1WY/vsgNWZYFfsht2xe+faeXAenafP0QGnvzPHfsB5+QBprKHj</latexit>

Calculable in EFT 
(e.g at tree-level          , the energy coefficients in EFT)     

<latexit sha1_base64="kHB5Ax7H/oRj6O5Alr9MUSUuiLE=">AAACBnicbVA9TwJBEN3DL8Qv0NJmIzGxIneGRBsT1MYSExESIGRuGXDD3t5ld05DLtT+ClutLI2tf8PC/+IdUij4qpf3ZjJvnh8pacl1P53c0vLK6lp+vbCxubW9Uyzt3towNgIbIlShaflgUUmNDZKksBUZhMBX2PRHl5nfvEdjZahvaBxhN4ChlgMpgFKpVyx1AqA7ASo5n/T0meilWtmtuFPwReLNSJnNUO8Vvzr9UMQBahIKrG17bkTdBAxJoXBS6MQWIxAjGGI7pRoCtN1kGn3CD2MLFPIIDZeKT0X8vZFAYO048NPJLKid9zLxP68d0+C0m0gdxYRaZIdIKpwessLItBPkfWmQCLLkyKXmAgwQoZEchEjFOC2pkPbhzX+/SJrHFa9a8bzrarl2Masmz/bZATtiHjthNXbF6qzBBHtgT+yZvTiPzqvz5rz/jOac2c4e+wPn4xvNmpi8</latexit>

An = cn

= any energy within EFTs̄
<latexit sha1_base64="CCzdnrOfe2sNtDzsB89x4KCDdQw=">AAAB+HicbVDLSgNBEJz17fqKevQyGARPYSaK0YMY9OJRwUQhCdI7tjo6+2CmV9CQf/CqJ8GDePUn/ATx4L+4uwo+61RUddPVFSRGOxLi1evrHxgcGh4Z9cfGJyanStMzTRenVmFDxSa2BwE4NDrCBmkyeJBYhDAwuB+cb+X+/gVap+Nojy4T7IRwEuljrYAyqdkOwHJ3WCqLSk1KWVvmGakKIdZyIleqcoXLiihQ3nj215P7F3/nsPTWPopVGmJEyoBzLSkS6nTBklYGe347dZiAOocTbGU0ghBdp1uk7fGF1AHFPEHLteGFiN83uhA6dxkG2WQIdOp+e7n4n9dK6Xi109VRkhJGKj9E2mBxyCmrsxqQH2mLRJAnR64jrsACEVrNQalMTLNe/KKPtRxf3/8lzWpFLlWWdkW5vsk+MMLm2DxbZJLVWJ1tsx3WYIqdsWt2w269K+/Oe/AeP0b7vM+dWfYD3tM72IGXEQ==</latexit>

(n � 2)
<latexit sha1_base64="MsBNL0cyI36Lyc8JgWQmFTaNoo4=">AAACCnicbVC7SgNBFJ2NrxhfUcHGZjAIESFsEvDRBW0sI5hEyIYwO7nGIbOz68xdIaz5A0u/wFYrO7H1J1L4L+5ugvg61eGce+fcOW4ghUHbHluZmdm5+YXsYm5peWV1Lb++0TR+qDk0uC99fekyA1IoaKBACZeBBua5Elru4DTxW7egjfDVBQ4D6Hisr8SV4AxjqZvfctI3IleGMKJF5fThhlb2uvmCXbJT0L+kPCWF2o6z/zCuDevd/IfT83nogUIumTHtsh1gJ2IaBZcwyjmhgYDxAetDO6aKeWA6UZo9oruhYejTADQVkqYifN+ImGfM0HPjSY/htfntJeJ/XjvEq6NOJFQQIiieBKGQkAYZrkVcDNCe0IDIksuBCkU50wwRtKCM81gM46ZyaR/HCQ6+fv+XNCulcrVUPY+LOSETZMk22SFFUiaHpEbOSJ00CCd35JE8kWfr3nqxXq23yWjGmu5skh+w3j8BTdidMw==</latexit>

<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>

An(s̄) ⌘
Z

\s̄

ds

⇡i

A(s)

sn+1
=

2

⇡

Z 1

s̄
ds

ImA(s)

sn+1
> 0Arcs:



Arcs: UV-IR Connection

<

>

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

ft

I

EFTEFT UV

s̄ ⌧ M2
<latexit sha1_base64="rlw1SKh5k64shyn37z0YAUby5/Y=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRbYDBHcIGhqkIJEEKQlofWzCKeeH7tZIyKLhK2ihokO0/AkF/4JtIsRrqtHMrnZ2/FhJQ7b9Zk1MTk3PzJbmyvMLi0vLlZXVtokSLbAlIhXpMx8MKhliiyQpPIs1QuAr7Pijw9zvXKM2MgpP6SbGfgDDUA6kAMqk854PmhveU4ofn7sXlapdazi229jhGXHr256XE8dr1F3u1OwCVTZG86Ly3ruMRBJgSEKBMV3HjqmfgiYpFN6We4nBGMQIhtjNaAgBmn5apL7lm4kBiniMmkvFCxG/b6QQGHMT+NlkAHRlfnu5+J/XTWiw109lGCeEocgPkVRYHDJCy6wO5JdSIxHkyZHLkAvQQIRachAiE5Osn3LRh5dj9+v7v6Tt1px6rX6yXd0/GDdTYutsg20xhzXYPjtiTdZigml2zx7Yo3VnPVnP1svn6IQ13lljP2C9fgBVE5aM</latexit>

=<latexit sha1_base64="MothCEB2wmoC7VC3OC+GyGrRDzA=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMQDHrxmIB5QLKE2UknDpl9MNMrhCVf4FVP3tSr3+EniAf/xd1NEDXWqajqpqvLDaXQaFkfRm5hcWl5Jb9qrq1vbG4VtneaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uU791C0qLwL/GcQiOx4a+GAjOMJHqlV6haJWsDHSe2DNSPH8zK+Hzu1nrFT67/YBHHvjIJdO6Y1shOjFTKLiEidmNNISMj9gQOgn1mQfaibOgE3oQaYYBDUFRIWkmws+NmHlajz03mfQY3ui/Xir+53UiHJw6sfDDCMHn6SEUErJDmiuRNAC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QSM+vjLMXx9/fzpHlUssulct0qVi/IFHmyR/bJIbHJCamSK1IjDcIJkDtyTx6MyHg0noyX6WjOmO3skl8wXr8Axq6Uug==</latexit>

positives̄
<latexit sha1_base64="2K9qPot6e1Bu5wj2M278nXTh7sc=">AAAB+XicbVDLSgNBEJz1GddX1KOXwSB4CrMRkngQg148KhgTSELoHVsdMvtgpleQxY/wqifxIl79CD9BPPgv7q4ivupUVHXT1eXHWlkS4tUZG5+YnJouzbizc/MLi+Wl5WMbJUZiW0Y6Ml0fLGoVYpsUaezGBiHwNXb80V7udy7QWBWFR3QZ4yCAs1CdKgmUSZ2+D4ZbPixXRLXheTXh8YzUhGjWP4lX415VFKjsPLvb8f2LezAsv/VPIpkEGJLUYG3PEzENUjCkpMYrt59YjEGO4Ax7GQ0hQDtIi7hXfD2xQBGP0XCleSHi940UAmsvAz+bDIDO7W8vF//zegmdNgepCuOEMJT5IVIai0NWGpX1gPxEGSSCPDlyFXIJBojQKA5SZmKSFeMWfWzlqH99/5cc16reZnXzUFRau+wDJbbK1tgG81iDtdg+O2BtJtmIXbMbduukzp3z4Dx+jI45nzsr7Aecp3cbW5cs</latexit>

Calculable in EFT 
(e.g at tree-level          , the energy coefficients in EFT)     

<latexit sha1_base64="kHB5Ax7H/oRj6O5Alr9MUSUuiLE=">AAACBnicbVA9TwJBEN3DL8Qv0NJmIzGxIneGRBsT1MYSExESIGRuGXDD3t5ld05DLtT+ClutLI2tf8PC/+IdUij4qpf3ZjJvnh8pacl1P53c0vLK6lp+vbCxubW9Uyzt3towNgIbIlShaflgUUmNDZKksBUZhMBX2PRHl5nfvEdjZahvaBxhN4ChlgMpgFKpVyx1AqA7ASo5n/T0meilWtmtuFPwReLNSJnNUO8Vvzr9UMQBahIKrG17bkTdBAxJoXBS6MQWIxAjGGI7pRoCtN1kGn3CD2MLFPIIDZeKT0X8vZFAYO048NPJLKid9zLxP68d0+C0m0gdxYRaZIdIKpwessLItBPkfWmQCLLkyKXmAgwQoZEchEjFOC2pkPbhzX+/SJrHFa9a8bzrarl2Masmz/bZATtiHjthNXbF6qzBBHtgT+yZvTiPzqvz5rz/jOac2c4e+wPn4xvNmpi8</latexit>

An = cn

= any energy within EFTs̄
<latexit sha1_base64="CCzdnrOfe2sNtDzsB89x4KCDdQw=">AAAB+HicbVDLSgNBEJz17fqKevQyGARPYSaK0YMY9OJRwUQhCdI7tjo6+2CmV9CQf/CqJ8GDePUn/ATx4L+4uwo+61RUddPVFSRGOxLi1evrHxgcGh4Z9cfGJyanStMzTRenVmFDxSa2BwE4NDrCBmkyeJBYhDAwuB+cb+X+/gVap+Nojy4T7IRwEuljrYAyqdkOwHJ3WCqLSk1KWVvmGakKIdZyIleqcoXLiihQ3nj215P7F3/nsPTWPopVGmJEyoBzLSkS6nTBklYGe347dZiAOocTbGU0ghBdp1uk7fGF1AHFPEHLteGFiN83uhA6dxkG2WQIdOp+e7n4n9dK6Xi109VRkhJGKj9E2mBxyCmrsxqQH2mLRJAnR64jrsACEVrNQalMTLNe/KKPtRxf3/8lzWpFLlWWdkW5vsk+MMLm2DxbZJLVWJ1tsx3WYIqdsWt2w269K+/Oe/AeP0b7vM+dWfYD3tM72IGXEQ==</latexit>

(n � 2)
<latexit sha1_base64="xgQSe0bjhAw4ZKdPlOj8oNRqa08=">AAACCXicbVC7SgNBFJ2NrxhfUbGyGRKEiBA2Cj66oI1lBPOAbAizk5s4ODu7ztwVwpIvsPUHbLWyE1u/IoX/4u4miBpPdTjn3jl3jhtIYdC2x1Zmbn5hcSm7nFtZXVvfyG9uNYwfag517ktft1xmQAoFdRQooRVoYJ4roeneXiR+8x60Eb66xmEAHY8NlOgLzjCWuvkdJ30j0tAb0ZJyBnBHD/e7+aJdtlPQWVKZkmK14Bw8jqvDWjf/6fR8HnqgkEtmTLtiB9iJmEbBJYxyTmggYPyWDaAdU8U8MJ0ojR7RvdAw9GkAmgpJUxF+bkTMM2boufGkx/DG/PUS8T+vHWL/tBMJFYQIiidBKCSkQYZrEfcCtCc0ILLkcqBCUc40QwQtKOM8FsO4qFzax1mC4+/fz5LGYblyVD66ios5JxNkyS4pkBKpkBNSJZekRuqEk4g8kWfyYj1Yr9ab9T4ZzVjTnW3yC9bHF3XhnLw=</latexit>An > 0

<latexit sha1_base64="FTKmGSGGvmDV0jxNen0yt7MYx3Q=">AAACEHicbVC7SgNBFJ31GeMrKthoMSiCVdgo+GgkxsYyAaNCEsLdyVUHZ2eXmbtCWLbxE/wKGwut7ESw8g8s9FvcXUV8nepwzr1zzxwvVNKS6744A4NDwyOjhbHi+MTk1HRpZvbQBpER2BSBCsyxBxaV1NgkSQqPQ4PgewqPvPO9zD+6QGNloA+oH2LHh1MtT6QASqVuaTFu54/EBntJ2wc6E6Di3aSrd9ykW1p2y24O/pdUPslydb7xJm9qT/Vu6bXdC0TkoyahwNpWxQ2pE4MhKRQmxXZkMQRxDqfYSqkGH20nzgMkfCWyQAEP0XCpeC7i940YfGv7vpdOZjntby8T//NaEZ1sdWKpw4hQi+wQSYX5ISuMTOtB3pMGiSBLjlxqLsAAERrJQYhUjNK+inkf2xk2vn7/lxyulSvr5fVGWkyNfaDAFtgSW2UVtsmqbJ/VWZMJdsmu2S27c66ce+fBefwYHXA+d+bYDzjP746eoWw=</latexit>

<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>

An(s̄) ⌘
Z

\s̄

ds

⇡i

A(s)

sn+1
=

2

⇡

Z 1

s̄
ds

ImA(s)

sn+1
> 0Arcs:



Arcs: UV-IR Connection

<

>

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

ft

I

EFTEFT UV

s̄ ⌧ M2
<latexit sha1_base64="rlw1SKh5k64shyn37z0YAUby5/Y=">AAACAHicbVC7TsNAEDzzDOEVoKQ5ESFRRbYDBHcIGhqkIJEEKQlofWzCKeeH7tZIyKLhK2ihokO0/AkF/4JtIsRrqtHMrnZ2/FhJQ7b9Zk1MTk3PzJbmyvMLi0vLlZXVtokSLbAlIhXpMx8MKhliiyQpPIs1QuAr7Pijw9zvXKM2MgpP6SbGfgDDUA6kAMqk854PmhveU4ofn7sXlapdazi229jhGXHr256XE8dr1F3u1OwCVTZG86Ly3ruMRBJgSEKBMV3HjqmfgiYpFN6We4nBGMQIhtjNaAgBmn5apL7lm4kBiniMmkvFCxG/b6QQGHMT+NlkAHRlfnu5+J/XTWiw109lGCeEocgPkVRYHDJCy6wO5JdSIxHkyZHLkAvQQIRachAiE5Osn3LRh5dj9+v7v6Tt1px6rX6yXd0/GDdTYutsg20xhzXYPjtiTdZigml2zx7Yo3VnPVnP1svn6IQ13lljP2C9fgBVE5aM</latexit>

=<latexit sha1_base64="MothCEB2wmoC7VC3OC+GyGrRDzA=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMQDHrxmIB5QLKE2UknDpl9MNMrhCVf4FVP3tSr3+EniAf/xd1NEDXWqajqpqvLDaXQaFkfRm5hcWl5Jb9qrq1vbG4VtneaOogUhwYPZKDaLtMghQ8NFCihHSpgniuh5Y4uU791C0qLwL/GcQiOx4a+GAjOMJHqlV6haJWsDHSe2DNSPH8zK+Hzu1nrFT67/YBHHvjIJdO6Y1shOjFTKLiEidmNNISMj9gQOgn1mQfaibOgE3oQaYYBDUFRIWkmws+NmHlajz03mfQY3ui/Xir+53UiHJw6sfDDCMHn6SEUErJDmiuRNAC0LxQgsjQ5UOFTzhRDBCUo4zwRo6QSM+vjLMXx9/fzpHlUssulct0qVi/IFHmyR/bJIbHJCamSK1IjDcIJkDtyTx6MyHg0noyX6WjOmO3skl8wXr8Axq6Uug==</latexit>

positives̄
<latexit sha1_base64="2K9qPot6e1Bu5wj2M278nXTh7sc=">AAAB+XicbVDLSgNBEJz1GddX1KOXwSB4CrMRkngQg148KhgTSELoHVsdMvtgpleQxY/wqifxIl79CD9BPPgv7q4ivupUVHXT1eXHWlkS4tUZG5+YnJouzbizc/MLi+Wl5WMbJUZiW0Y6Ml0fLGoVYpsUaezGBiHwNXb80V7udy7QWBWFR3QZ4yCAs1CdKgmUSZ2+D4ZbPixXRLXheTXh8YzUhGjWP4lX415VFKjsPLvb8f2LezAsv/VPIpkEGJLUYG3PEzENUjCkpMYrt59YjEGO4Ax7GQ0hQDtIi7hXfD2xQBGP0XCleSHi940UAmsvAz+bDIDO7W8vF//zegmdNgepCuOEMJT5IVIai0NWGpX1gPxEGSSCPDlyFXIJBojQKA5SZmKSFeMWfWzlqH99/5cc16reZnXzUFRau+wDJbbK1tgG81iDtdg+O2BtJtmIXbMbduukzp3z4Dx+jI45nzsr7Aecp3cbW5cs</latexit>

Calculable in EFT 
(e.g at tree-level          , the energy coefficients in EFT)     

<latexit sha1_base64="kHB5Ax7H/oRj6O5Alr9MUSUuiLE=">AAACBnicbVA9TwJBEN3DL8Qv0NJmIzGxIneGRBsT1MYSExESIGRuGXDD3t5ld05DLtT+ClutLI2tf8PC/+IdUij4qpf3ZjJvnh8pacl1P53c0vLK6lp+vbCxubW9Uyzt3towNgIbIlShaflgUUmNDZKksBUZhMBX2PRHl5nfvEdjZahvaBxhN4ChlgMpgFKpVyx1AqA7ASo5n/T0meilWtmtuFPwReLNSJnNUO8Vvzr9UMQBahIKrG17bkTdBAxJoXBS6MQWIxAjGGI7pRoCtN1kGn3CD2MLFPIIDZeKT0X8vZFAYO048NPJLKid9zLxP68d0+C0m0gdxYRaZIdIKpwessLItBPkfWmQCLLkyKXmAgwQoZEchEjFOC2pkPbhzX+/SJrHFa9a8bzrarl2Masmz/bZATtiHjthNXbF6qzBBHtgT+yZvTiPzqvz5rz/jOac2c4e+wPn4xvNmpi8</latexit>

An = cn

= any energy within EFTs̄
<latexit sha1_base64="CCzdnrOfe2sNtDzsB89x4KCDdQw=">AAAB+HicbVDLSgNBEJz17fqKevQyGARPYSaK0YMY9OJRwUQhCdI7tjo6+2CmV9CQf/CqJ8GDePUn/ATx4L+4uwo+61RUddPVFSRGOxLi1evrHxgcGh4Z9cfGJyanStMzTRenVmFDxSa2BwE4NDrCBmkyeJBYhDAwuB+cb+X+/gVap+Nojy4T7IRwEuljrYAyqdkOwHJ3WCqLSk1KWVvmGakKIdZyIleqcoXLiihQ3nj215P7F3/nsPTWPopVGmJEyoBzLSkS6nTBklYGe347dZiAOocTbGU0ghBdp1uk7fGF1AHFPEHLteGFiN83uhA6dxkG2WQIdOp+e7n4n9dK6Xi109VRkhJGKj9E2mBxyCmrsxqQH2mLRJAnR64jrsACEVrNQalMTLNe/KKPtRxf3/8lzWpFLlWWdkW5vsk+MMLm2DxbZJLVWJ1tsx3WYIqdsWt2w269K+/Oe/AeP0b7vM+dWfYD3tM72IGXEQ==</latexit>

(n � 2)
<latexit sha1_base64="xgQSe0bjhAw4ZKdPlOj8oNRqa08=">AAACCXicbVC7SgNBFJ2NrxhfUbGyGRKEiBA2Cj66oI1lBPOAbAizk5s4ODu7ztwVwpIvsPUHbLWyE1u/IoX/4u4miBpPdTjn3jl3jhtIYdC2x1Zmbn5hcSm7nFtZXVvfyG9uNYwfag517ktft1xmQAoFdRQooRVoYJ4roeneXiR+8x60Eb66xmEAHY8NlOgLzjCWuvkdJ30j0tAb0ZJyBnBHD/e7+aJdtlPQWVKZkmK14Bw8jqvDWjf/6fR8HnqgkEtmTLtiB9iJmEbBJYxyTmggYPyWDaAdU8U8MJ0ojR7RvdAw9GkAmgpJUxF+bkTMM2boufGkx/DG/PUS8T+vHWL/tBMJFYQIiidBKCSkQYZrEfcCtCc0ILLkcqBCUc40QwQtKOM8FsO4qFzax1mC4+/fz5LGYblyVD66ios5JxNkyS4pkBKpkBNSJZekRuqEk4g8kWfyYj1Yr9ab9T4ZzVjTnW3yC9bHF3XhnLw=</latexit>An > 0

<latexit sha1_base64="FTKmGSGGvmDV0jxNen0yt7MYx3Q=">AAACEHicbVC7SgNBFJ31GeMrKthoMSiCVdgo+GgkxsYyAaNCEsLdyVUHZ2eXmbtCWLbxE/wKGwut7ESw8g8s9FvcXUV8nepwzr1zzxwvVNKS6744A4NDwyOjhbHi+MTk1HRpZvbQBpER2BSBCsyxBxaV1NgkSQqPQ4PgewqPvPO9zD+6QGNloA+oH2LHh1MtT6QASqVuaTFu54/EBntJ2wc6E6Di3aSrd9ykW1p2y24O/pdUPslydb7xJm9qT/Vu6bXdC0TkoyahwNpWxQ2pE4MhKRQmxXZkMQRxDqfYSqkGH20nzgMkfCWyQAEP0XCpeC7i940YfGv7vpdOZjntby8T//NaEZ1sdWKpw4hQi+wQSYX5ISuMTOtB3pMGiSBLjlxqLsAAERrJQYhUjNK+inkf2xk2vn7/lxyulSvr5fVGWkyNfaDAFtgSW2UVtsmqbJ/VWZMJdsmu2S27c66ce+fBefwYHXA+d+bYDzjP746eoWw=</latexit>

Consistency condition for EFTs

Adams,Arkani-Hamed,Dubovsky,

Nicolis,Rattazzi’06,


<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>

An(s̄) ⌘
Z

\s̄

ds

⇡i

A(s)

sn+1
=

2

⇡

Z 1

s̄
ds

ImA(s)

sn+1
> 0Arcs:



More UV-IR Connections

positive

Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>

An(s̄) ⌘
Z

\s̄

ds

⇡i

A(s)

sn+1
=

2

⇡

Z 1

s̄
ds

ImA(s)

sn+1
> 0



More UV-IR Connections

positive

Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Moments
<latexit sha1_base64="4LNga94EEZnsPwg5dm5l2f6fF5E=">AAACB3icbVBNT8JAFNz6ifiFePSykZjghbSGRI9ELx4xESGBQrbLAzdst83uq4E03P0VXvXk0Xj1Z3jwv9jWHhSc02Tmvbx544VSGLTtT2tldW19Y7OwVdze2d3bLx2U70wQaQ4tHshAdzxmQAoFLRQooRNqYL4noe1NrlK//QDaiEDd4iwE12djJUaCM0ykQancEwoHdt8Z9vyoOj2d9hOxYtfsDHSZODmpkBzNQemrNwx45INCLpkxXccO0Y2ZRsElzIu9yEDI+ISNoZtQxXwwbpxln9OTyDAMaAiaCkkzEX5vxMw3ZuZ7yaTP8N4seqn4n9eNcHThxkKFEYLi6SEUErJDhmuRlAJ0KDQgsjQ5UKEoZ5ohghaUcZ6IUdJSMenDWfx+mbTPak695jg39UrjMq+mQI7IMakSh5yTBrkmTdIinEzJE3kmL9aj9Wq9We8/oytWvnNI/sD6+Aag/JiR</latexit>Z 1

0
dµ(x)xn

variables  
change

<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>

An(s̄) ⌘
Z

\s̄

ds

⇡i

A(s)

sn+1
=

2

⇡

Z 1

s̄
ds

ImA(s)

sn+1
> 0



More UV-IR Connections

positive

Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Moments
<latexit sha1_base64="4LNga94EEZnsPwg5dm5l2f6fF5E=">AAACB3icbVBNT8JAFNz6ifiFePSykZjghbSGRI9ELx4xESGBQrbLAzdst83uq4E03P0VXvXk0Xj1Z3jwv9jWHhSc02Tmvbx544VSGLTtT2tldW19Y7OwVdze2d3bLx2U70wQaQ4tHshAdzxmQAoFLRQooRNqYL4noe1NrlK//QDaiEDd4iwE12djJUaCM0ykQancEwoHdt8Z9vyoOj2d9hOxYtfsDHSZODmpkBzNQemrNwx45INCLpkxXccO0Y2ZRsElzIu9yEDI+ISNoZtQxXwwbpxln9OTyDAMaAiaCkkzEX5vxMw3ZuZ7yaTP8N4seqn4n9eNcHThxkKFEYLi6SEUErJDhmuRlAJ0KDQgsjQ5UKEoZ5ohghaUcZ6IUdJSMenDWfx+mbTPak695jg39UrjMq+mQI7IMakSh5yTBrkmTdIinEzJE3kmL9aj9Wq9We8/oytWvnNI/sD6+Aag/JiR</latexit>Z 1

0
dµ(x)xn

variables  
change

a
APPLICATION

Sumeet
Showuguideo MM

IMDB.BBSJaathma.gg

Physic is Lee Pavich

Moments appear everywhere in physics…
<latexit sha1_base64="R3UtqEsst0FNMvcV+2eI1J8uEho=">AAAB+3icbVC7TsNAEDyHVwivACXNiQgpNJGNQFBG0FAGiTxQYkXnyyaccmdbd3uIyMpX0EJFh2j5GAr+Bce4gISpRjO72tkJYikMuu6nU1haXlldK66XNja3tnfKu3stE1nNockjGelOwAxIEUITBUroxBqYCiS0g/HVzG8/gDYiCm9xEoOv2CgUQ8EZptLdgPaUpdXH43654tbcDHSReDmpkByNfvmrN4i4VRAil8yYrufG6CdMo+ASpqWeNRAzPmYj6KY0ZAqMn2SBp/TIGoYRjUFTIWkmwu+NhCljJipIJxXDezPvzcT/vK7F4YWfiDC2CCGfHUIhITtkuBZpE0AHQgMimyUHKkLKmWaIoAVlnKeiTasppX14898vktZJzTuruTenlfpl3kyRHJBDUiUeOSd1ck0apEk4UeSJPJMXZ+q8Om/O+89owcl39skfOB/fKJiUCA==</latexit>

dµ(x) = mass distributionse.g. stones

<latexit sha1_base64="z9he2myAS0u6wCSXs/k1lqGp5A8="></latexit>

An(s̄) ⌘
Z

\s̄

ds

⇡i

A(s)

sn+1
=

2

⇡

Z 1

s̄
ds

ImA(s)

sn+1
> 0



More UV-IR Connections

positive

Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Moments
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Bounded

What bounds do moments satisfy?

n=0: total mass M (sets units)

n=1: centre of mass <RM 
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EFT arcs
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Bounds  
on 
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Positive polynomials  

in [0,1]
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pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>
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i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠



<latexit sha1_base64="peZQrGBWU4ihFIIqYVX/PRp8Sx8=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkIBGWAhjJI5CElIVpfNuGU80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnboJIi2wJgIV6KYLBpX0sUaSFDZDjeC5Chvu8CrzGw+ojQz8WxqF2PFg4Mu+FECp1C0etvsaRNz2gO4FqPgi6Trm7jiZUuykWyzZZXsMPk+cCSmxCard4ne7F4jIQ5+EAmNajh1SJwZNUihMCu3IYAhiCANspdQHD00nHv+T8IPIAAU8RM2l4mMR/27E4Bkz8tx0MktpZr1M/M9rRdQ/78TSDyNCX2SHSCocHzJCy7Qo5D2pkQiy5MilzwVoIEItOQiRilHaXCHtw5n9fp7Uj8vOadm+OSlVLifN5Nke22dHzGFnrMKuWZXVmGCP7Jm9sFfryXqz3q2P39GcNdnZZVOwPn8A99OhmA==</latexit>

A1s2

A0

<latexit sha1_base64="RWvuKcO0IFVqC0Rs3r5YLfcY89k=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkRCMoADWWQyENKQrS+bMKJ80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnYYJIi2wLgIV6JYLBpX0sU6SFLZCjeC5Cpvu/WXmNx9QGxn4NzQKsevB0JcDKYBSqVc87Aw0iLjjAd0JUPF50quY20oypdhJr1iyy/YYfJ44E1JiE9R6xe9OPxCRhz4JBca0HTukbgyapFCYFDqRwRDEPQyxnVIfPDTdePxPwg8iAxTwEDWXio9F/LsRg2fMyHPTySylmfUy8T+vHdHgrBtLP4wIfZEdIqlwfMgILdOikPelRiLIkiOXPheggQi15CBEKkZpc4W0D2f2+3nSqJSdk7J9fVyqXkyaybM9ts+OmMNOWZVdsRqrM8Ee2TN7Ya/Wk/VmvVsfv6M5a7Kzy6Zgff4A+XWhmQ==</latexit>
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For the first 3 arcs:

All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Bounds  
on 

Moments
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

<latexit sha1_base64="8XW3azi1Nr5auTyHFzZDkKhreps="></latexit>

An =

Z 1

0
dµ(x)xn

Bounds  
on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]

<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠



<latexit sha1_base64="peZQrGBWU4ihFIIqYVX/PRp8Sx8=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkIBGWAhjJI5CElIVpfNuGU80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnboJIi2wJgIV6KYLBpX0sUaSFDZDjeC5Chvu8CrzGw+ojQz8WxqF2PFg4Mu+FECp1C0etvsaRNz2gO4FqPgi6Trm7jiZUuykWyzZZXsMPk+cCSmxCard4ne7F4jIQ5+EAmNajh1SJwZNUihMCu3IYAhiCANspdQHD00nHv+T8IPIAAU8RM2l4mMR/27E4Bkz8tx0MktpZr1M/M9rRdQ/78TSDyNCX2SHSCocHzJCy7Qo5D2pkQiy5MilzwVoIEItOQiRilHaXCHtw5n9fp7Uj8vOadm+OSlVLifN5Nke22dHzGFnrMKuWZXVmGCP7Jm9sFfryXqz3q2P39GcNdnZZVOwPn8A99OhmA==</latexit>

A1s2

A0

<latexit sha1_base64="RWvuKcO0IFVqC0Rs3r5YLfcY89k=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkRCMoADWWQyENKQrS+bMKJ80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnYYJIi2wLgIV6JYLBpX0sU6SFLZCjeC5Cpvu/WXmNx9QGxn4NzQKsevB0JcDKYBSqVc87Aw0iLjjAd0JUPF50quY20oypdhJr1iyy/YYfJ44E1JiE9R6xe9OPxCRhz4JBca0HTukbgyapFCYFDqRwRDEPQyxnVIfPDTdePxPwg8iAxTwEDWXio9F/LsRg2fMyHPTySylmfUy8T+vHdHgrBtLP4wIfZEdIqlwfMgILdOikPelRiLIkiOXPheggQi15CBEKkZpc4W0D2f2+3nSqJSdk7J9fVyqXkyaybM9ts+OmMNOWZVdsRqrM8Ee2TN7Ya/Wk/VmvVsfv6M5a7Kzy6Zgff4A+XWhmQ==</latexit>
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A0
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For the first 3 arcs:

All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Bounds  
on 

Moments
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

<latexit sha1_base64="8XW3azi1Nr5auTyHFzZDkKhreps="></latexit>

An =

Z 1

0
dµ(x)xn

Bounds  
on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]

<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠

From EFT 
viewpoint



<latexit sha1_base64="peZQrGBWU4ihFIIqYVX/PRp8Sx8=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkIBGWAhjJI5CElIVpfNuGU80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnboJIi2wJgIV6KYLBpX0sUaSFDZDjeC5Chvu8CrzGw+ojQz8WxqF2PFg4Mu+FECp1C0etvsaRNz2gO4FqPgi6Trm7jiZUuykWyzZZXsMPk+cCSmxCard4ne7F4jIQ5+EAmNajh1SJwZNUihMCu3IYAhiCANspdQHD00nHv+T8IPIAAU8RM2l4mMR/27E4Bkz8tx0MktpZr1M/M9rRdQ/78TSDyNCX2SHSCocHzJCy7Qo5D2pkQiy5MilzwVoIEItOQiRilHaXCHtw5n9fp7Uj8vOadm+OSlVLifN5Nke22dHzGFnrMKuWZXVmGCP7Jm9sFfryXqz3q2P39GcNdnZZVOwPn8A99OhmA==</latexit>

A1s2

A0

<latexit sha1_base64="RWvuKcO0IFVqC0Rs3r5YLfcY89k=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkRCMoADWWQyENKQrS+bMKJ80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnYYJIi2wLgIV6JYLBpX0sU6SFLZCjeC5Cpvu/WXmNx9QGxn4NzQKsevB0JcDKYBSqVc87Aw0iLjjAd0JUPF50quY20oypdhJr1iyy/YYfJ44E1JiE9R6xe9OPxCRhz4JBca0HTukbgyapFCYFDqRwRDEPQyxnVIfPDTdePxPwg8iAxTwEDWXio9F/LsRg2fMyHPTySylmfUy8T+vHdHgrBtLP4wIfZEdIqlwfMgILdOikPelRiLIkiOXPheggQi15CBEKkZpc4W0D2f2+3nSqJSdk7J9fVyqXkyaybM9ts+OmMNOWZVdsRqrM8Ee2TN7Ya/Wk/VmvVsfv6M5a7Kzy6Zgff4A+XWhmQ==</latexit>
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For the first 3 arcs:

All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Bounds  
on 

Moments
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

<latexit sha1_base64="8XW3azi1Nr5auTyHFzZDkKhreps="></latexit>

An =

Z 1

0
dµ(x)xn

Bounds  
on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]

<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠

From EFT 
viewpoint

Polynomials:
<latexit sha1_base64="43JeemoTypcyGRbZ9QoHiUgrrr0=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZRNOOZ+tuz1EZOULaKGiQ7R8EAX/gm1cQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiazm0OaRjHQvYAakUNBGgRJ6sQYWBhK6wfQm87sPoI2I1B3OYvBDNlFiLDjDVGo9Dqs1t+7moMvEK0iNFGgOq1+DUcRtCAq5ZMb0PTdGP2EaBZcwrwysgZjxKZtAP6WKhWD8JA86pyfWMIxoDJoKSXMRfm8kLDRmFgbpZMjw3ix6mfif17c4vvIToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXiL3y+Tzlndu6i7rfNa47popkyOyDE5JR65JA1yS5qkTTgB8kSeyYtjnVfnzXn/GS05xc4h+QPn4xuH25GF</latexit>x

<latexit sha1_base64="y8XFTMH/+JzkYQwVcl9o9KedKIE=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdpjH4IYy1HUgClUtMbVKpuzc3Bl4lXkCor0BhUvvrDSCQhahIKrO15bkz+DAxJoXBe7icWYxATGGMvpRpCtP4sDzrnp4kFiniMhkvFcxF/b8wgtHYaBulkCPRgF71M/M/rJTS69mdSxwmhFtkhkgrzQ1YYmTaAfCgNEkGWHLnUXIABIjSSgxCpmKSVlNM+vMXvl0n7vOZd1tzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNxkykT4=</latexit>

1
<latexit sha1_base64="xvPcGG/W/dLdkrvtl8dT0hENXNE=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYEgjKChjII8pASE60vm3DK+aG7NRBZ+QRaqOgQLd9Dwb9gBxeQMNVoZlc7O16kpCHb/rQWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vdJH5rXvURobBDY0jdH0YBnIgBVAqXT/eVnulsl2xp+DzxMlJmeWo90pf3X4oYh8DEgqM6Th2RG4CmqRQOCl2Y4MRiBEMsZPSAHw0bjKNOuGHsQEKeYSaS8WnIv7eSMA3Zux76aQPdGdmvUz8z+vENDhzExlEMWEgskMkFU4PGaFl2gHyvtRIBFly5DLgAjQQoZYchEjFOC2lmPbhzH4/T5rVinNSsa+Oy7XzvJkC22cH7Ig57JTV2CWrswYTbMie2DN7sR6sV+vNev8ZXbDynT32B9bHN7OIkik=</latexit>

x2<latexit sha1_base64="TTe3WNm5b5rI3V5vceu10mBHDis=">AAACH3icdVDLSgNBEJz1bXxFPXoZDIKghNloTHIRHxePCkaFJITesdUhsw9meoWw5CP8BL/Cq568iVcP/ou7SYQoWqfqqm66u7xIK0tCfDhj4xOTU9Mzs7m5+YXFpfzyyoUNYyOxLkMdmisPLGoVYJ0UabyKDILvabz0OseZf3mPxqowOKduhC0fbgN1oyRQKrXzW00f6E6CTg57bbE9Wrk/qtK+aOcLoliuVqq1XZ6SWq0kBmRnb6fC3aLoo8CGOG3nP5vXoYx9DEhqsLbhiohaCRhSUmMv14wtRiA7cIuNlAbgo20l/ad6fCO2QCGP0HCleV/E0YkEfGu7vpd2Zmfa314m/uU1YrqpthIVRDFhILNFpDT2F1lpVJoW8mtlkAiyy5GrgEswQIRGcZAyFeM0vlyax/fT/H9yUSq65aI42y0cHA2TmWFrbJ1tMpdV2AE7YaesziR7YE/smb04j86r8+a8D1rHnOHMKvsB5+ML4RGjDA==</latexit>

A0,A1,A2 > 0



<latexit sha1_base64="peZQrGBWU4ihFIIqYVX/PRp8Sx8=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkIBGWAhjJI5CElIVpfNuGU80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnboJIi2wJgIV6KYLBpX0sUaSFDZDjeC5Chvu8CrzGw+ojQz8WxqF2PFg4Mu+FECp1C0etvsaRNz2gO4FqPgi6Trm7jiZUuykWyzZZXsMPk+cCSmxCard4ne7F4jIQ5+EAmNajh1SJwZNUihMCu3IYAhiCANspdQHD00nHv+T8IPIAAU8RM2l4mMR/27E4Bkz8tx0MktpZr1M/M9rRdQ/78TSDyNCX2SHSCocHzJCy7Qo5D2pkQiy5MilzwVoIEItOQiRilHaXCHtw5n9fp7Uj8vOadm+OSlVLifN5Nke22dHzGFnrMKuWZXVmGCP7Jm9sFfryXqz3q2P39GcNdnZZVOwPn8A99OhmA==</latexit>

A1s2

A0

<latexit sha1_base64="RWvuKcO0IFVqC0Rs3r5YLfcY89k=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkRCMoADWWQyENKQrS+bMKJ80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnYYJIi2wLgIV6JYLBpX0sU6SFLZCjeC5Cpvu/WXmNx9QGxn4NzQKsevB0JcDKYBSqVc87Aw0iLjjAd0JUPF50quY20oypdhJr1iyy/YYfJ44E1JiE9R6xe9OPxCRhz4JBca0HTukbgyapFCYFDqRwRDEPQyxnVIfPDTdePxPwg8iAxTwEDWXio9F/LsRg2fMyHPTySylmfUy8T+vHdHgrBtLP4wIfZEdIqlwfMgILdOikPelRiLIkiOXPheggQi15CBEKkZpc4W0D2f2+3nSqJSdk7J9fVyqXkyaybM9ts+OmMNOWZVdsRqrM8Ee2TN7Ya/Wk/VmvVsfv6M5a7Kzy6Zgff4A+XWhmQ==</latexit>

A2s2

A0
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���

For the first 3 arcs:

All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Bounds  
on 

Moments
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

<latexit sha1_base64="8XW3azi1Nr5auTyHFzZDkKhreps="></latexit>

An =

Z 1

0
dµ(x)xn

Bounds  
on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]

<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠

From EFT 
viewpoint

Polynomials:
<latexit sha1_base64="43JeemoTypcyGRbZ9QoHiUgrrr0=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZRNOOZ+tuz1EZOULaKGiQ7R8EAX/gm1cQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiazm0OaRjHQvYAakUNBGgRJ6sQYWBhK6wfQm87sPoI2I1B3OYvBDNlFiLDjDVGo9Dqs1t+7moMvEK0iNFGgOq1+DUcRtCAq5ZMb0PTdGP2EaBZcwrwysgZjxKZtAP6WKhWD8JA86pyfWMIxoDJoKSXMRfm8kLDRmFgbpZMjw3ix6mfif17c4vvIToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXiL3y+Tzlndu6i7rfNa47popkyOyDE5JR65JA1yS5qkTTgB8kSeyYtjnVfnzXn/GS05xc4h+QPn4xuH25GF</latexit>x

<latexit sha1_base64="y8XFTMH/+JzkYQwVcl9o9KedKIE=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdpjH4IYy1HUgClUtMbVKpuzc3Bl4lXkCor0BhUvvrDSCQhahIKrO15bkz+DAxJoXBe7icWYxATGGMvpRpCtP4sDzrnp4kFiniMhkvFcxF/b8wgtHYaBulkCPRgF71M/M/rJTS69mdSxwmhFtkhkgrzQ1YYmTaAfCgNEkGWHLnUXIABIjSSgxCpmKSVlNM+vMXvl0n7vOZd1tzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNxkykT4=</latexit>

1
<latexit sha1_base64="xvPcGG/W/dLdkrvtl8dT0hENXNE=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYEgjKChjII8pASE60vm3DK+aG7NRBZ+QRaqOgQLd9Dwb9gBxeQMNVoZlc7O16kpCHb/rQWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vdJH5rXvURobBDY0jdH0YBnIgBVAqXT/eVnulsl2xp+DzxMlJmeWo90pf3X4oYh8DEgqM6Th2RG4CmqRQOCl2Y4MRiBEMsZPSAHw0bjKNOuGHsQEKeYSaS8WnIv7eSMA3Zux76aQPdGdmvUz8z+vENDhzExlEMWEgskMkFU4PGaFl2gHyvtRIBFly5DLgAjQQoZYchEjFOC2lmPbhzH4/T5rVinNSsa+Oy7XzvJkC22cH7Ig57JTV2CWrswYTbMie2DN7sR6sV+vNev8ZXbDynT32B9bHN7OIkik=</latexit>

x2<latexit sha1_base64="TTe3WNm5b5rI3V5vceu10mBHDis=">AAACH3icdVDLSgNBEJz1bXxFPXoZDIKghNloTHIRHxePCkaFJITesdUhsw9meoWw5CP8BL/Cq568iVcP/ou7SYQoWqfqqm66u7xIK0tCfDhj4xOTU9Mzs7m5+YXFpfzyyoUNYyOxLkMdmisPLGoVYJ0UabyKDILvabz0OseZf3mPxqowOKduhC0fbgN1oyRQKrXzW00f6E6CTg57bbE9Wrk/qtK+aOcLoliuVqq1XZ6SWq0kBmRnb6fC3aLoo8CGOG3nP5vXoYx9DEhqsLbhiohaCRhSUmMv14wtRiA7cIuNlAbgo20l/ad6fCO2QCGP0HCleV/E0YkEfGu7vpd2Zmfa314m/uU1YrqpthIVRDFhILNFpDT2F1lpVJoW8mtlkAiyy5GrgEswQIRGcZAyFeM0vlyax/fT/H9yUSq65aI42y0cHA2TmWFrbJ1tMpdV2AE7YaesziR7YE/smb04j86r8+a8D1rHnOHMKvsB5+ML4RGjDA==</latexit>

A0,A1,A2 > 0

<latexit sha1_base64="bkMgeZCb+yG3Fz/3ifRzUWje5B8=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJhshGICgjaCiDIA8psaLzZRNOOT90twYiK59ACxUdouV7KPgXbJMCEqYazexqZ8eLlDRk259WYWFxaXmluFpaW9/Y3Cpv7zRNGGuBDRGqULc9blDJABskSWE70sh9T2HLG11mfusetZFhcEvjCF2fDwM5kIJTKt04R4+9csWu2jnYPHGmpAJT1Hvlr24/FLGPAQnFjek4dkRuwjVJoXBS6sYGIy5GfIidlAbcR+MmedQJO4gNp5BFqJlULBfx90bCfWPGvpdO+pzuzKyXif95nZgG524igygmDER2iKTC/JARWqYdIOtLjUQ8S45MBkxwzYlQS8aFSMU4LaWU9uHMfj9PmsdV57RqX59UahfTZoqwB/twCA6cQQ2uoA4NEDCEJ3iGF+vBerXerPef0YI13dmFP7A+vgFk25H3</latexit>

1� x
<latexit sha1_base64="ppS33SdkkzaR9eS5oSmULeVO8Nw=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpFEQ2AkEZQUMZJPKQEis6Xzbh4Hy27tYowco/0EJFh2j5Gwr+Bdu4gISpRjO72tnxQikM2vanVVhYXFpeKa6W1tY3NrfK2zstE0SaQ5MHMtAdjxmQQkETBUrohBqY70loe/eXqd9+AG1EoG5wEoLrs5ESQ8EZJlJrXHWOxof9csWu2RnoPHFyUiE5Gv3yV28Q8MgHhVwyY7qOHaIbM42CS5iWepGBkPF7NoJuQhXzwbhxlnZKDyLDMKAhaCokzUT4vREz35iJ7yWTPsNbM+ul4n9eN8LhuRsLFUYIiqeHUEjIDhmuRVID0IHQgMjS5ECFopxphghaUMZ5IkZJL6WkD2f2+3nSOq45pzX7+qRSv8ibKZI9sk+qxCFnpE6uSIM0CSd35Ik8kxfr0Xq13qz3n9GCle/skj+wPr4BEO2S3g==</latexit>

x(1� x)
<latexit sha1_base64="18v7h/u0zCKyBvqYayHqC5vrtKc=">AAACE3icdVDLSgNBEJz1GeMr6tGDg0HwFHbzMMlFfFw8KhgVkhh6x04cMvtgplcIS45+gl/hVU/exKsf4MF/cTdGUNE6FVXddHW5oZKGbPvNmpicmp6Zzcxl5xcWl5ZzK6tnJoi0wIYIVKAvXDCopI8NkqTwItQInqvw3O0fpv75DWojA/+UBiG2Pej5sisFUCJ1chstD+hagIr3hx1711wW+XfF6eTydqFSq9bqZZ6Qer1of5LSTqnKnYI9Qp6NcdzJvbeuAhF56JNQYEzTsUNqx6BJCoXDbCsyGILoQw+bCfXBQ9OOR48M+VZkgAIeouZS8ZGI3zdi8IwZeG4ymYY0v71U/MtrRtSttWPphxGhL9JDJBWODhmhZdIQ8iupkQjS5MilzwVoIEItOQiRiFFSWTbp4+tp/j85KxacSsE+Kef3DsbNZNg622TbzGFVtseO2DFrMMFu2T17YI/WnfVkPVsvn6MT1nhnjf2A9foBn22eLw==</latexit>

A0 > s2A1
<latexit sha1_base64="o/CBru3EWdInQcVzlNolj3wNHsU=">AAACE3icdVDLSgNBEJz1GeMr6tGDg0HwFHbzMMlFfFw8KpgYSGLoHVsdMvtgplcIS45+gl/hVU/exKsf4MF/cTdGUNE6FVXddHW5oZKGbPvNmpicmp6Zzcxl5xcWl5ZzK6tNE0RaYEMEKtAtFwwq6WODJClshRrBcxWeuf3D1D+7QW1k4J/SIMSuB1e+vJQCKJF6uY2OB3QtQMX7w56za86L/LtS7OXydqFSq9bqZZ6Qer1of5LSTqnKnYI9Qp6NcdzLvXcuAhF56JNQYEzbsUPqxqBJCoXDbCcyGILowxW2E+qDh6Ybjx4Z8q3IAAU8RM2l4iMRv2/E4Bkz8NxkMg1pfnup+JfXjuiy1o2lH0aEvkgPkVQ4OmSElklDyC+kRiJIkyOXPheggQi15CBEIkZJZdmkj6+n+f+kWSw4lYJ9Us7vHYybybB1tsm2mcOqbI8dsWPWYILdsnv2wB6tO+vJerZePkcnrPHOGvsB6/UDop2eMQ==</latexit>

A1 > s2A2



<latexit sha1_base64="peZQrGBWU4ihFIIqYVX/PRp8Sx8=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkIBGWAhjJI5CElIVpfNuGU80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnboJIi2wJgIV6KYLBpX0sUaSFDZDjeC5Chvu8CrzGw+ojQz8WxqF2PFg4Mu+FECp1C0etvsaRNz2gO4FqPgi6Trm7jiZUuykWyzZZXsMPk+cCSmxCard4ne7F4jIQ5+EAmNajh1SJwZNUihMCu3IYAhiCANspdQHD00nHv+T8IPIAAU8RM2l4mMR/27E4Bkz8tx0MktpZr1M/M9rRdQ/78TSDyNCX2SHSCocHzJCy7Qo5D2pkQiy5MilzwVoIEItOQiRilHaXCHtw5n9fp7Uj8vOadm+OSlVLifN5Nke22dHzGFnrMKuWZXVmGCP7Jm9sFfryXqz3q2P39GcNdnZZVOwPn8A99OhmA==</latexit>

A1s2

A0

<latexit sha1_base64="RWvuKcO0IFVqC0Rs3r5YLfcY89k=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkRCMoADWWQyENKQrS+bMKJ80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnYYJIi2wLgIV6JYLBpX0sU6SFLZCjeC5Cpvu/WXmNx9QGxn4NzQKsevB0JcDKYBSqVc87Aw0iLjjAd0JUPF50quY20oypdhJr1iyy/YYfJ44E1JiE9R6xe9OPxCRhz4JBca0HTukbgyapFCYFDqRwRDEPQyxnVIfPDTdePxPwg8iAxTwEDWXio9F/LsRg2fMyHPTySylmfUy8T+vHdHgrBtLP4wIfZEdIqlwfMgILdOikPelRiLIkiOXPheggQi15CBEKkZpc4W0D2f2+3nSqJSdk7J9fVyqXkyaybM9ts+OmMNOWZVdsRqrM8Ee2TN7Ya/Wk/VmvVsfv6M5a7Kzy6Zgff4A+XWhmQ==</latexit>

A2s2

A0
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���

���

���

���

���

���

For the first 3 arcs:

All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Bounds  
on 

Moments
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

<latexit sha1_base64="8XW3azi1Nr5auTyHFzZDkKhreps="></latexit>

An =

Z 1

0
dµ(x)xn

Bounds  
on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]

<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠

From EFT 
viewpoint

Polynomials:
<latexit sha1_base64="43JeemoTypcyGRbZ9QoHiUgrrr0=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZRNOOZ+tuz1EZOULaKGiQ7R8EAX/gm1cQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiazm0OaRjHQvYAakUNBGgRJ6sQYWBhK6wfQm87sPoI2I1B3OYvBDNlFiLDjDVGo9Dqs1t+7moMvEK0iNFGgOq1+DUcRtCAq5ZMb0PTdGP2EaBZcwrwysgZjxKZtAP6WKhWD8JA86pyfWMIxoDJoKSXMRfm8kLDRmFgbpZMjw3ix6mfif17c4vvIToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXiL3y+Tzlndu6i7rfNa47popkyOyDE5JR65JA1yS5qkTTgB8kSeyYtjnVfnzXn/GS05xc4h+QPn4xuH25GF</latexit>x

<latexit sha1_base64="y8XFTMH/+JzkYQwVcl9o9KedKIE=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdpjH4IYy1HUgClUtMbVKpuzc3Bl4lXkCor0BhUvvrDSCQhahIKrO15bkz+DAxJoXBe7icWYxATGGMvpRpCtP4sDzrnp4kFiniMhkvFcxF/b8wgtHYaBulkCPRgF71M/M/rJTS69mdSxwmhFtkhkgrzQ1YYmTaAfCgNEkGWHLnUXIABIjSSgxCpmKSVlNM+vMXvl0n7vOZd1tzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNxkykT4=</latexit>

1
<latexit sha1_base64="xvPcGG/W/dLdkrvtl8dT0hENXNE=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYEgjKChjII8pASE60vm3DK+aG7NRBZ+QRaqOgQLd9Dwb9gBxeQMNVoZlc7O16kpCHb/rQWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vdJH5rXvURobBDY0jdH0YBnIgBVAqXT/eVnulsl2xp+DzxMlJmeWo90pf3X4oYh8DEgqM6Th2RG4CmqRQOCl2Y4MRiBEMsZPSAHw0bjKNOuGHsQEKeYSaS8WnIv7eSMA3Zux76aQPdGdmvUz8z+vENDhzExlEMWEgskMkFU4PGaFl2gHyvtRIBFly5DLgAjQQoZYchEjFOC2lmPbhzH4/T5rVinNSsa+Oy7XzvJkC22cH7Ig57JTV2CWrswYTbMie2DN7sR6sV+vNev8ZXbDynT32B9bHN7OIkik=</latexit>

x2<latexit sha1_base64="TTe3WNm5b5rI3V5vceu10mBHDis=">AAACH3icdVDLSgNBEJz1bXxFPXoZDIKghNloTHIRHxePCkaFJITesdUhsw9meoWw5CP8BL/Cq568iVcP/ou7SYQoWqfqqm66u7xIK0tCfDhj4xOTU9Mzs7m5+YXFpfzyyoUNYyOxLkMdmisPLGoVYJ0UabyKDILvabz0OseZf3mPxqowOKduhC0fbgN1oyRQKrXzW00f6E6CTg57bbE9Wrk/qtK+aOcLoliuVqq1XZ6SWq0kBmRnb6fC3aLoo8CGOG3nP5vXoYx9DEhqsLbhiohaCRhSUmMv14wtRiA7cIuNlAbgo20l/ad6fCO2QCGP0HCleV/E0YkEfGu7vpd2Zmfa314m/uU1YrqpthIVRDFhILNFpDT2F1lpVJoW8mtlkAiyy5GrgEswQIRGcZAyFeM0vlyax/fT/H9yUSq65aI42y0cHA2TmWFrbJ1tMpdV2AE7YaesziR7YE/smb04j86r8+a8D1rHnOHMKvsB5+ML4RGjDA==</latexit>

A0,A1,A2 > 0

<latexit sha1_base64="bkMgeZCb+yG3Fz/3ifRzUWje5B8=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJhshGICgjaCiDIA8psaLzZRNOOT90twYiK59ACxUdouV7KPgXbJMCEqYazexqZ8eLlDRk259WYWFxaXmluFpaW9/Y3Cpv7zRNGGuBDRGqULc9blDJABskSWE70sh9T2HLG11mfusetZFhcEvjCF2fDwM5kIJTKt04R4+9csWu2jnYPHGmpAJT1Hvlr24/FLGPAQnFjek4dkRuwjVJoXBS6sYGIy5GfIidlAbcR+MmedQJO4gNp5BFqJlULBfx90bCfWPGvpdO+pzuzKyXif95nZgG524igygmDER2iKTC/JARWqYdIOtLjUQ8S45MBkxwzYlQS8aFSMU4LaWU9uHMfj9PmsdV57RqX59UahfTZoqwB/twCA6cQQ2uoA4NEDCEJ3iGF+vBerXerPef0YI13dmFP7A+vgFk25H3</latexit>

1� x
<latexit sha1_base64="ppS33SdkkzaR9eS5oSmULeVO8Nw=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpFEQ2AkEZQUMZJPKQEis6Xzbh4Hy27tYowco/0EJFh2j5Gwr+Bdu4gISpRjO72tnxQikM2vanVVhYXFpeKa6W1tY3NrfK2zstE0SaQ5MHMtAdjxmQQkETBUrohBqY70loe/eXqd9+AG1EoG5wEoLrs5ESQ8EZJlJrXHWOxof9csWu2RnoPHFyUiE5Gv3yV28Q8MgHhVwyY7qOHaIbM42CS5iWepGBkPF7NoJuQhXzwbhxlnZKDyLDMKAhaCokzUT4vREz35iJ7yWTPsNbM+ul4n9eN8LhuRsLFUYIiqeHUEjIDhmuRVID0IHQgMjS5ECFopxphghaUMZ5IkZJL6WkD2f2+3nSOq45pzX7+qRSv8ibKZI9sk+qxCFnpE6uSIM0CSd35Ik8kxfr0Xq13qz3n9GCle/skj+wPr4BEO2S3g==</latexit>

x(1� x)
<latexit sha1_base64="18v7h/u0zCKyBvqYayHqC5vrtKc=">AAACE3icdVDLSgNBEJz1GeMr6tGDg0HwFHbzMMlFfFw8KhgVkhh6x04cMvtgplcIS45+gl/hVU/exKsf4MF/cTdGUNE6FVXddHW5oZKGbPvNmpicmp6Zzcxl5xcWl5ZzK6tnJoi0wIYIVKAvXDCopI8NkqTwItQInqvw3O0fpv75DWojA/+UBiG2Pej5sisFUCJ1chstD+hagIr3hx1711wW+XfF6eTydqFSq9bqZZ6Qer1of5LSTqnKnYI9Qp6NcdzJvbeuAhF56JNQYEzTsUNqx6BJCoXDbCsyGILoQw+bCfXBQ9OOR48M+VZkgAIeouZS8ZGI3zdi8IwZeG4ymYY0v71U/MtrRtSttWPphxGhL9JDJBWODhmhZdIQ8iupkQjS5MilzwVoIEItOQiRiFFSWTbp4+tp/j85KxacSsE+Kef3DsbNZNg622TbzGFVtseO2DFrMMFu2T17YI/WnfVkPVsvn6MT1nhnjf2A9foBn22eLw==</latexit>

A0 > s2A1
<latexit sha1_base64="o/CBru3EWdInQcVzlNolj3wNHsU=">AAACE3icdVDLSgNBEJz1GeMr6tGDg0HwFHbzMMlFfFw8KpgYSGLoHVsdMvtgplcIS45+gl/hVU/exKsf4MF/cTdGUNE6FVXddHW5oZKGbPvNmpicmp6Zzcxl5xcWl5ZzK6tNE0RaYEMEKtAtFwwq6WODJClshRrBcxWeuf3D1D+7QW1k4J/SIMSuB1e+vJQCKJF6uY2OB3QtQMX7w56za86L/LtS7OXydqFSq9bqZZ6Qer1of5LSTqnKnYI9Qp6NcdzLvXcuAhF56JNQYEzbsUPqxqBJCoXDbCcyGILowxW2E+qDh6Ybjx4Z8q3IAAU8RM2l4iMRv2/E4Bkz8NxkMg1pfnup+JfXjuiy1o2lH0aEvkgPkVQ4OmSElklDyC+kRiJIkyOXPheggQi15CBEIkZJZdmkj6+n+f+kWSw4lYJ9Us7vHYybybB1tsm2mcOqbI8dsWPWYILdsnv2wB6tO+vJerZePkcnrPHOGvsB6/UDop2eMQ==</latexit>

A1 > s2A2
<latexit sha1_base64="WhKct6O5HhCBM9dOC4EOtHbXheI=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESEFISI7gKCMoKEMEnlIiROdL5twyvmhuzVKZEXiK2ihokO0/AoF/4JtXEDCVKOZXe3sOIEUGk3z01hYXFpeWc2t5dc3Nre2Czu7De2HikOd+9JXLYdpkMKDOgqU0AoUMNeR0HRG14nffAClhe/d4SQA22VDTwwEZxhLnXH39Hhcsk7GR91Kr1A0y2YKOk+sjBRJhlqv8NXp+zx0wUMumdZtywzQjphCwSVM851QQ8D4iA2hHVOPuaDtKM08pYehZujTABQVkqYi/N6ImKv1xHXiSZfhvZ71EvE/rx3i4NKOhBeECB5PDqGQkB7SXIm4DKB9oQCRJcmBCo9yphgiKEEZ57EYxu3k4z6s2e/nSaNSts7L5u1ZsXqVNZMj++SAlIhFLkiV3JAaqRNOAvJEnsmL8Wi8Gm/G+8/ogpHt7JE/MD6+Ab8dlN4=</latexit>

x3 + x(1� x)2



<latexit sha1_base64="peZQrGBWU4ihFIIqYVX/PRp8Sx8=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkIBGWAhjJI5CElIVpfNuGU80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnboJIi2wJgIV6KYLBpX0sUaSFDZDjeC5Chvu8CrzGw+ojQz8WxqF2PFg4Mu+FECp1C0etvsaRNz2gO4FqPgi6Trm7jiZUuykWyzZZXsMPk+cCSmxCard4ne7F4jIQ5+EAmNajh1SJwZNUihMCu3IYAhiCANspdQHD00nHv+T8IPIAAU8RM2l4mMR/27E4Bkz8tx0MktpZr1M/M9rRdQ/78TSDyNCX2SHSCocHzJCy7Qo5D2pkQiy5MilzwVoIEItOQiRilHaXCHtw5n9fp7Uj8vOadm+OSlVLifN5Nke22dHzGFnrMKuWZXVmGCP7Jm9sFfryXqz3q2P39GcNdnZZVOwPn8A99OhmA==</latexit>

A1s2

A0

<latexit sha1_base64="RWvuKcO0IFVqC0Rs3r5YLfcY89k=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkRCMoADWWQyENKQrS+bMKJ80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnYYJIi2wLgIV6JYLBpX0sU6SFLZCjeC5Cpvu/WXmNx9QGxn4NzQKsevB0JcDKYBSqVc87Aw0iLjjAd0JUPF50quY20oypdhJr1iyy/YYfJ44E1JiE9R6xe9OPxCRhz4JBca0HTukbgyapFCYFDqRwRDEPQyxnVIfPDTdePxPwg8iAxTwEDWXio9F/LsRg2fMyHPTySylmfUy8T+vHdHgrBtLP4wIfZEdIqlwfMgILdOikPelRiLIkiOXPheggQi15CBEKkZpc4W0D2f2+3nSqJSdk7J9fVyqXkyaybM9ts+OmMNOWZVdsRqrM8Ee2TN7Ya/Wk/VmvVsfv6M5a7Kzy6Zgff4A+XWhmQ==</latexit>

A2s2

A0

��� ��� ��� ��� ��� ���
���

���

���

���

���

���

For the first 3 arcs:

All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Bounds  
on 

Moments
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

<latexit sha1_base64="8XW3azi1Nr5auTyHFzZDkKhreps="></latexit>

An =

Z 1

0
dµ(x)xn

Bounds  
on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]

<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠

From EFT 
viewpoint

Polynomials:
<latexit sha1_base64="43JeemoTypcyGRbZ9QoHiUgrrr0=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZRNOOZ+tuz1EZOULaKGiQ7R8EAX/gm1cQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiazm0OaRjHQvYAakUNBGgRJ6sQYWBhK6wfQm87sPoI2I1B3OYvBDNlFiLDjDVGo9Dqs1t+7moMvEK0iNFGgOq1+DUcRtCAq5ZMb0PTdGP2EaBZcwrwysgZjxKZtAP6WKhWD8JA86pyfWMIxoDJoKSXMRfm8kLDRmFgbpZMjw3ix6mfif17c4vvIToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXiL3y+Tzlndu6i7rfNa47popkyOyDE5JR65JA1yS5qkTTgB8kSeyYtjnVfnzXn/GS05xc4h+QPn4xuH25GF</latexit>x

<latexit sha1_base64="y8XFTMH/+JzkYQwVcl9o9KedKIE=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdpjH4IYy1HUgClUtMbVKpuzc3Bl4lXkCor0BhUvvrDSCQhahIKrO15bkz+DAxJoXBe7icWYxATGGMvpRpCtP4sDzrnp4kFiniMhkvFcxF/b8wgtHYaBulkCPRgF71M/M/rJTS69mdSxwmhFtkhkgrzQ1YYmTaAfCgNEkGWHLnUXIABIjSSgxCpmKSVlNM+vMXvl0n7vOZd1tzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNxkykT4=</latexit>

1
<latexit sha1_base64="xvPcGG/W/dLdkrvtl8dT0hENXNE=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYEgjKChjII8pASE60vm3DK+aG7NRBZ+QRaqOgQLd9Dwb9gBxeQMNVoZlc7O16kpCHb/rQWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vdJH5rXvURobBDY0jdH0YBnIgBVAqXT/eVnulsl2xp+DzxMlJmeWo90pf3X4oYh8DEgqM6Th2RG4CmqRQOCl2Y4MRiBEMsZPSAHw0bjKNOuGHsQEKeYSaS8WnIv7eSMA3Zux76aQPdGdmvUz8z+vENDhzExlEMWEgskMkFU4PGaFl2gHyvtRIBFly5DLgAjQQoZYchEjFOC2lmPbhzH4/T5rVinNSsa+Oy7XzvJkC22cH7Ig57JTV2CWrswYTbMie2DN7sR6sV+vNev8ZXbDynT32B9bHN7OIkik=</latexit>

x2<latexit sha1_base64="TTe3WNm5b5rI3V5vceu10mBHDis=">AAACH3icdVDLSgNBEJz1bXxFPXoZDIKghNloTHIRHxePCkaFJITesdUhsw9meoWw5CP8BL/Cq568iVcP/ou7SYQoWqfqqm66u7xIK0tCfDhj4xOTU9Mzs7m5+YXFpfzyyoUNYyOxLkMdmisPLGoVYJ0UabyKDILvabz0OseZf3mPxqowOKduhC0fbgN1oyRQKrXzW00f6E6CTg57bbE9Wrk/qtK+aOcLoliuVqq1XZ6SWq0kBmRnb6fC3aLoo8CGOG3nP5vXoYx9DEhqsLbhiohaCRhSUmMv14wtRiA7cIuNlAbgo20l/ad6fCO2QCGP0HCleV/E0YkEfGu7vpd2Zmfa314m/uU1YrqpthIVRDFhILNFpDT2F1lpVJoW8mtlkAiyy5GrgEswQIRGcZAyFeM0vlyax/fT/H9yUSq65aI42y0cHA2TmWFrbJ1tMpdV2AE7YaesziR7YE/smb04j86r8+a8D1rHnOHMKvsB5+ML4RGjDA==</latexit>

A0,A1,A2 > 0

<latexit sha1_base64="bkMgeZCb+yG3Fz/3ifRzUWje5B8=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJhshGICgjaCiDIA8psaLzZRNOOT90twYiK59ACxUdouV7KPgXbJMCEqYazexqZ8eLlDRk259WYWFxaXmluFpaW9/Y3Cpv7zRNGGuBDRGqULc9blDJABskSWE70sh9T2HLG11mfusetZFhcEvjCF2fDwM5kIJTKt04R4+9csWu2jnYPHGmpAJT1Hvlr24/FLGPAQnFjek4dkRuwjVJoXBS6sYGIy5GfIidlAbcR+MmedQJO4gNp5BFqJlULBfx90bCfWPGvpdO+pzuzKyXif95nZgG524igygmDER2iKTC/JARWqYdIOtLjUQ8S45MBkxwzYlQS8aFSMU4LaWU9uHMfj9PmsdV57RqX59UahfTZoqwB/twCA6cQQ2uoA4NEDCEJ3iGF+vBerXerPef0YI13dmFP7A+vgFk25H3</latexit>

1� x
<latexit sha1_base64="ppS33SdkkzaR9eS5oSmULeVO8Nw=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpFEQ2AkEZQUMZJPKQEis6Xzbh4Hy27tYowco/0EJFh2j5Gwr+Bdu4gISpRjO72tnxQikM2vanVVhYXFpeKa6W1tY3NrfK2zstE0SaQ5MHMtAdjxmQQkETBUrohBqY70loe/eXqd9+AG1EoG5wEoLrs5ESQ8EZJlJrXHWOxof9csWu2RnoPHFyUiE5Gv3yV28Q8MgHhVwyY7qOHaIbM42CS5iWepGBkPF7NoJuQhXzwbhxlnZKDyLDMKAhaCokzUT4vREz35iJ7yWTPsNbM+ul4n9eN8LhuRsLFUYIiqeHUEjIDhmuRVID0IHQgMjS5ECFopxphghaUMZ5IkZJL6WkD2f2+3nSOq45pzX7+qRSv8ibKZI9sk+qxCFnpE6uSIM0CSd35Ik8kxfr0Xq13qz3n9GCle/skj+wPr4BEO2S3g==</latexit>

x(1� x)
<latexit sha1_base64="18v7h/u0zCKyBvqYayHqC5vrtKc=">AAACE3icdVDLSgNBEJz1GeMr6tGDg0HwFHbzMMlFfFw8KhgVkhh6x04cMvtgplcIS45+gl/hVU/exKsf4MF/cTdGUNE6FVXddHW5oZKGbPvNmpicmp6Zzcxl5xcWl5ZzK6tnJoi0wIYIVKAvXDCopI8NkqTwItQInqvw3O0fpv75DWojA/+UBiG2Pej5sisFUCJ1chstD+hagIr3hx1711wW+XfF6eTydqFSq9bqZZ6Qer1of5LSTqnKnYI9Qp6NcdzJvbeuAhF56JNQYEzTsUNqx6BJCoXDbCsyGILoQw+bCfXBQ9OOR48M+VZkgAIeouZS8ZGI3zdi8IwZeG4ymYY0v71U/MtrRtSttWPphxGhL9JDJBWODhmhZdIQ8iupkQjS5MilzwVoIEItOQiRiFFSWTbp4+tp/j85KxacSsE+Kef3DsbNZNg622TbzGFVtseO2DFrMMFu2T17YI/WnfVkPVsvn6MT1nhnjf2A9foBn22eLw==</latexit>

A0 > s2A1
<latexit sha1_base64="o/CBru3EWdInQcVzlNolj3wNHsU=">AAACE3icdVDLSgNBEJz1GeMr6tGDg0HwFHbzMMlFfFw8KpgYSGLoHVsdMvtgplcIS45+gl/hVU/exKsf4MF/cTdGUNE6FVXddHW5oZKGbPvNmpicmp6Zzcxl5xcWl5ZzK6tNE0RaYEMEKtAtFwwq6WODJClshRrBcxWeuf3D1D+7QW1k4J/SIMSuB1e+vJQCKJF6uY2OB3QtQMX7w56za86L/LtS7OXydqFSq9bqZZ6Qer1of5LSTqnKnYI9Qp6NcdzLvXcuAhF56JNQYEzbsUPqxqBJCoXDbCcyGILowxW2E+qDh6Ybjx4Z8q3IAAU8RM2l4iMRv2/E4Bkz8NxkMg1pfnup+JfXjuiy1o2lH0aEvkgPkVQ4OmSElklDyC+kRiJIkyOXPheggQi15CBEIkZJZdmkj6+n+f+kWSw4lYJ9Us7vHYybybB1tsm2mcOqbI8dsWPWYILdsnv2wB6tO+vJerZePkcnrPHOGvsB6/UDop2eMQ==</latexit>

A1 > s2A2
<latexit sha1_base64="WhKct6O5HhCBM9dOC4EOtHbXheI=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESEFISI7gKCMoKEMEnlIiROdL5twyvmhuzVKZEXiK2ihokO0/AoF/4JtXEDCVKOZXe3sOIEUGk3z01hYXFpeWc2t5dc3Nre2Czu7De2HikOd+9JXLYdpkMKDOgqU0AoUMNeR0HRG14nffAClhe/d4SQA22VDTwwEZxhLnXH39Hhcsk7GR91Kr1A0y2YKOk+sjBRJhlqv8NXp+zx0wUMumdZtywzQjphCwSVM851QQ8D4iA2hHVOPuaDtKM08pYehZujTABQVkqYi/N6ImKv1xHXiSZfhvZ71EvE/rx3i4NKOhBeECB5PDqGQkB7SXIm4DKB9oQCRJcmBCo9yphgiKEEZ57EYxu3k4z6s2e/nSaNSts7L5u1ZsXqVNZMj++SAlIhFLkiV3JAaqRNOAvJEnsmL8Wi8Gm/G+8/ogpHt7JE/MD6+Ab8dlN4=</latexit>

x3 + x(1� x)2

<latexit sha1_base64="xe99cC/HHZUyODJFPyD6fTq26CQ=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKVphK7Px4EcScEpldp9MQzJDKo1u27nYIvEKUgNCjQH1a/+MBSxjwEJxY3pOXZEbsI1SaFwVunHBiMuJnyMvZQG3EfjJnnaGTuKDaeQRaiZVCwX8fdGwn1jpr6XTvqc7sy8l4n/eb2YRhduIoMoJgxEdoikwvyQEVqmNSAbSo1EPEuOTAZMcM2JUEvGhUjFOO2lkvbhzH+/SNondeesbt+c1hqXRTNlOIBDOAYHzqEB19CEFgi4hyd4hhfr0Xq13qz3n9GSVezswx9YH99mO5O4</latexit>· · ·



<latexit sha1_base64="peZQrGBWU4ihFIIqYVX/PRp8Sx8=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkIBGWAhjJI5CElIVpfNuGU80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnboJIi2wJgIV6KYLBpX0sUaSFDZDjeC5Chvu8CrzGw+ojQz8WxqF2PFg4Mu+FECp1C0etvsaRNz2gO4FqPgi6Trm7jiZUuykWyzZZXsMPk+cCSmxCard4ne7F4jIQ5+EAmNajh1SJwZNUihMCu3IYAhiCANspdQHD00nHv+T8IPIAAU8RM2l4mMR/27E4Bkz8tx0MktpZr1M/M9rRdQ/78TSDyNCX2SHSCocHzJCy7Qo5D2pkQiy5MilzwVoIEItOQiRilHaXCHtw5n9fp7Uj8vOadm+OSlVLifN5Nke22dHzGFnrMKuWZXVmGCP7Jm9sFfryXqz3q2P39GcNdnZZVOwPn8A99OhmA==</latexit>

A1s2

A0

<latexit sha1_base64="RWvuKcO0IFVqC0Rs3r5YLfcY89k=">AAACGnicbVC7TsNAEDyHVwivACXNiQhEFdkRCMoADWWQyENKQrS+bMKJ80N3a6TI8h/wCXwFLVR0iJaGgn/BDilIwlSjmV3t7LihkoZs+8vKLSwuLa/kVwtr6xubW8XtnYYJIi2wLgIV6JYLBpX0sU6SFLZCjeC5Cpvu/WXmNx9QGxn4NzQKsevB0JcDKYBSqVc87Aw0iLjjAd0JUPF50quY20oypdhJr1iyy/YYfJ44E1JiE9R6xe9OPxCRhz4JBca0HTukbgyapFCYFDqRwRDEPQyxnVIfPDTdePxPwg8iAxTwEDWXio9F/LsRg2fMyHPTySylmfUy8T+vHdHgrBtLP4wIfZEdIqlwfMgILdOikPelRiLIkiOXPheggQi15CBEKkZpc4W0D2f2+3nSqJSdk7J9fVyqXkyaybM9ts+OmMNOWZVdsRqrM8Ee2TN7Ya/Wk/VmvVsfv6M5a7Kzy6Zgff4A+XWhmQ==</latexit>

A2s2

A0

��� ��� ��� ��� ��� ���
���

���

���

���

���

���

For the first 3 arcs:

All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Bounds  
on 

Moments
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

<latexit sha1_base64="8XW3azi1Nr5auTyHFzZDkKhreps="></latexit>

An =

Z 1

0
dµ(x)xn

Bounds  
on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]

<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠

From EFT 
viewpoint

Polynomials:
<latexit sha1_base64="43JeemoTypcyGRbZ9QoHiUgrrr0=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIRCMoIGspEIg8psaLzZRNOOZ+tuz1EZOULaKGiQ7R8EAX/gm1cQMJUo5ld7ewEsRQGXffTKa2srq1vlDcrW9s7u3vV/YOOiazm0OaRjHQvYAakUNBGgRJ6sQYWBhK6wfQm87sPoI2I1B3OYvBDNlFiLDjDVGo9Dqs1t+7moMvEK0iNFGgOq1+DUcRtCAq5ZMb0PTdGP2EaBZcwrwysgZjxKZtAP6WKhWD8JA86pyfWMIxoDJoKSXMRfm8kLDRmFgbpZMjw3ix6mfif17c4vvIToWKLoHh2CIWE/JDhWqQNAB0JDYgsSw5UKMqZZoigBWWcp6JNK6mkfXiL3y+Tzlndu6i7rfNa47popkyOyDE5JR65JA1yS5qkTTgB8kSeyYtjnVfnzXn/GS05xc4h+QPn4xuH25GF</latexit>x

<latexit sha1_base64="y8XFTMH/+JzkYQwVcl9o9KedKIE=">AAAB83icbVC7TsNAEDzzDOEVoKQ5ESFRRTYCQRlBQ5lI5CElVrS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbgEUlNbZIksJubBDCQGEnmNxmfucRjZWRvqdpjH4IYy1HUgClUtMbVKpuzc3Bl4lXkCor0BhUvvrDSCQhahIKrO15bkz+DAxJoXBe7icWYxATGGMvpRpCtP4sDzrnp4kFiniMhkvFcxF/b8wgtHYaBulkCPRgF71M/M/rJTS69mdSxwmhFtkhkgrzQ1YYmTaAfCgNEkGWHLnUXIABIjSSgxCpmKSVlNM+vMXvl0n7vOZd1tzmRbV+UzRTYsfshJ0xj12xOrtjDdZigiF7Ys/sxUmcV+fNef8ZXXGKnSP2B87HNxkykT4=</latexit>

1
<latexit sha1_base64="xvPcGG/W/dLdkrvtl8dT0hENXNE=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRXYEgjKChjII8pASE60vm3DK+aG7NRBZ+QRaqOgQLd9Dwb9gBxeQMNVoZlc7O16kpCHb/rQWFpeWV1YLa8X1jc2t7dLObtOEsRbYEKEKddsDg0oG2CBJCtuRRvA9hS1vdJH5rXvURobBDY0jdH0YBnIgBVAqXT/eVnulsl2xp+DzxMlJmeWo90pf3X4oYh8DEgqM6Th2RG4CmqRQOCl2Y4MRiBEMsZPSAHw0bjKNOuGHsQEKeYSaS8WnIv7eSMA3Zux76aQPdGdmvUz8z+vENDhzExlEMWEgskMkFU4PGaFl2gHyvtRIBFly5DLgAjQQoZYchEjFOC2lmPbhzH4/T5rVinNSsa+Oy7XzvJkC22cH7Ig57JTV2CWrswYTbMie2DN7sR6sV+vNev8ZXbDynT32B9bHN7OIkik=</latexit>

x2<latexit sha1_base64="TTe3WNm5b5rI3V5vceu10mBHDis=">AAACH3icdVDLSgNBEJz1bXxFPXoZDIKghNloTHIRHxePCkaFJITesdUhsw9meoWw5CP8BL/Cq568iVcP/ou7SYQoWqfqqm66u7xIK0tCfDhj4xOTU9Mzs7m5+YXFpfzyyoUNYyOxLkMdmisPLGoVYJ0UabyKDILvabz0OseZf3mPxqowOKduhC0fbgN1oyRQKrXzW00f6E6CTg57bbE9Wrk/qtK+aOcLoliuVqq1XZ6SWq0kBmRnb6fC3aLoo8CGOG3nP5vXoYx9DEhqsLbhiohaCRhSUmMv14wtRiA7cIuNlAbgo20l/ad6fCO2QCGP0HCleV/E0YkEfGu7vpd2Zmfa314m/uU1YrqpthIVRDFhILNFpDT2F1lpVJoW8mtlkAiyy5GrgEswQIRGcZAyFeM0vlyax/fT/H9yUSq65aI42y0cHA2TmWFrbJ1tMpdV2AE7YaesziR7YE/smb04j86r8+a8D1rHnOHMKvsB5+ML4RGjDA==</latexit>

A0,A1,A2 > 0

<latexit sha1_base64="bkMgeZCb+yG3Fz/3ifRzUWje5B8=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJhshGICgjaCiDIA8psaLzZRNOOT90twYiK59ACxUdouV7KPgXbJMCEqYazexqZ8eLlDRk259WYWFxaXmluFpaW9/Y3Cpv7zRNGGuBDRGqULc9blDJABskSWE70sh9T2HLG11mfusetZFhcEvjCF2fDwM5kIJTKt04R4+9csWu2jnYPHGmpAJT1Hvlr24/FLGPAQnFjek4dkRuwjVJoXBS6sYGIy5GfIidlAbcR+MmedQJO4gNp5BFqJlULBfx90bCfWPGvpdO+pzuzKyXif95nZgG524igygmDER2iKTC/JARWqYdIOtLjUQ8S45MBkxwzYlQS8aFSMU4LaWU9uHMfj9PmsdV57RqX59UahfTZoqwB/twCA6cQQ2uoA4NEDCEJ3iGF+vBerXerPef0YI13dmFP7A+vgFk25H3</latexit>

1� x
<latexit sha1_base64="ppS33SdkkzaR9eS5oSmULeVO8Nw=">AAAB+HicbVC7TsNAEDyHVwivACXNiQgpFEQ2AkEZQUMZJPKQEis6Xzbh4Hy27tYowco/0EJFh2j5Gwr+Bdu4gISpRjO72tnxQikM2vanVVhYXFpeKa6W1tY3NrfK2zstE0SaQ5MHMtAdjxmQQkETBUrohBqY70loe/eXqd9+AG1EoG5wEoLrs5ESQ8EZJlJrXHWOxof9csWu2RnoPHFyUiE5Gv3yV28Q8MgHhVwyY7qOHaIbM42CS5iWepGBkPF7NoJuQhXzwbhxlnZKDyLDMKAhaCokzUT4vREz35iJ7yWTPsNbM+ul4n9eN8LhuRsLFUYIiqeHUEjIDhmuRVID0IHQgMjS5ECFopxphghaUMZ5IkZJL6WkD2f2+3nSOq45pzX7+qRSv8ibKZI9sk+qxCFnpE6uSIM0CSd35Ik8kxfr0Xq13qz3n9GCle/skj+wPr4BEO2S3g==</latexit>

x(1� x)
<latexit sha1_base64="18v7h/u0zCKyBvqYayHqC5vrtKc=">AAACE3icdVDLSgNBEJz1GeMr6tGDg0HwFHbzMMlFfFw8KhgVkhh6x04cMvtgplcIS45+gl/hVU/exKsf4MF/cTdGUNE6FVXddHW5oZKGbPvNmpicmp6Zzcxl5xcWl5ZzK6tnJoi0wIYIVKAvXDCopI8NkqTwItQInqvw3O0fpv75DWojA/+UBiG2Pej5sisFUCJ1chstD+hagIr3hx1711wW+XfF6eTydqFSq9bqZZ6Qer1of5LSTqnKnYI9Qp6NcdzJvbeuAhF56JNQYEzTsUNqx6BJCoXDbCsyGILoQw+bCfXBQ9OOR48M+VZkgAIeouZS8ZGI3zdi8IwZeG4ymYY0v71U/MtrRtSttWPphxGhL9JDJBWODhmhZdIQ8iupkQjS5MilzwVoIEItOQiRiFFSWTbp4+tp/j85KxacSsE+Kef3DsbNZNg622TbzGFVtseO2DFrMMFu2T17YI/WnfVkPVsvn6MT1nhnjf2A9foBn22eLw==</latexit>

A0 > s2A1
<latexit sha1_base64="o/CBru3EWdInQcVzlNolj3wNHsU=">AAACE3icdVDLSgNBEJz1GeMr6tGDg0HwFHbzMMlFfFw8KpgYSGLoHVsdMvtgplcIS45+gl/hVU/exKsf4MF/cTdGUNE6FVXddHW5oZKGbPvNmpicmp6Zzcxl5xcWl5ZzK6tNE0RaYEMEKtAtFwwq6WODJClshRrBcxWeuf3D1D+7QW1k4J/SIMSuB1e+vJQCKJF6uY2OB3QtQMX7w56za86L/LtS7OXydqFSq9bqZZ6Qer1of5LSTqnKnYI9Qp6NcdzLvXcuAhF56JNQYEzbsUPqxqBJCoXDbCcyGILowxW2E+qDh6Ybjx4Z8q3IAAU8RM2l4iMRv2/E4Bkz8NxkMg1pfnup+JfXjuiy1o2lH0aEvkgPkVQ4OmSElklDyC+kRiJIkyOXPheggQi15CBEIkZJZdmkj6+n+f+kWSw4lYJ9Us7vHYybybB1tsm2mcOqbI8dsWPWYILdsnv2wB6tO+vJerZePkcnrPHOGvsB6/UDop2eMQ==</latexit>

A1 > s2A2
<latexit sha1_base64="WhKct6O5HhCBM9dOC4EOtHbXheI=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESEFISI7gKCMoKEMEnlIiROdL5twyvmhuzVKZEXiK2ihokO0/AoF/4JtXEDCVKOZXe3sOIEUGk3z01hYXFpeWc2t5dc3Nre2Czu7De2HikOd+9JXLYdpkMKDOgqU0AoUMNeR0HRG14nffAClhe/d4SQA22VDTwwEZxhLnXH39Hhcsk7GR91Kr1A0y2YKOk+sjBRJhlqv8NXp+zx0wUMumdZtywzQjphCwSVM851QQ8D4iA2hHVOPuaDtKM08pYehZujTABQVkqYi/N6ImKv1xHXiSZfhvZ71EvE/rx3i4NKOhBeECB5PDqGQkB7SXIm4DKB9oQCRJcmBCo9yphgiKEEZ57EYxu3k4z6s2e/nSaNSts7L5u1ZsXqVNZMj++SAlIhFLkiV3JAaqRNOAvJEnsmL8Wi8Gm/G+8/ogpHt7JE/MD6+Ab8dlN4=</latexit>

x3 + x(1� x)2

<latexit sha1_base64="xe99cC/HHZUyODJFPyD6fTq26CQ=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKVphK7Px4EcScEpldp9MQzJDKo1u27nYIvEKUgNCjQH1a/+MBSxjwEJxY3pOXZEbsI1SaFwVunHBiMuJnyMvZQG3EfjJnnaGTuKDaeQRaiZVCwX8fdGwn1jpr6XTvqc7sy8l4n/eb2YRhduIoMoJgxEdoikwvyQEVqmNSAbSo1EPEuOTAZMcM2JUEvGhUjFOO2lkvbhzH+/SNondeesbt+c1hqXRTNlOIBDOAYHzqEB19CEFgi4hyd4hhfr0Xq13qz3n9GSVezswx9YH99mO5O4</latexit>· · ·
All polynomials:

<latexit sha1_base64="OFn1FKY4zOLQmKc2CgkkeyLx0iw=">AAAB/3icbVC7TgJBFJ3FF+ILtbSZSEywkOwajTYmRBtLTOSRwEJmhwtOmJ1dZ+4aCKHwK2y1sjO2foqF/+KybqHgqU7OuTf33OOFUhi07U8rs7C4tLySXc2trW9sbuW3d2omiDSHKg9koBseMyCFgioKlNAINTDfk1D3BldTv/4A2ohA3eIoBNdnfSV6gjOMJTe8GLYVLTpHw8P2oJMv2CU7AZ0nTkoKJEWlk/9qdQMe+aCQS2ZM07FDdMdMo+ASJrlWZCBkfMD60IypYj4Yd5yEntCDyDAMaAiaCkkTEX5vjJlvzMj34kmf4Z2Z9abif14zwt65OxYqjBAUnx5CISE5ZLgWcRtAu0IDIpsmByoU5UwzRNCCMs5jMYrrycV9OLPfz5Pacck5Ldk3J4XyZdpMluyRfVIkDjkjZXJNKqRKOLknT+SZvFiP1qv1Zr3/jGasdGeX/IH18Q3fYZWG</latexit>

p = xn(1� x)k

<latexit sha1_base64="CDpnfvU0TIRG15rHo2SVNRd6b3g=">AAAB/3icdVC7SgNBFJ31bXxFLW0Gg2Ahy2xMTNKJNpYK5gHJEmYnN3HI7Ow6c1cIwcKvsNXKTmz9FAv/xd0YQUVPdTjnXs69J4iVtMjYmzMzOze/sLi0nFtZXVvfyG9uNWyUGAF1EanItAJuQUkNdZSooBUb4GGgoBkMTzO/eQPGykhf4igGP+QDLftScEwlXx8MOxjRjtR9HHXzBebWqkfl6iFlrlessZKXkVK5UmTUc9kEBTLFeTf/3ulFIglBo1Dc2rbHYvTH3KAUCm5zncRCzMWQD6CdUs1DsP54cvQt3UssT6NjMFQqOhHh+8aYh9aOwiCdDDle2d9eJv7ltRPsV/2x1HGCoEUWhFLBJMgKI9M2gPakAUSeXQ5Uaiq44YhgJOVCpGKS1pNL+/h6mv5PGkXXK7vsolQ4Ppk2s0R2yC7ZJx6pkGNyRs5JnQhyTe7JA3l07pwn59l5+RydcaY72+QHnNcPvi+Wug==</latexit>

n, k ! 1

(Bernstein)



All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20


Bounds  
on 

Moments
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

<latexit sha1_base64="8XW3azi1Nr5auTyHFzZDkKhreps="></latexit>

An =

Z 1

0
dµ(x)xn

Bounds  
on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]

<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Better: finite number of bounds for finite number of arcs 
(recurring situation in EFT)

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠



All Bounds    All Positive Polynomials
Bellazzini,Elias-Miro,Rattazzi,Riembau,FR’20
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on 

EFT arcs
<latexit sha1_base64="vqFfdDMKNUFZJEf4vsGV5lNxfHY="></latexit>Z 1

0
pN (x)dµ(x) > 0 )

NX

i=0

↵iAi > 0

Positive polynomials  
in [0,1]
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pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Better: finite number of bounds for finite number of arcs 
(recurring situation in EFT)

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠

Polynomials with N<Nmax

<latexit sha1_base64="SUk4Q51e6LJV9GK+rVMYJsuWlyk="></latexit>

p = q21 + xq22 + (1� x)q23 + x(1� x)q24

Optimal Bounds 
involving only Nmax Arcs
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0
pN (x)dµ(x) > 0 )
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<latexit sha1_base64="+D1qvMC8Sze3ryhVnyKAbRp9Pa0=">AAACE3icbVC7TsNAEDzzJrwClBSciJCgiWwEggYJQUMVBYkAUhKs9bHAirN9ulsjkJWST+AraKGiQ7R8AAX/ghNS8JpqNLOr3ZnIaHLs++/ewODQ8Mjo2HhpYnJqeqY8O3fk0swqbKhUp/YkAoeaEmwwscYTYxHiSONxdLXX9Y+v0TpKk0O+NdiO4SKhc1LAhRSWF01YW7lZ3W65LA5z2vY7p7UWaHMJIcmbUwrLFb/q9yD/kqBPKqKPelj+aJ2lKosxYaXBuWbgG27nYJmUxk6plTk0oK7gApsFTSBG1857QTpyOXPAqTRoJWnZE/H7Rg6xc7dxVEzGwJfut9cV//OaGZ9vtXNKTMaYqO4hJo29Q05ZKhpCeUYWmaH7OUpKpAILzGhJglKFmBWVlYo+gt/p/5KjtWqwUfUP1is7u/1mxsSCWBIrIhCbYkfsi7poCCXuxIN4FE/evffsvXivX6MDXn9nXvyA9/YJvl2doA==</latexit>

pN (x) =
NX

i=0

↵ix
i <latexit sha1_base64="gzoHofuWfxz28R7HD5+7VTLBIdg=">AAAB9HicbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQYUiaCgDIg8psaLzZRNOOT90t44UWfkDWqjoEC3/Q8G/YBsXkDDVaGZXOztepKQh2/60lpZXVtfWSxvlza3tnd3K3n7LhLEW2BShCnXH4waVDLBJkhR2Io3c9xS2vfFN5rcnqI0MgweaRuj6fBTIoRScUun+yu5XqnbNzsEWiVOQKhRo9CtfvUEoYh8DEoob03XsiNyEa5JC4azciw1GXIz5CLspDbiPxk3ypDN2HBtOIYtQM6lYLuLvjYT7xkx9L530OT2aeS8T//O6MQ0v3UQGUUwYiOwQSYX5ISO0TCtANpAaiXiWHJkMmOCaE6GWjAuRinHaSTntw5n/fpG0TmvOec2+O6vWr4tmSnAIR3ACDlxAHW6hAU0QMIQneIYXa2K9Wm/W+8/oklXsHMAfWB/fnXKRhQ==</latexit>

> 0

Better: finite number of bounds for finite number of arcs 
(recurring situation in EFT)

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠
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<latexit sha1_base64="g8qMQU5x7oVvqXgyDWQxdFFbnq4="></latexit>Z 1

0
q1(x)

2dµ(x) =

N/2X

i,j=0

↵i Ai+j ↵j > 0
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NX

i=0

↵ix
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> 0

Better: finite number of bounds for finite number of arcs 
(recurring situation in EFT)

Wilson coef.<latexit sha1_base64="qEKpNbxljITsn2V9wM0q3ey2jSw=">AAAB9nicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIiTwS2JDZoYEJs4/M9BoJ4Re86smb8ervePBf3F0wUaN1qlR1p6vLDaXQaFnvRmZtfWNzK7ud29nd2z/IHx61dRApDi0eyEB1XaZBCh9aKFBCN1TAPFdCx51eJX7nDpQWgX+LsxAcj419MRKcYSL1tfAG+YJlVmrVWr1MY1KvF60lKV2UqtQ2rRQFskJzkP/oDwMeeeAjl0zrnm2F6MyZQsElLHL9SEPI+JSNoRdTn3mgnXmadUHPIs0woCEoKiRNRfi+MWee1jPPjSc9hhP920vEv7xehKOaMxd+GCH4PDmEQkJ6SHMl4hKADoUCRJYkByp8ypliiKAEZZzHYhS3kov7+Hqa/k/aRdOumNZNudC4XDWTJSfklJwTm1RJg1yTJmkRTibkgTySJ+PeeDZejNflaMZY7RyTHzDePgFoPpM3</latexit>⇠

Polynomials with N<Nmax

<latexit sha1_base64="SUk4Q51e6LJV9GK+rVMYJsuWlyk="></latexit>

p = q21 + xq22 + (1� x)q23 + x(1� x)q24

Optimal Bounds 
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B. Optimal Bounds for a Finite Set of Arcs

In practice we often focus on a finite number of
arcs. For instance, in a typical EFT only the first
few powers of s are phenomenologically interesting
– at tree-level this corresponds to the first few arcs.
Thus it is natural to ask,

Question 2: Considering only a finite number N of
arcs, what are their optimal constraints?

Here optimal means the projection of all constraints
on the finite set. In the language of the previ-
ous section, we ask: assuming the components of
~a = {ŝ2a0, . . . , ŝ2+2NaN} are moments, what is the
subspace A(N) ⇢ RN on which ~a takes values?

Of course Eq. (10) still holds and, for k+n  N , it
involves only the first N arcs. The constraints with
k + n � N imply however additional conditions on
the subset n  N . In what follows we will show a
simple procedure to extract this information.

Similarly to Question 1 – that implied finding
the most general positive function in [0, 1] – Ques-
tion 2 requires finding a parametrizsation for the
most general polynomial p(x) =

PN
i=1 ↵ixi of finite

degree  N , positive in x 2 [0, 1]. Indeed, via Eq. (7),
each such p(x) leads to a condition on arcs,

Z 1

0
p(x)dµ(x) > 0 )

NX

i=0

↵iai > 0 . (12)

One can prove that any such polynomial can be writ-
ten as [30],

p =
X

J

q2
J,1|{z}

type-1

+ xq2
J,2| {z }

type-2

+ (1 � x)q2
J,3| {z }

type-3

+ x(1 � x)q2
J,4| {z }

type-4

(13)
where qJ,k(x)’s are non-zero real polynomials – not
necessarily positive – such that p(x) is degree N ,
i.e. qJ,k has at most degree dk, with d1 = bN/2c,
d2 = d3 = b(N � 1)/2c and d4 = b(N � 2)/2c,
where bkc is the integer part of k � 0. Since Eq. (13)
is a sum over positive terms, it is su�cient to dis-
cuss them individually. Therefore we drop the index
J and consider one by one generic polynomials qk of
each type-k in Eq. (13),

qk(x) =
dkX

j=0

↵kjx
j (14)

with arbitrary real coe�cients ↵kj .
We define the Hankel matrix (H`

N )ij = ai+j+`, for
i, j = 0, . . . , b(N �`)/2c, so that H`

N involves arcs up

to aN for N � ` even and aN�1 for N � ` odd. For
instance,

H0
4 = H0

5 ⌘

0

@
a0 a1 a2

a1 a2 a3

a2 a3 a4

1

A . (15)

Now, polynomials of type-1 imply,

Z 1

0
q1(x)2dµ(x) = ŝ2

bN/2cX

i,j=0

ŝ2(i+j)↵1i ai+j ↵1j > 0 .

Since the vector {↵10, ↵11ŝ2, ↵12ŝ4, . . . ↵1,N/2ŝ
N} is

arbitrary, the following Hankel matrix must be posi-
tive definite,

H0
N � 0 . (16)

Following similar steps one finds that the positiveness
of

R 1
0 xq2

2(x)dµ(x) > 0,
R 1
0 (1 � x)q2

3(x)dµ(x) > 0 andR 1
0 x(1 � x)q2

4(x)dµ(x) > 0 imply,

H1
N � 0 , (17)

H0
N�1 � ŝ2H1

N � 0 , (18)

H1
N�1 � ŝ2H2

N � 0 , (19)

respectively. We refer to Eqs. (16-17) as homogeneous
and Eqs. (18,19) as inhomogeneous constraints.

Since (13) is an arbitrary positive polynomial for
x 2 [0, 1], Eqs. (16-19) represent the optimal con-
straints, providing an answer to Question 2. For
instance, Eqs. (16-19) with N = 2 define the A(2)
region:

✓
a0 a1

a1 a2

◆
� 0 , a1 > 0 , a0 > ŝ2a1 , a1 > ŝ2a2 .

(20)
This is illustrated by the left panel of Fig. 2. The
first constraint in (20) implies a0a2 > a2

1, and is sat-
urated by the lowest parabola in Fig. 2; the fourth
constraint in (20) is saturated by the upper line, the
other constraints imply that the coordinates lie in
the interval [0, 1].

Similarly, evaluating Eqs. (16-19) for N = 3, we
find A(3):
✓

a0 a1

a1 a2

◆
� 0 ,

✓
a0 � a1ŝ2 a1 � a2ŝ2

a1 � a2ŝ2 a2 � a3ŝ2

◆
� 0 ,

✓
a1 a2

a2 a3

◆
� 0 , a1 > ŝ2a2 , (21)

which we illustrate in the right panel of Fig. 2.
Eqs. (16-19) capture how the full constraint on the

arc sequence is projected on the first N arcs. Of
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few powers of s are phenomenologically interesting
– at tree-level this corresponds to the first few arcs.
Thus it is natural to ask,

Question 2: Considering only a finite number N of
arcs, what are their optimal constraints?

Here optimal means the projection of all constraints
on the finite set. In the language of the previ-
ous section, we ask: assuming the components of
~a = {ŝ2a0, . . . , ŝ2+2NaN} are moments, what is the
subspace A(N) ⇢ RN on which ~a takes values?

Of course Eq. (10) still holds and, for k+n  N , it
involves only the first N arcs. The constraints with
k + n � N imply however additional conditions on
the subset n  N . In what follows we will show a
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Similarly to Question 1 – that implied finding
the most general positive function in [0, 1] – Ques-
tion 2 requires finding a parametrizsation for the
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where qJ,k(x)’s are non-zero real polynomials – not
necessarily positive – such that p(x) is degree N ,
i.e. qJ,k has at most degree dk, with d1 = bN/2c,
d2 = d3 = b(N � 1)/2c and d4 = b(N � 2)/2c,
where bkc is the integer part of k � 0. Since Eq. (13)
is a sum over positive terms, it is su�cient to dis-
cuss them individually. Therefore we drop the index
J and consider one by one generic polynomials qk of
each type-k in Eq. (13),

qk(x) =
dkX

j=0

↵kjx
j (14)

with arbitrary real coe�cients ↵kj .
We define the Hankel matrix (H`

N )ij = ai+j+`, for
i, j = 0, . . . , b(N �`)/2c, so that H`
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respectively. We refer to Eqs. (16-17) as homogeneous
and Eqs. (18,19) as inhomogeneous constraints.

Since (13) is an arbitrary positive polynomial for
x 2 [0, 1], Eqs. (16-19) represent the optimal con-
straints, providing an answer to Question 2. For
instance, Eqs. (16-19) with N = 2 define the A(2)
region:

✓
a0 a1

a1 a2

◆
� 0 , a1 > 0 , a0 > ŝ2a1 , a1 > ŝ2a2 .

(20)
This is illustrated by the left panel of Fig. 2. The
first constraint in (20) implies a0a2 > a2

1, and is sat-
urated by the lowest parabola in Fig. 2; the fourth
constraint in (20) is saturated by the upper line, the
other constraints imply that the coordinates lie in
the interval [0, 1].

Similarly, evaluating Eqs. (16-19) for N = 3, we
find A(3):
✓

a0 a1

a1 a2

◆
� 0 ,

✓
a0 � a1ŝ2 a1 � a2ŝ2

a1 � a2ŝ2 a2 � a3ŝ2

◆
� 0 ,

✓
a1 a2

a2 a3

◆
� 0 , a1 > ŝ2a2 , (21)

which we illustrate in the right panel of Fig. 2.
Eqs. (16-19) capture how the full constraint on the

arc sequence is projected on the first N arcs. Of
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~a = {ŝ2a0, . . . , ŝ2+2NaN} are moments, what is the
subspace A(N) ⇢ RN on which ~a takes values?

Of course Eq. (10) still holds and, for k+n  N , it
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d2 = d3 = b(N � 1)/2c and d4 = b(N � 2)/2c,
where bkc is the integer part of k � 0. Since Eq. (13)
is a sum over positive terms, it is su�cient to dis-
cuss them individually. Therefore we drop the index
J and consider one by one generic polynomials qk of
each type-k in Eq. (13),
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urated by the lowest parabola in Fig. 2; the fourth
constraint in (20) is saturated by the upper line, the
other constraints imply that the coordinates lie in
the interval [0, 1].

Similarly, evaluating Eqs. (16-19) for N = 3, we
find A(3):
✓

a0 a1

a1 a2

◆
� 0 ,

✓
a0 � a1ŝ2 a1 � a2ŝ2

a1 � a2ŝ2 a2 � a3ŝ2

◆
� 0 ,

✓
a1 a2

a2 a3

◆
� 0 , a1 > ŝ2a2 , (21)

which we illustrate in the right panel of Fig. 2.
Eqs. (16-19) capture how the full constraint on the

arc sequence is projected on the first N arcs. Of

4

B. Optimal Bounds for a Finite Set of Arcs

In practice we often focus on a finite number of
arcs. For instance, in a typical EFT only the first
few powers of s are phenomenologically interesting
– at tree-level this corresponds to the first few arcs.
Thus it is natural to ask,

Question 2: Considering only a finite number N of
arcs, what are their optimal constraints?

Here optimal means the projection of all constraints
on the finite set. In the language of the previ-
ous section, we ask: assuming the components of
~a = {ŝ2a0, . . . , ŝ2+2NaN} are moments, what is the
subspace A(N) ⇢ RN on which ~a takes values?

Of course Eq. (10) still holds and, for k+n  N , it
involves only the first N arcs. The constraints with
k + n � N imply however additional conditions on
the subset n  N . In what follows we will show a
simple procedure to extract this information.

Similarly to Question 1 – that implied finding
the most general positive function in [0, 1] – Ques-
tion 2 requires finding a parametrizsation for the
most general polynomial p(x) =

PN
i=1 ↵ixi of finite

degree  N , positive in x 2 [0, 1]. Indeed, via Eq. (7),
each such p(x) leads to a condition on arcs,

Z 1

0
p(x)dµ(x) > 0 )

NX

i=0

↵iai > 0 . (12)

One can prove that any such polynomial can be writ-
ten as [30],

p =
X

J

q2
J,1|{z}

type-1

+ xq2
J,2| {z }

type-2

+ (1 � x)q2
J,3| {z }

type-3

+ x(1 � x)q2
J,4| {z }

type-4

(13)
where qJ,k(x)’s are non-zero real polynomials – not
necessarily positive – such that p(x) is degree N ,
i.e. qJ,k has at most degree dk, with d1 = bN/2c,
d2 = d3 = b(N � 1)/2c and d4 = b(N � 2)/2c,
where bkc is the integer part of k � 0. Since Eq. (13)
is a sum over positive terms, it is su�cient to dis-
cuss them individually. Therefore we drop the index
J and consider one by one generic polynomials qk of
each type-k in Eq. (13),

qk(x) =
dkX

j=0

↵kjx
j (14)

with arbitrary real coe�cients ↵kj .
We define the Hankel matrix (H`

N )ij = ai+j+`, for
i, j = 0, . . . , b(N �`)/2c, so that H`

N involves arcs up

to aN for N � ` even and aN�1 for N � ` odd. For
instance,

H0
4 = H0

5 ⌘

0

@
a0 a1 a2

a1 a2 a3

a2 a3 a4

1

A . (15)

Now, polynomials of type-1 imply,

Z 1

0
q1(x)2dµ(x) = ŝ2

bN/2cX

i,j=0

ŝ2(i+j)↵1i ai+j ↵1j > 0 .

Since the vector {↵10, ↵11ŝ2, ↵12ŝ4, . . . ↵1,N/2ŝ
N} is

arbitrary, the following Hankel matrix must be posi-
tive definite,

H0
N � 0 . (16)

Following similar steps one finds that the positiveness
of

R 1
0 xq2

2(x)dµ(x) > 0,
R 1
0 (1 � x)q2

3(x)dµ(x) > 0 andR 1
0 x(1 � x)q2

4(x)dµ(x) > 0 imply,

H1
N � 0 , (17)

H0
N�1 � ŝ2H1

N � 0 , (18)

H1
N�1 � ŝ2H2

N � 0 , (19)

respectively. We refer to Eqs. (16-17) as homogeneous
and Eqs. (18,19) as inhomogeneous constraints.

Since (13) is an arbitrary positive polynomial for
x 2 [0, 1], Eqs. (16-19) represent the optimal con-
straints, providing an answer to Question 2. For
instance, Eqs. (16-19) with N = 2 define the A(2)
region:

✓
a0 a1

a1 a2

◆
� 0 , a1 > 0 , a0 > ŝ2a1 , a1 > ŝ2a2 .

(20)
This is illustrated by the left panel of Fig. 2. The
first constraint in (20) implies a0a2 > a2

1, and is sat-
urated by the lowest parabola in Fig. 2; the fourth
constraint in (20) is saturated by the upper line, the
other constraints imply that the coordinates lie in
the interval [0, 1].

Similarly, evaluating Eqs. (16-19) for N = 3, we
find A(3):
✓

a0 a1

a1 a2

◆
� 0 ,

✓
a0 � a1ŝ2 a1 � a2ŝ2

a1 � a2ŝ2 a2 � a3ŝ2

◆
� 0 ,

✓
a1 a2

a2 a3

◆
� 0 , a1 > ŝ2a2 , (21)

which we illustrate in the right panel of Fig. 2.
Eqs. (16-19) capture how the full constraint on the

arc sequence is projected on the first N arcs. Of
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B. Optimal Bounds for a Finite Set of Arcs

In practice we often focus on a finite number of
arcs. For instance, in a typical EFT only the first
few powers of s are phenomenologically interesting
– at tree-level this corresponds to the first few arcs.
Thus it is natural to ask,

Question 2: Considering only a finite number N of
arcs, what are their optimal constraints?

Here optimal means the projection of all constraints
on the finite set. In the language of the previ-
ous section, we ask: assuming the components of
~a = {ŝ2a0, . . . , ŝ2+2NaN} are moments, what is the
subspace A(N) ⇢ RN on which ~a takes values?

Of course Eq. (10) still holds and, for k+n  N , it
involves only the first N arcs. The constraints with
k + n � N imply however additional conditions on
the subset n  N . In what follows we will show a
simple procedure to extract this information.

Similarly to Question 1 – that implied finding
the most general positive function in [0, 1] – Ques-
tion 2 requires finding a parametrizsation for the
most general polynomial p(x) =

PN
i=1 ↵ixi of finite

degree  N , positive in x 2 [0, 1]. Indeed, via Eq. (7),
each such p(x) leads to a condition on arcs,

Z 1

0
p(x)dµ(x) > 0 )

NX

i=0

↵iai > 0 . (12)

One can prove that any such polynomial can be writ-
ten as [30],

p =
X

J

q2
J,1|{z}

type-1

+ xq2
J,2| {z }

type-2

+ (1 � x)q2
J,3| {z }

type-3

+ x(1 � x)q2
J,4| {z }

type-4

(13)
where qJ,k(x)’s are non-zero real polynomials – not
necessarily positive – such that p(x) is degree N ,
i.e. qJ,k has at most degree dk, with d1 = bN/2c,
d2 = d3 = b(N � 1)/2c and d4 = b(N � 2)/2c,
where bkc is the integer part of k � 0. Since Eq. (13)
is a sum over positive terms, it is su�cient to dis-
cuss them individually. Therefore we drop the index
J and consider one by one generic polynomials qk of
each type-k in Eq. (13),

qk(x) =
dkX

j=0

↵kjx
j (14)

with arbitrary real coe�cients ↵kj .
We define the Hankel matrix (H`

N )ij = ai+j+`, for
i, j = 0, . . . , b(N �`)/2c, so that H`

N involves arcs up

to aN for N � ` even and aN�1 for N � ` odd. For
instance,

H0
4 = H0

5 ⌘

0

@
a0 a1 a2

a1 a2 a3

a2 a3 a4

1

A . (15)

Now, polynomials of type-1 imply,

Z 1

0
q1(x)2dµ(x) = ŝ2

bN/2cX

i,j=0

ŝ2(i+j)↵1i ai+j ↵1j > 0 .

Since the vector {↵10, ↵11ŝ2, ↵12ŝ4, . . . ↵1,N/2ŝ
N} is

arbitrary, the following Hankel matrix must be posi-
tive definite,

H0
N � 0 . (16)

Following similar steps one finds that the positiveness
of

R 1
0 xq2

2(x)dµ(x) > 0,
R 1
0 (1 � x)q2

3(x)dµ(x) > 0 andR 1
0 x(1 � x)q2

4(x)dµ(x) > 0 imply,

H1
N � 0 , (17)

H0
N�1 � ŝ2H1

N � 0 , (18)

H1
N�1 � ŝ2H2

N � 0 , (19)

respectively. We refer to Eqs. (16-17) as homogeneous
and Eqs. (18,19) as inhomogeneous constraints.

Since (13) is an arbitrary positive polynomial for
x 2 [0, 1], Eqs. (16-19) represent the optimal con-
straints, providing an answer to Question 2. For
instance, Eqs. (16-19) with N = 2 define the A(2)
region:

✓
a0 a1

a1 a2

◆
� 0 , a1 > 0 , a0 > ŝ2a1 , a1 > ŝ2a2 .

(20)
This is illustrated by the left panel of Fig. 2. The
first constraint in (20) implies a0a2 > a2

1, and is sat-
urated by the lowest parabola in Fig. 2; the fourth
constraint in (20) is saturated by the upper line, the
other constraints imply that the coordinates lie in
the interval [0, 1].

Similarly, evaluating Eqs. (16-19) for N = 3, we
find A(3):
✓

a0 a1

a1 a2

◆
� 0 ,

✓
a0 � a1ŝ2 a1 � a2ŝ2

a1 � a2ŝ2 a2 � a3ŝ2

◆
� 0 ,

✓
a1 a2

a2 a3

◆
� 0 , a1 > ŝ2a2 , (21)

which we illustrate in the right panel of Fig. 2.
Eqs. (16-19) capture how the full constraint on the

arc sequence is projected on the first N arcs. Of
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B. Optimal Bounds for a Finite Set of Arcs

In practice we often focus on a finite number of
arcs. For instance, in a typical EFT only the first
few powers of s are phenomenologically interesting
– at tree-level this corresponds to the first few arcs.
Thus it is natural to ask,

Question 2: Considering only a finite number N of
arcs, what are their optimal constraints?

Here optimal means the projection of all constraints
on the finite set. In the language of the previ-
ous section, we ask: assuming the components of
~a = {ŝ2a0, . . . , ŝ2+2NaN} are moments, what is the
subspace A(N) ⇢ RN on which ~a takes values?

Of course Eq. (10) still holds and, for k+n  N , it
involves only the first N arcs. The constraints with
k + n � N imply however additional conditions on
the subset n  N . In what follows we will show a
simple procedure to extract this information.

Similarly to Question 1 – that implied finding
the most general positive function in [0, 1] – Ques-
tion 2 requires finding a parametrizsation for the
most general polynomial p(x) =

PN
i=1 ↵ixi of finite

degree  N , positive in x 2 [0, 1]. Indeed, via Eq. (7),
each such p(x) leads to a condition on arcs,

Z 1

0
p(x)dµ(x) > 0 )

NX

i=0

↵iai > 0 . (12)

One can prove that any such polynomial can be writ-
ten as [30],

p =
X

J

q2
J,1|{z}

type-1

+ xq2
J,2| {z }

type-2

+ (1 � x)q2
J,3| {z }

type-3

+ x(1 � x)q2
J,4| {z }

type-4

(13)
where qJ,k(x)’s are non-zero real polynomials – not
necessarily positive – such that p(x) is degree N ,
i.e. qJ,k has at most degree dk, with d1 = bN/2c,
d2 = d3 = b(N � 1)/2c and d4 = b(N � 2)/2c,
where bkc is the integer part of k � 0. Since Eq. (13)
is a sum over positive terms, it is su�cient to dis-
cuss them individually. Therefore we drop the index
J and consider one by one generic polynomials qk of
each type-k in Eq. (13),

qk(x) =
dkX

j=0

↵kjx
j (14)

with arbitrary real coe�cients ↵kj .
We define the Hankel matrix (H`

N )ij = ai+j+`, for
i, j = 0, . . . , b(N �`)/2c, so that H`

N involves arcs up

to aN for N � ` even and aN�1 for N � ` odd. For
instance,

H0
4 = H0

5 ⌘

0

@
a0 a1 a2

a1 a2 a3

a2 a3 a4

1

A . (15)

Now, polynomials of type-1 imply,

Z 1

0
q1(x)2dµ(x) = ŝ2

bN/2cX

i,j=0

ŝ2(i+j)↵1i ai+j ↵1j > 0 .

Since the vector {↵10, ↵11ŝ2, ↵12ŝ4, . . . ↵1,N/2ŝ
N} is

arbitrary, the following Hankel matrix must be posi-
tive definite,

H0
N � 0 . (16)

Following similar steps one finds that the positiveness
of

R 1
0 xq2

2(x)dµ(x) > 0,
R 1
0 (1 � x)q2

3(x)dµ(x) > 0 andR 1
0 x(1 � x)q2

4(x)dµ(x) > 0 imply,

H1
N � 0 , (17)

H0
N�1 � ŝ2H1

N � 0 , (18)

H1
N�1 � ŝ2H2

N � 0 , (19)

respectively. We refer to Eqs. (16-17) as homogeneous
and Eqs. (18,19) as inhomogeneous constraints.

Since (13) is an arbitrary positive polynomial for
x 2 [0, 1], Eqs. (16-19) represent the optimal con-
straints, providing an answer to Question 2. For
instance, Eqs. (16-19) with N = 2 define the A(2)
region:

✓
a0 a1

a1 a2

◆
� 0 , a1 > 0 , a0 > ŝ2a1 , a1 > ŝ2a2 .

(20)
This is illustrated by the left panel of Fig. 2. The
first constraint in (20) implies a0a2 > a2

1, and is sat-
urated by the lowest parabola in Fig. 2; the fourth
constraint in (20) is saturated by the upper line, the
other constraints imply that the coordinates lie in
the interval [0, 1].

Similarly, evaluating Eqs. (16-19) for N = 3, we
find A(3):
✓

a0 a1

a1 a2

◆
� 0 ,

✓
a0 � a1ŝ2 a1 � a2ŝ2

a1 � a2ŝ2 a2 � a3ŝ2

◆
� 0 ,

✓
a1 a2

a2 a3

◆
� 0 , a1 > ŝ2a2 , (21)

which we illustrate in the right panel of Fig. 2.
Eqs. (16-19) capture how the full constraint on the

arc sequence is projected on the first N arcs. Of
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only, written as Hankel Matrices:
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B. Optimal Bounds for a Finite Set of Arcs

In practice we often focus on a finite number of
arcs. For instance, in a typical EFT only the first
few powers of s are phenomenologically interesting
– at tree-level this corresponds to the first few arcs.
Thus it is natural to ask,

Question 2: Considering only a finite number N of
arcs, what are their optimal constraints?

Here optimal means the projection of all constraints
on the finite set. In the language of the previ-
ous section, we ask: assuming the components of
~a = {ŝ2a0, . . . , ŝ2+2NaN} are moments, what is the
subspace A(N) ⇢ RN on which ~a takes values?

Of course Eq. (10) still holds and, for k+n  N , it
involves only the first N arcs. The constraints with
k + n � N imply however additional conditions on
the subset n  N . In what follows we will show a
simple procedure to extract this information.

Similarly to Question 1 – that implied finding
the most general positive function in [0, 1] – Ques-
tion 2 requires finding a parametrizsation for the
most general polynomial p(x) =

PN
i=1 ↵ixi of finite

degree  N , positive in x 2 [0, 1]. Indeed, via Eq. (7),
each such p(x) leads to a condition on arcs,

Z 1

0
p(x)dµ(x) > 0 )

NX

i=0

↵iai > 0 . (12)

One can prove that any such polynomial can be writ-
ten as [30],

p =
X

J

q2
J,1|{z}

type-1

+ xq2
J,2| {z }

type-2

+ (1 � x)q2
J,3| {z }

type-3

+ x(1 � x)q2
J,4| {z }

type-4

(13)
where qJ,k(x)’s are non-zero real polynomials – not
necessarily positive – such that p(x) is degree N ,
i.e. qJ,k has at most degree dk, with d1 = bN/2c,
d2 = d3 = b(N � 1)/2c and d4 = b(N � 2)/2c,
where bkc is the integer part of k � 0. Since Eq. (13)
is a sum over positive terms, it is su�cient to dis-
cuss them individually. Therefore we drop the index
J and consider one by one generic polynomials qk of
each type-k in Eq. (13),

qk(x) =
dkX

j=0

↵kjx
j (14)

with arbitrary real coe�cients ↵kj .
We define the Hankel matrix (H`

N )ij = ai+j+`, for
i, j = 0, . . . , b(N �`)/2c, so that H`

N involves arcs up

to aN for N � ` even and aN�1 for N � ` odd. For
instance,

H0
4 = H0

5 ⌘
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Now, polynomials of type-1 imply,

Z 1

0
q1(x)2dµ(x) = ŝ2

bN/2cX

i,j=0

ŝ2(i+j)↵1i ai+j ↵1j > 0 .

Since the vector {↵10, ↵11ŝ2, ↵12ŝ4, . . . ↵1,N/2ŝ
N} is

arbitrary, the following Hankel matrix must be posi-
tive definite,

H0
N � 0 . (16)

Following similar steps one finds that the positiveness
of

R 1
0 xq2

2(x)dµ(x) > 0,
R 1
0 (1 � x)q2

3(x)dµ(x) > 0 andR 1
0 x(1 � x)q2
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N � 0 , (17)
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N � 0 , (18)

H1
N�1 � ŝ2H2

N � 0 , (19)

respectively. We refer to Eqs. (16-17) as homogeneous
and Eqs. (18,19) as inhomogeneous constraints.

Since (13) is an arbitrary positive polynomial for
x 2 [0, 1], Eqs. (16-19) represent the optimal con-
straints, providing an answer to Question 2. For
instance, Eqs. (16-19) with N = 2 define the A(2)
region:

✓
a0 a1

a1 a2

◆
� 0 , a1 > 0 , a0 > ŝ2a1 , a1 > ŝ2a2 .

(20)
This is illustrated by the left panel of Fig. 2. The
first constraint in (20) implies a0a2 > a2

1, and is sat-
urated by the lowest parabola in Fig. 2; the fourth
constraint in (20) is saturated by the upper line, the
other constraints imply that the coordinates lie in
the interval [0, 1].

Similarly, evaluating Eqs. (16-19) for N = 3, we
find A(3):
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which we illustrate in the right panel of Fig. 2.
Eqs. (16-19) capture how the full constraint on the

arc sequence is projected on the first N arcs. Of
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B. Optimal Bounds for a Finite Set of Arcs

In practice we often focus on a finite number of
arcs. For instance, in a typical EFT only the first
few powers of s are phenomenologically interesting
– at tree-level this corresponds to the first few arcs.
Thus it is natural to ask,

Question 2: Considering only a finite number N of
arcs, what are their optimal constraints?

Here optimal means the projection of all constraints
on the finite set. In the language of the previ-
ous section, we ask: assuming the components of
~a = {ŝ2a0, . . . , ŝ2+2NaN} are moments, what is the
subspace A(N) ⇢ RN on which ~a takes values?
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PN
i=1 ↵ixi of finite
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each such p(x) leads to a condition on arcs,

Z 1

0
p(x)dµ(x) > 0 )

NX

i=0

↵iai > 0 . (12)

One can prove that any such polynomial can be writ-
ten as [30],

p =
X

J

q2
J,1|{z}

type-1

+ xq2
J,2| {z }

type-2

+ (1 � x)q2
J,3| {z }

type-3

+ x(1 � x)q2
J,4| {z }

type-4

(13)
where qJ,k(x)’s are non-zero real polynomials – not
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qk(x) =
dkX

j=0

↵kjx
j (14)

with arbitrary real coe�cients ↵kj .
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instance, Eqs. (16-19) with N = 2 define the A(2)
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1, and is sat-
urated by the lowest parabola in Fig. 2; the fourth
constraint in (20) is saturated by the upper line, the
other constraints imply that the coordinates lie in
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3.  Applications at tree-level



1. Super-Softness

A(s) = c0 + c2s
2 + c4s

4 + c6s
6 + c8s

8 + · · ·
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Forward Limit, tree-level:



1. Super-Softness

Question: can the scattering amplitude grow fast with     
           energy                 in some regime? (supersoft) 
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Arcs in tree-level approximation:

1. Super-Softness see also 

Englert, Giudice, Greljo, McCullough’19,


Bellazzini, Serra, Sgarlata, FR’19
Bellazzini, Elias-Miro, Rattazzi, Riembau, FR’20
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<latexit sha1_base64="ljnFcX//UfLOecs2noR7qQHSWUc=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIUR4JbMjs0OCE2UdmejWE8Ale9eTNePV7PPgv7i6YqNE6Vaq609XlhlJotKx3I7Oyura+kd3MbW3v7O7l9w/aOogUhxYPZKC6LtMghQ8tFCihGypgniuh404uEr9zB0qLwL/BaQiOx8a+GAnOMJau+cAa5AuWWalVa/UyjUm9XrQWpHRWqlLbtFIUyBLNQf6jPwx45IGPXDKte7YVojNjCgWXMM/1Iw0h4xM2hl5MfeaBdmZp1Dk9iTTDgIagqJA0FeH7xox5Wk89N570GN7q314i/uX1IhzVnJnwwwjB58khFBLSQ5orEXcAdCgUILIkOVDhU84UQwQlKOM8FqO4lFzcx9fT9H/SLpp2xbSuyoXG+bKZLDkix+SU2KRKGuSSNEmLcDImD+SRPBn3xrPxYrwuRjPGcueQ/IDx9gkrAZJ6</latexit>c0



A(s) = c0 + c2s
2 + c4s

4 + c6s
6 + c8s

8 + · · ·
<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>

<latexit sha1_base64="nhtl0IXAfnDYJNUBMX8r8o5KrF8="></latexit>

An ⌘
Z

\s̄

ds

⇡i

A(s, t)

s2n+3
= c2n+2A(s) = c0 + c2s

2 + c4s
4 + c6s

6 + c8s
8 + · · ·

<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>

Arcs in tree-level approximation:

1. Super-Softness see also 

Englert, Giudice, Greljo, McCullough’19,


Bellazzini, Serra, Sgarlata, FR’19
Bellazzini, Elias-Miro, Rattazzi, Riembau, FR’20


cNsN
<latexit sha1_base64="hjePOmtOJRmYohv/B6aEy8sqWNI="></latexit>

A
<latexit sha1_base64="kkF+GGC73N2V7Fu6rjDV39dL0tw=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMgRr14TMA8IFnC7KQTh8w+mOkVwpIv8Konb+rV7/ATxIP/4u4miBrrVFR109XlhlJotKwPIzc3v7C4lF82V1bX1jcKm1sNHUSKQ50HMlAtl2mQwoc6CpTQChUwz5XQdIeXqd+8BaVF4F/jKATHYwNf9AVnmEi1826haJWsDHSW2FNSPHszT8Pnd7PaLXx2egGPPPCRS6Z127ZCdGKmUHAJY7MTaQgZH7IBtBPqMw+0E2dBx3Qv0gwDGoKiQtJMhJ8bMfO0HnluMukxvNF/vVT8z2tH2D92YuGHEYLP00MoJGSHNFciaQBoTyhAZGlyoMKnnCmGCEpQxnkiRkklZtbHSYrD7+9nSeOgZJdL5ZpVrFyQCfJkh+ySfWKTI1IhV6RK6oQTIHfknjwYkfFoPBkvk9GcMd3ZJr9gvH4BzOqUvg==</latexit>

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

II

I

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

II

I
c2s

2
<latexit sha1_base64="liOa04EgPcmd+IjlBEbhG1oI9ZU=">AAAB+HicbVC7SgNBFJ2N7/iKCjY2g0GwCjsbSUwXtLFUMA+IMcxObuKY2Qczd4UY8g+2WtmJhY3f4E9Y6Le4uxF8nupwzr3cc48bKmnQtl+tzNT0zOzc/EJ2cWl5ZTW3tl43QaQF1ESgAt10uQElfaihRAXNUAP3XAUNd3CY+I0r0EYG/ikOQ2h7vO/LnhQcY6kuOo45dzq5vF0oM8bKezQmjm3blYSwksNKlBXsFPnq5sm7fDp4Oe7k3s66gYg88FEobkyL2SG2R1yjFArG2bPIQMjFgPehFVOfe2DaozTtmO5EhmNAQ9BUKpqK8H1jxD1jhp4bT3ocL8xvLxH/81oR9vbbI+mHEYIvkkMoFaSHjNAyrgFoV2pA5ElyoNKngmuOCFpSLkQsRnEv2bSPSoKv7/+SulNgxULxJC7mgEwwT7bINtkljJRJlRyRY1IjglySG3JL7qxr6956sB4noxnrc2eD/ID1/AEVaZdE</latexit>

<latexit sha1_base64="M9sXGPHm8M8Pc02eZZxMIJl88gQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjEJQRNJRBkIeUmGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx748vUbz+gNjIMbmkSoevDKJBDKYAS6cbc1frlil21M/BF4uSkwnI0+uWv3iAUsY8BCQXGdB07IncKmqRQOCv1YoMRiDGMsJvQAHw07jSLOuNHsQEKeYSaS8UzEX9vTME3ZuJ7yaQPdG/mvVT8z+vGNDx3pzKIYsJApIdIKswOGaFl0gHygdRIBGly5DLgAjQQoZYchEjEOCmllPThzH+/SFq1qnNata9PKvWLvJkiO2CH7Jg57IzV2RVrsCYTbMSe2DN7sR6tV+vNev8ZLVj5zj77A+vjG6uzkiQ=</latexit>

s2

<latexit sha1_base64="ljnFcX//UfLOecs2noR7qQHSWUc=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIUR4JbMjs0OCE2UdmejWE8Ale9eTNePV7PPgv7i6YqNE6Vaq609XlhlJotKx3I7Oyura+kd3MbW3v7O7l9w/aOogUhxYPZKC6LtMghQ8tFCihGypgniuh404uEr9zB0qLwL/BaQiOx8a+GAnOMJau+cAa5AuWWalVa/UyjUm9XrQWpHRWqlLbtFIUyBLNQf6jPwx45IGPXDKte7YVojNjCgWXMM/1Iw0h4xM2hl5MfeaBdmZp1Dk9iTTDgIagqJA0FeH7xox5Wk89N570GN7q314i/uX1IhzVnJnwwwjB58khFBLSQ5orEXcAdCgUILIkOVDhU84UQwQlKOM8FqO4lFzcx9fT9H/SLpp2xbSuyoXG+bKZLDkix+SU2KRKGuSSNEmLcDImD+SRPBn3xrPxYrwuRjPGcueQ/IDx9gkrAZJ6</latexit>c0



A(s) = c0 + c2s
2 + c4s

4 + c6s
6 + c8s

8 + · · ·
<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>

<latexit sha1_base64="nhtl0IXAfnDYJNUBMX8r8o5KrF8="></latexit>

An ⌘
Z

\s̄

ds

⇡i

A(s, t)

s2n+3
= c2n+2A(s) = c0 + c2s

2 + c4s
4 + c6s

6 + c8s
8 + · · ·

<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>

��� ��� ��� ��� ��� ���
���
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���
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���

���

<latexit sha1_base64="s1lwh/kzoYCchVDnV5bQAojsN6Q=">AAACB3icbVC7TsNAEDzzDOFlSElzIkKiiuwoCMoIGsogkYeUhGh92YRTzg/drZEiKx/AV9BCRYdo+QwK/gXHuICEqUYzu9rZ8SIlDTnOp7Wyura+sVnYKm7v7O7t2weHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3J1dxvP6A2MgxuaRph34dxIEdSAKXSwC71RhpEIgY1bu6qs5RUZwO77FScDHyZuDkpsxyNgf3VG4Yi9jEgocCYrutE1E9AkxQKZ8VebDACMYExdlMagI+mn2ThZ/wkNkAhj1BzqXgm4u+NBHxjpr6XTvpA92bRm4v/ed2YRhf9RAZRTBiI+SGSCrNDRmiZtoJ8KDUSwTw5chlwARqIUEsOQqRinNZUTPtwF79fJq1qxT2rODe1cv0yb6bAjtgxO2UuO2d1ds0arMkEm7In9sxerEfr1Xqz3n9GV6x8p8T+wPr4BvhamOc=</latexit>

c4s2

c2

<latexit sha1_base64="QG0SYpVBvENqxN/vzeR9K2x+mNY=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxRHYJPo5ELx4xkUcCK+kdGpww+8hMrwnZ8AF+hVc9eTNe/QwP/osL7kHBOlWqutPV5UVKGrLtTyu3srq2vpHfLGxt7+zuFfcPWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjq5nffkBtZBjc0iRC14dRIIdSAKVSv1jqDTWIRPTPuLmrTVNSnfaLZbtiz8GXiZORMsvQ6Be/eoNQxD4GJBQY03XsiNwENEmhcFroxQYjEGMYYTelAfho3GQefsqPYwMU8gg1l4rPRfy9kYBvzMT30kkf6N4sejPxP68b0/DCTWQQxYSBmB0iqXB+yAgt01aQD6RGIpglRy4DLkADEWrJQYhUjNOaCmkfzuL3y6RVrTinFfumVq5fZs3k2SE7YifMYeeszq5ZgzWZYBP2xJ7Zi/VovVpv1vvPaM7KdkrsD6yPb/62mOs=</latexit>

c6s4

c2

Arcs in tree-level approximation:

1. Super-Softness see also 

Englert, Giudice, Greljo, McCullough’19,


Bellazzini, Serra, Sgarlata, FR’19
Bellazzini, Elias-Miro, Rattazzi, Riembau, FR’20


cNsN
<latexit sha1_base64="hjePOmtOJRmYohv/B6aEy8sqWNI="></latexit>

A
<latexit sha1_base64="kkF+GGC73N2V7Fu6rjDV39dL0tw=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMgRr14TMA8IFnC7KQTh8w+mOkVwpIv8Konb+rV7/ATxIP/4u4miBrrVFR109XlhlJotKwPIzc3v7C4lF82V1bX1jcKm1sNHUSKQ50HMlAtl2mQwoc6CpTQChUwz5XQdIeXqd+8BaVF4F/jKATHYwNf9AVnmEi1826haJWsDHSW2FNSPHszT8Pnd7PaLXx2egGPPPCRS6Z127ZCdGKmUHAJY7MTaQgZH7IBtBPqMw+0E2dBx3Qv0gwDGoKiQtJMhJ8bMfO0HnluMukxvNF/vVT8z2tH2D92YuGHEYLP00MoJGSHNFciaQBoTyhAZGlyoMKnnCmGCEpQxnkiRkklZtbHSYrD7+9nSeOgZJdL5ZpVrFyQCfJkh+ySfWKTI1IhV6RK6oQTIHfknjwYkfFoPBkvk9GcMd3ZJr9gvH4BzOqUvg==</latexit>
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c2s

2
<latexit sha1_base64="liOa04EgPcmd+IjlBEbhG1oI9ZU=">AAAB+HicbVC7SgNBFJ2N7/iKCjY2g0GwCjsbSUwXtLFUMA+IMcxObuKY2Qczd4UY8g+2WtmJhY3f4E9Y6Le4uxF8nupwzr3cc48bKmnQtl+tzNT0zOzc/EJ2cWl5ZTW3tl43QaQF1ESgAt10uQElfaihRAXNUAP3XAUNd3CY+I0r0EYG/ikOQ2h7vO/LnhQcY6kuOo45dzq5vF0oM8bKezQmjm3blYSwksNKlBXsFPnq5sm7fDp4Oe7k3s66gYg88FEobkyL2SG2R1yjFArG2bPIQMjFgPehFVOfe2DaozTtmO5EhmNAQ9BUKpqK8H1jxD1jhp4bT3ocL8xvLxH/81oR9vbbI+mHEYIvkkMoFaSHjNAyrgFoV2pA5ElyoNKngmuOCFpSLkQsRnEv2bSPSoKv7/+SulNgxULxJC7mgEwwT7bINtkljJRJlRyRY1IjglySG3JL7qxr6956sB4noxnrc2eD/ID1/AEVaZdE</latexit>

<latexit sha1_base64="M9sXGPHm8M8Pc02eZZxMIJl88gQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjEJQRNJRBkIeUmGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx748vUbz+gNjIMbmkSoevDKJBDKYAS6cbc1frlil21M/BF4uSkwnI0+uWv3iAUsY8BCQXGdB07IncKmqRQOCv1YoMRiDGMsJvQAHw07jSLOuNHsQEKeYSaS8UzEX9vTME3ZuJ7yaQPdG/mvVT8z+vGNDx3pzKIYsJApIdIKswOGaFl0gHygdRIBGly5DLgAjQQoZYchEjEOCmllPThzH+/SFq1qnNata9PKvWLvJkiO2CH7Jg57IzV2RVrsCYTbMSe2DN7sR6tV+vNev8ZLVj5zj77A+vjG6uzkiQ=</latexit>

s2

<latexit sha1_base64="ljnFcX//UfLOecs2noR7qQHSWUc=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIUR4JbMjs0OCE2UdmejWE8Ale9eTNePV7PPgv7i6YqNE6Vaq609XlhlJotKx3I7Oyura+kd3MbW3v7O7l9w/aOogUhxYPZKC6LtMghQ8tFCihGypgniuh404uEr9zB0qLwL/BaQiOx8a+GAnOMJau+cAa5AuWWalVa/UyjUm9XrQWpHRWqlLbtFIUyBLNQf6jPwx45IGPXDKte7YVojNjCgWXMM/1Iw0h4xM2hl5MfeaBdmZp1Dk9iTTDgIagqJA0FeH7xox5Wk89N570GN7q314i/uX1IhzVnJnwwwjB58khFBLSQ5orEXcAdCgUILIkOVDhU84UQwQlKOM8FqO4lFzcx9fT9H/SLpp2xbSuyoXG+bKZLDkix+SU2KRKGuSSNEmLcDImD+SRPBn3xrPxYrwuRjPGcueQ/IDx9gkrAZJ6</latexit>c0



A(s) = c0 + c2s
2 + c4s

4 + c6s
6 + c8s

8 + · · ·
<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>

<latexit sha1_base64="nhtl0IXAfnDYJNUBMX8r8o5KrF8="></latexit>

An ⌘
Z

\s̄

ds

⇡i

A(s, t)

s2n+3
= c2n+2A(s) = c0 + c2s

2 + c4s
4 + c6s

6 + c8s
8 + · · ·

<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>
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<latexit sha1_base64="s1lwh/kzoYCchVDnV5bQAojsN6Q=">AAACB3icbVC7TsNAEDzzDOFlSElzIkKiiuwoCMoIGsogkYeUhGh92YRTzg/drZEiKx/AV9BCRYdo+QwK/gXHuICEqUYzu9rZ8SIlDTnOp7Wyura+sVnYKm7v7O7t2weHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3J1dxvP6A2MgxuaRph34dxIEdSAKXSwC71RhpEIgY1bu6qs5RUZwO77FScDHyZuDkpsxyNgf3VG4Yi9jEgocCYrutE1E9AkxQKZ8VebDACMYExdlMagI+mn2ThZ/wkNkAhj1BzqXgm4u+NBHxjpr6XTvpA92bRm4v/ed2YRhf9RAZRTBiI+SGSCrNDRmiZtoJ8KDUSwTw5chlwARqIUEsOQqRinNZUTPtwF79fJq1qxT2rODe1cv0yb6bAjtgxO2UuO2d1ds0arMkEm7In9sxerEfr1Xqz3n9GV6x8p8T+wPr4BvhamOc=</latexit>

c4s2

c2

<latexit sha1_base64="QG0SYpVBvENqxN/vzeR9K2x+mNY=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxRHYJPo5ELx4xkUcCK+kdGpww+8hMrwnZ8AF+hVc9eTNe/QwP/osL7kHBOlWqutPV5UVKGrLtTyu3srq2vpHfLGxt7+zuFfcPWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjq5nffkBtZBjc0iRC14dRIIdSAKVSv1jqDTWIRPTPuLmrTVNSnfaLZbtiz8GXiZORMsvQ6Be/eoNQxD4GJBQY03XsiNwENEmhcFroxQYjEGMYYTelAfho3GQefsqPYwMU8gg1l4rPRfy9kYBvzMT30kkf6N4sejPxP68b0/DCTWQQxYSBmB0iqXB+yAgt01aQD6RGIpglRy4DLkADEWrJQYhUjNOaCmkfzuL3y6RVrTinFfumVq5fZs3k2SE7YifMYeeszq5ZgzWZYBP2xJ7Zi/VovVpv1vvPaM7KdkrsD6yPb/62mOs=</latexit>

c6s4

c2

Arcs in tree-level approximation:

1. Super-Softness see also 

Englert, Giudice, Greljo, McCullough’19,


Bellazzini, Serra, Sgarlata, FR’19
Bellazzini, Elias-Miro, Rattazzi, Riembau, FR’20


<latexit sha1_base64="N7cSkM79gTj1UBCOJDjg/+kX/GI=">AAACE3icbVA9SwNBEN2LXzF+RS0tXAyCVbgLMVqFoI2lglEhOY+9yahL9j7YnRMkWPoT/BW2WtmJrT/Awv/iXkyhia+Zx3szzMwLUyUNue6nU5ianpmdK86XFhaXllfKq2tnJsk0YBsSleiLUBhUMsY2SVJ4kWoUUajwPOwf5v75LWojk/iU7lL0I3EdyysJgqwUlDchqHFzWWtyCOqW1JsQNGxtNLvQS8gE5YpbdYfgk8QbkQob4Tgof3V7CWQRxgRKGNPx3JT8gdAkQeF9qZsZTAX0xTV2LI1FhMYfDB+559uZEZTwFDWXig9F/D0xEJExd1FoOyNBN2bcy8X/vE5GV/v+QMZpRhhDvoikwuEiA1rahJD3pEYikV+OXMYchBZEqCUXAFbMbGQlm4c3/v0kOatVvd2qe1KvtA5GyRTZBttiO8xje6zFjtgxazNgD+yJPbMX59F5dd6c95/WgjOaWWd/4Hx8Ay52nA4=</latexit>

c2s
2 > c4s

4 > c6s
6 > · · ·

Froissart

cNsN
<latexit sha1_base64="hjePOmtOJRmYohv/B6aEy8sqWNI="></latexit>

A
<latexit sha1_base64="kkF+GGC73N2V7Fu6rjDV39dL0tw=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMgRr14TMA8IFnC7KQTh8w+mOkVwpIv8Konb+rV7/ATxIP/4u4miBrrVFR109XlhlJotKwPIzc3v7C4lF82V1bX1jcKm1sNHUSKQ50HMlAtl2mQwoc6CpTQChUwz5XQdIeXqd+8BaVF4F/jKATHYwNf9AVnmEi1826haJWsDHSW2FNSPHszT8Pnd7PaLXx2egGPPPCRS6Z127ZCdGKmUHAJY7MTaQgZH7IBtBPqMw+0E2dBx3Qv0gwDGoKiQtJMhJ8bMfO0HnluMukxvNF/vVT8z2tH2D92YuGHEYLP00MoJGSHNFciaQBoTyhAZGlyoMKnnCmGCEpQxnkiRkklZtbHSYrD7+9nSeOgZJdL5ZpVrFyQCfJkh+ySfWKTI1IhV6RK6oQTIHfknjwYkfFoPBkvk9GcMd3ZJr9gvH4BzOqUvg==</latexit>
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I
c2s

2
<latexit sha1_base64="liOa04EgPcmd+IjlBEbhG1oI9ZU=">AAAB+HicbVC7SgNBFJ2N7/iKCjY2g0GwCjsbSUwXtLFUMA+IMcxObuKY2Qczd4UY8g+2WtmJhY3f4E9Y6Le4uxF8nupwzr3cc48bKmnQtl+tzNT0zOzc/EJ2cWl5ZTW3tl43QaQF1ESgAt10uQElfaihRAXNUAP3XAUNd3CY+I0r0EYG/ikOQ2h7vO/LnhQcY6kuOo45dzq5vF0oM8bKezQmjm3blYSwksNKlBXsFPnq5sm7fDp4Oe7k3s66gYg88FEobkyL2SG2R1yjFArG2bPIQMjFgPehFVOfe2DaozTtmO5EhmNAQ9BUKpqK8H1jxD1jhp4bT3ocL8xvLxH/81oR9vbbI+mHEYIvkkMoFaSHjNAyrgFoV2pA5ElyoNKngmuOCFpSLkQsRnEv2bSPSoKv7/+SulNgxULxJC7mgEwwT7bINtkljJRJlRyRY1IjglySG3JL7qxr6956sB4noxnrc2eD/ID1/AEVaZdE</latexit>

<latexit sha1_base64="M9sXGPHm8M8Pc02eZZxMIJl88gQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjEJQRNJRBkIeUmGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx748vUbz+gNjIMbmkSoevDKJBDKYAS6cbc1frlil21M/BF4uSkwnI0+uWv3iAUsY8BCQXGdB07IncKmqRQOCv1YoMRiDGMsJvQAHw07jSLOuNHsQEKeYSaS8UzEX9vTME3ZuJ7yaQPdG/mvVT8z+vGNDx3pzKIYsJApIdIKswOGaFl0gHygdRIBGly5DLgAjQQoZYchEjEOCmllPThzH+/SFq1qnNata9PKvWLvJkiO2CH7Jg57IzV2RVrsCYTbMSe2DN7sR6tV+vNev8ZLVj5zj77A+vjG6uzkiQ=</latexit>

s2

<latexit sha1_base64="ljnFcX//UfLOecs2noR7qQHSWUc=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIUR4JbMjs0OCE2UdmejWE8Ale9eTNePV7PPgv7i6YqNE6Vaq609XlhlJotKx3I7Oyura+kd3MbW3v7O7l9w/aOogUhxYPZKC6LtMghQ8tFCihGypgniuh404uEr9zB0qLwL/BaQiOx8a+GAnOMJau+cAa5AuWWalVa/UyjUm9XrQWpHRWqlLbtFIUyBLNQf6jPwx45IGPXDKte7YVojNjCgWXMM/1Iw0h4xM2hl5MfeaBdmZp1Dk9iTTDgIagqJA0FeH7xox5Wk89N570GN7q314i/uX1IhzVnJnwwwjB58khFBLSQ5orEXcAdCgUILIkOVDhU84UQwQlKOM8FqO4lFzcx9fT9H/SLpp2xbSuyoXG+bKZLDkix+SU2KRKGuSSNEmLcDImD+SRPBn3xrPxYrwuRjPGcueQ/IDx9gkrAZJ6</latexit>c0



A(s) = c0 + c2s
2 + c4s

4 + c6s
6 + c8s

8 + · · ·
<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>

<latexit sha1_base64="nhtl0IXAfnDYJNUBMX8r8o5KrF8="></latexit>

An ⌘
Z

\s̄

ds

⇡i

A(s, t)

s2n+3
= c2n+2A(s) = c0 + c2s

2 + c4s
4 + c6s

6 + c8s
8 + · · ·

<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>
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<latexit sha1_base64="s1lwh/kzoYCchVDnV5bQAojsN6Q=">AAACB3icbVC7TsNAEDzzDOFlSElzIkKiiuwoCMoIGsogkYeUhGh92YRTzg/drZEiKx/AV9BCRYdo+QwK/gXHuICEqUYzu9rZ8SIlDTnOp7Wyura+sVnYKm7v7O7t2weHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3J1dxvP6A2MgxuaRph34dxIEdSAKXSwC71RhpEIgY1bu6qs5RUZwO77FScDHyZuDkpsxyNgf3VG4Yi9jEgocCYrutE1E9AkxQKZ8VebDACMYExdlMagI+mn2ThZ/wkNkAhj1BzqXgm4u+NBHxjpr6XTvpA92bRm4v/ed2YRhf9RAZRTBiI+SGSCrNDRmiZtoJ8KDUSwTw5chlwARqIUEsOQqRinNZUTPtwF79fJq1qxT2rODe1cv0yb6bAjtgxO2UuO2d1ds0arMkEm7In9sxerEfr1Xqz3n9GV6x8p8T+wPr4BvhamOc=</latexit>

c4s2

c2

<latexit sha1_base64="QG0SYpVBvENqxN/vzeR9K2x+mNY=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxRHYJPo5ELx4xkUcCK+kdGpww+8hMrwnZ8AF+hVc9eTNe/QwP/osL7kHBOlWqutPV5UVKGrLtTyu3srq2vpHfLGxt7+zuFfcPWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjq5nffkBtZBjc0iRC14dRIIdSAKVSv1jqDTWIRPTPuLmrTVNSnfaLZbtiz8GXiZORMsvQ6Be/eoNQxD4GJBQY03XsiNwENEmhcFroxQYjEGMYYTelAfho3GQefsqPYwMU8gg1l4rPRfy9kYBvzMT30kkf6N4sejPxP68b0/DCTWQQxYSBmB0iqXB+yAgt01aQD6RGIpglRy4DLkADEWrJQYhUjNOaCmkfzuL3y6RVrTinFfumVq5fZs3k2SE7YifMYeeszq5ZgzWZYBP2xJ7Zi/VovVpv1vvPaM7KdkrsD6yPb/62mOs=</latexit>

c6s4

c2

Arcs in tree-level approximation:

1. Super-Softness see also 

Englert, Giudice, Greljo, McCullough’19,


Bellazzini, Serra, Sgarlata, FR’19


<latexit sha1_base64="N7cSkM79gTj1UBCOJDjg/+kX/GI=">AAACE3icbVA9SwNBEN2LXzF+RS0tXAyCVbgLMVqFoI2lglEhOY+9yahL9j7YnRMkWPoT/BW2WtmJrT/Awv/iXkyhia+Zx3szzMwLUyUNue6nU5ianpmdK86XFhaXllfKq2tnJsk0YBsSleiLUBhUMsY2SVJ4kWoUUajwPOwf5v75LWojk/iU7lL0I3EdyysJgqwUlDchqHFzWWtyCOqW1JsQNGxtNLvQS8gE5YpbdYfgk8QbkQob4Tgof3V7CWQRxgRKGNPx3JT8gdAkQeF9qZsZTAX0xTV2LI1FhMYfDB+559uZEZTwFDWXig9F/D0xEJExd1FoOyNBN2bcy8X/vE5GV/v+QMZpRhhDvoikwuEiA1rahJD3pEYikV+OXMYchBZEqCUXAFbMbGQlm4c3/v0kOatVvd2qe1KvtA5GyRTZBttiO8xje6zFjtgxazNgD+yJPbMX59F5dd6c95/WgjOaWWd/4Hx8Ay52nA4=</latexit>

c2s
2 > c4s

4 > c6s
6 > · · ·

Bellazzini, Elias-Miro, Rattazzi, Riembau, FR’20


<latexit sha1_base64="N7cSkM79gTj1UBCOJDjg/+kX/GI=">AAACE3icbVA9SwNBEN2LXzF+RS0tXAyCVbgLMVqFoI2lglEhOY+9yahL9j7YnRMkWPoT/BW2WtmJrT/Awv/iXkyhia+Zx3szzMwLUyUNue6nU5ianpmdK86XFhaXllfKq2tnJsk0YBsSleiLUBhUMsY2SVJ4kWoUUajwPOwf5v75LWojk/iU7lL0I3EdyysJgqwUlDchqHFzWWtyCOqW1JsQNGxtNLvQS8gE5YpbdYfgk8QbkQob4Tgof3V7CWQRxgRKGNPx3JT8gdAkQeF9qZsZTAX0xTV2LI1FhMYfDB+559uZEZTwFDWXig9F/D0xEJExd1FoOyNBN2bcy8X/vE5GV/v+QMZpRhhDvoikwuEiA1rahJD3pEYikV+OXMYchBZEqCUXAFbMbGQlm4c3/v0kOatVvd2qe1KvtA5GyRTZBttiO8xje6zFjtgxazNgD+yJPbMX59F5dd6c95/WgjOaWWd/4Hx8Ay52nA4=</latexit>

c2s
2 > c4s

4 > c6s
6 > · · ·

Froissart

cNsN
<latexit sha1_base64="hjePOmtOJRmYohv/B6aEy8sqWNI="></latexit>

A
<latexit sha1_base64="kkF+GGC73N2V7Fu6rjDV39dL0tw=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMgRr14TMA8IFnC7KQTh8w+mOkVwpIv8Konb+rV7/ATxIP/4u4miBrrVFR109XlhlJotKwPIzc3v7C4lF82V1bX1jcKm1sNHUSKQ50HMlAtl2mQwoc6CpTQChUwz5XQdIeXqd+8BaVF4F/jKATHYwNf9AVnmEi1826haJWsDHSW2FNSPHszT8Pnd7PaLXx2egGPPPCRS6Z127ZCdGKmUHAJY7MTaQgZH7IBtBPqMw+0E2dBx3Qv0gwDGoKiQtJMhJ8bMfO0HnluMukxvNF/vVT8z2tH2D92YuGHEYLP00MoJGSHNFciaQBoTyhAZGlyoMKnnCmGCEpQxnkiRkklZtbHSYrD7+9nSeOgZJdL5ZpVrFyQCfJkh+ySfWKTI1IhV6RK6oQTIHfknjwYkfFoPBkvk9GcMd3ZJr9gvH4BzOqUvg==</latexit>

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

II

I

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

II

I
c2s

2
<latexit sha1_base64="liOa04EgPcmd+IjlBEbhG1oI9ZU=">AAAB+HicbVC7SgNBFJ2N7/iKCjY2g0GwCjsbSUwXtLFUMA+IMcxObuKY2Qczd4UY8g+2WtmJhY3f4E9Y6Le4uxF8nupwzr3cc48bKmnQtl+tzNT0zOzc/EJ2cWl5ZTW3tl43QaQF1ESgAt10uQElfaihRAXNUAP3XAUNd3CY+I0r0EYG/ikOQ2h7vO/LnhQcY6kuOo45dzq5vF0oM8bKezQmjm3blYSwksNKlBXsFPnq5sm7fDp4Oe7k3s66gYg88FEobkyL2SG2R1yjFArG2bPIQMjFgPehFVOfe2DaozTtmO5EhmNAQ9BUKpqK8H1jxD1jhp4bT3ocL8xvLxH/81oR9vbbI+mHEYIvkkMoFaSHjNAyrgFoV2pA5ElyoNKngmuOCFpSLkQsRnEv2bSPSoKv7/+SulNgxULxJC7mgEwwT7bINtkljJRJlRyRY1IjglySG3JL7qxr6956sB4noxnrc2eD/ID1/AEVaZdE</latexit>

<latexit sha1_base64="M9sXGPHm8M8Pc02eZZxMIJl88gQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjEJQRNJRBkIeUmGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx748vUbz+gNjIMbmkSoevDKJBDKYAS6cbc1frlil21M/BF4uSkwnI0+uWv3iAUsY8BCQXGdB07IncKmqRQOCv1YoMRiDGMsJvQAHw07jSLOuNHsQEKeYSaS8UzEX9vTME3ZuJ7yaQPdG/mvVT8z+vGNDx3pzKIYsJApIdIKswOGaFl0gHygdRIBGly5DLgAjQQoZYchEjEOCmllPThzH+/SFq1qnNata9PKvWLvJkiO2CH7Jg57IzV2RVrsCYTbMSe2DN7sR6tV+vNev8ZLVj5zj77A+vjG6uzkiQ=</latexit>

s2

<latexit sha1_base64="ljnFcX//UfLOecs2noR7qQHSWUc=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIUR4JbMjs0OCE2UdmejWE8Ale9eTNePV7PPgv7i6YqNE6Vaq609XlhlJotKx3I7Oyura+kd3MbW3v7O7l9w/aOogUhxYPZKC6LtMghQ8tFCihGypgniuh404uEr9zB0qLwL/BaQiOx8a+GAnOMJau+cAa5AuWWalVa/UyjUm9XrQWpHRWqlLbtFIUyBLNQf6jPwx45IGPXDKte7YVojNjCgWXMM/1Iw0h4xM2hl5MfeaBdmZp1Dk9iTTDgIagqJA0FeH7xox5Wk89N570GN7q314i/uX1IhzVnJnwwwjB58khFBLSQ5orEXcAdCgUILIkOVDhU84UQwQlKOM8FqO4lFzcx9fT9H/SLpp2xbSuyoXG+bKZLDkix+SU2KRKGuSSNEmLcDImD+SRPBn3xrPxYrwuRjPGcueQ/IDx9gkrAZJ6</latexit>c0



A(s) = c0 + c2s
2 + c4s

4 + c6s
6 + c8s

8 + · · ·
<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>

<latexit sha1_base64="nhtl0IXAfnDYJNUBMX8r8o5KrF8="></latexit>

An ⌘
Z

\s̄

ds

⇡i

A(s, t)

s2n+3
= c2n+2A(s) = c0 + c2s

2 + c4s
4 + c6s

6 + c8s
8 + · · ·

<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>
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<latexit sha1_base64="s1lwh/kzoYCchVDnV5bQAojsN6Q=">AAACB3icbVC7TsNAEDzzDOFlSElzIkKiiuwoCMoIGsogkYeUhGh92YRTzg/drZEiKx/AV9BCRYdo+QwK/gXHuICEqUYzu9rZ8SIlDTnOp7Wyura+sVnYKm7v7O7t2weHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3J1dxvP6A2MgxuaRph34dxIEdSAKXSwC71RhpEIgY1bu6qs5RUZwO77FScDHyZuDkpsxyNgf3VG4Yi9jEgocCYrutE1E9AkxQKZ8VebDACMYExdlMagI+mn2ThZ/wkNkAhj1BzqXgm4u+NBHxjpr6XTvpA92bRm4v/ed2YRhf9RAZRTBiI+SGSCrNDRmiZtoJ8KDUSwTw5chlwARqIUEsOQqRinNZUTPtwF79fJq1qxT2rODe1cv0yb6bAjtgxO2UuO2d1ds0arMkEm7In9sxerEfr1Xqz3n9GV6x8p8T+wPr4BvhamOc=</latexit>

c4s2

c2

<latexit sha1_base64="QG0SYpVBvENqxN/vzeR9K2x+mNY=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxRHYJPo5ELx4xkUcCK+kdGpww+8hMrwnZ8AF+hVc9eTNe/QwP/osL7kHBOlWqutPV5UVKGrLtTyu3srq2vpHfLGxt7+zuFfcPWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjq5nffkBtZBjc0iRC14dRIIdSAKVSv1jqDTWIRPTPuLmrTVNSnfaLZbtiz8GXiZORMsvQ6Be/eoNQxD4GJBQY03XsiNwENEmhcFroxQYjEGMYYTelAfho3GQefsqPYwMU8gg1l4rPRfy9kYBvzMT30kkf6N4sejPxP68b0/DCTWQQxYSBmB0iqXB+yAgt01aQD6RGIpglRy4DLkADEWrJQYhUjNOaCmkfzuL3y6RVrTinFfumVq5fZs3k2SE7YifMYeeszq5ZgzWZYBP2xJ7Zi/VovVpv1vvPaM7KdkrsD6yPb/62mOs=</latexit>

c6s4

c2

Arcs in tree-level approximation:

1. Super-Softness see also 

Englert, Giudice, Greljo, McCullough’19,


Bellazzini, Serra, Sgarlata, FR’19


<latexit sha1_base64="N7cSkM79gTj1UBCOJDjg/+kX/GI=">AAACE3icbVA9SwNBEN2LXzF+RS0tXAyCVbgLMVqFoI2lglEhOY+9yahL9j7YnRMkWPoT/BW2WtmJrT/Awv/iXkyhia+Zx3szzMwLUyUNue6nU5ianpmdK86XFhaXllfKq2tnJsk0YBsSleiLUBhUMsY2SVJ4kWoUUajwPOwf5v75LWojk/iU7lL0I3EdyysJgqwUlDchqHFzWWtyCOqW1JsQNGxtNLvQS8gE5YpbdYfgk8QbkQob4Tgof3V7CWQRxgRKGNPx3JT8gdAkQeF9qZsZTAX0xTV2LI1FhMYfDB+559uZEZTwFDWXig9F/D0xEJExd1FoOyNBN2bcy8X/vE5GV/v+QMZpRhhDvoikwuEiA1rahJD3pEYikV+OXMYchBZEqCUXAFbMbGQlm4c3/v0kOatVvd2qe1KvtA5GyRTZBttiO8xje6zFjtgxazNgD+yJPbMX59F5dd6c95/WgjOaWWd/4Hx8Ay52nA4=</latexit>

c2s
2 > c4s

4 > c6s
6 > · · ·

Bellazzini, Elias-Miro, Rattazzi, Riembau, FR’20


<latexit sha1_base64="N7cSkM79gTj1UBCOJDjg/+kX/GI=">AAACE3icbVA9SwNBEN2LXzF+RS0tXAyCVbgLMVqFoI2lglEhOY+9yahL9j7YnRMkWPoT/BW2WtmJrT/Awv/iXkyhia+Zx3szzMwLUyUNue6nU5ianpmdK86XFhaXllfKq2tnJsk0YBsSleiLUBhUMsY2SVJ4kWoUUajwPOwf5v75LWojk/iU7lL0I3EdyysJgqwUlDchqHFzWWtyCOqW1JsQNGxtNLvQS8gE5YpbdYfgk8QbkQob4Tgof3V7CWQRxgRKGNPx3JT8gdAkQeF9qZsZTAX0xTV2LI1FhMYfDB+559uZEZTwFDWXig9F/D0xEJExd1FoOyNBN2bcy8X/vE5GV/v+QMZpRhhDvoikwuEiA1rahJD3pEYikV+OXMYchBZEqCUXAFbMbGQlm4c3/v0kOatVvd2qe1KvtA5GyRTZBttiO8xje6zFjtgxazNgD+yJPbMX59F5dd6c95/WgjOaWWd/4Hx8Ay52nA4=</latexit>

c2s
2 > c4s

4 > c6s
6 > · · ·

Froissart

cNsN
<latexit sha1_base64="hjePOmtOJRmYohv/B6aEy8sqWNI="></latexit>

A
<latexit sha1_base64="kkF+GGC73N2V7Fu6rjDV39dL0tw=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMgRr14TMA8IFnC7KQTh8w+mOkVwpIv8Konb+rV7/ATxIP/4u4miBrrVFR109XlhlJotKwPIzc3v7C4lF82V1bX1jcKm1sNHUSKQ50HMlAtl2mQwoc6CpTQChUwz5XQdIeXqd+8BaVF4F/jKATHYwNf9AVnmEi1826haJWsDHSW2FNSPHszT8Pnd7PaLXx2egGPPPCRS6Z127ZCdGKmUHAJY7MTaQgZH7IBtBPqMw+0E2dBx3Qv0gwDGoKiQtJMhJ8bMfO0HnluMukxvNF/vVT8z2tH2D92YuGHEYLP00MoJGSHNFciaQBoTyhAZGlyoMKnnCmGCEpQxnkiRkklZtbHSYrD7+9nSeOgZJdL5ZpVrFyQCfJkh+ySfWKTI1IhV6RK6oQTIHfknjwYkfFoPBkvk9GcMd3ZJr9gvH4BzOqUvg==</latexit>
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II

I
c2s

2
<latexit sha1_base64="liOa04EgPcmd+IjlBEbhG1oI9ZU=">AAAB+HicbVC7SgNBFJ2N7/iKCjY2g0GwCjsbSUwXtLFUMA+IMcxObuKY2Qczd4UY8g+2WtmJhY3f4E9Y6Le4uxF8nupwzr3cc48bKmnQtl+tzNT0zOzc/EJ2cWl5ZTW3tl43QaQF1ESgAt10uQElfaihRAXNUAP3XAUNd3CY+I0r0EYG/ikOQ2h7vO/LnhQcY6kuOo45dzq5vF0oM8bKezQmjm3blYSwksNKlBXsFPnq5sm7fDp4Oe7k3s66gYg88FEobkyL2SG2R1yjFArG2bPIQMjFgPehFVOfe2DaozTtmO5EhmNAQ9BUKpqK8H1jxD1jhp4bT3ocL8xvLxH/81oR9vbbI+mHEYIvkkMoFaSHjNAyrgFoV2pA5ElyoNKngmuOCFpSLkQsRnEv2bSPSoKv7/+SulNgxULxJC7mgEwwT7bINtkljJRJlRyRY1IjglySG3JL7qxr6956sB4noxnrc2eD/ID1/AEVaZdE</latexit>

<latexit sha1_base64="M9sXGPHm8M8Pc02eZZxMIJl88gQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjEJQRNJRBkIeUmGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx748vUbz+gNjIMbmkSoevDKJBDKYAS6cbc1frlil21M/BF4uSkwnI0+uWv3iAUsY8BCQXGdB07IncKmqRQOCv1YoMRiDGMsJvQAHw07jSLOuNHsQEKeYSaS8UzEX9vTME3ZuJ7yaQPdG/mvVT8z+vGNDx3pzKIYsJApIdIKswOGaFl0gHygdRIBGly5DLgAjQQoZYchEjEOCmllPThzH+/SFq1qnNata9PKvWLvJkiO2CH7Jg57IzV2RVrsCYTbMSe2DN7sR6tV+vNev8ZLVj5zj77A+vjG6uzkiQ=</latexit>

s2EFT only works here

<latexit sha1_base64="ljnFcX//UfLOecs2noR7qQHSWUc=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIUR4JbMjs0OCE2UdmejWE8Ale9eTNePV7PPgv7i6YqNE6Vaq609XlhlJotKx3I7Oyura+kd3MbW3v7O7l9w/aOogUhxYPZKC6LtMghQ8tFCihGypgniuh404uEr9zB0qLwL/BaQiOx8a+GAnOMJau+cAa5AuWWalVa/UyjUm9XrQWpHRWqlLbtFIUyBLNQf6jPwx45IGPXDKte7YVojNjCgWXMM/1Iw0h4xM2hl5MfeaBdmZp1Dk9iTTDgIagqJA0FeH7xox5Wk89N570GN7q314i/uX1IhzVnJnwwwjB58khFBLSQ5orEXcAdCgUILIkOVDhU84UQwQlKOM8FqO4lFzcx9fT9H/SLpp2xbSuyoXG+bKZLDkix+SU2KRKGuSSNEmLcDImD+SRPBn3xrPxYrwuRjPGcueQ/IDx9gkrAZJ6</latexit>c0



A(s) = c0 + c2s
2 + c4s

4 + c6s
6 + c8s

8 + · · ·
<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>

<latexit sha1_base64="nhtl0IXAfnDYJNUBMX8r8o5KrF8="></latexit>

An ⌘
Z

\s̄

ds

⇡i

A(s, t)

s2n+3
= c2n+2A(s) = c0 + c2s

2 + c4s
4 + c6s

6 + c8s
8 + · · ·

<latexit sha1_base64="8z8h7RXOJrMosb7h03UKj/14rkQ="></latexit>
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<latexit sha1_base64="s1lwh/kzoYCchVDnV5bQAojsN6Q=">AAACB3icbVC7TsNAEDzzDOFlSElzIkKiiuwoCMoIGsogkYeUhGh92YRTzg/drZEiKx/AV9BCRYdo+QwK/gXHuICEqUYzu9rZ8SIlDTnOp7Wyura+sVnYKm7v7O7t2weHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3J1dxvP6A2MgxuaRph34dxIEdSAKXSwC71RhpEIgY1bu6qs5RUZwO77FScDHyZuDkpsxyNgf3VG4Yi9jEgocCYrutE1E9AkxQKZ8VebDACMYExdlMagI+mn2ThZ/wkNkAhj1BzqXgm4u+NBHxjpr6XTvpA92bRm4v/ed2YRhf9RAZRTBiI+SGSCrNDRmiZtoJ8KDUSwTw5chlwARqIUEsOQqRinNZUTPtwF79fJq1qxT2rODe1cv0yb6bAjtgxO2UuO2d1ds0arMkEm7In9sxerEfr1Xqz3n9GV6x8p8T+wPr4BvhamOc=</latexit>

c4s2

c2

<latexit sha1_base64="QG0SYpVBvENqxN/vzeR9K2x+mNY=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxRHYJPo5ELx4xkUcCK+kdGpww+8hMrwnZ8AF+hVc9eTNe/QwP/osL7kHBOlWqutPV5UVKGrLtTyu3srq2vpHfLGxt7+zuFfcPWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjq5nffkBtZBjc0iRC14dRIIdSAKVSv1jqDTWIRPTPuLmrTVNSnfaLZbtiz8GXiZORMsvQ6Be/eoNQxD4GJBQY03XsiNwENEmhcFroxQYjEGMYYTelAfho3GQefsqPYwMU8gg1l4rPRfy9kYBvzMT30kkf6N4sejPxP68b0/DCTWQQxYSBmB0iqXB+yAgt01aQD6RGIpglRy4DLkADEWrJQYhUjNOaCmkfzuL3y6RVrTinFfumVq5fZs3k2SE7YifMYeeszq5ZgzWZYBP2xJ7Zi/VovVpv1vvPaM7KdkrsD6yPb/62mOs=</latexit>

c6s4

c2

Arcs in tree-level approximation:

1. Super-Softness see also 

Englert, Giudice, Greljo, McCullough’19,


Bellazzini, Serra, Sgarlata, FR’19


<latexit sha1_base64="N7cSkM79gTj1UBCOJDjg/+kX/GI=">AAACE3icbVA9SwNBEN2LXzF+RS0tXAyCVbgLMVqFoI2lglEhOY+9yahL9j7YnRMkWPoT/BW2WtmJrT/Awv/iXkyhia+Zx3szzMwLUyUNue6nU5ianpmdK86XFhaXllfKq2tnJsk0YBsSleiLUBhUMsY2SVJ4kWoUUajwPOwf5v75LWojk/iU7lL0I3EdyysJgqwUlDchqHFzWWtyCOqW1JsQNGxtNLvQS8gE5YpbdYfgk8QbkQob4Tgof3V7CWQRxgRKGNPx3JT8gdAkQeF9qZsZTAX0xTV2LI1FhMYfDB+559uZEZTwFDWXig9F/D0xEJExd1FoOyNBN2bcy8X/vE5GV/v+QMZpRhhDvoikwuEiA1rahJD3pEYikV+OXMYchBZEqCUXAFbMbGQlm4c3/v0kOatVvd2qe1KvtA5GyRTZBttiO8xje6zFjtgxazNgD+yJPbMX59F5dd6c95/WgjOaWWd/4Hx8Ay52nA4=</latexit>

c2s
2 > c4s

4 > c6s
6 > · · ·

Bellazzini, Elias-Miro, Rattazzi, Riembau, FR’20


<latexit sha1_base64="N7cSkM79gTj1UBCOJDjg/+kX/GI=">AAACE3icbVA9SwNBEN2LXzF+RS0tXAyCVbgLMVqFoI2lglEhOY+9yahL9j7YnRMkWPoT/BW2WtmJrT/Awv/iXkyhia+Zx3szzMwLUyUNue6nU5ianpmdK86XFhaXllfKq2tnJsk0YBsSleiLUBhUMsY2SVJ4kWoUUajwPOwf5v75LWojk/iU7lL0I3EdyysJgqwUlDchqHFzWWtyCOqW1JsQNGxtNLvQS8gE5YpbdYfgk8QbkQob4Tgof3V7CWQRxgRKGNPx3JT8gdAkQeF9qZsZTAX0xTV2LI1FhMYfDB+559uZEZTwFDWXig9F/D0xEJExd1FoOyNBN2bcy8X/vE5GV/v+QMZpRhhDvoikwuEiA1rahJD3pEYikV+OXMYchBZEqCUXAFbMbGQlm4c3/v0kOatVvd2qe1KvtA5GyRTZBttiO8xje6zFjtgxazNgD+yJPbMX59F5dd6c95/WgjOaWWd/4Hx8Ay52nA4=</latexit>

c2s
2 > c4s

4 > c6s
6 > · · ·

Froissart

cNsN
<latexit sha1_base64="hjePOmtOJRmYohv/B6aEy8sqWNI="></latexit>

A
<latexit sha1_base64="kkF+GGC73N2V7Fu6rjDV39dL0tw=">AAAB83icbVDLSgNBEJyNr7i+oh69DAbBU9g14OMgRr14TMA8IFnC7KQTh8w+mOkVwpIv8Konb+rV7/ATxIP/4u4miBrrVFR109XlhlJotKwPIzc3v7C4lF82V1bX1jcKm1sNHUSKQ50HMlAtl2mQwoc6CpTQChUwz5XQdIeXqd+8BaVF4F/jKATHYwNf9AVnmEi1826haJWsDHSW2FNSPHszT8Pnd7PaLXx2egGPPPCRS6Z127ZCdGKmUHAJY7MTaQgZH7IBtBPqMw+0E2dBx3Qv0gwDGoKiQtJMhJ8bMfO0HnluMukxvNF/vVT8z2tH2D92YuGHEYLP00MoJGSHNFciaQBoTyhAZGlyoMKnnCmGCEpQxnkiRkklZtbHSYrD7+9nSeOgZJdL5ZpVrFyQCfJkh+ySfWKTI1IhV6RK6oQTIHfknjwYkfFoPBkvk9GcMd3ZJr9gvH4BzOqUvg==</latexit>

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

II

I

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

II

I
c2s

2
<latexit sha1_base64="liOa04EgPcmd+IjlBEbhG1oI9ZU=">AAAB+HicbVC7SgNBFJ2N7/iKCjY2g0GwCjsbSUwXtLFUMA+IMcxObuKY2Qczd4UY8g+2WtmJhY3f4E9Y6Le4uxF8nupwzr3cc48bKmnQtl+tzNT0zOzc/EJ2cWl5ZTW3tl43QaQF1ESgAt10uQElfaihRAXNUAP3XAUNd3CY+I0r0EYG/ikOQ2h7vO/LnhQcY6kuOo45dzq5vF0oM8bKezQmjm3blYSwksNKlBXsFPnq5sm7fDp4Oe7k3s66gYg88FEobkyL2SG2R1yjFArG2bPIQMjFgPehFVOfe2DaozTtmO5EhmNAQ9BUKpqK8H1jxD1jhp4bT3ocL8xvLxH/81oR9vbbI+mHEYIvkkMoFaSHjNAyrgFoV2pA5ElyoNKngmuOCFpSLkQsRnEv2bSPSoKv7/+SulNgxULxJC7mgEwwT7bINtkljJRJlRyRY1IjglySG3JL7qxr6956sB4noxnrc2eD/ID1/AEVaZdE</latexit>

<latexit sha1_base64="M9sXGPHm8M8Pc02eZZxMIJl88gQ=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIjEJQRNJRBkIeUmGh92YRTzg/drUFRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseGFQywCZJUtiJNILvKWx748vUbz+gNjIMbmkSoevDKJBDKYAS6cbc1frlil21M/BF4uSkwnI0+uWv3iAUsY8BCQXGdB07IncKmqRQOCv1YoMRiDGMsJvQAHw07jSLOuNHsQEKeYSaS8UzEX9vTME3ZuJ7yaQPdG/mvVT8z+vGNDx3pzKIYsJApIdIKswOGaFl0gHygdRIBGly5DLgAjQQoZYchEjEOCmllPThzH+/SFq1qnNata9PKvWLvJkiO2CH7Jg57IzV2RVrsCYTbMSe2DN7sR6tV+vNev8ZLVj5zj77A+vjG6uzkiQ=</latexit>

s2EFT only works here

Supersoft theories have low cutoff… so low that supersoftness unobservable!

Optimal bounds involving s, have info on theory cutoff!

<latexit sha1_base64="ljnFcX//UfLOecs2noR7qQHSWUc=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtNnlIXAjevGIUR4JbMjs0OCE2UdmejWE8Ale9eTNePV7PPgv7i6YqNE6Vaq609XlhlJotKx3I7Oyura+kd3MbW3v7O7l9w/aOogUhxYPZKC6LtMghQ8tFCihGypgniuh404uEr9zB0qLwL/BaQiOx8a+GAnOMJau+cAa5AuWWalVa/UyjUm9XrQWpHRWqlLbtFIUyBLNQf6jPwx45IGPXDKte7YVojNjCgWXMM/1Iw0h4xM2hl5MfeaBdmZp1Dk9iTTDgIagqJA0FeH7xox5Wk89N570GN7q314i/uX1IhzVnJnwwwjB58khFBLSQ5orEXcAdCgUILIkOVDhU84UQwQlKOM8FqO4lFzcx9fT9H/SLpp2xbSuyoXG+bKZLDkix+SU2KRKGuSSNEmLcDImD+SRPBn3xrPxYrwuRjPGcueQ/IDx9gkrAZJ6</latexit>c0



<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s



<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...
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<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...
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powers of t
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<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

��� ��� ��� ��� ��� ���
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powers of t
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Bellazzini,Serra,Sgarlata,FR’192. Massive Higher Spin

Higher Spin resonances exist in QCD, Nuclei/atoms, Strings,… 

mHS & 1

LHS
<latexit sha1_base64="j+7ZJnon4UdQav3mCyrAF4DRxCk=">AAACEnicbVC7TsNAEDyHd3gFKJHQiQiJKrIB8egQNBQUQRCIlETR+rIJJ+5s626NhCx3fAJfQQsVHaLlByj4F2wTIV5TjWZmtbvjR0pact03pzQyOjY+MTlVnp6ZnZuvLCye2zA2AhsiVKFp+mBRyQAbJElhMzII2ld44V8d5v7FNRorw+CMbiLsaBgEsi8FUCZ1Kyu6mxydpu0BZRnN230DIvHS5LiQ026l6tbcAvwv8Yakyoaodyvv7V4oYo0BCQXWtjw3ok4ChqRQmJbbscUIxBUMsJXRADTaTlL8kfK12AKFPELDpeKFiN8nEtDW3mg/S2qgS/vby8X/vFZM/d1OIoMoJgxEvoikwmKRFUZmBSHvSYNEkF+OXAZcgAEiNJKDEJkYZ42Viz72cmx/ff+XnG/UvM3a5slWdf9g2MwkW2arbJ15bIftsyNWZw0m2C27Zw/s0blznpxn5+UzWnKGM0vsB5zXD5nknls=</latexit>

(J>2)

�µ1···µJ
<latexit sha1_base64="LE+6dfMCneAraKjwIe9yaVWquOE=">AAACC3icbVC7TsNAEDzzDOFloKCgOREhUUU2IEEZQYOogkQeUmys82WTnHJ+6G6NFFn+BL6CFio6RMtHUPAv2CYFJEw1mtnV7owfS6HRsj6NhcWl5ZXVylp1fWNza9vc2W3rKFEcWjySker6TIMUIbRQoIRurIAFvoSOP74q/M4DKC2i8A4nMbgBG4ZiIDjDXPLMfac5EvepEySe7fB+hLqgN5ln1qy6VYLOE3tKamSKpmd+Of2IJwGEyCXTumdbMbopUyi4hKzqJBpixsdsCL2chiwA7aZlgIweJZphRGNQVEhaivB7I2WB1pPAzycDhiM96xXif14vwcGFm4owThBCXhxCIaE8pLkSeTNA+0IBIis+BypCypliiKAEZZznYpJXVc37sGfTz5P2Sd0+rVu3Z7XG5bSZCjkgh+SY2OScNMg1aZIW4SQjT+SZvBiPxqvxZrz/jC4Y05098gfGxzffeJsZ</latexit>

<latexit sha1_base64="G+9boq8J9biU/FYN/PgfoiCpNZQ=">AAAB+3icdVC7TgJBFJ31ifhCLW0mEhOrdRZBoCNiYWEBiSAGCZkdLjph9pGZuyZkw1fYamVnbP0YC//FXcREjZ7q5Jx7c889bqikQcberLn5hcWl5cxKdnVtfWMzt7XdNkGkBbREoALdcbkBJX1ooUQFnVAD91wFl+6onvqXd6CNDPwLHIfQ8/iNL4dScEykK+fwvB8366eTfi7P7GrluFQ5osx2ClVWdFJSLJULjDo2myJPZmj0c+/Xg0BEHvgoFDem67AQezHXKIWCSfY6MhByMeI30E2ozz0wvXgaeEL3I8MxoCFoKhWdivB9I+aeMWPPTSY9jrfmt5eKf3ndCIeVXiz9MELwRXoIpYLpISO0TJoAOpAaEHmaHKj0qeCaI4KWlAuRiFFSTTbp4+tp+j9pF2ynZLNmMV87mTWTIbtkjxwQh5RJjZyRBmkRQTxyTx7IozWxnqxn6+VzdM6a7eyQH7BePwDizpSD</latexit>

1/LQCD



Bellazzini,Serra,Sgarlata,FR’192. Massive Higher Spin

Higher Spin resonances exist in QCD, Nuclei/atoms, Strings,… 

mHS & 1

LHS
<latexit sha1_base64="j+7ZJnon4UdQav3mCyrAF4DRxCk=">AAACEnicbVC7TsNAEDyHd3gFKJHQiQiJKrIB8egQNBQUQRCIlETR+rIJJ+5s626NhCx3fAJfQQsVHaLlByj4F2wTIV5TjWZmtbvjR0pact03pzQyOjY+MTlVnp6ZnZuvLCye2zA2AhsiVKFp+mBRyQAbJElhMzII2ld44V8d5v7FNRorw+CMbiLsaBgEsi8FUCZ1Kyu6mxydpu0BZRnN230DIvHS5LiQ026l6tbcAvwv8Yakyoaodyvv7V4oYo0BCQXWtjw3ok4ChqRQmJbbscUIxBUMsJXRADTaTlL8kfK12AKFPELDpeKFiN8nEtDW3mg/S2qgS/vby8X/vFZM/d1OIoMoJgxEvoikwmKRFUZmBSHvSYNEkF+OXAZcgAEiNJKDEJkYZ42Viz72cmx/ff+XnG/UvM3a5slWdf9g2MwkW2arbJ15bIftsyNWZw0m2C27Zw/s0blznpxn5+UzWnKGM0vsB5zXD5nknls=</latexit>

Can there be lighter HS states?

(J>2)

�µ1···µJ
<latexit sha1_base64="LE+6dfMCneAraKjwIe9yaVWquOE=">AAACC3icbVC7TsNAEDzzDOFloKCgOREhUUU2IEEZQYOogkQeUmys82WTnHJ+6G6NFFn+BL6CFio6RMtHUPAv2CYFJEw1mtnV7owfS6HRsj6NhcWl5ZXVylp1fWNza9vc2W3rKFEcWjySker6TIMUIbRQoIRurIAFvoSOP74q/M4DKC2i8A4nMbgBG4ZiIDjDXPLMfac5EvepEySe7fB+hLqgN5ln1qy6VYLOE3tKamSKpmd+Of2IJwGEyCXTumdbMbopUyi4hKzqJBpixsdsCL2chiwA7aZlgIweJZphRGNQVEhaivB7I2WB1pPAzycDhiM96xXif14vwcGFm4owThBCXhxCIaE8pLkSeTNA+0IBIis+BypCypliiKAEZZznYpJXVc37sGfTz5P2Sd0+rVu3Z7XG5bSZCjkgh+SY2OScNMg1aZIW4SQjT+SZvBiPxqvxZrz/jC4Y05098gfGxzffeJsZ</latexit>

<latexit sha1_base64="G+9boq8J9biU/FYN/PgfoiCpNZQ=">AAAB+3icdVC7TgJBFJ31ifhCLW0mEhOrdRZBoCNiYWEBiSAGCZkdLjph9pGZuyZkw1fYamVnbP0YC//FXcREjZ7q5Jx7c889bqikQcberLn5hcWl5cxKdnVtfWMzt7XdNkGkBbREoALdcbkBJX1ooUQFnVAD91wFl+6onvqXd6CNDPwLHIfQ8/iNL4dScEykK+fwvB8366eTfi7P7GrluFQ5osx2ClVWdFJSLJULjDo2myJPZmj0c+/Xg0BEHvgoFDem67AQezHXKIWCSfY6MhByMeI30E2ozz0wvXgaeEL3I8MxoCFoKhWdivB9I+aeMWPPTSY9jrfmt5eKf3ndCIeVXiz9MELwRXoIpYLpISO0TJoAOpAaEHmaHKj0qeCaI4KWlAuRiFFSTTbp4+tp+j9pF2ynZLNmMV87mTWTIbtkjxwQh5RJjZyRBmkRQTxyTx7IozWxnqxn6+VzdM6a7eyQH7BePwDizpSD</latexit>

1/LQCD



Bellazzini,Serra,Sgarlata,FR’192. Massive Higher Spin

Higher Spin resonances exist in QCD, Nuclei/atoms, Strings,… 

mHS & 1

LHS
<latexit sha1_base64="j+7ZJnon4UdQav3mCyrAF4DRxCk=">AAACEnicbVC7TsNAEDyHd3gFKJHQiQiJKrIB8egQNBQUQRCIlETR+rIJJ+5s626NhCx3fAJfQQsVHaLlByj4F2wTIV5TjWZmtbvjR0pact03pzQyOjY+MTlVnp6ZnZuvLCye2zA2AhsiVKFp+mBRyQAbJElhMzII2ld44V8d5v7FNRorw+CMbiLsaBgEsi8FUCZ1Kyu6mxydpu0BZRnN230DIvHS5LiQ026l6tbcAvwv8Yakyoaodyvv7V4oYo0BCQXWtjw3ok4ChqRQmJbbscUIxBUMsJXRADTaTlL8kfK12AKFPELDpeKFiN8nEtDW3mg/S2qgS/vby8X/vFZM/d1OIoMoJgxEvoikwmKRFUZmBSHvSYNEkF+OXAZcgAEiNJKDEJkYZ42Viz72cmx/ff+XnG/UvM3a5slWdf9g2MwkW2arbJ15bIftsyNWZw0m2C27Zw/s0blznpxn5+UzWnKGM0vsB5zXD5nknls=</latexit>

Can there be lighter HS states?

(J>2)

�µ1···µJ
<latexit sha1_base64="LE+6dfMCneAraKjwIe9yaVWquOE=">AAACC3icbVC7TsNAEDzzDOFloKCgOREhUUU2IEEZQYOogkQeUmys82WTnHJ+6G6NFFn+BL6CFio6RMtHUPAv2CYFJEw1mtnV7owfS6HRsj6NhcWl5ZXVylp1fWNza9vc2W3rKFEcWjySker6TIMUIbRQoIRurIAFvoSOP74q/M4DKC2i8A4nMbgBG4ZiIDjDXPLMfac5EvepEySe7fB+hLqgN5ln1qy6VYLOE3tKamSKpmd+Of2IJwGEyCXTumdbMbopUyi4hKzqJBpixsdsCL2chiwA7aZlgIweJZphRGNQVEhaivB7I2WB1pPAzycDhiM96xXif14vwcGFm4owThBCXhxCIaE8pLkSeTNA+0IBIis+BypCypliiKAEZZznYpJXVc37sGfTz5P2Sd0+rVu3Z7XG5bSZCjkgh+SY2OScNMg1aZIW4SQjT+SZvBiPxqvxZrz/jC4Y05098gfGxzffeJsZ</latexit>

Interactions grow with E . 1

LHS
<latexit sha1_base64="NJCyS8eu4IPaRF7Tjgn/Jo5sIX0=">AAACDnicbVDLSgNBEJz1GeMr6k0vg0HwFHZVfNyCIuTgIaIxQhJC76QTB2cfzPQKYVnwE/wKr3ryJl79BQ/+i7trEF91Kqq66a5yQyUN2fabNTY+MTk1XZgpzs7NLyyWlpYvTBBpgQ0RqEBfumBQSR8bJEnhZagRPFdh070+yvzmDWojA/+chiF2PBj4si8FUCp1S6vHbYXGGOnxdl+DiJ0kPunGtbMk6ZbKdsXOwf8SZ0TKbIR6t/Te7gUi8tAnocCYlmOH1IlBkxQKk2I7MhiCuIYBtlLqg4emE+cZEr4RGaCAh6i5VDwX8ftGDJ4xQ89NJz2gK/Pby8T/vFZE/f1OLP0wIvRFdoikwvyQEVqm5SDvSY1EkH2OXPpcgAYi1JKDEKkYpW0V8z4OMux+pf9LLrYqznZl+3SnXD0cNVNga2ydbTKH7bEqq7E6azDBbtk9e2CP1p31ZD1bL5+jY9ZoZ4X9gPX6ATUinIM=</latexit>

A(�� ! ��) / s2

m4
HS

+ · · ·+ s2J

m4J
HS

<latexit sha1_base64="PUOCM5mkRVPEB++dnWTi/TyEakE="></latexit>

<latexit sha1_base64="G+9boq8J9biU/FYN/PgfoiCpNZQ=">AAAB+3icdVC7TgJBFJ31ifhCLW0mEhOrdRZBoCNiYWEBiSAGCZkdLjph9pGZuyZkw1fYamVnbP0YC//FXcREjZ7q5Jx7c889bqikQcberLn5hcWl5cxKdnVtfWMzt7XdNkGkBbREoALdcbkBJX1ooUQFnVAD91wFl+6onvqXd6CNDPwLHIfQ8/iNL4dScEykK+fwvB8366eTfi7P7GrluFQ5osx2ClVWdFJSLJULjDo2myJPZmj0c+/Xg0BEHvgoFDem67AQezHXKIWCSfY6MhByMeI30E2ozz0wvXgaeEL3I8MxoCFoKhWdivB9I+aeMWPPTSY9jrfmt5eKf3ndCIeVXiz9MELwRXoIpYLpISO0TJoAOpAaEHmaHKj0qeCaI4KWlAuRiFFSTTbp4+tp+j9pF2ynZLNmMV87mTWTIbtkjxwQh5RJjZyRBmkRQTxyTx7IozWxnqxn6+VzdM6a7eyQH7BePwDizpSD</latexit>

1/LQCD



Bellazzini,Serra,Sgarlata,FR’192. Massive Higher Spin

Higher Spin resonances exist in QCD, Nuclei/atoms, Strings,… 

mHS & 1

LHS
<latexit sha1_base64="j+7ZJnon4UdQav3mCyrAF4DRxCk=">AAACEnicbVC7TsNAEDyHd3gFKJHQiQiJKrIB8egQNBQUQRCIlETR+rIJJ+5s626NhCx3fAJfQQsVHaLlByj4F2wTIV5TjWZmtbvjR0pact03pzQyOjY+MTlVnp6ZnZuvLCye2zA2AhsiVKFp+mBRyQAbJElhMzII2ld44V8d5v7FNRorw+CMbiLsaBgEsi8FUCZ1Kyu6mxydpu0BZRnN230DIvHS5LiQ026l6tbcAvwv8Yakyoaodyvv7V4oYo0BCQXWtjw3ok4ChqRQmJbbscUIxBUMsJXRADTaTlL8kfK12AKFPELDpeKFiN8nEtDW3mg/S2qgS/vby8X/vFZM/d1OIoMoJgxEvoikwmKRFUZmBSHvSYNEkF+OXAZcgAEiNJKDEJkYZ42Viz72cmx/ff+XnG/UvM3a5slWdf9g2MwkW2arbJ15bIftsyNWZw0m2C27Zw/s0blznpxn5+UzWnKGM0vsB5zXD5nknls=</latexit>

Can there be lighter HS states?

(J>2)

�µ1···µJ
<latexit sha1_base64="LE+6dfMCneAraKjwIe9yaVWquOE=">AAACC3icbVC7TsNAEDzzDOFloKCgOREhUUU2IEEZQYOogkQeUmys82WTnHJ+6G6NFFn+BL6CFio6RMtHUPAv2CYFJEw1mtnV7owfS6HRsj6NhcWl5ZXVylp1fWNza9vc2W3rKFEcWjySker6TIMUIbRQoIRurIAFvoSOP74q/M4DKC2i8A4nMbgBG4ZiIDjDXPLMfac5EvepEySe7fB+hLqgN5ln1qy6VYLOE3tKamSKpmd+Of2IJwGEyCXTumdbMbopUyi4hKzqJBpixsdsCL2chiwA7aZlgIweJZphRGNQVEhaivB7I2WB1pPAzycDhiM96xXif14vwcGFm4owThBCXhxCIaE8pLkSeTNA+0IBIis+BypCypliiKAEZZznYpJXVc37sGfTz5P2Sd0+rVu3Z7XG5bSZCjkgh+SY2OScNMg1aZIW4SQjT+SZvBiPxqvxZrz/jC4Y05098gfGxzffeJsZ</latexit>

Interactions grow with E . 1

LHS
<latexit sha1_base64="NJCyS8eu4IPaRF7Tjgn/Jo5sIX0=">AAACDnicbVDLSgNBEJz1GeMr6k0vg0HwFHZVfNyCIuTgIaIxQhJC76QTB2cfzPQKYVnwE/wKr3ryJl79BQ/+i7trEF91Kqq66a5yQyUN2fabNTY+MTk1XZgpzs7NLyyWlpYvTBBpgQ0RqEBfumBQSR8bJEnhZagRPFdh070+yvzmDWojA/+chiF2PBj4si8FUCp1S6vHbYXGGOnxdl+DiJ0kPunGtbMk6ZbKdsXOwf8SZ0TKbIR6t/Te7gUi8tAnocCYlmOH1IlBkxQKk2I7MhiCuIYBtlLqg4emE+cZEr4RGaCAh6i5VDwX8ftGDJ4xQ89NJz2gK/Pby8T/vFZE/f1OLP0wIvRFdoikwvyQEVqm5SDvSY1EkH2OXPpcgAYi1JKDEKkYpW0V8z4OMux+pf9LLrYqznZl+3SnXD0cNVNga2ydbTKH7bEqq7E6azDBbtk9e2CP1p31ZD1bL5+jY9ZoZ4X9gPX6ATUinIM=</latexit>

A(�� ! ��) / s2

m4
HS

+ · · ·+ s2J

m4J
HS

<latexit sha1_base64="PUOCM5mkRVPEB++dnWTi/TyEakE="></latexit>

c2
<latexit sha1_base64="marYyA7IpFEku4wQkemBWxXAoMQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKiiuzcdBE0lEGQQ0qsaL15CausD+0+g6Ion0ALFR2i5Xso+Bdsx0JcU41m3tObN04ghUbTfDcyK6tr6xvZzdzW9s7uXn7/oKP9UHFoc1/6qucwDVJ40EaBEnqBAuY6ErrO9CL2u3egtPC9G5wFYLts4omx4Awj6ZoPS8N8wSyeVUsV06JmsdqoN8xaRMwE1EpJgaRoDfMfg5HPQxc85JJp3bfMAO05Uyi4hEVuEGoIGJ+yCfQj6jEXtD1Poi7oSagZ+jQARYWkiQjfN+bM1XrmOtGky/BW//Zi8T+vH+K4Yc+FF4QIHo8PoZCQHNJciagDoCOhAJHFyYEKj3KmGCIoQRnnkRhGpeSWfcSofX3/l3RKRatcLF9VCs3ztJksOSLH5JRYpE6a5JK0SJtwMiEP5JE8GffGs/FivC5HM0a6c0h+wHj7BP6Akn8=</latexit>

c2J
<latexit sha1_base64="yMANQdcH/S6DRe/dN4CsJ893W6g=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJyrLzpougQVRBIglSEkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2ImFeE01mtnVzo4TSKHRst6NzNLyyupadj23sbm1vZPf3WtrP1QcWtyXvrp2mAYpPGihQAnXgQLmOhI6zuQs8Tt3oLTwvSucBtB32dgTI8EZxlKbD6LixWyQL1jmSaVYtmxqmZV6rW5VY2LNQe2UFEiK5iD/0Rv6PHTBQy6Z1l3bCrAfMYWCS5jleqGGgPEJG0M3ph5zQfejedoZPQo1Q58GoKiQdC7C942IuVpPXSeedBne6N9eIv7ndUMc1fuR8IIQwePJIRQS5oc0VyKuAehQKEBkSXKgwqOcKYYISlDGeSyGcS+5RR8Jql/f/yXtommXzNJludA4TZvJkgNySI6JTWqkQc5Jk7QIJ7fkgTySJ+PeeDZejNfFaMZId/bJDxhvn2fPk98=</latexit>

/
<latexit sha1_base64="Pm8u+Xk0h9v8Zr9Jh1GOhEJyFy0=">AAAB+XicbVDLTsJAFJ3iC/GFunQzkZi4alohIDuiG5eYiJAAIdPhghOm7WTm1oQ0fIRbXbkzbv0aF/6Lba3G11mdnHNv7rnHU1IYdJxXq7C0vLK6VlwvbWxube+Ud/euTRhpDh0eylD3PGZAigA6KFBCT2lgvieh683OU797C9qIMLjCuYKhz6aBmAjOMJG6A6VDheGoXHFtJwN17IbTrFXrCcmVT6tCcrRH5bfBOOSRDwFyyYzpu47CYcw0Ci5hURpEBhTjMzaFfkID5oMZxlncBT2KDMOQKtBUSJqJ8H0jZr4xc99LJn2GN+a3l4r/ef0IJ6fDWAQqQgh4egiFhOyQ4VokPQAdCw2ILE0OVASUM80QQQvKOE/EKCmmlPTh2M0U9a/v/5LrE9ut2tXLWqV1ljdTJAfkkBwTlzRIi1yQNukQTmbkjtyTByu2Hq0n6/ljtGDlO/vkB6yXd6TQlJo=</latexit>

<latexit sha1_base64="G+9boq8J9biU/FYN/PgfoiCpNZQ=">AAAB+3icdVC7TgJBFJ31ifhCLW0mEhOrdRZBoCNiYWEBiSAGCZkdLjph9pGZuyZkw1fYamVnbP0YC//FXcREjZ7q5Jx7c889bqikQcberLn5hcWl5cxKdnVtfWMzt7XdNkGkBbREoALdcbkBJX1ooUQFnVAD91wFl+6onvqXd6CNDPwLHIfQ8/iNL4dScEykK+fwvB8366eTfi7P7GrluFQ5osx2ClVWdFJSLJULjDo2myJPZmj0c+/Xg0BEHvgoFDem67AQezHXKIWCSfY6MhByMeI30E2ozz0wvXgaeEL3I8MxoCFoKhWdivB9I+aeMWPPTSY9jrfmt5eKf3ndCIeVXiz9MELwRXoIpYLpISO0TJoAOpAaEHmaHKj0qeCaI4KWlAuRiFFSTTbp4+tp+j9pF2ynZLNmMV87mTWTIbtkjxwQh5RJjZyRBmkRQTxyTx7IozWxnqxn6+VzdM6a7eyQH7BePwDizpSD</latexit>

1/LQCD



Bellazzini,Serra,Sgarlata,FR’192. Massive Higher Spin

Higher Spin resonances exist in QCD, Nuclei/atoms, Strings,… 

mHS & 1

LHS
<latexit sha1_base64="j+7ZJnon4UdQav3mCyrAF4DRxCk=">AAACEnicbVC7TsNAEDyHd3gFKJHQiQiJKrIB8egQNBQUQRCIlETR+rIJJ+5s626NhCx3fAJfQQsVHaLlByj4F2wTIV5TjWZmtbvjR0pact03pzQyOjY+MTlVnp6ZnZuvLCye2zA2AhsiVKFp+mBRyQAbJElhMzII2ld44V8d5v7FNRorw+CMbiLsaBgEsi8FUCZ1Kyu6mxydpu0BZRnN230DIvHS5LiQ026l6tbcAvwv8Yakyoaodyvv7V4oYo0BCQXWtjw3ok4ChqRQmJbbscUIxBUMsJXRADTaTlL8kfK12AKFPELDpeKFiN8nEtDW3mg/S2qgS/vby8X/vFZM/d1OIoMoJgxEvoikwmKRFUZmBSHvSYNEkF+OXAZcgAEiNJKDEJkYZ42Viz72cmx/ff+XnG/UvM3a5slWdf9g2MwkW2arbJ15bIftsyNWZw0m2C27Zw/s0blznpxn5+UzWnKGM0vsB5zXD5nknls=</latexit>

Can there be lighter HS states?

(J>2)

�µ1···µJ
<latexit sha1_base64="LE+6dfMCneAraKjwIe9yaVWquOE=">AAACC3icbVC7TsNAEDzzDOFloKCgOREhUUU2IEEZQYOogkQeUmys82WTnHJ+6G6NFFn+BL6CFio6RMtHUPAv2CYFJEw1mtnV7owfS6HRsj6NhcWl5ZXVylp1fWNza9vc2W3rKFEcWjySker6TIMUIbRQoIRurIAFvoSOP74q/M4DKC2i8A4nMbgBG4ZiIDjDXPLMfac5EvepEySe7fB+hLqgN5ln1qy6VYLOE3tKamSKpmd+Of2IJwGEyCXTumdbMbopUyi4hKzqJBpixsdsCL2chiwA7aZlgIweJZphRGNQVEhaivB7I2WB1pPAzycDhiM96xXif14vwcGFm4owThBCXhxCIaE8pLkSeTNA+0IBIis+BypCypliiKAEZZznYpJXVc37sGfTz5P2Sd0+rVu3Z7XG5bSZCjkgh+SY2OScNMg1aZIW4SQjT+SZvBiPxqvxZrz/jC4Y05098gfGxzffeJsZ</latexit>

Interactions grow with E . 1

LHS
<latexit sha1_base64="NJCyS8eu4IPaRF7Tjgn/Jo5sIX0=">AAACDnicbVDLSgNBEJz1GeMr6k0vg0HwFHZVfNyCIuTgIaIxQhJC76QTB2cfzPQKYVnwE/wKr3ryJl79BQ/+i7trEF91Kqq66a5yQyUN2fabNTY+MTk1XZgpzs7NLyyWlpYvTBBpgQ0RqEBfumBQSR8bJEnhZagRPFdh070+yvzmDWojA/+chiF2PBj4si8FUCp1S6vHbYXGGOnxdl+DiJ0kPunGtbMk6ZbKdsXOwf8SZ0TKbIR6t/Te7gUi8tAnocCYlmOH1IlBkxQKk2I7MhiCuIYBtlLqg4emE+cZEr4RGaCAh6i5VDwX8ftGDJ4xQ89NJz2gK/Pby8T/vFZE/f1OLP0wIvRFdoikwvyQEVqm5SDvSY1EkH2OXPpcgAYi1JKDEKkYpW0V8z4OMux+pf9LLrYqznZl+3SnXD0cNVNga2ydbTKH7bEqq7E6azDBbtk9e2CP1p31ZD1bL5+jY9ZoZ4X9gPX6ATUinIM=</latexit>

A(�� ! ��) / s2

m4
HS

+ · · ·+ s2J

m4J
HS

<latexit sha1_base64="PUOCM5mkRVPEB++dnWTi/TyEakE="></latexit>

c2
<latexit sha1_base64="marYyA7IpFEku4wQkemBWxXAoMQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKiiuzcdBE0lEGQQ0qsaL15CausD+0+g6Ion0ALFR2i5Xso+Bdsx0JcU41m3tObN04ghUbTfDcyK6tr6xvZzdzW9s7uXn7/oKP9UHFoc1/6qucwDVJ40EaBEnqBAuY6ErrO9CL2u3egtPC9G5wFYLts4omx4Awj6ZoPS8N8wSyeVUsV06JmsdqoN8xaRMwE1EpJgaRoDfMfg5HPQxc85JJp3bfMAO05Uyi4hEVuEGoIGJ+yCfQj6jEXtD1Poi7oSagZ+jQARYWkiQjfN+bM1XrmOtGky/BW//Zi8T+vH+K4Yc+FF4QIHo8PoZCQHNJciagDoCOhAJHFyYEKj3KmGCIoQRnnkRhGpeSWfcSofX3/l3RKRatcLF9VCs3ztJksOSLH5JRYpE6a5JK0SJtwMiEP5JE8GffGs/FivC5HM0a6c0h+wHj7BP6Akn8=</latexit>

c2J
<latexit sha1_base64="yMANQdcH/S6DRe/dN4CsJ893W6g=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJyrLzpougQVRBIglSEkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2ImFeE01mtnVzo4TSKHRst6NzNLyyupadj23sbm1vZPf3WtrP1QcWtyXvrp2mAYpPGihQAnXgQLmOhI6zuQs8Tt3oLTwvSucBtB32dgTI8EZxlKbD6LixWyQL1jmSaVYtmxqmZV6rW5VY2LNQe2UFEiK5iD/0Rv6PHTBQy6Z1l3bCrAfMYWCS5jleqGGgPEJG0M3ph5zQfejedoZPQo1Q58GoKiQdC7C942IuVpPXSeedBne6N9eIv7ndUMc1fuR8IIQwePJIRQS5oc0VyKuAehQKEBkSXKgwqOcKYYISlDGeSyGcS+5RR8Jql/f/yXtommXzNJludA4TZvJkgNySI6JTWqkQc5Jk7QIJ7fkgTySJ+PeeDZejNfFaMZId/bJDxhvn2fPk98=</latexit>

/
<latexit sha1_base64="Pm8u+Xk0h9v8Zr9Jh1GOhEJyFy0=">AAAB+XicbVDLTsJAFJ3iC/GFunQzkZi4alohIDuiG5eYiJAAIdPhghOm7WTm1oQ0fIRbXbkzbv0aF/6Lba3G11mdnHNv7rnHU1IYdJxXq7C0vLK6VlwvbWxube+Ud/euTRhpDh0eylD3PGZAigA6KFBCT2lgvieh683OU797C9qIMLjCuYKhz6aBmAjOMJG6A6VDheGoXHFtJwN17IbTrFXrCcmVT6tCcrRH5bfBOOSRDwFyyYzpu47CYcw0Ci5hURpEBhTjMzaFfkID5oMZxlncBT2KDMOQKtBUSJqJ8H0jZr4xc99LJn2GN+a3l4r/ef0IJ6fDWAQqQgh4egiFhOyQ4VokPQAdCw2ILE0OVASUM80QQQvKOE/EKCmmlPTh2M0U9a/v/5LrE9ut2tXLWqV1ljdTJAfkkBwTlzRIi1yQNukQTmbkjtyTByu2Hq0n6/ljtGDlO/vkB6yXd6TQlJo=</latexit> > s̄2J�2

<latexit sha1_base64="vPU7hZBJRA3xUY2pcuuFnKP5LHk=">AAACAHicbVC5TsNAEF2HK4QrQEmzIkKiwXISwtEgBA2iAokAUi6NN5OwYn1od4wUWWn4Clqo6BAtf0LBv2CbgLhe9fTejObNc0MlDTnOq5UbG5+YnMpPF2Zm5+YXiotL5yaItMC6CFSgL10wqKSPdZKk8DLUCJ6r8MK9Pkz9ixvURgb+GQ1CbHnQ92VPCqBEau81XdDctOPK8UZl2CmWyraTgTv2Vm2ztl1LyEj5tEpshJNO8a3ZDUTkoU9CgTGNshNSKwZNUigcFpqRwRDENfSxkVAfPDStOEs95GuRAQp4iJpLxTMRv2/E4Bkz8Nxk0gO6Mr+9VPzPa0TU22nF0g8jQl+kh0gqzA4ZoWVSB/Ku1EgEaXLk0ucCNBChlhyESMQo6aeQ9OHYuym2vr7/S84rdrlqV083S/sHo2bybIWtsnVWZttsnx2xE1Zngml2x+7Zg3VrPVpP1vPHaM4a7SyzH7Be3gE2UJZ2</latexit>

<latexit sha1_base64="G+9boq8J9biU/FYN/PgfoiCpNZQ=">AAAB+3icdVC7TgJBFJ31ifhCLW0mEhOrdRZBoCNiYWEBiSAGCZkdLjph9pGZuyZkw1fYamVnbP0YC//FXcREjZ7q5Jx7c889bqikQcberLn5hcWl5cxKdnVtfWMzt7XdNkGkBbREoALdcbkBJX1ooUQFnVAD91wFl+6onvqXd6CNDPwLHIfQ8/iNL4dScEykK+fwvB8366eTfi7P7GrluFQ5osx2ClVWdFJSLJULjDo2myJPZmj0c+/Xg0BEHvgoFDem67AQezHXKIWCSfY6MhByMeI30E2ozz0wvXgaeEL3I8MxoCFoKhWdivB9I+aeMWPPTSY9jrfmt5eKf3ndCIeVXiz9MELwRXoIpYLpISO0TJoAOpAaEHmaHKj0qeCaI4KWlAuRiFFSTTbp4+tp+j9pF2ynZLNmMV87mTWTIbtkjxwQh5RJjZyRBmkRQTxyTx7IozWxnqxn6+VzdM6a7eyQH7BePwDizpSD</latexit>

1/LQCD



Bellazzini,Serra,Sgarlata,FR’192. Massive Higher Spin

Higher Spin resonances exist in QCD, Nuclei/atoms, Strings,… 

mHS & 1

LHS
<latexit sha1_base64="j+7ZJnon4UdQav3mCyrAF4DRxCk=">AAACEnicbVC7TsNAEDyHd3gFKJHQiQiJKrIB8egQNBQUQRCIlETR+rIJJ+5s626NhCx3fAJfQQsVHaLlByj4F2wTIV5TjWZmtbvjR0pact03pzQyOjY+MTlVnp6ZnZuvLCye2zA2AhsiVKFp+mBRyQAbJElhMzII2ld44V8d5v7FNRorw+CMbiLsaBgEsi8FUCZ1Kyu6mxydpu0BZRnN230DIvHS5LiQ026l6tbcAvwv8Yakyoaodyvv7V4oYo0BCQXWtjw3ok4ChqRQmJbbscUIxBUMsJXRADTaTlL8kfK12AKFPELDpeKFiN8nEtDW3mg/S2qgS/vby8X/vFZM/d1OIoMoJgxEvoikwmKRFUZmBSHvSYNEkF+OXAZcgAEiNJKDEJkYZ42Viz72cmx/ff+XnG/UvM3a5slWdf9g2MwkW2arbJ15bIftsyNWZw0m2C27Zw/s0blznpxn5+UzWnKGM0vsB5zXD5nknls=</latexit>

Can there be lighter HS states?

(J>2)

�µ1···µJ
<latexit sha1_base64="LE+6dfMCneAraKjwIe9yaVWquOE=">AAACC3icbVC7TsNAEDzzDOFloKCgOREhUUU2IEEZQYOogkQeUmys82WTnHJ+6G6NFFn+BL6CFio6RMtHUPAv2CYFJEw1mtnV7owfS6HRsj6NhcWl5ZXVylp1fWNza9vc2W3rKFEcWjySker6TIMUIbRQoIRurIAFvoSOP74q/M4DKC2i8A4nMbgBG4ZiIDjDXPLMfac5EvepEySe7fB+hLqgN5ln1qy6VYLOE3tKamSKpmd+Of2IJwGEyCXTumdbMbopUyi4hKzqJBpixsdsCL2chiwA7aZlgIweJZphRGNQVEhaivB7I2WB1pPAzycDhiM96xXif14vwcGFm4owThBCXhxCIaE8pLkSeTNA+0IBIis+BypCypliiKAEZZznYpJXVc37sGfTz5P2Sd0+rVu3Z7XG5bSZCjkgh+SY2OScNMg1aZIW4SQjT+SZvBiPxqvxZrz/jC4Y05098gfGxzffeJsZ</latexit>

Interactions grow with E . 1

LHS
<latexit sha1_base64="NJCyS8eu4IPaRF7Tjgn/Jo5sIX0=">AAACDnicbVDLSgNBEJz1GeMr6k0vg0HwFHZVfNyCIuTgIaIxQhJC76QTB2cfzPQKYVnwE/wKr3ryJl79BQ/+i7trEF91Kqq66a5yQyUN2fabNTY+MTk1XZgpzs7NLyyWlpYvTBBpgQ0RqEBfumBQSR8bJEnhZagRPFdh070+yvzmDWojA/+chiF2PBj4si8FUCp1S6vHbYXGGOnxdl+DiJ0kPunGtbMk6ZbKdsXOwf8SZ0TKbIR6t/Te7gUi8tAnocCYlmOH1IlBkxQKk2I7MhiCuIYBtlLqg4emE+cZEr4RGaCAh6i5VDwX8ftGDJ4xQ89NJz2gK/Pby8T/vFZE/f1OLP0wIvRFdoikwvyQEVqm5SDvSY1EkH2OXPpcgAYi1JKDEKkYpW0V8z4OMux+pf9LLrYqznZl+3SnXD0cNVNga2ydbTKH7bEqq7E6azDBbtk9e2CP1p31ZD1bL5+jY9ZoZ4X9gPX6ATUinIM=</latexit>

A(�� ! ��) / s2

m4
HS

+ · · ·+ s2J

m4J
HS

<latexit sha1_base64="PUOCM5mkRVPEB++dnWTi/TyEakE="></latexit>

c2
<latexit sha1_base64="marYyA7IpFEku4wQkemBWxXAoMQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKiiuzcdBE0lEGQQ0qsaL15CausD+0+g6Ion0ALFR2i5Xso+Bdsx0JcU41m3tObN04ghUbTfDcyK6tr6xvZzdzW9s7uXn7/oKP9UHFoc1/6qucwDVJ40EaBEnqBAuY6ErrO9CL2u3egtPC9G5wFYLts4omx4Awj6ZoPS8N8wSyeVUsV06JmsdqoN8xaRMwE1EpJgaRoDfMfg5HPQxc85JJp3bfMAO05Uyi4hEVuEGoIGJ+yCfQj6jEXtD1Poi7oSagZ+jQARYWkiQjfN+bM1XrmOtGky/BW//Zi8T+vH+K4Yc+FF4QIHo8PoZCQHNJciagDoCOhAJHFyYEKj3KmGCIoQRnnkRhGpeSWfcSofX3/l3RKRatcLF9VCs3ztJksOSLH5JRYpE6a5JK0SJtwMiEP5JE8GffGs/FivC5HM0a6c0h+wHj7BP6Akn8=</latexit>

c2J
<latexit sha1_base64="yMANQdcH/S6DRe/dN4CsJ893W6g=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJyrLzpougQVRBIglSEkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2ImFeE01mtnVzo4TSKHRst6NzNLyyupadj23sbm1vZPf3WtrP1QcWtyXvrp2mAYpPGihQAnXgQLmOhI6zuQs8Tt3oLTwvSucBtB32dgTI8EZxlKbD6LixWyQL1jmSaVYtmxqmZV6rW5VY2LNQe2UFEiK5iD/0Rv6PHTBQy6Z1l3bCrAfMYWCS5jleqGGgPEJG0M3ph5zQfejedoZPQo1Q58GoKiQdC7C942IuVpPXSeedBne6N9eIv7ndUMc1fuR8IIQwePJIRQS5oc0VyKuAehQKEBkSXKgwqOcKYYISlDGeSyGcS+5RR8Jql/f/yXtommXzNJludA4TZvJkgNySI6JTWqkQc5Jk7QIJ7fkgTySJ+PeeDZejNfFaMZId/bJDxhvn2fPk98=</latexit>

/
<latexit sha1_base64="Pm8u+Xk0h9v8Zr9Jh1GOhEJyFy0=">AAAB+XicbVDLTsJAFJ3iC/GFunQzkZi4alohIDuiG5eYiJAAIdPhghOm7WTm1oQ0fIRbXbkzbv0aF/6Lba3G11mdnHNv7rnHU1IYdJxXq7C0vLK6VlwvbWxube+Ud/euTRhpDh0eylD3PGZAigA6KFBCT2lgvieh683OU797C9qIMLjCuYKhz6aBmAjOMJG6A6VDheGoXHFtJwN17IbTrFXrCcmVT6tCcrRH5bfBOOSRDwFyyYzpu47CYcw0Ci5hURpEBhTjMzaFfkID5oMZxlncBT2KDMOQKtBUSJqJ8H0jZr4xc99LJn2GN+a3l4r/ef0IJ6fDWAQqQgh4egiFhOyQ4VokPQAdCw2ILE0OVASUM80QQQvKOE/EKCmmlPTh2M0U9a/v/5LrE9ut2tXLWqV1ljdTJAfkkBwTlzRIi1yQNukQTmbkjtyTByu2Hq0n6/ljtGDlO/vkB6yXd6TQlJo=</latexit> > s̄2J�2

<latexit sha1_base64="vPU7hZBJRA3xUY2pcuuFnKP5LHk=">AAACAHicbVC5TsNAEF2HK4QrQEmzIkKiwXISwtEgBA2iAokAUi6NN5OwYn1od4wUWWn4Clqo6BAtf0LBv2CbgLhe9fTejObNc0MlDTnOq5UbG5+YnMpPF2Zm5+YXiotL5yaItMC6CFSgL10wqKSPdZKk8DLUCJ6r8MK9Pkz9ixvURgb+GQ1CbHnQ92VPCqBEau81XdDctOPK8UZl2CmWyraTgTv2Vm2ztl1LyEj5tEpshJNO8a3ZDUTkoU9CgTGNshNSKwZNUigcFpqRwRDENfSxkVAfPDStOEs95GuRAQp4iJpLxTMRv2/E4Bkz8Nxk0gO6Mr+9VPzPa0TU22nF0g8jQl+kh0gqzA4ZoWVSB/Ku1EgEaXLk0ucCNBChlhyESMQo6aeQ9OHYuym2vr7/S84rdrlqV083S/sHo2bybIWtsnVWZttsnx2xE1Zngml2x+7Zg3VrPVpP1vPHaM4a7SyzH7Be3gE2UJZ2</latexit>

<latexit sha1_base64="G+9boq8J9biU/FYN/PgfoiCpNZQ=">AAAB+3icdVC7TgJBFJ31ifhCLW0mEhOrdRZBoCNiYWEBiSAGCZkdLjph9pGZuyZkw1fYamVnbP0YC//FXcREjZ7q5Jx7c889bqikQcberLn5hcWl5cxKdnVtfWMzt7XdNkGkBbREoALdcbkBJX1ooUQFnVAD91wFl+6onvqXd6CNDPwLHIfQ8/iNL4dScEykK+fwvB8366eTfi7P7GrluFQ5osx2ClVWdFJSLJULjDo2myJPZmj0c+/Xg0BEHvgoFDem67AQezHXKIWCSfY6MhByMeI30E2ozz0wvXgaeEL3I8MxoCFoKhWdivB9I+aeMWPPTSY9jrfmt5eKf3ndCIeVXiz9MELwRXoIpYLpISO0TJoAOpAaEHmaHKj0qeCaI4KWlAuRiFFSTTbp4+tp+j9pF2ynZLNmMV87mTWTIbtkjxwQh5RJjZyRBmkRQTxyTx7IozWxnqxn6+VzdM6a7eyQH7BePwDizpSD</latexit>

1/LQCD



Bellazzini,Serra,Sgarlata,FR’192. Massive Higher Spin

Higher Spin resonances exist in QCD, Nuclei/atoms, Strings,… 

mHS & 1

LHS
<latexit sha1_base64="j+7ZJnon4UdQav3mCyrAF4DRxCk=">AAACEnicbVC7TsNAEDyHd3gFKJHQiQiJKrIB8egQNBQUQRCIlETR+rIJJ+5s626NhCx3fAJfQQsVHaLlByj4F2wTIV5TjWZmtbvjR0pact03pzQyOjY+MTlVnp6ZnZuvLCye2zA2AhsiVKFp+mBRyQAbJElhMzII2ld44V8d5v7FNRorw+CMbiLsaBgEsi8FUCZ1Kyu6mxydpu0BZRnN230DIvHS5LiQ026l6tbcAvwv8Yakyoaodyvv7V4oYo0BCQXWtjw3ok4ChqRQmJbbscUIxBUMsJXRADTaTlL8kfK12AKFPELDpeKFiN8nEtDW3mg/S2qgS/vby8X/vFZM/d1OIoMoJgxEvoikwmKRFUZmBSHvSYNEkF+OXAZcgAEiNJKDEJkYZ42Viz72cmx/ff+XnG/UvM3a5slWdf9g2MwkW2arbJ15bIftsyNWZw0m2C27Zw/s0blznpxn5+UzWnKGM0vsB5zXD5nknls=</latexit>

Can there be lighter HS states?

(J>2)

�µ1···µJ
<latexit sha1_base64="LE+6dfMCneAraKjwIe9yaVWquOE=">AAACC3icbVC7TsNAEDzzDOFloKCgOREhUUU2IEEZQYOogkQeUmys82WTnHJ+6G6NFFn+BL6CFio6RMtHUPAv2CYFJEw1mtnV7owfS6HRsj6NhcWl5ZXVylp1fWNza9vc2W3rKFEcWjySker6TIMUIbRQoIRurIAFvoSOP74q/M4DKC2i8A4nMbgBG4ZiIDjDXPLMfac5EvepEySe7fB+hLqgN5ln1qy6VYLOE3tKamSKpmd+Of2IJwGEyCXTumdbMbopUyi4hKzqJBpixsdsCL2chiwA7aZlgIweJZphRGNQVEhaivB7I2WB1pPAzycDhiM96xXif14vwcGFm4owThBCXhxCIaE8pLkSeTNA+0IBIis+BypCypliiKAEZZznYpJXVc37sGfTz5P2Sd0+rVu3Z7XG5bSZCjkgh+SY2OScNMg1aZIW4SQjT+SZvBiPxqvxZrz/jC4Y05098gfGxzffeJsZ</latexit>

Interactions grow with E . 1

LHS
<latexit sha1_base64="NJCyS8eu4IPaRF7Tjgn/Jo5sIX0=">AAACDnicbVDLSgNBEJz1GeMr6k0vg0HwFHZVfNyCIuTgIaIxQhJC76QTB2cfzPQKYVnwE/wKr3ryJl79BQ/+i7trEF91Kqq66a5yQyUN2fabNTY+MTk1XZgpzs7NLyyWlpYvTBBpgQ0RqEBfumBQSR8bJEnhZagRPFdh070+yvzmDWojA/+chiF2PBj4si8FUCp1S6vHbYXGGOnxdl+DiJ0kPunGtbMk6ZbKdsXOwf8SZ0TKbIR6t/Te7gUi8tAnocCYlmOH1IlBkxQKk2I7MhiCuIYBtlLqg4emE+cZEr4RGaCAh6i5VDwX8ftGDJ4xQ89NJz2gK/Pby8T/vFZE/f1OLP0wIvRFdoikwvyQEVqm5SDvSY1EkH2OXPpcgAYi1JKDEKkYpW0V8z4OMux+pf9LLrYqznZl+3SnXD0cNVNga2ydbTKH7bEqq7E6azDBbtk9e2CP1p31ZD1bL5+jY9ZoZ4X9gPX6ATUinIM=</latexit>

A(�� ! ��) / s2

m4
HS

+ · · ·+ s2J

m4J
HS

<latexit sha1_base64="PUOCM5mkRVPEB++dnWTi/TyEakE="></latexit>

c2
<latexit sha1_base64="marYyA7IpFEku4wQkemBWxXAoMQ=">AAAB9XicbVC5TsNAFFyHK4QrQEmzIkKiiuzcdBE0lEGQQ0qsaL15CausD+0+g6Ion0ALFR2i5Xso+Bdsx0JcU41m3tObN04ghUbTfDcyK6tr6xvZzdzW9s7uXn7/oKP9UHFoc1/6qucwDVJ40EaBEnqBAuY6ErrO9CL2u3egtPC9G5wFYLts4omx4Awj6ZoPS8N8wSyeVUsV06JmsdqoN8xaRMwE1EpJgaRoDfMfg5HPQxc85JJp3bfMAO05Uyi4hEVuEGoIGJ+yCfQj6jEXtD1Poi7oSagZ+jQARYWkiQjfN+bM1XrmOtGky/BW//Zi8T+vH+K4Yc+FF4QIHo8PoZCQHNJciagDoCOhAJHFyYEKj3KmGCIoQRnnkRhGpeSWfcSofX3/l3RKRatcLF9VCs3ztJksOSLH5JRYpE6a5JK0SJtwMiEP5JE8GffGs/FivC5HM0a6c0h+wHj7BP6Akn8=</latexit>

c2J
<latexit sha1_base64="yMANQdcH/S6DRe/dN4CsJ893W6g=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJyrLzpougQVRBIglSEkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2ImFeE01mtnVzo4TSKHRst6NzNLyyupadj23sbm1vZPf3WtrP1QcWtyXvrp2mAYpPGihQAnXgQLmOhI6zuQs8Tt3oLTwvSucBtB32dgTI8EZxlKbD6LixWyQL1jmSaVYtmxqmZV6rW5VY2LNQe2UFEiK5iD/0Rv6PHTBQy6Z1l3bCrAfMYWCS5jleqGGgPEJG0M3ph5zQfejedoZPQo1Q58GoKiQdC7C942IuVpPXSeedBne6N9eIv7ndUMc1fuR8IIQwePJIRQS5oc0VyKuAehQKEBkSXKgwqOcKYYISlDGeSyGcS+5RR8Jql/f/yXtommXzNJludA4TZvJkgNySI6JTWqkQc5Jk7QIJ7fkgTySJ+PeeDZejNfFaMZId/bJDxhvn2fPk98=</latexit>

/
<latexit sha1_base64="Pm8u+Xk0h9v8Zr9Jh1GOhEJyFy0=">AAAB+XicbVDLTsJAFJ3iC/GFunQzkZi4alohIDuiG5eYiJAAIdPhghOm7WTm1oQ0fIRbXbkzbv0aF/6Lba3G11mdnHNv7rnHU1IYdJxXq7C0vLK6VlwvbWxube+Ud/euTRhpDh0eylD3PGZAigA6KFBCT2lgvieh683OU797C9qIMLjCuYKhz6aBmAjOMJG6A6VDheGoXHFtJwN17IbTrFXrCcmVT6tCcrRH5bfBOOSRDwFyyYzpu47CYcw0Ci5hURpEBhTjMzaFfkID5oMZxlncBT2KDMOQKtBUSJqJ8H0jZr4xc99LJn2GN+a3l4r/ef0IJ6fDWAQqQgh4egiFhOyQ4VokPQAdCw2ILE0OVASUM80QQQvKOE/EKCmmlPTh2M0U9a/v/5LrE9ut2tXLWqV1ljdTJAfkkBwTlzRIi1yQNukQTmbkjtyTByu2Hq0n6/ljtGDlO/vkB6yXd6TQlJo=</latexit> > s̄2J�2

<latexit sha1_base64="vPU7hZBJRA3xUY2pcuuFnKP5LHk=">AAACAHicbVC5TsNAEF2HK4QrQEmzIkKiwXISwtEgBA2iAokAUi6NN5OwYn1od4wUWWn4Clqo6BAtf0LBv2CbgLhe9fTejObNc0MlDTnOq5UbG5+YnMpPF2Zm5+YXiotL5yaItMC6CFSgL10wqKSPdZKk8DLUCJ6r8MK9Pkz9ixvURgb+GQ1CbHnQ92VPCqBEau81XdDctOPK8UZl2CmWyraTgTv2Vm2ztl1LyEj5tEpshJNO8a3ZDUTkoU9CgTGNshNSKwZNUigcFpqRwRDENfSxkVAfPDStOEs95GuRAQp4iJpLxTMRv2/E4Bkz8Nxk0gO6Mr+9VPzPa0TU22nF0g8jQl+kh0gqzA4ZoWVSB/Ku1EgEaXLk0ucCNBChlhyESMQo6aeQ9OHYuym2vr7/S84rdrlqV083S/sHo2bybIWtsnVWZttsnx2xE1Zngml2x+7Zg3VrPVpP1vPHaM4a7SyzH7Be3gE2UJZ2</latexit>

mHS & 1

LHS
<latexit sha1_base64="2i5PZBGESN/WBHXbGfWjFvJy6yM="></latexit>

Higher Spin always heavier than their size-1

<latexit sha1_base64="G+9boq8J9biU/FYN/PgfoiCpNZQ=">AAAB+3icdVC7TgJBFJ31ifhCLW0mEhOrdRZBoCNiYWEBiSAGCZkdLjph9pGZuyZkw1fYamVnbP0YC//FXcREjZ7q5Jx7c889bqikQcberLn5hcWl5cxKdnVtfWMzt7XdNkGkBbREoALdcbkBJX1ooUQFnVAD91wFl+6onvqXd6CNDPwLHIfQ8/iNL4dScEykK+fwvB8366eTfi7P7GrluFQ5osx2ClVWdFJSLJULjDo2myJPZmj0c+/Xg0BEHvgoFDem67AQezHXKIWCSfY6MhByMeI30E2ozz0wvXgaeEL3I8MxoCFoKhWdivB9I+aeMWPPTSY9jrfmt5eKf3ndCIeVXiz9MELwRXoIpYLpISO0TJoAOpAaEHmaHKj0qeCaI4KWlAuRiFFSTTbp4+tp+j9pF2ynZLNmMV87mTWTIbtkjxwQh5RJjZyRBmkRQTxyTx7IozWxnqxn6+VzdM6a7eyQH7BePwDizpSD</latexit>

1/LQCD



Beyond forward: 
<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

3. Finite-t supersoftness and Galileons



Galileon Nicolois,Rattazzi,Trincherini’08Beyond forward: 
<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

3. Finite-t supersoftness and Galileons

At tree level:



Galileon Nicolois,Rattazzi,Trincherini’08Beyond forward: 

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

3. Finite-t supersoftness and Galileons

At tree level:



Galileon Nicolois,Rattazzi,Trincherini’08Beyond forward: 

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

Martin’65


<latexit sha1_base64="yOfgaIOTQOpD4mdnTwdslCRM/rY="></latexit>

@q
t ImA|t=0 > 0

3. Finite-t supersoftness and Galileons

At tree level:



Galileon Nicolois,Rattazzi,Trincherini’08Beyond forward: 

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s

Martin’65


<latexit sha1_base64="yOfgaIOTQOpD4mdnTwdslCRM/rY="></latexit>

@q
t ImA|t=0 > 0

3. Finite-t supersoftness and Galileons

At tree level:



Galileon Nicolois,Rattazzi,Trincherini’08Beyond forward: 

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s
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Martin’65


<latexit sha1_base64="yOfgaIOTQOpD4mdnTwdslCRM/rY="></latexit>

@q
t ImA|t=0 > 0

3. Finite-t supersoftness and Galileons

At tree level:



Galileon Nicolois,Rattazzi,Trincherini’08Beyond forward: 

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s

��� ��� ��� ��� ��� ���
���

���

���

���

���

���

Martin’65


<latexit sha1_base64="yOfgaIOTQOpD4mdnTwdslCRM/rY="></latexit>

@q
t ImA|t=0 > 0

3. Finite-t supersoftness and Galileons

<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2

Negative, but limited 
by other moments

Optimal bounds for single t-derivative:

Bellazzini,Elias-Miro,

Rattazzi,Riembau,FR’20


At tree level:



Galileon Nicolois,Rattazzi,Trincherini’08Beyond forward: 

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s
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Martin’65


<latexit sha1_base64="yOfgaIOTQOpD4mdnTwdslCRM/rY="></latexit>

@q
t ImA|t=0 > 0

3. Finite-t supersoftness and Galileons

<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2

Negative, but limited 
by other moments

Optimal bounds for single t-derivative:

Bellazzini,Elias-Miro,

Rattazzi,Riembau,FR’20


also deRham,Melville,Tolley,Zhou’17 :  

<latexit sha1_base64="7edc8QwxOWvbV6HER40+N64p6u0="></latexit>

c2,1 > �3

2

p
c4c2

<latexit sha1_base64="xtvsL0+AmgkbO57spNzhKGeZJWY=">AAAB+3icdVDLTgJBEJzFF+IL9ehlIjHxIi4LCFwM0YtHTORhgJDZocEJs7ObmV4TQvgKr3ryZrz6MR78F3cBEzVap0pVd7q63EAKg7b9biWWlldW15LrqY3Nre2d9O5ew/ih5lDnvvR1y2UGpFBQR4ESWoEG5rkSmu7oMvab96CN8NUNjgPoemyoxEBwhpF0e36S5z3n1DG9dMbOFsulcqVAI1KpOPac5M/yJZrL2jNkyAK1Xvqj0/d56IFCLpkx7ZwdYHfCNAouYZrqhAYCxkdsCO2IKuaB6U5mgaf0KDQMfRqApkLSmQjfNybMM2bsudGkx/DO/PZi8S+vHeKg3J0IFYQIiseHUEiYHTJci6gJoH2hAZHFyYEKRTnTDBG0oIzzSAyjalJRH19P0/9Jw8nmiln7upCpXiyaSZIDckiOSY6USJVckRqpE0488kAeyZM1tZ6tF+t1PpqwFjv75Aest09Uk5Qq</latexit>

> �3c2/2s

Can be slightly negative

At tree level:



Beyond forward: 
<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...
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powers of t
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Galileon Nicolois,Rattazzi,Trrincherini’08

<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

3. Finite-t supersoftness and Galileons

At tree level:



Beyond forward: 
<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...
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Galileon Nicolois,Rattazzi,Trrincherini’08

<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t
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<latexit sha1_base64="PKC9OZ2jONr7yJSfiFSUH4TDUjk="></latexit>

@q
t ImA|t=0 =

1X

`=0

(`+ q)!

(`� q)!q!
Imf`(s)

3. Finite-t supersoftness and Galileons

At tree level:



Beyond forward: 
<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...
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Galileon Nicolois,Rattazzi,Trrincherini’08

<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

Arkani-Hamed,Huang2,2020


<latexit sha1_base64="PKC9OZ2jONr7yJSfiFSUH4TDUjk="></latexit>

@q
t ImA|t=0 =

1X

`=0

(`+ q)!

(`� q)!q!
Imf`(s)

<latexit sha1_base64="LsrHSKMfUPznVClJHtjGMVuA+bs="></latexit>

⇠
Z 1

0
dµ(l)l2q

Moments in l
Bellazzini et al, to appear


(  )
<latexit sha1_base64="dvfPLobyBDTA23k7fC5dKSoGZY8=">AAAB+XicdVDLTgJBEJzFF+IL9ehlIjHxtJlFULgRvXjERB4JEDI7NDhhdnYz02tCNn6EVz15M179Gg/+i7uIiRqtU6WqO11dfqSkRcbenNzS8srqWn69sLG5tb1T3N1r2zA2AloiVKHp+tyCkhpaKFFBNzLAA19Bx59eZH7nFoyVob7GWQSDgE+0HEvBMZU6fanHOKPDYom59dpptXZCmeuV66ziZaRSPSsz6rlsjhJZoDksvvdHoYgD0CgUt7bnsQgHCTcohYK7Qj+2EHEx5RPopVTzAOwgmce9o0ex5RjSCAyVis5F+L6R8MDaWeCnkwHHG/vby8S/vF6M49ogkTqKEbTIDqFUMD9khZFpD0BH0gAiz5IDlZoKbjgiGEm5EKkYp8UU0j6+nqb/k3bZ9aouu6qUGueLZvLkgBySY+KRM9Igl6RJWkSQKbknD+TRSZwn59l5+RzNOYudffIDzusHRJ6UOg==</latexit>1
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3. Finite-t supersoftness and Galileons

At tree level:



Beyond forward: 
<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

��� ��� ��� ��� ��� ���
���

���

���

���

���

���

powers of t

po
w
er

s 
o
f 

s
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<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

Arkani-Hamed,Huang2,2020


<latexit sha1_base64="PKC9OZ2jONr7yJSfiFSUH4TDUjk="></latexit>

@q
t ImA|t=0 =

1X

`=0

(`+ q)!

(`� q)!q!
Imf`(s)

<latexit sha1_base64="LsrHSKMfUPznVClJHtjGMVuA+bs="></latexit>

⇠
Z 1

0
dµ(l)l2q

Moments in l
Bellazzini et al, to appear


(  )
<latexit sha1_base64="dvfPLobyBDTA23k7fC5dKSoGZY8=">AAAB+XicdVDLTgJBEJzFF+IL9ehlIjHxtJlFULgRvXjERB4JEDI7NDhhdnYz02tCNn6EVz15M179Gg/+i7uIiRqtU6WqO11dfqSkRcbenNzS8srqWn69sLG5tb1T3N1r2zA2AloiVKHp+tyCkhpaKFFBNzLAA19Bx59eZH7nFoyVob7GWQSDgE+0HEvBMZU6fanHOKPDYom59dpptXZCmeuV66ziZaRSPSsz6rlsjhJZoDksvvdHoYgD0CgUt7bnsQgHCTcohYK7Qj+2EHEx5RPopVTzAOwgmce9o0ex5RjSCAyVis5F+L6R8MDaWeCnkwHHG/vby8S/vF6M49ogkTqKEbTIDqFUMD9khZFpD0BH0gAiz5IDlZoKbjgiGEm5EKkYp8UU0j6+nqb/k3bZ9aouu6qUGueLZvLkgBySY+KRM9Igl6RJWkSQKbknD+TRSZwn59l5+RzNOYudffIDzusHRJ6UOg==</latexit>1
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3. Finite-t supersoftness and Galileons

At tree-level* x-ing symmetry implies
<latexit sha1_base64="FUApCiISIi9V/a8TT7CFPpBDmP0=">AAACG3icbVDJSgNBEO2JW4xb1KOXxiAmRMJMiOhFiHrxGMEskI2eTiU26VnorhFCyCf4CX6FVz15E68ePPgvdpaDJj5o+vFeFVX13FAKjbb9ZcWWlldW1+LriY3Nre2d5O5eRQeR4lDmgQxUzWUapPChjAIl1EIFzHMlVN3+9divPoDSIvDvcBBC02M9X3QFZ2ikdvL4Mq1PMHPR4J0AdbbXLqR1K59F86JWPmO+qdNOpuycPQFdJM6MpMgMpXbyu9EJeOSBj1wyreuOHWJzyBQKLmGUaEQaQsb7rAd1Q33mgW4OJweN6FGkGQY0BEWFpBMRfncMmaf1wHNNpcfwXs97Y/E/rx5h97w5FH4YIfh8PAiFhMkgzZUwSQHtCAWIbLw5UOFTzhRDBCUo49yIkYkuYfJw5q9fJJV8zjnN2beFVPFqlkycHJBDkiYOOSNFckNKpEw4eSTP5IW8Wk/Wm/VufUxLY9asZ5/8gfX5AwYSnyE=</latexit>

A(s, t) = · · ·+ g4(s
2 + t2 + u2)2 + · · ·

<latexit sha1_base64="qQuXl4ItFUoZCuAIfm1czNYV2S8=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJAkW2FQQNUgQNZZDIQ0os63zZhFPOD+7WSJGVgq+ghYoO0fIpFPwLtnEBCVONZna1s+NFUmg0zU+jtLS8srpWXq9sbG5t71R39zo6jBWHNg9lqHoe0yBFAG0UKKEXKWC+J6HrTa4yv/sASoswuMVpBI7PxoEYCc4wlRzuJvaJPbuwKXcbbrVm1s0cdJFYBamRAi23+jUYhjz2IUAumdZ9y4zQSZhCwSXMKoNYQ8T4hI2hn9KA+aCdJA89o0exZhjSCBQVkuYi/N5ImK/11PfSSZ/hnZ73MvE/rx/j6NxJRBDFCAHPDqGQkB/SXIm0DaBDoQCRZcmBioByphgiKEEZ56kYp/VU0j6s+e8XSceuW6d186ZRa14WzZTJATkkx8QiZ6RJrkmLtAkn9+SJPJMX49F4Nd6M95/RklHs7JM/MD6+AZEIlVQ=</latexit>

c2,2 = 2c4

}
At tree level:



Beyond forward: 
<latexit sha1_base64="z49qwoS2ye++5zG1xSYH/hcDTeQ="></latexit>

A2!2(s, t) = c0 + c2s
2 + c2,1s

2t+ c4s
4 + · · ·+ cn,msntm

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

��� ��� ��� ��� ��� ���
���

���

���

���

���

���

powers of t

po
w
er

s 
o
f 

s
Galileon Nicolois,Rattazzi,Trrincherini’08

<latexit sha1_base64="49alkcTsgfYObYbc24VUMalwXSA=">AAACCnicbVDLTgJBEJzFF+ILNfHiZSIx8WDILmL0SPTiERN5JICkd2hwwuwjM70mZN0/8Cu86smb8epPePBfXJCDgnWqVHWnq8sNlTRk259WZmFxaXklu5pbW9/Y3Mpv79RNEGmBNRGoQDddMKikjzWSpLAZagTPVdhwh5djv3GP2sjAv6FRiB0PBr7sSwGUSt38XruvQcSiG5ePncTcniQpLyXdfMEu2hPweeJMSYFNUe3mv9q9QEQe+iQUGNNy7JA6MWiSQmGSa0cGQxBDGGArpT54aDrxJH/CDyMDFPAQNZeKT0T8vRGDZ8zIc9NJD+jOzHpj8T+vFVH/vBNLP4wIfTE+RFLh5JARWqbFIO9JjUQwTo5c+lyABiLUkoMQqRilTeXSPpzZ7+dJvVR0Tov2dblQuZg2k2X77IAdMYedsQq7YlVWY4I9sCf2zF6sR+vVerPef0Yz1nRnl/2B9fENYqyaOw==</latexit>

c4,1s3

c2

<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="4n28D0bY1ovMXnw2MMK9K0n+UDQ=">AAACCHicbVDLTgJBEJzFF+ILHzcvE4mJJ7JLMHokevGIiTwSQNI7NDhh9pGZXhPc7A/4FV715M149S88+C/uIgcF61Sp6k5Xlxsqaci2P63c0vLK6lp+vbCxubW9U9zda5og0gIbIlCBbrtgUEkfGyRJYTvUCJ6rsOWOLzO/dY/ayMC/oUmIPQ9GvhxKAZRK/eJBd6hBxKIfVxNzW0lSVkn6xZJdtqfgi8SZkRKbod4vfnUHgYg89EkoMKbj2CH1YtAkhcKk0I0MhiDGMMJOSn3w0PTiafqEH0cGKOAhai4Vn4r4eyMGz5iJ56aTHtCdmfcy8T+vE9HwvBdLP4wIfZEdIqlwesgILdNakA+kRiLIkiOXPheggQi15CBEKkZpT4W0D2f++0XSrJSd07J9XS3VLmbN5NkhO2InzGFnrMauWJ01mGAP7Ik9sxfr0Xq13qz3n9GcNdvZZ39gfXwDehWZyQ==</latexit>

c4s2

c2

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="XZ8YmGvqUr8oGQ7aZLdGFuLEqMk=">AAACFXicbVC5TsNAFFxzhnAFKGkWIiQKFNkIBA1SgIYySCRESoL1vHmBFWt72X1GiqzUfAJfQQsVHaKlpuBfsEMKrqlGM++cQCtpyXXfnbHxicmp6cJMcXZufmGxtLTcsHFiBNZFrGLTDMCikhHWSZLCpjYIYaDwPLg+zv3zWzRWxtEZ9TV2QriMZE8KoEzyS2vCT/XWzeCgrcGQBOXTxU07BLoSoNLDga/9UtmtuEPwv8QbkTIboeaXPtrdWCQhRiQUWNvyXE2dNB8vFA6K7cSiBnENl9jKaAQh2k46fGXANxILFHONhkvFhyJ+70ghtLYfBlllfqT97eXif14rod5+J5WRTggjkS8iqXC4yAojs4yQd6VBIsgvRy4jLsAAERrJQYhMTLLQilke3u/v/5LGdsXbrbinO+Xq0SiZAltl62yTeWyPVdkJq7E6E+yOPbBH9uTcO8/Oi/P6VTrmjHpW2A84b59E45+r</latexit>

cp,q = @q
tAp

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

<latexit sha1_base64="6APR1xWF6KuB6Hxfpd6x141OKJA="></latexit>

An(s, t) =
2

⇡

Z 1

s
ds0

ImA(s0, t)

(ŝ0 + t
2 )

2n+3

<latexit sha1_base64="gSM8+CuUmLczB+guz7lOvy2Aa8k=">AAACDXicbVC7TsNAEDyHVwivABWiOREhUUU2AkEZQUMZJPKQkhCtL5twyvnB3Ropsiw+ga+ghYoO0fINFPwLtkkBgalGM7s7d+OGShqy7Q+rMDe/sLhUXC6trK6tb5Q3t5omiLTAhghUoNsuGFTSxwZJUtgONYLnKmy54/PMb92hNjLwr2gSYs+DkS+HUgClUr+8E3fzI7HGQdINQZME1afr26RfrthVOwf/S5wpqbAp6v3yZ3cQiMhDn4QCYzqOHVIvzk4KhUmpGxkMQYxhhJ2U+uCh6cV5esL3IwMU8BA1l4rnIv7ciMEzZuK56aQHdGNmvUz8z+tENDztxdIPI0JfZEEkFeZBRmiZdoN8IDUSQfZy5NLnAjQQoZYchEjFKC2rlPbhzP7+L2keVp3jqn15VKmdTZspsl22xw6Yw05YjV2wOmswwe7ZI3tiz9aD9WK9Wm/fowVrurPNfsF6/wK3wZy/</latexit>

@q
t

Arkani-Hamed,Huang2,2020


<latexit sha1_base64="PKC9OZ2jONr7yJSfiFSUH4TDUjk="></latexit>

@q
t ImA|t=0 =

1X

`=0

(`+ q)!

(`� q)!q!
Imf`(s)

<latexit sha1_base64="LsrHSKMfUPznVClJHtjGMVuA+bs="></latexit>

⇠
Z 1

0
dµ(l)l2q

Moments in l
Bellazzini et al, to appear


(  )
<latexit sha1_base64="dvfPLobyBDTA23k7fC5dKSoGZY8=">AAAB+XicdVDLTgJBEJzFF+IL9ehlIjHxtJlFULgRvXjERB4JEDI7NDhhdnYz02tCNn6EVz15M179Gg/+i7uIiRqtU6WqO11dfqSkRcbenNzS8srqWn69sLG5tb1T3N1r2zA2AloiVKHp+tyCkhpaKFFBNzLAA19Bx59eZH7nFoyVob7GWQSDgE+0HEvBMZU6fanHOKPDYom59dpptXZCmeuV66ziZaRSPSsz6rlsjhJZoDksvvdHoYgD0CgUt7bnsQgHCTcohYK7Qj+2EHEx5RPopVTzAOwgmce9o0ex5RjSCAyVis5F+L6R8MDaWeCnkwHHG/vby8S/vF6M49ogkTqKEbTIDqFUMD9khZFpD0BH0gAiz5IDlZoKbjgiGEm5EKkYp8UU0j6+nqb/k3bZ9aouu6qUGueLZvLkgBySY+KRM9Igl6RJWkSQKbknD+TRSZwn59l5+RzNOYudffIDzusHRJ6UOg==</latexit>1
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3. Finite-t supersoftness and Galileons

At tree-level* x-ing symmetry implies
<latexit sha1_base64="FUApCiISIi9V/a8TT7CFPpBDmP0=">AAACG3icbVDJSgNBEO2JW4xb1KOXxiAmRMJMiOhFiHrxGMEskI2eTiU26VnorhFCyCf4CX6FVz15E68ePPgvdpaDJj5o+vFeFVX13FAKjbb9ZcWWlldW1+LriY3Nre2d5O5eRQeR4lDmgQxUzWUapPChjAIl1EIFzHMlVN3+9divPoDSIvDvcBBC02M9X3QFZ2ikdvL4Mq1PMHPR4J0AdbbXLqR1K59F86JWPmO+qdNOpuycPQFdJM6MpMgMpXbyu9EJeOSBj1wyreuOHWJzyBQKLmGUaEQaQsb7rAd1Q33mgW4OJweN6FGkGQY0BEWFpBMRfncMmaf1wHNNpcfwXs97Y/E/rx5h97w5FH4YIfh8PAiFhMkgzZUwSQHtCAWIbLw5UOFTzhRDBCUo49yIkYkuYfJw5q9fJJV8zjnN2beFVPFqlkycHJBDkiYOOSNFckNKpEw4eSTP5IW8Wk/Wm/VufUxLY9asZ5/8gfX5AwYSnyE=</latexit>

A(s, t) = · · ·+ g4(s
2 + t2 + u2)2 + · · ·

<latexit sha1_base64="qQuXl4ItFUoZCuAIfm1czNYV2S8=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJAkW2FQQNUgQNZZDIQ0os63zZhFPOD+7WSJGVgq+ghYoO0fIpFPwLtnEBCVONZna1s+NFUmg0zU+jtLS8srpWXq9sbG5t71R39zo6jBWHNg9lqHoe0yBFAG0UKKEXKWC+J6HrTa4yv/sASoswuMVpBI7PxoEYCc4wlRzuJvaJPbuwKXcbbrVm1s0cdJFYBamRAi23+jUYhjz2IUAumdZ9y4zQSZhCwSXMKoNYQ8T4hI2hn9KA+aCdJA89o0exZhjSCBQVkuYi/N5ImK/11PfSSZ/hnZ73MvE/rx/j6NxJRBDFCAHPDqGQkB/SXIm0DaBDoQCRZcmBioByphgiKEEZ56kYp/VU0j6s+e8XSceuW6d186ZRa14WzZTJATkkx8QiZ6RJrkmLtAkn9+SJPJMX49F4Nd6M95/RklHs7JM/MD6+AZEIlVQ=</latexit>

c2,2 = 2c4

}

Tolley,Wang,Zhou’20

Caron-Huot,vanDuong’20

<latexit sha1_base64="1XMnxXWdeICV/VOa7PR0BSpookg=">AAACFXicbVC7TsNAEDyHVwivACXNQYREAZEdQFCkQNBQgkQIUhJZ62MTTjk/dLdGQpZrPoGvoIWKDtFSU/Av2CYFEKYazexqd8aLlDRk2x9WaWJyanqmPFuZm19YXKour1yaMNYCWyJUob7ywKCSAbZIksKrSCP4nsK2NzzJ/fYtaiPD4ILuIuz5MAhkXwqgTHKr6zvdvgaR7KZJIxVuoyncpLHtpIY3+SHPBO5Wa3bdLsDHiTMiNTbCmVv97F6HIvYxIKHAmI5jR9RLQJMUCtNKNzYYgRjCADsZDcBH00uKKCnfjA1QyCPUXCpeiPhzIwHfmDvfyyZ9oBvz18vF/7xOTP3DXiKDKCYMRH6IpMLikBFaZh0hv5YaiSD/HLkMuAANRKglByEyMc5Kq2R9OH/Tj5PLRt3Zr9vne7Wj41EzZbbGNtgWc9gBO2Kn7Iy1mGD37JE9sWfrwXqxXq2379GSNdpZZb9gvX8Br42czA==</latexit>

�3

2
c2 < c2,1s < 8c2

* See loop effects later

Galileons tightly bounded!

At tree level:



Tree-level, beyond forward: 

c2s
2

<latexit sha1_base64="O5owU/K6oPIUgRrw9Y/MocL2K1I=">AAAB+XicbVC7TsNAEFyHVwivACXNiQiJKnIC4tFF0FAGiTykxETnyyaccn7obo0UWfkIWqjoEC1fQ8G/YBsLAWGq0cyudnbcUElDtv1uFRYWl5ZXiqultfWNza3y9k7bBJEW2BKBCnTX5QaV9LFFkhR2Q43ccxV23Mll6nfuURsZ+Dc0DdHx+NiXIyk4JVJHDOrM3NYH5YpdtTOweVLLSQVyNAflj/4wEJGHPgnFjenV7JCcmGuSQuGs1I8MhlxM+Bh7CfW5h8aJs7gzdhAZTgELUTOpWCbiz42Ye8ZMPTeZ9Djdmb9eKv7n9SIanTmx9MOI0BfpIZIKs0NGaJn0gGwoNRLxNDky6TPBNSdCLRkXIhGjpJhS1sd5ipPv7+dJu16tHVWPro8rjYu8mSLswT4cQg1OoQFX0IQWCJjAAzzCkxVbz9aL9fo1WrDynV34BevtEwqvk5M=</latexit>

c2,1s
2t

<latexit sha1_base64="v+YTwr7h2v/NebCPE2UH1jlBdi8=">AAAB/nicbVDLSsNAFJ3UV62vqks3g0VwISVpxceu6MZlBfuANpbJ9LYOTpJh5kYooeBXuNWVO3Hrr7jwX0xiELWe1eGce7nnHk9JYdC2363C3PzC4lJxubSyura+Ud7capsw0hxaPJSh7nrMgBQBtFCghK7SwHxPQse7PU/9zh1oI8LgCicKXJ+NAzESnGEi9fkgrh04U3NdozgoV+yqnYHOEicnFZKjOSh/9Ichj3wIkEtmTM+xFbox0yi4hGmpHxlQjN+yMfQSGjAfjBtnmad0LzIMQ6pAUyFpJsLPjZj5xkx8L5n0Gd6Yv14q/uf1IhyduLEIVIQQ8PQQCgnZIcO1SMoAOhQaEFmaHKgIKGeaIYIWlHGeiFHSTinr4zTF0ff3s6Rdqzr1av3ysNI4y5spkh2yS/aJQ45Jg1yQJmkRThR5II/kybq3nq0X6/VrtGDlO9vkF6y3T5uUlY4=</latexit>

A(s, t) =
<latexit sha1_base64="d2ly773u91Z5Z4mNe8WK+UxuPWQ=">AAAB+XicbVDLSsNAFJ3UV62vqks3g0WoICW14mMhVN24rGAf0IYymd7WoZNJmLkRSuhHuNWVO3Hr17jwX0xiELWe1eGce7nnHjeQwqBtv1u5ufmFxaX8cmFldW19o7i51TJ+qDk0uS993XGZASkUNFGghE6ggXmuhLY7vkr89j1oI3x1i5MAHI+NlBgKzjCW2hdlc4D75/1iya7YKegsqWakRDI0+sWP3sDnoQcKuWTGdKt2gE7ENAouYVrohQYCxsdsBN2YKuaBcaI07pTuhYahTwPQVEiaivBzI2KeMRPP jSc9hnfmr5eI/3ndEIenTiRUECIonhxCISE9ZLgWcQ9AB0IDIkuSAxWKcqYZImhBGeexGMbFFNI+zhIcf38/S1qHlWqtUrs5KtUvs2byZIfskjKpkhNSJ9ekQZqEkzF5II/kyYqsZ+vFev0azVnZzjb5BevtE7cbk14=</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

· · ·<latexit sha1_base64="OSIVxr/j5NlcNlychiBqh9g/YvU=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKnIA8egiaCiDRB5SYkXnyyYcOT90t0YKVv6BFio6RMvfUPAv2MZCQJhqNLOrnR03VNKQbb9bhbn5hcWl4nJpZXVtfaO8udUyQaQFNkWgAt1xuUElfWySJIWdUCP3XIVtd3yR+u071EYG/jVNQnQ8PvLlUApOidTqiUFApl+u2FU7A5sltZxUIEejX/7oDQIReeiTUNyYbs0OyYm5JikUTku9yGDIxZiPsJtQn3tonDhLO2V7keEUsBA1k4plIv7ciLlnzMRzk0mP043566Xif143ouGpE0s/jAh9kR4iqTA7ZISWSQ3IBlIjEU+TI5M+E1xzItSScSESMUp6KWV9nKU4/v5+lrQOqrXD6uHVUaV+njdThB3YhX2owQnU4RIa0AQBt/AAj/Bk3VvP1ov1+jVasPKdbfgF6+0TfbGT6w==</latexit>

c0
<latexit sha1_base64="tbG1UbrPtRtQZT0rPGgtg/iTlQM=">AAAB9XicbVC5TsNAEB2HK4QrQEmzIkKiihyCOLoIGsogyCElVrTeTMIq60O7Y1Bk5RNooaJDtHwPBf+CbSzE9aqn92Y0b54bKmnItt+swtz8wuJScbm0srq2vlHe3GqbINICWyJQge663KCSPrZIksJuqJF7rsKOOzlP/c4taiMD/5qmIToeH/tyJAWnRLoSA3tQrthVOwP7S2o5qUCO5qD83h8GIvLQJ6G4Mb2aHZITc01SKJyV+pHBkIsJH2MvoT730DhxFnXG9iLDKWAhaiYVy0T8vhFzz5ip5yaTHqcb89tLxf+8XkSjEyeWfhgR+iI9RFJhdsgILZMOkA2lRiKeJkcmfSa45kSoJeNCJGKUlFLK+jhNcfT1/V/SPqjW6tX65WGlcZY3U4Qd2IV9qMExNOACmtACAWO4hwd4tO6sJ+vZevkcLVj5zjb8gPX6AaiLkkY=</latexit>

X

p,q

cp,qs
ptq =

<latexit sha1_base64="0lfMyRqdzYkUs509K1AIdrtK1Jc=">AAACDnicbVDLSgNBEJyNrxhfUW96GQyCBwkbIz4OQtCLxwgmCnkxO+nEIbO7k5leISwBP8Gv8Konb+LVX/Dgv7i7LqLGunRR1U13l6OkMGjb71Zmanpmdi47n1tYXFpeya+u1Y0faA417ktfXzvMgBQe1FCghGulgbmOhCtncBb7V7egjfC9SxwpaLms74me4AwjqZPfaJrA7YRqdzimPK2mrbA9POnkC3bRTkAnSSklBZKi2sl/NLs+D1zwkEtmTKNkK2yFTKPgEsa5ZmBAMT5gfWhE1GMumFaY/DCm24Fh6FMFmgpJExF+ToTMNWbkOlGny/DG/PVi8T+vEWDvqBUKTwUIHo8XoZCQLDJciygcoF2hAZHFlwMVHuVMM0TQgjLOIzGI0soleRzHOPj+fpLU94qlcrF8sV+onKbJZMkm2SI7pEQOSYWckyqpEU7uyAN5JE/WvfVsvVivX60ZK51ZJ79gvX0C2qecSA==</latexit>

+
<latexit sha1_base64="SDBB2uFNToJiMNtjYm3ZjOBhFr8=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBAEIWyM+LgFvXhMwDwgWcLspBOHzM4uMz1CWPIFXvXkTbz6QR78F3fXRdRYp6Kqm64uP5LCoOu+OwuLS8srq4W14vrG5tZ2aWe3bUKrObR4KEPd9ZkBKRS0UKCEbqSBBb6Ejj+5Tv3OPWgjQnWL0wi8gI2VGAnOMJGax4NS2a24Geg8qeakTHI0BqWP/jDkNgCFXDJjelU3Qi9mGgWXMCv2rYGI8QkbQy+higVgvDgLOqOH1jAMaQSaCkkzEX5uxCwwZhr4yWTA8M789VLxP69ncXThxUJFFkHx9BAKCdkhw7VIGgA6FBoQWZocqFCUM80QQQvKOE9Em1RSzPq4THH2/f08aZ9UqrVKrXlarl/lzRTIPjkgR6RKzkmd3JAGaRFOgDyQR/LkWOfZeXFev0YXnHxnj/yC8/YJJ06Raw==</latexit>

Of      many coefficients, only 3 can lead the amplitude:1
<latexit sha1_base64="gAL4cGsXQ4CD2PA/O9wX1lUXtTo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKnIA8egiaCiDRB5SEkXryyYcOZ+tuzVSsPIPtFDRIVr+hoJ/wTYRAsJUo5ld7ex4oZKWXPfdyc3NLywu5ZcLK6tr6xvFza2GDSIjsC4CFZiWBxaV1FgnSQpboUHwPYVNb3SR+s07NFYG+prGIXZ9GGo5kAIokRodqQc07hVLbtnNwGdJZUpKbIpar/jR6Qci8lGTUGBtu+KG1I3BkBQKJ4VOZDEEMYIhthOqwUfbjbO0E74XWaCAh2i4VDwT8edGDL61Y99LJn2gG/vXS8X/vHZEg9NuLHUYEWqRHiKpMDtkhZFJDcj70iARpMmRS80FGCBCIzkIkYhR0ksh6+MsxfH397OkcVCuHJYPr45K1fNpM3m2w3bZPquwE1Zll6zG6kywW/bAHtmTc+88Oy/O69dozpnubLNfcN4+AZIYk/g=</latexit>

positive

arbitrary 

always smaller

Super-Softness

<latexit sha1_base64="YuXK9j/B60pigz559ur6WEdqWQ4="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

<latexit sha1_base64="HBXvRzlpF+UeDCUTjh3XTm+Y/dY=">AAAB9XicdVDLTgJBEJzFF+IL9ehlIjHxtJkF5HEjevGIUR4JEDI7NDhx9pGZXg0hfIJXPXkzXv0eD/6LuysmarROlarudHW5oZIGGXuzMkvLK6tr2fXcxubW9k5+d69tgkgLaIlABbrrcgNK+tBCiQq6oQbuuQo67s1Z4nduQRsZ+Fc4DWHg8Ykvx1JwjKVLMWTDfIHZToVVy1XK7GrNKRVZTJx6pV4qUcdmKQpkgeYw/94fBSLywEehuDE9h4U4mHGNUiiY5/qRgZCLGz6BXkx97oEZzNKoc3oUGY4BDUFTqWgqwveNGfeMmXpuPOlxvDa/vUT8y+tFOK4NZtIPIwRfJIdQKkgPGaFl3AHQkdSAyJPkQKVPBdccEbSkXIhYjOJScnEfX0/T/0m7aDsnNrsoFxqni2ay5IAckmPikCppkHPSJC0iyITckwfyaN1ZT9az9fI5mrEWO/vkB6zXDwO6kmA=</latexit>c0
<latexit sha1_base64="/ErqZ2IcZp3925b/+vBKGbDwnEw=">AAAB+XicdVDLSgNBEJyNrxhfUY9eBoPgQZbZdUOSW9CLxwjmAUkIs5NOHDL7YKZXCEs+wquevIlXv8aD/+ImRlDROhVV3XR1+bGSBhl7s3Irq2vrG/nNwtb2zu5ecf+gZaJEC2iKSEW643MDSobQRIkKOrEGHvgK2v7kcu6370AbGYU3OI2hH/BxKEdScMykthik7pkzGxRLzK6xcrXqUmZ752W35mWEuRWv7FDHZguUyBKNQfG9N4xEEkCIQnFjug6LsZ9yjVIomBV6iYGYiwkfQzejIQ/A9NNF3Bk9SQzHiMagqVR0IcL3jZQHxkwDP5sMON6a395c/MvrJjiq9lMZxglCKOaHUCpYHDJCy6wHoEOpAZHPkwOVIRVcc0TQknIhMjHJiilkfXw9Tf8nLdd2yja79kr1i2UzeXJEjskpcUiF1MkVaZAmEWRC7skDebRS68l6tl4+R3PWcueQ/ID1+gG2b5Pg</latexit>c2,1

sandwiched



4. Beyond Tree

(for simplicity: only for Goldstone Boson)



IR Effects alter Bounds

Running
Collinear 

Divergences

Change relation Wilson coeff.      arcs (on which bounds apply) 



IR Effects alter Bounds

Running
Collinear 

Divergences

<latexit sha1_base64="EvKebDorvLtB2LQKbYGeNpNvJt4=">AAACJXicbVC7TsNAEDyHd3gFKGlOREhUkR2FRxlBQwkSAaQ4idbHJpy4s627NVJk+Tv4BL6CFio6hESB+BUckwISphrN7Gp3JoiVtOS6H05pZnZufmFxqby8srq2XtnYvLRRYgS2RKQicx2ARSVDbJEkhdexQdCBwqvg7mTkX92jsTIKL2gYY0fDIJR9KYByqVfxfCs19/sGRCp69W6d224jS70D7seyW8+4r6LBj22z1NdJ1qtU3ZpbgE8Tb0yqbIyzXuXTv4lEojEkocDatufG1EnBkBQKs7KfWIxB3MEA2zkNQaPtpEW0jO8mFijiMRouFS9E/L2RgrZ2qIN8UgPd2klvJP7ntRPqH3VSGcYJYShGh0gqLA5ZYWTeGfIbaZAIRp8jlyEXYIAIjeQgRC4meYnlvA9vMv00uazXvP2ae96oNo/HzSyybbbD9pjHDlmTnbIz1mKCPbAn9sxenEfn1Xlz3n9GS854Z4v9gfP1DeIcpRc=</latexit>

⇠ c22s
4

16⇡2
log

s

µ
<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

Change relation Wilson coeff.      arcs (on which bounds apply) 



IR Effects alter Bounds

Running
Collinear 

Divergences

<latexit sha1_base64="EvKebDorvLtB2LQKbYGeNpNvJt4=">AAACJXicbVC7TsNAEDyHd3gFKGlOREhUkR2FRxlBQwkSAaQ4idbHJpy4s627NVJk+Tv4BL6CFio6hESB+BUckwISphrN7Gp3JoiVtOS6H05pZnZufmFxqby8srq2XtnYvLRRYgS2RKQicx2ARSVDbJEkhdexQdCBwqvg7mTkX92jsTIKL2gYY0fDIJR9KYByqVfxfCs19/sGRCp69W6d224jS70D7seyW8+4r6LBj22z1NdJ1qtU3ZpbgE8Tb0yqbIyzXuXTv4lEojEkocDatufG1EnBkBQKs7KfWIxB3MEA2zkNQaPtpEW0jO8mFijiMRouFS9E/L2RgrZ2qIN8UgPd2klvJP7ntRPqH3VSGcYJYShGh0gqLA5ZYWTeGfIbaZAIRp8jlyEXYIAIjeQgRC4meYnlvA9vMv00uazXvP2ae96oNo/HzSyybbbD9pjHDlmTnbIz1mKCPbAn9sxenEfn1Xlz3n9GS854Z4v9gfP1DeIcpRc=</latexit>

⇠ c22s
4

16⇡2
log

s

µ
<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="ERv8J8rizK26epq1Z/EmfvECM+g=">AAACJ3icbVDJSgNBFOxxjXEb9eilMQiewkxcj0EvHiOYKGRieNO+xMaehe43QhjmQ/wEv8KrnryJHjz4J3aWg1tBQ1FVj9evwlRJQ5737kxNz8zOzZcWyotLyyur7tp6yySZFtgUiUr0ZQgGlYyxSZIUXqYaIQoVXoS3J0P/4g61kUl8ToMUOxH0Y9mTAshKXXc3MDLiQU+DyEW3dlXjxj66qhW5f8CDVFrGA5X0xxFT5FR03YpX9Ubgf4k/IRU2QaPrfgTXicgijEkoMKbteyl1ctAkhcKiHGQGUxC30Me2pTFEaDr56LiCb2cGKOEpai4VH4n4fSKHyJhBFNpkBHRjfntD8T+vnVHvqJPLOM0IYzFcRFLhaJERWtrWkF9LjUQw/DlyGXMBGohQSw5CWDGzNZZtH/7v6/+SVq3q71e9s71K/XjSTIltsi22w3x2yOrslDVYkwl2zx7ZE3t2HpwX59V5G0ennMnMBvsB5/MLz36lgw==</latexit>

⇠ c22s
2t2

16⇡2
log

s

t

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

Change relation Wilson coeff.      arcs (on which bounds apply) 



IR Effects alter Bounds

Running
Collinear 

Divergences

<latexit sha1_base64="EvKebDorvLtB2LQKbYGeNpNvJt4=">AAACJXicbVC7TsNAEDyHd3gFKGlOREhUkR2FRxlBQwkSAaQ4idbHJpy4s627NVJk+Tv4BL6CFio6hESB+BUckwISphrN7Gp3JoiVtOS6H05pZnZufmFxqby8srq2XtnYvLRRYgS2RKQicx2ARSVDbJEkhdexQdCBwqvg7mTkX92jsTIKL2gYY0fDIJR9KYByqVfxfCs19/sGRCp69W6d224jS70D7seyW8+4r6LBj22z1NdJ1qtU3ZpbgE8Tb0yqbIyzXuXTv4lEojEkocDatufG1EnBkBQKs7KfWIxB3MEA2zkNQaPtpEW0jO8mFijiMRouFS9E/L2RgrZ2qIN8UgPd2klvJP7ntRPqH3VSGcYJYShGh0gqLA5ZYWTeGfIbaZAIRp8jlyEXYIAIjeQgRC4meYnlvA9vMv00uazXvP2ae96oNo/HzSyybbbD9pjHDlmTnbIz1mKCPbAn9sxenEfn1Xlz3n9GS854Z4v9gfP1DeIcpRc=</latexit>

⇠ c22s
4

16⇡2
log

s

µ
<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="ERv8J8rizK26epq1Z/EmfvECM+g=">AAACJ3icbVDJSgNBFOxxjXEb9eilMQiewkxcj0EvHiOYKGRieNO+xMaehe43QhjmQ/wEv8KrnryJHjz4J3aWg1tBQ1FVj9evwlRJQ5737kxNz8zOzZcWyotLyyur7tp6yySZFtgUiUr0ZQgGlYyxSZIUXqYaIQoVXoS3J0P/4g61kUl8ToMUOxH0Y9mTAshKXXc3MDLiQU+DyEW3dlXjxj66qhW5f8CDVFrGA5X0xxFT5FR03YpX9Ubgf4k/IRU2QaPrfgTXicgijEkoMKbteyl1ctAkhcKiHGQGUxC30Me2pTFEaDr56LiCb2cGKOEpai4VH4n4fSKHyJhBFNpkBHRjfntD8T+vnVHvqJPLOM0IYzFcRFLhaJERWtrWkF9LjUQw/DlyGXMBGohQSw5CWDGzNZZtH/7v6/+SVq3q71e9s71K/XjSTIltsi22w3x2yOrslDVYkwl2zx7ZE3t2HpwX59V5G0ennMnMBvsB5/MLz36lgw==</latexit>
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<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2
<latexit sha1_base64="HgcmpL6uZKhUEKFhIypgobKeFOM="></latexit>
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Change relation Wilson coeff.      arcs (on which bounds apply) 
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<latexit sha1_base64="EvKebDorvLtB2LQKbYGeNpNvJt4=">AAACJXicbVC7TsNAEDyHd3gFKGlOREhUkR2FRxlBQwkSAaQ4idbHJpy4s627NVJk+Tv4BL6CFio6hESB+BUckwISphrN7Gp3JoiVtOS6H05pZnZufmFxqby8srq2XtnYvLRRYgS2RKQicx2ARSVDbJEkhdexQdCBwqvg7mTkX92jsTIKL2gYY0fDIJR9KYByqVfxfCs19/sGRCp69W6d224jS70D7seyW8+4r6LBj22z1NdJ1qtU3ZpbgE8Tb0yqbIyzXuXTv4lEojEkocDatufG1EnBkBQKs7KfWIxB3MEA2zkNQaPtpEW0jO8mFijiMRouFS9E/L2RgrZ2qIN8UgPd2klvJP7ntRPqH3VSGcYJYShGh0gqLA5ZYWTeGfIbaZAIRp8jlyEXYIAIjeQgRC4meYnlvA9vMv00uazXvP2ae96oNo/HzSyybbbD9pjHDlmTnbIz1mKCPbAn9sxenEfn1Xlz3n9GS854Z4v9gfP1DeIcpRc=</latexit>
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16⇡2
log
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µ
<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="ERv8J8rizK26epq1Z/EmfvECM+g=">AAACJ3icbVDJSgNBFOxxjXEb9eilMQiewkxcj0EvHiOYKGRieNO+xMaehe43QhjmQ/wEv8KrnryJHjz4J3aWg1tBQ1FVj9evwlRJQ5737kxNz8zOzZcWyotLyyur7tp6yySZFtgUiUr0ZQgGlYyxSZIUXqYaIQoVXoS3J0P/4g61kUl8ToMUOxH0Y9mTAshKXXc3MDLiQU+DyEW3dlXjxj66qhW5f8CDVFrGA5X0xxFT5FR03YpX9Ubgf4k/IRU2QaPrfgTXicgijEkoMKbteyl1ctAkhcKiHGQGUxC30Me2pTFEaDr56LiCb2cGKOEpai4VH4n4fSKHyJhBFNpkBHRjfntD8T+vnVHvqJPLOM0IYzFcRFLhaJERWtrWkF9LjUQw/DlyGXMBGohQSw5CWDGzNZZtH/7v6/+SVq3q71e9s71K/XjSTIltsi22w3x2yOrslDVYkwl2zx7ZE3t2HpwX59V5G0ennMnMBvsB5/MLz36lgw==</latexit>
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<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2
<latexit sha1_base64="HgcmpL6uZKhUEKFhIypgobKeFOM="></latexit>
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<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
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Change relation Wilson coeff.      arcs (on which bounds apply) 
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<latexit sha1_base64="EvKebDorvLtB2LQKbYGeNpNvJt4=">AAACJXicbVC7TsNAEDyHd3gFKGlOREhUkR2FRxlBQwkSAaQ4idbHJpy4s627NVJk+Tv4BL6CFio6hESB+BUckwISphrN7Gp3JoiVtOS6H05pZnZufmFxqby8srq2XtnYvLRRYgS2RKQicx2ARSVDbJEkhdexQdCBwqvg7mTkX92jsTIKL2gYY0fDIJR9KYByqVfxfCs19/sGRCp69W6d224jS70D7seyW8+4r6LBj22z1NdJ1qtU3ZpbgE8Tb0yqbIyzXuXTv4lEojEkocDatufG1EnBkBQKs7KfWIxB3MEA2zkNQaPtpEW0jO8mFijiMRouFS9E/L2RgrZ2qIN8UgPd2klvJP7ntRPqH3VSGcYJYShGh0gqLA5ZYWTeGfIbaZAIRp8jlyEXYIAIjeQgRC4meYnlvA9vMv00uazXvP2ae96oNo/HzSyybbbD9pjHDlmTnbIz1mKCPbAn9sxenEfn1Xlz3n9GS854Z4v9gfP1DeIcpRc=</latexit>
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log
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µ
<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="ERv8J8rizK26epq1Z/EmfvECM+g=">AAACJ3icbVDJSgNBFOxxjXEb9eilMQiewkxcj0EvHiOYKGRieNO+xMaehe43QhjmQ/wEv8KrnryJHjz4J3aWg1tBQ1FVj9evwlRJQ5737kxNz8zOzZcWyotLyyur7tp6yySZFtgUiUr0ZQgGlYyxSZIUXqYaIQoVXoS3J0P/4g61kUl8ToMUOxH0Y9mTAshKXXc3MDLiQU+DyEW3dlXjxj66qhW5f8CDVFrGA5X0xxFT5FR03YpX9Ubgf4k/IRU2QaPrfgTXicgijEkoMKbteyl1ctAkhcKiHGQGUxC30Me2pTFEaDr56LiCb2cGKOEpai4VH4n4fSKHyJhBFNpkBHRjfntD8T+vnVHvqJPLOM0IYzFcRFLhaJERWtrWkF9LjUQw/DlyGXMBGohQSw5CWDGzNZZtH/7v6/+SVq3q71e9s71K/XjSTIltsi22w3x2yOrslDVYkwl2zx7ZE3t2HpwX59V5G0ennMnMBvsB5/MLz36lgw==</latexit>
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<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2
<latexit sha1_base64="HgcmpL6uZKhUEKFhIypgobKeFOM="></latexit>
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<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
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c6 c6,1 c6,2 · · ·
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<latexit sha1_base64="fs9oz4u6rmUir/vqf0SM+qWqoG8="></latexit>
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Change relation Wilson coeff.      arcs (on which bounds apply) 
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<latexit sha1_base64="EvKebDorvLtB2LQKbYGeNpNvJt4=">AAACJXicbVC7TsNAEDyHd3gFKGlOREhUkR2FRxlBQwkSAaQ4idbHJpy4s627NVJk+Tv4BL6CFio6hESB+BUckwISphrN7Gp3JoiVtOS6H05pZnZufmFxqby8srq2XtnYvLRRYgS2RKQicx2ARSVDbJEkhdexQdCBwqvg7mTkX92jsTIKL2gYY0fDIJR9KYByqVfxfCs19/sGRCp69W6d224jS70D7seyW8+4r6LBj22z1NdJ1qtU3ZpbgE8Tb0yqbIyzXuXTv4lEojEkocDatufG1EnBkBQKs7KfWIxB3MEA2zkNQaPtpEW0jO8mFijiMRouFS9E/L2RgrZ2qIN8UgPd2klvJP7ntRPqH3VSGcYJYShGh0gqLA5ZYWTeGfIbaZAIRp8jlyEXYIAIjeQgRC4meYnlvA9vMv00uazXvP2ae96oNo/HzSyybbbD9pjHDlmTnbIz1mKCPbAn9sxenEfn1Xlz3n9GS854Z4v9gfP1DeIcpRc=</latexit>
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µ
<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2

<latexit sha1_base64="5O5mo3hURs7dL7C02gc44gEodFE=">AAAB9XicdVC7TsNAEDyHVwivACXNiQiJynJeJOkiaCiDIA8psaLzZRNOOT90twZFVj6BFio6RMv3UPAv2E6QAMFUo5ld7ew4gRQaLevdyKysrq1vZDdzW9s7u3v5/YOO9kPFoc196auewzRI4UEbBUroBQqY60joOtOLxO/egdLC925wFoDtsoknxoIzjKVrPiwN8wXLrNZr9UaFxqTRKFkLUj4r12jRtFIUyBKtYf5jMPJ56IKHXDKt+0UrQDtiCgWXMM8NQg0B41M2gX5MPeaCtqM06pyehJqhTwNQVEiaivB9I2Ku1jPXiSddhrf6t5eIf3n9EMd1OxJeECJ4PDmEQkJ6SHMl4g6AjoQCRJYkByo8ypliiKAEZZzHYhiXkov7+Hqa/k86JbNYNa2rSqF5vmwmS47IMTklRVIjTXJJWqRNOJmQB/JInox749l4MV4XoxljuXNIfsB4+wQuH5J8</latexit>c2
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An

7
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,
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are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings
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interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
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throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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where c2,1 is the coe�cient of s2t in the non-forward
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are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
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log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An

7
Monologue on forward amplitude...
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2
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are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:
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2
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and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)
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tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An

7
Monologue on forward amplitude...
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
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�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.
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a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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the EFT, i.e. ŝ < M2
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explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7

10

c2
2

16⇡2
, �5 = � 4

15

c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)
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2
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and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
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are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that
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while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7
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c2
2

16⇡2
, �5 = � 4
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c2c2,1

16⇡2
,

�6 = �83
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c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)
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By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An

7
Monologue on forward amplitude...
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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k ). Then setting ŝ = M2
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,
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are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An

7
Monologue on forward amplitude...

<latexit sha1_base64="hMF65slB46YEW5HfG8KEB1MHocQ=">AAAB9nicbVC7TsNAEDzzDOEVoKQ5ESGFJrIRCMoADWWQyENKrGh92SSnnB+6WyOiKL9ACxUdouV3KPgXbOMCEqYazexqZ8eLlDRk25/W0vLK6tp6YaO4ubW9s1va22+aMNYCGyJUoW57YFDJABskSWE70gi+p7DljW9Sv/WA2sgwuKdJhK4Pw0AOpABKpauKOemVynbVzsAXiZOTMstR75W+uv1QxD4GJBQY03HsiNwpaJJC4azYjQ1GIMYwxE5CA/DRuNMs64wfxwYo5BFqLhXPRPy9MQXfmInvJZM+0MjMe6n4n9eJaXDpTmUQxYSBSA+RVJgdMkLLpATkfamRCNLkyGXABWggQi05CJGIcdJKMenDmf9+kTRPq8551b47K9eu82YK7JAdsQpz2AWrsVtWZw0m2Ig9sWf2Yj1ar9ab9f4zumTlOwfsD6yPb9QGkjA=</latexit>

A(s)

8

explicit calculation for a U(1) Goldstone leads to 8
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c2
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c2c2,1

16⇡2
,
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c4c2
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� 1
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2,1
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� 319
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c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2
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) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,
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and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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coefficients
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
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tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
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4 + 449c

2
2/(300(16⇡
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)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
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are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings
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which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
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cally represented in Fig. 2, all red trajectories flow
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explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7

10

c2
2

16⇡2
, �5 = � 4

15

c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running

7

N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An

7
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7

N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
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ing Hankel matrix order P + 1: Hankel matrices of
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on the determinant. Considering then eqs. (16-19),
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marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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A(s)

8

explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7

10

c2
2

16⇡2
, �5 = � 4

15

c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

<latexit sha1_base64="xe99cC/HHZUyODJFPyD6fTq26CQ=">AAAB+HicbVC7TsNAEFyHVwivACXNiQiJKrIRCMoIGsogkYeUWNH5sglHzg/drZGClX+ghYoO0fI3FPwLtnEBCVONZna1s+NFShqy7U+rtLS8srpWXq9sbG5t71R399omjLXAlghVqLseN6hkgC2SpLAbaeS+p7DjTa4yv/OA2sgwuKVphK7Px4EcScEpldp9MQzJDKo1u27nYIvEKUgNCjQH1a/+MBSxjwEJxY3pOXZEbsI1SaFwVunHBiMuJnyMvZQG3EfjJnnaGTuKDaeQRaiZVCwX8fdGwn1jpr6XTvqc7sy8l4n/eb2YRhduIoMoJgxEdoikwvyQEVqmNSAbSo1EPEuOTAZMcM2JUEvGhUjFOO2lkvbhzH+/SNondeesbt+c1hqXRTNlOIBDOAYHzqEB19CEFgi4hyd4hhfr0Xq13qz3n9GSVezswx9YH99mO5O4</latexit>· · ·

<latexit sha1_base64="oU4vqSWev0OodjjXjcV9P7RKiTw=">AAAB+HicbVA9TwJBEN3DL8Qv1NJmIzHBhtwZjZZEG0tM5COBC5lbBlzZ27vszpkg4T/YamVnbP03Fv4XD7xCwVe9vDeTefOCWElLrvvp5JaWV1bX8uuFjc2t7Z3i7l7DRokRWBeRikwrAItKaqyTJIWt2CCEgcJmMLya+s0HNFZG+pZGMfohDLTsSwGUSg3R1WV73C2W3Io7A18kXkZKLEOtW/zq9CKRhKhJKLC27bkx+WMwJIXCSaGTWIxBDGGA7ZRqCNH641naCT9KLFDEYzRcKj4T8ffGGEJrR2GQToZAd3bem4r/ee2E+hf+WOo4IdRieoikwtkhK4xMa0DekwaJYJocudRcgAEiNJKDEKmYpL0U0j68+e8XSeOk4p1V3JvTUvUyaybPDtghKzOPnbMqu2Y1VmeC3bMn9sxenEfn1Xlz3n9Gc062s8/+wPn4BpaDkzM=</latexit>

cn(s)Do bounds apply for       ?

� �
-�

�
���

���

���

��� ��� ��� ��� ��� ������

���

���

���

���

��(�)��/��

� �
(�
)�
�/
� �
(�
)�

-β�/��(�)=���

����/�=�
����/�=���
����/�⩾�

��� ��� ��� ��� ��� ���

���

���

���

���

���

���

��(�)��/��

� �
(�
)�
� /
� �

-β�/��(�)=���

<
<latexit sha1_base64="XZaA6TYg7zsiZl+O80OqZj6jD/s=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+AAPQS8eI5gHJEuYnXTikNkHM71CWPIRXvXkTbz6NR78F3fXRdRYp6Kqm64uN1TSkG2/W4WFxaXlleJqaW19Y3OrvL3TNkGkBbZEoALddblBJX1skSSF3VAj91yFHXdylfqde9RGBv4tTUN0PD725UgKTonUifvuiF3MBuWKXbUzsHlSy0kFcjQH5Y/+MBCRhz4JxY3p1eyQnJhrkkLhrNSPDIZcTPgYewn1uYfGibO4M3YQGU4BC1EzqVgm4s+NmHvGTD03mfQ43Zm/Xir+5/UiGp05sfTDiNAX6SGSCrNDRmiZ9IBsKDUS8TQ5MukzwTUnQi0ZFyIRo6SYUtbHeYqT7+/nSfuoWqtX6zfHlcZl3kwR9mAfDqEGp9CAa2hCCwRM4AEe4cmKrWfrxXr9Gi1Y+c4u/IL19gmjKZP0</latexit>

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

ft

I

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

ft

I

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

ft

I

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

e

ft

I

IR UV
<latexit sha1_base64="E1aJHjMUp+2GqexLmKCowgbsXUw=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQRlBQ5lI5CElVnS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKb+Z1HNFZG+p6mMfohH2s5koJTKjXtoFJ1a24Otky8glShQGNQ+eoPI5GEqEkobm3Pc2PyZ9yQFArn5X5iMeZiwsfYS6nmIVp/lgeds9PEcopYjIZJxXIRf2/MeGjtNAzSyZDTg130MvE/r5fQ6NqfSR0nhFpkh0gqzA9ZYWTaALKhNEjEs+TIpGaCG06ERjIuRComaSXltA9v8ftl0j6veZc1t3lRrd8UzZTgGE7gDDy4gjrcQQNaIADhCZ7hxUmcV+fNef8ZXXGKnSP4A+fjG4AQkYA=</latexit>s

Arcs: suitable to  
access running 
coefficients

<latexit sha1_base64="c4lDx6NnS9hLInuxtxHE8Ozk8Hk=">AAACDHicbVDLSgNBEJyNrxhfUS+Cl8EgCELYDYpehKgXjxHMA5Kw9E46ccjsg5leISzxE/wKr3ryJl79Bw/+i7sxB43WqajqpqvLi5Q0ZNsfVm5ufmFxKb9cWFldW98obm41TBhrgXURqlC3PDCoZIB1kqSwFWkE31PY9IaXmd+8Q21kGNzQKMKuD4NA9qUASiW3uNPxgW4FqOR87Npnwq0cdkQvJOMWS3bZnoD/Jc6UlNgUNbf42emFIvYxIKHAmLZjR9RNQJMUCseFTmwwAjGEAbZTGoCPpptMPhjz/dgAhTxCzaXiExF/biTgGzPyvXQyy2tmvUz8z2vH1D/tJjKIYsJAZIdIKpwcMkLLtBrkPamRCLLkyGXABWggQi05CJGKcdpVIe3Dmf3+L2lUys5x2b4+KlUvps3k2S7bYwfMYSesyq5YjdWZYPfskT2xZ+vBerFerbfv0Zw13dlmv2C9fwHDdJr3</latexit>

A0 = c2 + · · ·
<latexit sha1_base64="ptE1PLe6PRIGhv8XR8ARTPaWBJ0=">AAACD3icbVDLSgNBEJz1GeMr6jGXwSAoQtiViF6EqBePEcwDkrD0TlodnH0w0yuEJQc/wa/wqidv4tVP8OC/uLvuwVediqpuurq8SElDtv1uTU3PzM7NlxbKi0vLK6uVtfWOCWMtsC1CFeqeBwaVDLBNkhT2Io3gewq73s1p5ndvURsZBhc0jnDow1UgL6UASiW3Uh34QNcCVHI8cZ0j4Ta2zc7uQIxCMm6lZtftHPwvcQpSYwVabuVjMApF7GNAQoExfceOaJiAJikUTsqD2GAE4gausJ/SAHw0wyR/YsK3YgMU8gg1l4rnIn7fSMA3Zux76WQW2fz2MvE/rx/T5eEwkUEUEwYiO0RSYX7ICC3TdpCPpEYiyJIjlwEXoIEIteQgRCrGaV3ltA/n9/d/SWev7uzX7fNGrXlSNFNiVbbJtpnDDliTnbEWazPB7tgDe2RP1r31bL1Yr1+jU1axs8F+wHr7BIJDm9w=</latexit>

A1 = c4(s) + · · ·
<latexit sha1_base64="X/5e2AcpyqUWBun2di+5/ZwBpAg="></latexit>

A2 = � �4

2s2
+ c6(s) + · · ·

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s

Real bounds little stronger 
(supersoftness still dead)

Real bounds much weaker 
<latexit sha1_base64="0mgeC/E2IDwL4qUOS3FSNCI5bQU="></latexit>

c6(s) < 0 oke.g.

<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)

<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)



8

explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7

10

c2
2

16⇡2
, �5 = � 4

15

c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
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(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running

7

N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,
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are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
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which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
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We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
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2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
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a0 therefore translates directly to
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equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls
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<latexit sha1_base64="oU4vqSWev0OodjjXjcV9P7RKiTw=">AAAB+HicbVA9TwJBEN3DL8Qv1NJmIzHBhtwZjZZEG0tM5COBC5lbBlzZ27vszpkg4T/YamVnbP03Fv4XD7xCwVe9vDeTefOCWElLrvvp5JaWV1bX8uuFjc2t7Z3i7l7DRokRWBeRikwrAItKaqyTJIWt2CCEgcJmMLya+s0HNFZG+pZGMfohDLTsSwGUSg3R1WV73C2W3Io7A18kXkZKLEOtW/zq9CKRhKhJKLC27bkx+WMwJIXCSaGTWIxBDGGA7ZRqCNH641naCT9KLFDEYzRcKj4T8ffGGEJrR2GQToZAd3bem4r/ee2E+hf+WOo4IdRieoikwtkhK4xMa0DekwaJYJocudRcgAEiNJKDEKmYpL0U0j68+e8XSeOk4p1V3JvTUvUyaybPDtghKzOPnbMqu2Y1VmeC3bMn9sxenEfn1Xlz3n9Gc062s8/+wPn4BpaDkzM=</latexit>
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<latexit sha1_base64="XZaA6TYg7zsiZl+O80OqZj6jD/s=">AAAB+XicbVDLSgNBEOyNrxhfUY9eBoPgKWyM+AAPQS8eI5gHJEuYnXTikNkHM71CWPIRXvXkTbz6NR78F3fXRdRYp6Kqm64uN1TSkG2/W4WFxaXlleJqaW19Y3OrvL3TNkGkBbZEoALddblBJX1skSSF3VAj91yFHXdylfqde9RGBv4tTUN0PD725UgKTonUifvuiF3MBuWKXbUzsHlSy0kFcjQH5Y/+MBCRhz4JxY3p1eyQnJhrkkLhrNSPDIZcTPgYewn1uYfGibO4M3YQGU4BC1EzqVgm4s+NmHvGTD03mfQ43Zm/Xir+5/UiGp05sfTDiNAX6SGSCrNDRmiZ9IBsKDUS8TQ5MukzwTUnQi0ZFyIRo6SYUtbHeYqT7+/nSfuoWqtX6zfHlcZl3kwR9mAfDqEGp9CAa2hCCwRM4AEe4cmKrWfrxXr9Gi1Y+c4u/IL19gmjKZP0</latexit>
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IR UV
<latexit sha1_base64="E1aJHjMUp+2GqexLmKCowgbsXUw=">AAAB83icbVC7TsNAEFzzDOEVoKQ5ESFRRTYCQRlBQ5lI5CElVnS+bMIp57N1t0aKonwBLVR0iJYPouBfsI0LSJhqNLOrnZ0gVtKS6346K6tr6xubpa3y9s7u3n7l4LBto8QIbIlIRaYbcItKamyRJIXd2CAPA4WdYHKb+Z1HNFZG+p6mMfohH2s5koJTKjXtoFJ1a24Otky8glShQGNQ+eoPI5GEqEkobm3Pc2PyZ9yQFArn5X5iMeZiwsfYS6nmIVp/lgeds9PEcopYjIZJxXIRf2/MeGjtNAzSyZDTg130MvE/r5fQ6NqfSR0nhFpkh0gqzA9ZYWTaALKhNEjEs+TIpGaCG06ERjIuRComaSXltA9v8ftl0j6veZc1t3lRrd8UzZTgGE7gDDy4gjrcQQNaIADhCZ7hxUmcV+fNef8ZXXGKnSP4A+fjG4AQkYA=</latexit>s

Arcs: suitable to  
access running 
coefficients

<latexit sha1_base64="c4lDx6NnS9hLInuxtxHE8Ozk8Hk=">AAACDHicbVDLSgNBEJyNrxhfUS+Cl8EgCELYDYpehKgXjxHMA5Kw9E46ccjsg5leISzxE/wKr3ryJl79Bw/+i7sxB43WqajqpqvLi5Q0ZNsfVm5ufmFxKb9cWFldW98obm41TBhrgXURqlC3PDCoZIB1kqSwFWkE31PY9IaXmd+8Q21kGNzQKMKuD4NA9qUASiW3uNPxgW4FqOR87Npnwq0cdkQvJOMWS3bZnoD/Jc6UlNgUNbf42emFIvYxIKHAmLZjR9RNQJMUCseFTmwwAjGEAbZTGoCPpptMPhjz/dgAhTxCzaXiExF/biTgGzPyvXQyy2tmvUz8z2vH1D/tJjKIYsJAZIdIKpwcMkLLtBrkPamRCLLkyGXABWggQi05CJGKcdpVIe3Dmf3+L2lUys5x2b4+KlUvps3k2S7bYwfMYSesyq5YjdWZYPfskT2xZ+vBerFerbfv0Zw13dlmv2C9fwHDdJr3</latexit>

A0 = c2 + · · ·
<latexit sha1_base64="ptE1PLe6PRIGhv8XR8ARTPaWBJ0=">AAACD3icbVDLSgNBEJz1GeMr6jGXwSAoQtiViF6EqBePEcwDkrD0TlodnH0w0yuEJQc/wa/wqidv4tVP8OC/uLvuwVediqpuurq8SElDtv1uTU3PzM7NlxbKi0vLK6uVtfWOCWMtsC1CFeqeBwaVDLBNkhT2Io3gewq73s1p5ndvURsZBhc0jnDow1UgL6UASiW3Uh34QNcCVHI8cZ0j4Ta2zc7uQIxCMm6lZtftHPwvcQpSYwVabuVjMApF7GNAQoExfceOaJiAJikUTsqD2GAE4gausJ/SAHw0wyR/YsK3YgMU8gg1l4rnIn7fSMA3Zux76WQW2fz2MvE/rx/T5eEwkUEUEwYiO0RSYX7ICC3TdpCPpEYiyJIjlwEXoIEIteQgRCrGaV3ltA/n9/d/SWev7uzX7fNGrXlSNFNiVbbJtpnDDliTnbEWazPB7tgDe2RP1r31bL1Yr1+jU1axs8F+wHr7BIJDm9w=</latexit>

A1 = c4(s) + · · ·
<latexit sha1_base64="X/5e2AcpyqUWBun2di+5/ZwBpAg="></latexit>

A2 = � �4

2s2
+ c6(s) + · · ·

<latexit sha1_base64="oBnJ7pQ7ww6VNpGTN4UKqu8Gx+E=">AAAB+HicdVDLTgJBEJz1ifhCPXqZSEw8bWZxCXAjevGIiTwSIGR2aHBk9pGZXhMk/INXPXkzXv0bD/6LA2KiRutUqepOdVeQKGmQsTdnaXlldW09s5Hd3Nre2c3t7TdMnGoBdRGrWLcCbkDJCOooUUEr0cDDQEEzGJ3P/OYtaCPj6ArHCXRDPozkQAqOVmqYDsaU9XJ55lZYsVwuUOb6p8VCxbeEFUp+0aOey+bIkwVqvdx7px+LNIQIheLGtD2WYHfCNUqhYJrtpAYSLkZ8CG1LIx6C6U7m107pcWq4TU1AU6noXITvGxMeGjMOAzsZcrw2v72Z+JfXTnFQ7k5klKQIkZgFoVQwDzJCS1sD0L7UgMhnlwOVERVcc0TQknIhrJjaXrK2j6+n6f+kUXC9ossu/Xz1bNFMhhySI3JCPFIiVXJBaqROBLkh9+SBPDp3zpPz7Lx8ji45i50D8gPO6wchnpOP</latexit>

s ! 0

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s

Real bounds little stronger 
(supersoftness still dead)

Real bounds much weaker 
<latexit sha1_base64="0mgeC/E2IDwL4qUOS3FSNCI5bQU="></latexit>

c6(s) < 0 oke.g.

<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)

<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
<latexit sha1_base64="KD88qGlwgWtZEDib0MyOGJQnEgk=">AAAB9XicbVC7TsNAEFyHVwivACXNiQgpNJGNQFBG0FAGQR5SYkXnyyaccn7obg2KrHwCLVR0iJbvoeBfcIwLSJhqNLOrnR0vUtKQbX9ahaXlldW14nppY3Nre6e8u9cyYawFNkWoQt3xuEElA2ySJIWdSCP3PYVtb3w189sPqI0MgzuaROj6fBTIoRScUum2ao775YpdszOwReLkpAI5Gv3yV28QitjHgITixnQdOyI34ZqkUDgt9WKDERdjPsJuSgPuo3GTLOqUHcWGU8gi1Ewqlon4eyPhvjET30snfU73Zt6bif953ZiGF24igygmDMTsEEmF2SEjtEw7QDaQGon4LDkyGTDBNSdCLRkXIhXjtJRS2ocz//0iaZ3UnLOafXNaqV/mzRThAA6hCg6cQx2uoQFNEDCCJ3iGF+vRerXerPef0YKV7+zDH1gf30kBkeU=</latexit>

(s)
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explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7

10

c2
2

16⇡2
, �5 = � 4

15

c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running

7

N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)
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1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
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A(s)

8

explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7

10

c2
2

16⇡2
, �5 = � 4

15

c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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coefficients
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Real bounds little stronger 
(supersoftness still dead)

Real bounds much weaker 
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running

7

N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,
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are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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coefficients
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Outside tree-level 
bounds
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Real bounds little stronger 
(supersoftness still dead)

Real bounds much weaker 
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explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7

10

c2
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16⇡2
, �5 = � 4

15

c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An
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the EFT, i.e. ŝ < M2
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for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
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explicit calculation for a U(1) Goldstone leads to 8
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c2
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c2c2,1

16⇡2
,
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c4c2
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2,1
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c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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Arcs: suitable to  
access running 
coefficients
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explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7
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c2
2

16⇡2
, �5 = � 4
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c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to

EFT Wilson coefficients run:

Running
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N � 2P at least one of the matrices in eqs. (16-19)
is of order > P and thus cannot be strictly positive,
and in particular must have vanishing determinant.
Indeed for N = 2P this just happens for H0

2P , while
for N > 2P +3 this holds for all matrices in eqs. (16-
19). The proof that eqs. (16-19) are all strictly sat-
isfied for N < 2P , is instead given as follows. In the
variable x 2 [0, 1] of section IB, the measure dµ(x)
consists of strictly positive delta functions located at
xk = ŝ2/M4

k for k = 1, . . . , P . For ŝ taking value in
the EFT, i.e. ŝ < M2

1 , there are thus P such delta’s
within (0, 1). Indicating by qP̄�1(x) a generic poly-
nomial of order P̄ �1, the Hankel matrices of order P̄
correspond to the quadratic forms generated by inte-
grating xa(1 � x)bqP̄�1(x)2 in dµ(x). The only way
this integral can give a vanishing result is to have one
of the zeroes of qP̄�1(x) to coincide with each of the
P delta’s in the measure. This can only happen if the
polynomial has at least degree P and the correspond-
ing Hankel matrix order P + 1: Hankel matrices of
order  P are strictly positive definite, while they are
only positive semi-definite if their order is > P . This
last result agrees with out previous argument based
on the determinant. Considering then eqs. (16-19),
this amounts to strict satisfaction for N < 2P and
marginal satisfaction for N � 2P . We conclude that,
for ŝ within the EFT, the arcs are in interior of A(N)
for N < 2P and at the boundary of A(2P ).

By the above result – in weakly coupled theories
– the measurements of the arcs in the IR allows to
indirectly count the number P of resonances in the
UV: P is just the smallest P̄ for which det H0

2P̄
= 0.

Furthermore the masses of such particles are given
by the roots of the P -th order polynomial in ŝ2 sat-
urating Eq. (18),

det
�
H0

2P�2 � ŝ2H1
2P�1

�
= 0 . (26)

Indeed H0
2P�2�ŝ2H1

2P�1 is a Hankel matrix to which
each resonance contributes a term proportional to
g2

k(1 � ŝ2/M4
k ). Then setting ŝ = M2

k for some k is
equivalent to eliminating one particle, bringing their
number down to P � 1. Our previous argument on
the determinant then implies eq. (26). This equation
also implies that for ŝ = M2

1 , just at the edge of the
EFT, the arcs are at the boundary of the A(2P � 1)
region. This can also be viewed by considering the
location xk = ŝ2/M4

k of the deltas in the variable
x: when ŝ approaches M2

1 from below, x1 aproaches
the edge x = 1 of the integration region, and the
contribution of the lightest resonance drops out when
integrated against (1 � x)qP̄�1(x)2. For P̄ = P the
zeroes of qP̄�1(x) can be chosen to coincide with the

location of the remaining P � 1 heavier resonances,
hence det

�
H0

2P�2 � M4
1 H1

2P�1

�
= 0. On the other

hand, for P̄ < P , qP̄�1(x) has fewer zeroes than there
are resonances. This implies that for N < 2P � 1
eq. (Eq. (18)) is still strictly satisfied for ŝ = M2

1

and that ŝ > M2
1 is needed in order to violate it:

N = 2P � 1 arcs allows an optimal estimate of the
EFT cut-o↵ M1, while for N < 2P � 1 the estimate
is always suboptimal.

As an example, consider two heavy particles 'i=1,2

of masses Mi and trilinear vertex gip
2
(@⇡)2'i/Mi,

matching Eq. (25) – here ⇡ is the massless state as-
sociated with the 2 ! 2 amplitude. The first 3 arcs
a0,1,2 populate the bulk of the allowed region A(2) of
Eq. (20) and Fig. 2, even for ŝ = M1. An estimate
of the cuto↵ using only these 3 arcs, ŝ2 < a1/a2,
produces values that are always above the true cut-
o↵ ŝ = M2

1 . By instead considering 4 arcs a0,1,2,3,
the estimated cuto↵ becomes exact: Eq. (26) is sat-
isfied for ŝ = M2

1 . Including 5 arcs, Eq. (16) is found
to be marginally satisfied, i.e. det H0

4 = 0, thus de-
termining the number of states.

B. Beyond Tree Level

Under which circumstances is the tree-level ap-
proximation an = c2n+2 for all n, a good approxi-
mation, and when do the conclusions of the previous
section hold?

To answer this, we study an EFT including RG
e↵ects, restricting for simplicity to the massless case
(where ŝ = s). Moreover, in order for the forward
limit to be well-defined, we focus on the case of a
Goldstone �, invariant under � ! � + b, where the
forward amplitude starts at order O(s2).7 Up to
O(s6) the most general amplitude can be written in
the upper half plane as,

M(s)=c2s
2 + s4 [c4+�4 log(�is)] � i⇡s5�5/2 (27)

+s6
⇥
c6 + �6 log(�is) + �0

6 log2(�is)
⇤
+ O(s7) ,

where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An

7
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where log is defined in the standard way, with the
cut on the negative real semi-axis. Then we have
2 log(�is) = log(s) + log(�s) for Ims � 0 and
log(s)� log(�s) = i⇡. For ease of notation we set the
RG scale µ = 1, but the generic choice is reinstated
through log(�is) ! log(�is/µ2), cn ! cn(µ). An

7
Monologue on forward amplitude...
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A(s)

8

explicit calculation for a U(1) Goldstone leads to 8

�4 = � 7

10

c2
2

16⇡2
, �5 = � 4

15

c2c2,1

16⇡2
,

�6 = �83

70

c4c2

16⇡2
� 1

30

c2
2,1

16⇡2
� 319

175

c3
2

(16⇡2)2
, (28)

�0
6 =

83

200

c3
2

(16⇡2)2
,

where c2,1 is the coe�cient of s2t in the non-forward
amplitude. At O(s6) in the energy-expansion,
Eq. (27) does not receive any further correction at
any number of loops. From Eq. (27), the first three
arcs read,

a0 =c2 +
s2

2
�4+

s3

3
�5+

s4

4

⇣
�6+

�0
6

2
(4 log s�1)

⌘
+· · · ,

a1 =c4(s) + s�5 +
s2

2

⇣
�6 + �0

6(2 log s � 1)
⌘

+ · · · ,

a2 =� �4

2s2
� �5

s
+ c6(s) + · · · , (29)

where

c4(s) ⌘ c4 + �4 log s (30)

c6(s) ⌘ c6 + �6 log s + �0
6(log2 s � ⇡2

12
) .

are RG invariant by construction, and are the natural
extensions of c4,6 in the interacting theory.

In Eq. (29) dots denote higher powers of s, of which
there are a priori infinitely many. If all such contri-
butions were comparable among them, and to cm(s)
in arc am, the EFT would have no predictive power.
A meaningful EFT exists only under certain (mild)
assumptions on the convergence of the series. A first
unavoidable assumption is perturbativity of the di-
mensionless couplings

g2
n ⌘ cn(s)sn . 4⇡ , (31)

which controls in absolute terms the strength of the
interactions and the IR loop expansion. For instance
Eq. (31) implies that the term �4s2 is always small
w.r.t. c2 in a0. We will always assume Eq. (31)
throughout this work.

In general, Eq. (31) does not imply that the tree-
level approximation holds. Indeed, there are many
more e↵ects that enter am, controlled by the ratios,

�nsn

cmsm
, (32)

8
By a slight abuse of notation, c4 in Eq. (27) di↵ers from the

tree-level amplitude in Eq. (22) by a finite one-loop piece:

c
(27)
4 = c

(22)
4 + 449c

2
2/(300(16⇡

2
)).

and we will refer to the situations where these param-
eters are small as relative perturbativity. For n < m
these parameters grow in the IR and are trivially
small in the UV, for n > m they grow in the UV
and are trivially small in the IR, and for n = m they
are associated with a logarithmic behaviour: they
correspond to relevant, irrelevant and marginal de-
formation from tree-level respectively. Many of these
e↵ects can be sizeable, compatibly with Eq. (31); this
is true both for relevant/marginal and for irrelevant
e↵ects, as we now discuss.

We will first study departures from the tree-level
limit an = c2n+2, controlled by the ratios in Eq. (32)
that are relevant in the IR. Specifically, we assume
coe�cients and energies so that

�nsn ⌧ cmsm (for n > m) , (33)

while focussing on the implications of sizeable
�nsn/cmsm for n  m.

These e↵ects dominate in the far IR s ! 0, as arcs
satisfy the asymptotics

a0 ! c2 , a1 ! �4 log s , an�2 ! � �4

(2n � 2)s2n�2

which for c2 > 0 fulfill all constraints given �4 < 0,
as implied by unitarity within the EFT:

0 > �s�4 2

⇡
ImM(s) = �4 + O(s) . (34)

What happens is that for s ! 0, the arcs are fully
dominated by the IR tail of the spectral density,
which is positive and fully determined by the leading
term / c2

2 in the 2 ! 2 cross-section. The Hausdor↵
condition is then trivially satisfied and, as graphi-
cally represented in Fig. 2, all red trajectories flow
to a common attractor as s ! 0. In the far IR,
therefore, the tree-level expectation is always vio-
lated for an, n > 0.

At finite energies, these e↵ects modify the allowed
region for the (running) Wilson coe�cients. Con-
sider first the positivity bound on a0. Here a0 ' c2,
as there are no possible relevant nor marginal per-
turbations that enter. The positivity constraint on
a0 therefore translates directly to

c2 > 0 , (35)

equivalent to the tree-level case.
Consider now two arcs. The size of �4/c4 controls

the logarithmic running in a1 ⇡ c4(s). Bounds on
arcs from section I A (in particular those related to
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Real bounds little stronger 
(supersoftness still dead)

Real bounds much weaker 
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Collinear Divergences

Large scale separation:
Bellazzini et al, to appear


Large EFT  
validity range

Amplitude 
analytic

<latexit sha1_base64="tsQUFTd/Enomawu117tdRg6fuQc=">AAACBnicbVC7TsNAEDzzDOFlQklzIkKiiuwoCMoIGsogkYcUm+h82YRTzg/u1ojISc9X0EJFh2j5DQr+BTu4gISpRjO72tnxIik0WtansbS8srq2Xtgobm5t7+yae6WWDmPFoclDGaqOxzRIEUATBUroRAqY70loe6OLzG/fg9IiDK5xHIHrs2EgBoIzTKWeWZrghDoS7mjNv6k6UlLdM8tWxZqBLhI7J2WSo9Ezv5x+yGMfAuSSad21rQjdhCkUXMK06MQaIsZHbAjdlAbMB+0ms+xTehRrhiGNQFEh6UyE3xsJ87Ue+1466TO81fNeJv7ndWMcnLmJCKIYIeDZIRQSZoc0VyItBWhfKEBkWXKgIqCcKYYISlDGeSrGaUvFtA97/vtF0qpW7JOKdVUr18/zZgrkgBySY2KTU1Inl6RBmoSTB/JEnsmL8Wi8Gm/G+8/okpHv7JM/MD6+AbRNmCo=</latexit>

|t|  4m2 ⌧ s

<latexit sha1_base64="W+REpdLKqfScsZ/jAomY3pF+lKI="></latexit>

A(s, t) = · · ·+ c2,2(s)s
2t2 +

c22
16⇡2

s2t2log
s

m2
+ · · ·



Collinear Divergences

Large scale separation:
Bellazzini et al, to appear


Large EFT  
validity range

Amplitude 
analytic

<latexit sha1_base64="tsQUFTd/Enomawu117tdRg6fuQc=">AAACBnicbVC7TsNAEDzzDOFlQklzIkKiiuwoCMoIGsogkYcUm+h82YRTzg/u1ojISc9X0EJFh2j5DQr+BTu4gISpRjO72tnxIik0WtansbS8srq2Xtgobm5t7+yae6WWDmPFoclDGaqOxzRIEUATBUroRAqY70loe6OLzG/fg9IiDK5xHIHrs2EgBoIzTKWeWZrghDoS7mjNv6k6UlLdM8tWxZqBLhI7J2WSo9Ezv5x+yGMfAuSSad21rQjdhCkUXMK06MQaIsZHbAjdlAbMB+0ms+xTehRrhiGNQFEh6UyE3xsJ87Ue+1466TO81fNeJv7ndWMcnLmJCKIYIeDZIRQSZoc0VyItBWhfKEBkWXKgIqCcKYYISlDGeSrGaUvFtA97/vtF0qpW7JOKdVUr18/zZgrkgBySY2KTU1Inl6RBmoSTB/JEnsmL8Wi8Gm/G+8/okpHv7JM/MD6+AbRNmCo=</latexit>

|t|  4m2 ⌧ s

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
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s

<latexit sha1_base64="W+REpdLKqfScsZ/jAomY3pF+lKI="></latexit>

A(s, t) = · · ·+ c2,2(s)s
2t2 +

c22
16⇡2

s2t2log
s

m2
+ · · ·



Collinear Divergences

Large scale separation:
Bellazzini et al, to appear


Large EFT  
validity range

Amplitude 
analytic

<latexit sha1_base64="tsQUFTd/Enomawu117tdRg6fuQc=">AAACBnicbVC7TsNAEDzzDOFlQklzIkKiiuwoCMoIGsogkYcUm+h82YRTzg/u1ojISc9X0EJFh2j5DQr+BTu4gISpRjO72tnxIik0WtansbS8srq2Xtgobm5t7+yae6WWDmPFoclDGaqOxzRIEUATBUroRAqY70loe6OLzG/fg9IiDK5xHIHrs2EgBoIzTKWeWZrghDoS7mjNv6k6UlLdM8tWxZqBLhI7J2WSo9Ezv5x+yGMfAuSSad21rQjdhCkUXMK06MQaIsZHbAjdlAbMB+0ms+xTehRrhiGNQFEh6UyE3xsJ87Ue+1466TO81fNeJv7ndWMcnLmJCKIYIeDZIRQSZoc0VyItBWhfKEBkWXKgIqCcKYYISlDGeSrGaUvFtA97/vtF0qpW7JOKdVUr18/zZgrkgBySY2KTU1Inl6RBmoSTB/JEnsmL8Wi8Gm/G+8/okpHv7JM/MD6+AbRNmCo=</latexit>

|t|  4m2 ⌧ s

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s

<latexit sha1_base64="W+REpdLKqfScsZ/jAomY3pF+lKI="></latexit>

A(s, t) = · · ·+ c2,2(s)s
2t2 +

c22
16⇡2

s2t2log
s

m2
+ · · ·



Collinear Divergences

Large scale separation:
Bellazzini et al, to appear


Large EFT  
validity range

Amplitude 
analytic

<latexit sha1_base64="tsQUFTd/Enomawu117tdRg6fuQc=">AAACBnicbVC7TsNAEDzzDOFlQklzIkKiiuwoCMoIGsogkYcUm+h82YRTzg/u1ojISc9X0EJFh2j5DQr+BTu4gISpRjO72tnxIik0WtansbS8srq2Xtgobm5t7+yae6WWDmPFoclDGaqOxzRIEUATBUroRAqY70loe6OLzG/fg9IiDK5xHIHrs2EgBoIzTKWeWZrghDoS7mjNv6k6UlLdM8tWxZqBLhI7J2WSo9Ezv5x+yGMfAuSSad21rQjdhCkUXMK06MQaIsZHbAjdlAbMB+0ms+xTehRrhiGNQFEh6UyE3xsJ87Ue+1466TO81fNeJv7ndWMcnLmJCKIYIeDZIRQSZoc0VyItBWhfKEBkWXKgIqCcKYYISlDGeSrGaUvFtA97/vtF0qpW7JOKdVUr18/zZgrkgBySY2KTU1Inl6RBmoSTB/JEnsmL8Wi8Gm/G+8/okpHv7JM/MD6+AbRNmCo=</latexit>

|t|  4m2 ⌧ s

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
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s

<latexit sha1_base64="W+REpdLKqfScsZ/jAomY3pF+lKI="></latexit>

A(s, t) = · · ·+ c2,2(s)s
2t2 +

c22
16⇡2

s2t2log
s

m2
+ · · ·



Collinear Divergences

Large scale separation:
Bellazzini et al, to appear


Large EFT  
validity range

Amplitude 
analytic

<latexit sha1_base64="tsQUFTd/Enomawu117tdRg6fuQc=">AAACBnicbVC7TsNAEDzzDOFlQklzIkKiiuwoCMoIGsogkYcUm+h82YRTzg/u1ojISc9X0EJFh2j5DQr+BTu4gISpRjO72tnxIik0WtansbS8srq2Xtgobm5t7+yae6WWDmPFoclDGaqOxzRIEUATBUroRAqY70loe6OLzG/fg9IiDK5xHIHrs2EgBoIzTKWeWZrghDoS7mjNv6k6UlLdM8tWxZqBLhI7J2WSo9Ezv5x+yGMfAuSSad21rQjdhCkUXMK06MQaIsZHbAjdlAbMB+0ms+xTehRrhiGNQFEh6UyE3xsJ87Ue+1466TO81fNeJv7ndWMcnLmJCKIYIeDZIRQSZoc0VyItBWhfKEBkWXKgIqCcKYYISlDGeSrGaUvFtA97/vtF0qpW7JOKdVUr18/zZgrkgBySY2KTU1Inl6RBmoSTB/JEnsmL8Wi8Gm/G+8/okpHv7JM/MD6+AbRNmCo=</latexit>

|t|  4m2 ⌧ s

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t

po
w
er

s 
o
f 

s

Bounds in t always affected: disappear for m->0

Effect small for finite mass
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<latexit sha1_base64="zecc7GEg8DAotX1MvnX7jsd9Dsk=">AAACCHicbVC7TsNAEDzzDOEVHh3NiQiJAkV2BIIygoYySOQhJZa1vmzCKeeH7tZIwfIP8BW0UNEhWv6Cgn/BCSkgYarRzK52dvxYSUO2/WktLC4tr6wW1orrG5tb26Wd3aaJEi2wISIV6bYPBpUMsUGSFLZjjRD4Clv+8Grst+5RGxmFtzSK0Q1gEMq+FEC55JX2u30NIhVeWj1xMpPlrJp5pbJdsSfg88SZkjKbou6Vvrq9SCQBhiQUGNNx7JjcFDRJoTArdhODMYghDLCT0xACNG46SZ/xo8QARTxGzaXiExF/b6QQGDMK/HwyALozs95Y/M/rJNS/cFMZxglhKMaHSCqcHDJCy7wW5D2pkQjGyZHLkAvQQIRachAiF5O8p2LehzP7/TxpVivOWcW+OS3XLqfNFNgBO2THzGHnrMauWZ01mGAP7Ik9sxfr0Xq13qz3n9EFa7qzx/7A+vgGJNyZlA==</latexit>c2,1s

c2

<latexit sha1_base64="NYtEMuEJpru6x796S5nv4htbQkc=">AAAB/3icbVC7TsNAEDyHVwivACXNiQgpNIkdgaCMoKEMEnlIiYnOl0045Xw2d2ukyErBV9BCRYdo+RQK/gXHuICEqUYzu9rZ8UIpDNr2p5VbWl5ZXcuvFzY2t7Z3irt7LRNEmkOTBzLQHY8ZkEJBEwVK6IQamO9JaHvjy5nffgBtRKBucBKC67OREkPBGSaS61R7MhiVTdW/rR33iyW7Yqegi8TJSIlkaPSLX71BwCMfFHLJjOk6dohuzDQKLmFa6EUGQsbHbATdhCrmg3HjNPSUHkWGYUBD0FRImorweyNmvjET30smfYZ3Zt6bif953QiH524sVBghKD47hEJCeshwLZI2gA6EBkQ2Sw5UKMqZZoigBWWcJ2KU1FNI+nDmv18krVrFOa3Y1yel+kXWTJ4ckENSJg45I3VyRRqkSTi5J0/kmbxYj9ar9Wa9/4zmrGxnn/yB9fENwQSVcw==</latexit>

1/ log(s/m2)

Tolley,Wang,Zhou’29

Caron-Huot,vanDuong’20

<latexit sha1_base64="W+REpdLKqfScsZ/jAomY3pF+lKI="></latexit>

A(s, t) = · · ·+ c2,2(s)s
2t2 +

c22
16⇡2

s2t2log
s

m2
+ · · ·



Summary

1m
10-15

10-35

107
1021

11027

10-8

IR UV

Unitarity
Causality

Lorentz invariance
LocalitySupersoftness

mHS>1/LHS

IR running important

momentsConstrained EFTs
Only 3(2) coefficients can dominate

<latexit sha1_base64="5DUnQzz5lNEnBaz/5r/vXSYQE24="></latexit>c2 c2,1 c2,2 · · ·
c4 c4,1 c4,2 · · ·
c6 c6,1 c6,2 · · ·
...

...
...

powers of t
po

w
er

s 
o
f 

s



Polygons vs Polynomials
Arkani-Hamed,Huang2,2020
 Bellazzini, Elias-Miro, Rattazzi, Riembau, FR’20


Positivity from geometry Different “functional”approach

Forward Bounds for infinite arcs same

ArcsResidues

Suitable for EFT cutoff estimate

Ideal for running
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Focus on “Optimal” bounds  
for finite many arcs, 
(both forward and at finite-t)

<latexit sha1_base64="Wa8k/niVYDh7kZ25A8HF0YjJYck=">AAACFnicbVC7TgJBFJ3FF+ILtbSZQEwwBtglGmlIiDaWmMgjASSzwwUnzD6YuWsgG3o/wa+w1crO2Npa+C8uSKHoqU7OuTf3nmP7Umg0zQ8jtrS8sroWX09sbG5t7yR392raCxSHKvekpxo20yCFC1UUKKHhK2COLaFuDy6mfv0OlBaee41jH9oO67uiJzjDSOokU1Z2lC9kRzeFfPG4xbse6tIwMzoqtfRQYRi5k04ybebMGehfYs1JmsxR6SQ/W12PBw64yCXTummZPrZDplBwCZNEK9DgMz5gfWhG1GUO6HY4yzKhh4Fm6FEfFBWSzkT4uREyR+uxY0eTDsNbvehNxf+8ZoC9YjsUrh8guHx6CIWE2SHNlYhKAtoVChDZ9HOgwqWcKYYISlDGeSQGUWuJqA9rMf1fUivkrNOceXWSLp/Pm4mTA5IiGWKRM1Iml6RCqoSTe/JInsiz8WC8GK/G2/dozJjv7JNfMN6/AA2snac=</latexit>

1� x/2� x2/8 + · · · = q(x) =
p
1� x

Two-sided bounds



Galileon Bounds

Galileons have tree-amplitudes
<latexit sha1_base64="VQhLHdXn3RrP6c6lIC7kWLpUX7c=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiAo0TATFL0Eol48RjALZKOnU4lNeha6a4Qw5Bv8BL/Cq568iVfx4L84Eyeg0Xd69V4VVfVsXwqNpvlhpObmFxaX0suZldW19Y3s5lZNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eFl7NfvQGnhuTc48qHtsIEr+oIzjKRu9uC8RI94NyweWmONQWlKO0WK+WlBsVPMd7M5s2BOQP8SKyE5kqDSzX62eh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMgG0IyoyxzQ7XDy0pjuBZqhR31QVEg6EeHnRMgcrUeOHXU6DG/1rBeL/3nNAPtn7VC4foDg8ngRCgmTRZorEWUFtCcUILL4cqDCpZwphghKUMZ5JAZReJkoD2v2+7+kVixYJwXz+jhXvkiSSZMdskv2iUVOSZlckQqpEk7uySN5Is/Gg/FivBpv360pI5nZJr9gvH8B+RWfkQ==</latexit>

A = �c2,1stu = c2,1s
2t+ c2,1st

2+
Nicolis,Rattazzi,Trincherini’09

Vanish in the forward limit, but enter at loop in <latexit sha1_base64="jLqsOsqsLvaRQrPcZJHa5AIntHU=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUAaJPKQkitaXTTjlfLbu1kiRlY+ghYoO0fI1FPwLtnEBCVONZna1s+NHSlpy3U9naXlldW29tFHe3Nre2a3s7bdsGBuBTRGq0HR8sKikxiZJUtiJDELgK2z7k5vMbz+isTLU9zSNsB/AWMuRFECp1O75SDC4GFSqbs3NwReJV5AqK9AYVL56w1DEAWoSCqztem5E/QQMSaFwVu7FFiMQExhjN6UaArT9JI8748exBQp5hIZLxXMRf28kEFg7Dfx0MgB6sPNeJv7ndWMaXfUTqaOYUIvsEEmF+SErjEx7QD6UBokgS45cai7AABEayUGIVIzTYsppH97894ukdVrzzmvu3Vm1fl00U2KH7IidMI9dsjq7ZQ3WZIJN2BN7Zi9O4rw6b877z+iSU+wcsD9wPr4BrK2T1g==</latexit>

�6



Galileon Bounds

Galileons have tree-amplitudes
<latexit sha1_base64="VQhLHdXn3RrP6c6lIC7kWLpUX7c=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiAo0TATFL0Eol48RjALZKOnU4lNeha6a4Qw5Bv8BL/Cq568iVfx4L84Eyeg0Xd69V4VVfVsXwqNpvlhpObmFxaX0suZldW19Y3s5lZNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eFl7NfvQGnhuTc48qHtsIEr+oIzjKRu9uC8RI94NyweWmONQWlKO0WK+WlBsVPMd7M5s2BOQP8SKyE5kqDSzX62eh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMgG0IyoyxzQ7XDy0pjuBZqhR31QVEg6EeHnRMgcrUeOHXU6DG/1rBeL/3nNAPtn7VC4foDg8ngRCgmTRZorEWUFtCcUILL4cqDCpZwphghKUMZ5JAZReJkoD2v2+7+kVixYJwXz+jhXvkiSSZMdskv2iUVOSZlckQqpEk7uySN5Is/Gg/FivBpv360pI5nZJr9gvH8B+RWfkQ==</latexit>

A = �c2,1stu = c2,1s
2t+ c2,1st

2+
Nicolis,Rattazzi,Trincherini’09

Vanish in the forward limit, but enter at loop in <latexit sha1_base64="jLqsOsqsLvaRQrPcZJHa5AIntHU=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUAaJPKQkitaXTTjlfLbu1kiRlY+ghYoO0fI1FPwLtnEBCVONZna1s+NHSlpy3U9naXlldW29tFHe3Nre2a3s7bdsGBuBTRGq0HR8sKikxiZJUtiJDELgK2z7k5vMbz+isTLU9zSNsB/AWMuRFECp1O75SDC4GFSqbs3NwReJV5AqK9AYVL56w1DEAWoSCqztem5E/QQMSaFwVu7FFiMQExhjN6UaArT9JI8748exBQp5hIZLxXMRf28kEFg7Dfx0MgB6sPNeJv7ndWMaXfUTqaOYUIvsEEmF+SErjEx7QD6UBokgS45cai7AABEayUGIVIzTYsppH97894ukdVrzzmvu3Vm1fl00U2KH7IidMI9dsjq7ZQ3WZIJN2BN7Zi9O4rw6b877z+iSU+wcsD9wPr4BrK2T1g==</latexit>

�6

<latexit sha1_base64="s1lwh/kzoYCchVDnV5bQAojsN6Q=">AAACB3icbVC7TsNAEDzzDOFlSElzIkKiiuwoCMoIGsogkYeUhGh92YRTzg/drZEiKx/AV9BCRYdo+QwK/gXHuICEqUYzu9rZ8SIlDTnOp7Wyura+sVnYKm7v7O7t2weHLRPGWmBThCrUHQ8MKhlgkyQp7EQawfcUtr3J1dxvP6A2MgxuaRph34dxIEdSAKXSwC71RhpEIgY1bu6qs5RUZwO77FScDHyZuDkpsxyNgf3VG4Yi9jEgocCYrutE1E9AkxQKZ8VebDACMYExdlMagI+mn2ThZ/wkNkAhj1BzqXgm4u+NBHxjpr6XTvpA92bRm4v/ed2YRhf9RAZRTBiI+SGSCrNDRmiZtoJ8KDUSwTw5chlwARqIUEsOQqRinNZUTPtwF79fJq1qxT2rODe1cv0yb6bAjtgxO2UuO2d1ds0arMkEm7In9sxerEfr1Xqz3n9GV6x8p8T+wPr4BvhamOc=</latexit>

c4s2

c2

<latexit sha1_base64="QG0SYpVBvENqxN/vzeR9K2x+mNY=">AAACB3icbVDLTgJBEJzFF+IL5ehlIjHxRHYJPo5ELx4xkUcCK+kdGpww+8hMrwnZ8AF+hVc9eTNe/QwP/osL7kHBOlWqutPV5UVKGrLtTyu3srq2vpHfLGxt7+zuFfcPWiaMtcCmCFWoOx4YVDLAJklS2Ik0gu8pbHvjq5nffkBtZBjc0iRC14dRIIdSAKVSv1jqDTWIRPTPuLmrTVNSnfaLZbtiz8GXiZORMsvQ6Be/eoNQxD4GJBQY03XsiNwENEmhcFroxQYjEGMYYTelAfho3GQefsqPYwMU8gg1l4rPRfy9kYBvzMT30kkf6N4sejPxP68b0/DCTWQQxYSBmB0iqXB+yAgt01aQD6RGIpglRy4DLkADEWrJQYhUjNOaCmkfzuL3y6RVrTinFfumVq5fZs3k2SE7YifMYeeszq5ZgzWZYBP2xJ7Zi/VovVpv1vvPaM7KdkrsD6yPb/62mOs=</latexit>

c6s4

c2

��� ��� ��� ��� ��� ���
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����/��
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Trajectories as 
 energy increases

Trajectories with 
 loop effects

<latexit sha1_base64="7dVZJCEt+PMAcS8vYs6MXQo9Woc=">AAACDnicbVC5TsNAFFyHK4TLQAfNigiJAkV2CEdBEUFDGSRySDms9eYlrLI+tPuMFFmW+AS+ghYqOkTLL1DwL9ghBQSmGs28p/dm3FAKjZb1YeTm5hcWl/LLhZXVtfUNc3OroYNIcajzQAaq5TINUvhQR4ESWqEC5rkSmu7oMvObd6C0CPwbHIfQ9djQFwPBGaaSY+5wJy4f2kmvfG6fdELRK9NUqSS6d+SYRatkTUD/EntKimSKmmN+dvoBjzzwkUumddu2QuzGTKHgEpJCJ9IQMj5iQ2in1Gce6G48yZDQ/UgzDGgIigpJJyL83IiZp/XYc9NJj+GtnvUy8T+vHeHgrBsLP4wQfJ4dQiFhckhzJdJygPaFAkSWfQ5U+JQzxRBBCco4T8UobauQ9mHPpv9LGuWSfVyyrivF6sW0mTzZJXvkgNjklFTJFamROuHknjySJ/JsPBgvxqvx9j2aM6Y72+QXjPcvRR+aiw==</latexit>

c22,1 < 16⇡2c4s
3



Galileon Bounds

Galileons have tree-amplitudes
<latexit sha1_base64="VQhLHdXn3RrP6c6lIC7kWLpUX7c=">AAACHXicbVDJSgNBEO2JW4xb1KOXxiAo0TATFL0Eol48RjALZKOnU4lNeha6a4Qw5Bv8BL/Cq568iVfx4L84Eyeg0Xd69V4VVfVsXwqNpvlhpObmFxaX0suZldW19Y3s5lZNe4HiUOWe9FTDZhqkcKGKAiU0fAXMsSXU7eFl7NfvQGnhuTc48qHtsIEr+oIzjKRu9uC8RI94NyweWmONQWlKO0WK+WlBsVPMd7M5s2BOQP8SKyE5kqDSzX62eh4PHHCRS6Z10zJ9bIdMoeASxplWoMFnfMgG0IyoyxzQ7XDy0pjuBZqhR31QVEg6EeHnRMgcrUeOHXU6DG/1rBeL/3nNAPtn7VC4foDg8ngRCgmTRZorEWUFtCcUILL4cqDCpZwphghKUMZ5JAZReJkoD2v2+7+kVixYJwXz+jhXvkiSSZMdskv2iUVOSZlckQqpEk7uySN5Is/Gg/FivBpv360pI5nZJr9gvH8B+RWfkQ==</latexit>

A = �c2,1stu = c2,1s
2t+ c2,1st

2+
Nicolis,Rattazzi,Trincherini’09

Vanish in the forward limit, but enter at loop in <latexit sha1_base64="jLqsOsqsLvaRQrPcZJHa5AIntHU=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESFRRTbiVUbQUAaJPKQkitaXTTjlfLbu1kiRlY+ghYoO0fI1FPwLtnEBCVONZna1s+NHSlpy3U9naXlldW29tFHe3Nre2a3s7bdsGBuBTRGq0HR8sKikxiZJUtiJDELgK2z7k5vMbz+isTLU9zSNsB/AWMuRFECp1O75SDC4GFSqbs3NwReJV5AqK9AYVL56w1DEAWoSCqztem5E/QQMSaFwVu7FFiMQExhjN6UaArT9JI8748exBQp5hIZLxXMRf28kEFg7Dfx0MgB6sPNeJv7ndWMaXfUTqaOYUIvsEEmF+SErjEx7QD6UBokgS45cai7AABEayUGIVIzTYsppH97894ukdVrzzmvu3Vm1fl00U2KH7IidMI9dsjq7ZQ3WZIJN2BN7Zi9O4rw6b877z+iSU+wcsD9wPr4BrK2T1g==</latexit>
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c22,1 < 16⇡2c4s
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Galileon Bounds

Galileons have tree-amplitudes
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A = �c2,1stu = c2,1s
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2+
Nicolis,Rattazzi,Trincherini’09
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c22,1 < 16⇡2c4s
3 Tolley,Wang,Zhou’29


Caron-Huot,vanDuong’20




Galileon Bounds

Galileons have tree-amplitudes
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2t+ c2,1st

2+
Nicolis,Rattazzi,Trincherini’09
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c22,1 < 16⇡2c4s
3

Upper bound crucial for massive gravity Bellazzini, FR, Serra, Sgarlata ’17(PRL)


Tolley,Wang,Zhou’29

Caron-Huot,vanDuong’20



