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Effective Operators

• how do we classify effective operators?

• long-standing problem since 80’s

• conformal field theory helps in SM and any 
other renormalizable field theory

• also chiral Lagrangian using Hodge theory

• and connect to phenomenology!



Introduction



no sign of new physics

“The	2	TeV	line	has	been	reached	for	some	scenarios”	 22	





why effective operators
• No signal of BSM @ LHC so far
• use effective operators to parametrize 

physics at higher energies
• precision electroweak
• precision Higgs
• precision flavor
• B, L violation

• once deviation ⇒ BSM theory

• similar to four-fermion operators in weak 
interactions ⇒ Standard Model



Rare effects from  
high energies

• Effects of high-energy physics as effective 
operators added to the standard model

• can be classified systematically
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Atmospheric neutrinos

IMB, PRL 69, 1010 (1992)
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unique role of mν
• Lowest order effect of physics at short 

distances
• tiny effect: (mν/Eν)2≈(0.1eV/GeV)2≈10–20!
• interferometry (e.g. Michaelson-Morley)
• need a coherent source
• need a long baseline
• need interference (i.e. large mixing angle)

• Nature was kind to provide them all!
• neutrino interferometry (a.k.a. oscillation) a 

unique tool to study physics at very high E
• probing up to Λ≈1015 GeV



Effective Operators
• Surprisingly difficult question
• In the case of the Standard Model
• Weinberg (1980) on D=6 B, D=5 L
• Buchmüller-Wyler (1986) on D=6 ops
• 80 operators for Nf=1, B, L conserving

• Grzadkowski et al (2010) removed 
redundancies and discovered one missed
• 59 operators for Nf=1, B, L conserving

• Mahonar et al (2013) general Nf

• Lehman-Martin (2014,15) D=7 for 
general Nf, D=8 for Nf=1 (incomplete)

/ /



where the + . . . inside the large brackets are terms which evaluate to zero upon performing
the contour integrals. This is the Hilbert series for dimension-five operators in the SM EFT.
One readily identifies that the Hilbert series is picking up the well known operators which
give neutrino masses.

Repeating this at order ✏6 we obtain the Hilbert series for dimension-six operators of
the SM EFT:

bH6 = H3H† 3 + u†Q†HH† 2 + 2Q2Q† 2 +Q† 3L† +Q3L+ 2QQ†LL† + L2L† 2 + uQH2H†

+2uu†QQ† + uu†LL† + u2u† 2 + e†u†Q2 + e†L†H2H† + 2e†u†Q†L† + eLHH† 2 + euQ† 2

+2euQL+ ee†QQ† + ee†LL† + ee†uu† + e2e† 2 + d†Q†H2H† + 2d†u†Q† 2 + d†u†QL

+ d†e†u† 2 + d†eQ†L+ dQHH† 2 + 2duQ2 + duQ†L† + de†QL† + deu2 + 2dd†QQ† + dd†LL†

+2dd†uu† + dd†ee† + d2d† 2 + u†Q†H†GR + d†Q†HGR +HH†G2
R
+G3

R
+ uQHGL

+ dQH†GL +HH†G2
L
+G3

L
+ u†Q†H†WR + e†L†HWR + d†Q†HWR +HH†W 2

R
+W 3

R

+uQHWL + eLH†WL + dQH†WL +HH†W 2
L
+W 3

L
+ u†Q†H†BR + e†L†HBR

+ d†Q†HBR +HH†BRWR +HH†B2
R
+ uQHBL + eLH†BL + dQH†BL +HH†BLWL

+HH†B2
L
+ 2QQ†HH†

D + 2LL†HH†
D + uu†HH†

D + ee†HH†
D + d†uH2

D + du†H† 2
D

+ dd†HH†
D + 2H2H† 2

D
2 . (3.16)

Setting all of the spurions equal to unity gives bH6 = 84, the total number of independent
local operators at dimension 6, but more information is contained in eq.(3.16). For instance,
the counting can easily be further decomposed by baryon number violation, 76 + 8. The
perhaps more familiar ‘59 + 4’ counting is one in which hermitian conjugates of fermionic
operators are not counted separately (such counting can of course also be obtained from
eq. (3.16)).

Explicit form of the operators

At low dimensions (including dimension 7 and 8), explicitly constructing an operator basis
requires minimal effort. For example, the +Q3L term in eq. (3.16) tells us that there
is one independent operator composed of three powers of Q and one power of L; the
+2LL†QQ† term that there are two independent operators composed of one power each of
L,L†, Q and Q†; the +2HH†QQ†

D term that there are two independent operators com-
posed of H,H†, Q,Q† and one covariant derivative, etc. Exactly how derivatives act and
how Lorentz and gauge indices are contracted is information beyond what the Hilbert se-
ries can provide. However, such information can be easily deduced for low-order terms.
For example, in the 2HH†QQ†

D term, because the combination QQ† has to be formed
into a Lorentz singlet, it follows there must be a /D = �µDµ, i.e. Q̄�µQDµ; the gauge
indices can be contracted in two inequivalent ways: i

⇥
H†(DµH)� (DµH†)H

⇤
Q̄�µQ and

i
⇥
H†⌧a(DµH)� (DµH†)⌧aH

⇤
Q̄�µ⌧aQ, where ⌧a are the SU(2)W generators.

Multiple flavors

The inclusion of additional fermion families is trivial—simply add the extra fields into the
PE. Alternatively the PE of each fermion family can be raised to the power of Nf—the
results we selected to show below use this counting for ease of display, but in doing this

– 11 –
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where the + . . . inside the large brackets are terms which evaluate to zero upon performing
the contour integrals. This is the Hilbert series for dimension-five operators in the SM EFT.
One readily identifies that the Hilbert series is picking up the well known operators which
give neutrino masses.

Repeating this at order ✏6 we obtain the Hilbert series for dimension-six operators of
the SM EFT:
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+2euQL+ ee†QQ† + ee†LL† + ee†uu† + e2e† 2 + d†Q†H2H† + 2d†u†Q† 2 + d†u†QL
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Setting all of the spurions equal to unity gives bH6 = 84, the total number of independent
local operators at dimension 6, but more information is contained in eq.(3.16). For instance,
the counting can easily be further decomposed by baryon number violation, 76 + 8. The
perhaps more familiar ‘59 + 4’ counting is one in which hermitian conjugates of fermionic
operators are not counted separately (such counting can of course also be obtained from
eq. (3.16)).

Explicit form of the operators

At low dimensions (including dimension 7 and 8), explicitly constructing an operator basis
requires minimal effort. For example, the +Q3L term in eq. (3.16) tells us that there
is one independent operator composed of three powers of Q and one power of L; the
+2LL†QQ† term that there are two independent operators composed of one power each of
L,L†, Q and Q†; the +2HH†QQ†

D term that there are two independent operators com-
posed of H,H†, Q,Q† and one covariant derivative, etc. Exactly how derivatives act and
how Lorentz and gauge indices are contracted is information beyond what the Hilbert se-
ries can provide. However, such information can be easily deduced for low-order terms.
For example, in the 2HH†QQ†

D term, because the combination QQ† has to be formed
into a Lorentz singlet, it follows there must be a /D = �µDµ, i.e. Q̄�µQDµ; the gauge
indices can be contracted in two inequivalent ways: i

⇥
H†(DµH)� (DµH†)H

⇤
Q̄�µQ and

i
⇥
H†⌧a(DµH)� (DµH†)⌧aH

⇤
Q̄�µ⌧aQ, where ⌧a are the SU(2)W generators.

Multiple flavors

The inclusion of additional fermion families is trivial—simply add the extra fields into the
PE. Alternatively the PE of each fermion family can be raised to the power of Nf—the
results we selected to show below use this counting for ease of display, but in doing this
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where the + . . . inside the large brackets are terms which evaluate to zero upon performing
the contour integrals. This is the Hilbert series for dimension-five operators in the SM EFT.
One readily identifies that the Hilbert series is picking up the well known operators which
give neutrino masses.

Repeating this at order ✏6 we obtain the Hilbert series for dimension-six operators of
the SM EFT:

bH6 = H3H† 3 + u†Q†HH† 2 + 2Q2Q† 2 +Q† 3L† +Q3L+ 2QQ†LL† + L2L† 2 + uQH2H†

+2uu†QQ† + uu†LL† + u2u† 2 + e†u†Q2 + e†L†H2H† + 2e†u†Q†L† + eLHH† 2 + euQ† 2

+2euQL+ ee†QQ† + ee†LL† + ee†uu† + e2e† 2 + d†Q†H2H† + 2d†u†Q† 2 + d†u†QL

+ d†e†u† 2 + d†eQ†L+ dQHH† 2 + 2duQ2 + duQ†L† + de†QL† + deu2 + 2dd†QQ† + dd†LL†
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+ dd†HH†
D + 2H2H† 2

D
2 . (3.16)

Setting all of the spurions equal to unity gives bH6 = 84, the total number of independent
local operators at dimension 6, but more information is contained in eq.(3.16). For instance,
the counting can easily be further decomposed by baryon number violation, 76 + 8. The
perhaps more familiar ‘59 + 4’ counting is one in which hermitian conjugates of fermionic
operators are not counted separately (such counting can of course also be obtained from
eq. (3.16)).

Explicit form of the operators

At low dimensions (including dimension 7 and 8), explicitly constructing an operator basis
requires minimal effort. For example, the +Q3L term in eq. (3.16) tells us that there
is one independent operator composed of three powers of Q and one power of L; the
+2LL†QQ† term that there are two independent operators composed of one power each of
L,L†, Q and Q†; the +2HH†QQ†

D term that there are two independent operators com-
posed of H,H†, Q,Q† and one covariant derivative, etc. Exactly how derivatives act and
how Lorentz and gauge indices are contracted is information beyond what the Hilbert se-
ries can provide. However, such information can be easily deduced for low-order terms.
For example, in the 2HH†QQ†

D term, because the combination QQ† has to be formed
into a Lorentz singlet, it follows there must be a /D = �µDµ, i.e. Q̄�µQDµ; the gauge
indices can be contracted in two inequivalent ways: i

⇥
H†(DµH)� (DµH†)H

⇤
Q̄�µQ and

i
⇥
H†⌧a(DµH)� (DµH†)⌧aH

⇤
Q̄�µ⌧aQ, where ⌧a are the SU(2)W generators.

Multiple flavors

The inclusion of additional fermion families is trivial—simply add the extra fields into the
PE. Alternatively the PE of each fermion family can be raised to the power of Nf—the
results we selected to show below use this counting for ease of display, but in doing this
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where the + . . . inside the large brackets are terms which evaluate to zero upon performing
the contour integrals. This is the Hilbert series for dimension-five operators in the SM EFT.
One readily identifies that the Hilbert series is picking up the well known operators which
give neutrino masses.

Repeating this at order ✏6 we obtain the Hilbert series for dimension-six operators of
the SM EFT:

bH6 = H3H† 3 + u†Q†HH† 2 + 2Q2Q† 2 +Q† 3L† +Q3L+ 2QQ†LL† + L2L† 2 + uQH2H†

+2uu†QQ† + uu†LL† + u2u† 2 + e†u†Q2 + e†L†H2H† + 2e†u†Q†L† + eLHH† 2 + euQ† 2

+2euQL+ ee†QQ† + ee†LL† + ee†uu† + e2e† 2 + d†Q†H2H† + 2d†u†Q† 2 + d†u†QL

+ d†e†u† 2 + d†eQ†L+ dQHH† 2 + 2duQ2 + duQ†L† + de†QL† + deu2 + 2dd†QQ† + dd†LL†

+2dd†uu† + dd†ee† + d2d† 2 + u†Q†H†GR + d†Q†HGR +HH†G2
R
+G3

R
+ uQHGL

+ dQH†GL +HH†G2
L
+G3

L
+ u†Q†H†WR + e†L†HWR + d†Q†HWR +HH†W 2

R
+W 3

R

+uQHWL + eLH†WL + dQH†WL +HH†W 2
L
+W 3

L
+ u†Q†H†BR + e†L†HBR

+ d†Q†HBR +HH†BRWR +HH†B2
R
+ uQHBL + eLH†BL + dQH†BL +HH†BLWL

+HH†B2
L
+ 2QQ†HH†

D + 2LL†HH†
D + uu†HH†

D + ee†HH†
D + d†uH2

D + du†H† 2
D

+ dd†HH†
D + 2H2H† 2

D
2 . (3.16)

Setting all of the spurions equal to unity gives bH6 = 84, the total number of independent
local operators at dimension 6, but more information is contained in eq.(3.16). For instance,
the counting can easily be further decomposed by baryon number violation, 76 + 8. The
perhaps more familiar ‘59 + 4’ counting is one in which hermitian conjugates of fermionic
operators are not counted separately (such counting can of course also be obtained from
eq. (3.16)).

Explicit form of the operators

At low dimensions (including dimension 7 and 8), explicitly constructing an operator basis
requires minimal effort. For example, the +Q3L term in eq. (3.16) tells us that there
is one independent operator composed of three powers of Q and one power of L; the
+2LL†QQ† term that there are two independent operators composed of one power each of
L,L†, Q and Q†; the +2HH†QQ†

D term that there are two independent operators com-
posed of H,H†, Q,Q† and one covariant derivative, etc. Exactly how derivatives act and
how Lorentz and gauge indices are contracted is information beyond what the Hilbert se-
ries can provide. However, such information can be easily deduced for low-order terms.
For example, in the 2HH†QQ†

D term, because the combination QQ† has to be formed
into a Lorentz singlet, it follows there must be a /D = �µDµ, i.e. Q̄�µQDµ; the gauge
indices can be contracted in two inequivalent ways: i

⇥
H†(DµH)� (DµH†)H

⇤
Q̄�µQ and

i
⇥
H†⌧a(DµH)� (DµH†)⌧aH

⇤
Q̄�µ⌧aQ, where ⌧a are the SU(2)W generators.

Multiple flavors

The inclusion of additional fermion families is trivial—simply add the extra fields into the
PE. Alternatively the PE of each fermion family can be raised to the power of Nf—the
results we selected to show below use this counting for ease of display, but in doing this
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   f =
      2*L^2*Ld^2*t^2 + 2*ee*ed*L*Ld*t^2 + ee^2*ed^2*t^2 + 2*d*dd*L*Ld*t^2 + 2*
      d*dd*ee*ed*t^2 + 2*d^2*dd^2*t^2 + ud^2*dd*ed*t^2 + 2*u*ud*L*Ld*t^2 + 2*u
      *ud*ee*ed*t^2 + 4*u*ud*d*dd*t^2 + u^2*d*ee*t^2 + 2*u^2*ud^2*t^2 + 2*Qd*
      dd*ee*L*t^2 + 3*Qd*ud*ed*Ld*t^2 + 2*Qd*u*d*Ld*t^2 + 3*Qd^2*ud*dd*t^2 + 
      Qd^2*u*ee*t^2 + Qd^3*Ld*t^2 + 2*Q*d*ed*Ld*t^2 + 2*Q*ud*dd*L*t^2 + 3*Q*u*
      ee*L*t^2 + 4*Q*Qd*L*Ld*t^2 + 2*Q*Qd*ee*ed*t^2 + 4*Q*Qd*d*dd*t^2 + 4*Q*Qd
      *u*ud*t^2 + Q^2*ud*ed*t^2 + 3*Q^2*u*d*t^2 + 4*Q^2*Qd^2*t^2 + Q^3*L*t^2
       + Wr*L^2*Ld^2 + Wr*ee*ed*L*Ld + Wr*d*dd*L*Ld + Wr*u*ud*L*Ld + Wr*Qd*dd*
      ee*L + 3*Wr*Qd*ud*ed*Ld + Wr*Qd*u*d*Ld + 3*Wr*Qd^2*ud*dd + Wr*Qd^2*u*ee
       + 2*Wr*Qd^3*Ld + Wr*Q*d*ed*Ld + Wr*Q*ud*dd*L + 3*Wr*Q*Qd*L*Ld + Wr*Q*Qd
      *ee*ed + 2*Wr*Q*Qd*d*dd + 2*Wr*Q*Qd*u*ud + 2*Wr*Q^2*Qd^2 + Wr^2*L*Ld*t
       + Wr^2*Q*Qd*t + 2*Wr^4 + Wl*L^2*Ld^2 + Wl*ee*ed*L*Ld + Wl*d*dd*L*Ld + 
      Wl*u*ud*L*Ld + Wl*Qd*dd*ee*L + Wl*Qd*u*d*Ld + Wl*Q*d*ed*Ld + Wl*Q*ud*dd*
      L + 3*Wl*Q*u*ee*L + 3*Wl*Q*Qd*L*Ld + Wl*Q*Qd*ee*ed + 2*Wl*Q*Qd*d*dd + 2*
      Wl*Q*Qd*u*ud + Wl*Q^2*ud*ed + 3*Wl*Q^2*u*d + 2*Wl*Q^2*Qd^2 + 2*Wl*Q^3*L
       + 2*Wl*Wr*L*Ld*t + Wl*Wr*ee*ed*t + Wl*Wr*d*dd*t + Wl*Wr*u*ud*t + 2*Wl*
      Wr*Q*Qd*t + Wl^2*L*Ld*t + Wl^2*Q*Qd*t + 2*Wl^2*Wr^2 + 2*Wl^4 + Gr*d*dd*L
      *Ld + Gr*d*dd*ee*ed + Gr*d^2*dd^2 + 3*Gr*ud^2*dd*ed + Gr*u*ud*L*Ld + Gr*
      u*ud*ee*ed + 4*Gr*u*ud*d*dd + Gr*u^2*ud^2 + Gr*Qd*dd*ee*L + 3*Gr*Qd*ud*
      ed*Ld + 2*Gr*Qd*u*d*Ld + 6*Gr*Qd^2*ud*dd + Gr*Qd^2*u*ee + 2*Gr*Qd^3*Ld
       + Gr*Q*d*ed*Ld + 2*Gr*Q*ud*dd*L + 2*Gr*Q*Qd*L*Ld + Gr*Q*Qd*ee*ed + 4*Gr
      *Q*Qd*d*dd + 4*Gr*Q*Qd*u*ud + Gr*Q^2*ud*ed + 2*Gr*Q^2*Qd^2 + Gr*Wr*Q*Qd*
      t + Gr*Wl*Q*Qd*t + Gr^2*d*dd*t + Gr^2*u*ud*t + Gr^2*Q*Qd*t + 2*Gr^2*Wr^2
       + Gr^2*Wl^2 + 3*Gr^4 + Gl*d*dd*L*Ld + Gl*d*dd*ee*ed + Gl*d^2*dd^2 + Gl*
      u*ud*L*Ld + Gl*u*ud*ee*ed + 4*Gl*u*ud*d*dd + 3*Gl*u^2*d*ee + Gl*u^2*ud^2
       + Gl*Qd*dd*ee*L + 2*Gl*Qd*u*d*Ld + Gl*Qd^2*u*ee + Gl*Q*d*ed*Ld + 2*Gl*Q
      *ud*dd*L + 3*Gl*Q*u*ee*L + 2*Gl*Q*Qd*L*Ld + Gl*Q*Qd*ee*ed + 4*Gl*Q*Qd*d*
      dd + 4*Gl*Q*Qd*u*ud + Gl*Q^2*ud*ed + 6*Gl*Q^2*u*d + 2*Gl*Q^2*Qd^2 + 2*Gl
      *Q^3*L + Gl*Wr*Q*Qd*t + Gl*Wl*Q*Qd*t + Gl*Gr*L*Ld*t + Gl*Gr*ee*ed*t + 3*
      Gl*Gr*d*dd*t + 3*Gl*Gr*u*ud*t + 3*Gl*Gr*Q*Qd*t + Gl*Gr*Wl*Wr + Gl^2*d*dd
      *t + Gl^2*u*ud*t + Gl^2*Q*Qd*t + Gl^2*Wr^2 + 2*Gl^2*Wl^2 + 3*Gl^2*Gr^2
       + 3*Gl^4 + Br*ee*ed*L*Ld + Br*d*dd*L*Ld + Br*d*dd*ee*ed + 2*Br*ud^2*dd*
      ed + Br*u*ud*L*Ld + Br*u*ud*ee*ed + 2*Br*u*ud*d*dd + Br*Qd*dd*ee*L + 3*
      Br*Qd*ud*ed*Ld + Br*Qd*u*d*Ld + 3*Br*Qd^2*ud*dd + Br*Qd^3*Ld + Br*Q*d*ed
      *Ld + Br*Q*ud*dd*L + 2*Br*Q*Qd*L*Ld + Br*Q*Qd*ee*ed + 2*Br*Q*Qd*d*dd + 2
      *Br*Q*Qd*u*ud + Br*Q^2*ud*ed + Br*Wr*L*Ld*t + Br*Wr*Q*Qd*t + Br*Wl*L*Ld*
      t + Br*Wl*Q*Qd*t + Br*Gr*d*dd*t + Br*Gr*u*ud*t + Br*Gr*Q*Qd*t + Br*Gr^3
       + Br*Gl*d*dd*t + Br*Gl*u*ud*t + Br*Gl*Q*Qd*t + Br*Gl^2*Gr + 2*Br^2*Wr^2
       + Br^2*Wl^2 + 2*Br^2*Gr^2 + Br^2*Gl^2 + Br^4 + Bl*ee*ed*L*Ld + Bl*d*dd*
      L*Ld + Bl*d*dd*ee*ed + Bl*u*ud*L*Ld + Bl*u*ud*ee*ed + 2*Bl*u*ud*d*dd + 2
      *Bl*u^2*d*ee + Bl*Qd*dd*ee*L + Bl*Qd*u*d*Ld + Bl*Qd^2*u*ee + Bl*Q*d*ed*
      Ld + Bl*Q*ud*dd*L + 3*Bl*Q*u*ee*L + 2*Bl*Q*Qd*L*Ld + Bl*Q*Qd*ee*ed + 2*
      Bl*Q*Qd*d*dd + 2*Bl*Q*Qd*u*ud + 3*Bl*Q^2*u*d + Bl*Q^3*L + Bl*Wr*L*Ld*t
       + Bl*Wr*Q*Qd*t + Bl*Wl*L*Ld*t + Bl*Wl*Q*Qd*t + Bl*Gr*d*dd*t + Bl*Gr*u*
      ud*t + Bl*Gr*Q*Qd*t + Bl*Gl*d*dd*t + Bl*Gl*u*ud*t + Bl*Gl*Q*Qd*t + Bl*Gl
      *Gr^2 + Bl*Gl^3 + Bl*Br*L*Ld*t + Bl*Br*ee*ed*t + Bl*Br*d*dd*t + Bl*Br*u*
      ud*t + Bl*Br*Q*Qd*t + Bl*Br*Wl*Wr + Bl*Br*Gl*Gr + Bl^2*Wr^2 + 2*Bl^2*
      Wl^2 + Bl^2*Gr^2 + 2*Bl^2*Gl^2 + Bl^2*Br^2 + Bl^4 + 3*Hd*ee*L^2*Ld*t + 
      Hd*ee^2*ed*L*t + 3*Hd*d*dd*ee*L*t + 3*Hd*ud*d*ed*Ld*t + 2*Hd*ud^2*dd*L*t
       + 2*Hd*u*d^2*Ld*t + 3*Hd*u*ud*ee*L*t + 6*Hd*Qd*ud*L*Ld*t + 3*Hd*Qd*ud*
      ee*ed*t + 6*Hd*Qd*ud*d*dd*t + 3*Hd*Qd*u*d*ee*t + 3*Hd*Qd*u*ud^2*t + 3*Hd
      *Qd^2*d*Ld*t + Hd*Qd^3*ee*t + 6*Hd*Q*d*L*Ld*t + 3*Hd*Q*d*ee*ed*t + 3*Hd*
      Q*d^2*dd*t + 2*Hd*Q*ud^2*ed*t + 6*Hd*Q*u*ud*d*t + 6*Hd*Q*Qd*ee*L*t + 6*
      Hd*Q*Qd^2*ud*t + 3*Hd*Q^2*ud*L*t + 6*Hd*Q^2*Qd*d*t + Hd*Wr*ee*L*t^2 + 2*
      Hd*Wr*Qd*ud*t^2 + Hd*Wr*Q*d*t^2 + Hd*Wr^2*ee*L + 2*Hd*Wr^2*Qd*ud + Hd*
      Wr^2*Q*d + 2*Hd*Wl*ee*L*t^2 + Hd*Wl*Qd*ud*t^2 + 2*Hd*Wl*Q*d*t^2 + 2*Hd*
      Wl^2*ee*L + Hd*Wl^2*Qd*ud + 2*Hd*Wl^2*Q*d + 2*Hd*Gr*Qd*ud*t^2 + Hd*Gr*Q*
      d*t^2 + 2*Hd*Gr*Wr*Qd*ud + Hd*Gr*Wr*Q*d + Hd*Gr^2*ee*L + 3*Hd*Gr^2*Qd*ud
       + 2*Hd*Gr^2*Q*d + Hd*Gl*Qd*ud*t^2 + 2*Hd*Gl*Q*d*t^2 + Hd*Gl*Wl*Qd*ud + 
      2*Hd*Gl*Wl*Q*d + Hd*Gl^2*ee*L + 2*Hd*Gl^2*Qd*ud + 3*Hd*Gl^2*Q*d + Hd*Br*
      ee*L*t^2 + 2*Hd*Br*Qd*ud*t^2 + Hd*Br*Q*d*t^2 + Hd*Br*Wr*ee*L + 2*Hd*Br*

      Wr*Qd*ud + Hd*Br*Wr*Q*d + 2*Hd*Br*Gr*Qd*ud + Hd*Br*Gr*Q*d + Hd*Br^2*ee*L
       + Hd*Br^2*Qd*ud + Hd*Br^2*Q*d + 2*Hd*Bl*ee*L*t^2 + Hd*Bl*Qd*ud*t^2 + 2*
      Hd*Bl*Q*d*t^2 + 2*Hd*Bl*Wl*ee*L + Hd*Bl*Wl*Qd*ud + 2*Hd*Bl*Wl*Q*d + Hd*
      Bl*Gl*Qd*ud + 2*Hd*Bl*Gl*Q*d + Hd*Bl^2*ee*L + Hd*Bl^2*Qd*ud + Hd*Bl^2*Q*
      d + Hd^2*ee^2*L^2 + Hd^2*ud*d*t^3 + Hd^2*ud*d*L*Ld + Hd^2*Qd*ud*ee*L + 2
      *Hd^2*Qd^2*ud^2 + 2*Hd^2*Q*d*ee*L + 2*Hd^2*Q*Qd*ud*d + 2*Hd^2*Q^2*d^2 + 
      Hd^2*Wr*ud*d*t + Hd^2*Wl*ud*d*t + Hd^2*Gr*ud*d*t + Hd^2*Gl*ud*d*t + Hd^2
      *Br*ud*d*t + Hd^2*Bl*ud*d*t + 3*H*ed*L*Ld^2*t + H*ee*ed^2*Ld*t + 3*H*d*
      dd*ed*Ld*t + 2*H*ud*dd^2*L*t + 3*H*u*dd*ee*L*t + 3*H*u*ud*ed*Ld*t + 2*H*
      u^2*d*Ld*t + 6*H*Qd*dd*L*Ld*t + 3*H*Qd*dd*ee*ed*t + 3*H*Qd*d*dd^2*t + 6*
      H*Qd*u*ud*dd*t + 2*H*Qd*u^2*ee*t + 3*H*Qd^2*u*Ld*t + 3*H*Q*ud*dd*ed*t + 
      6*H*Q*u*L*Ld*t + 3*H*Q*u*ee*ed*t + 6*H*Q*u*d*dd*t + 3*H*Q*u^2*ud*t + 6*H
      *Q*Qd*ed*Ld*t + 6*H*Q*Qd^2*dd*t + 3*H*Q^2*dd*L*t + 6*H*Q^2*Qd*u*t + H*
      Q^3*ed*t + 2*H*Wr*ed*Ld*t^2 + 2*H*Wr*Qd*dd*t^2 + H*Wr*Q*u*t^2 + 2*H*Wr^2
      *ed*Ld + 2*H*Wr^2*Qd*dd + H*Wr^2*Q*u + H*Wl*ed*Ld*t^2 + H*Wl*Qd*dd*t^2
       + 2*H*Wl*Q*u*t^2 + H*Wl^2*ed*Ld + H*Wl^2*Qd*dd + 2*H*Wl^2*Q*u + 2*H*Gr*
      Qd*dd*t^2 + H*Gr*Q*u*t^2 + 2*H*Gr*Wr*Qd*dd + H*Gr*Wr*Q*u + H*Gr^2*ed*Ld
       + 3*H*Gr^2*Qd*dd + 2*H*Gr^2*Q*u + H*Gl*Qd*dd*t^2 + 2*H*Gl*Q*u*t^2 + H*
      Gl*Wl*Qd*dd + 2*H*Gl*Wl*Q*u + H*Gl^2*ed*Ld + 2*H*Gl^2*Qd*dd + 3*H*Gl^2*Q
      *u + 2*H*Br*ed*Ld*t^2 + 2*H*Br*Qd*dd*t^2 + H*Br*Q*u*t^2 + 2*H*Br*Wr*ed*
      Ld + 2*H*Br*Wr*Qd*dd + H*Br*Wr*Q*u + 2*H*Br*Gr*Qd*dd + H*Br*Gr*Q*u + H*
      Br^2*ed*Ld + H*Br^2*Qd*dd + H*Br^2*Q*u + H*Bl*ed*Ld*t^2 + H*Bl*Qd*dd*t^2
       + 2*H*Bl*Q*u*t^2 + H*Bl*Wl*ed*Ld + H*Bl*Wl*Qd*dd + 2*H*Bl*Wl*Q*u + H*Bl
      *Gl*Qd*dd + 2*H*Bl*Gl*Q*u + H*Bl^2*ed*Ld + H*Bl^2*Qd*dd + H*Bl^2*Q*u + 4
      *H*Hd*L*Ld*t^3 + 2*H*Hd*L^2*Ld^2 + 2*H*Hd*ee*ed*t^3 + 2*H*Hd*ee*ed*L*Ld
       + H*Hd*ee^2*ed^2 + 2*H*Hd*d*dd*t^3 + 2*H*Hd*d*dd*L*Ld + H*Hd*d*dd*ee*ed
       + H*Hd*d^2*dd^2 + H*Hd*ud^2*dd*ed + 2*H*Hd*u*ud*t^3 + 2*H*Hd*u*ud*L*Ld
       + H*Hd*u*ud*ee*ed + 2*H*Hd*u*ud*d*dd + H*Hd*u^2*d*ee + H*Hd*u^2*ud^2 + 
      2*H*Hd*Qd*dd*ee*L + 4*H*Hd*Qd*ud*ed*Ld + 2*H*Hd*Qd*u*d*Ld + 4*H*Hd*Qd^2*
      ud*dd + H*Hd*Qd^2*u*ee + 2*H*Hd*Qd^3*Ld + 2*H*Hd*Q*d*ed*Ld + 2*H*Hd*Q*ud
      *dd*L + 4*H*Hd*Q*u*ee*L + 4*H*Hd*Q*Qd*t^3 + 5*H*Hd*Q*Qd*L*Ld + 2*H*Hd*Q*
      Qd*ee*ed + 4*H*Hd*Q*Qd*d*dd + 4*H*Hd*Q*Qd*u*ud + H*Hd*Q^2*ud*ed + 4*H*Hd
      *Q^2*u*d + 3*H*Hd*Q^2*Qd^2 + 2*H*Hd*Q^3*L + 6*H*Hd*Wr*L*Ld*t + 2*H*Hd*Wr
      *ee*ed*t + 2*H*Hd*Wr*d*dd*t + 2*H*Hd*Wr*u*ud*t + 6*H*Hd*Wr*Q*Qd*t + 2*H*
      Hd*Wr^2*t^2 + H*Hd*Wr^3 + 6*H*Hd*Wl*L*Ld*t + 2*H*Hd*Wl*ee*ed*t + 2*H*Hd*
      Wl*d*dd*t + 2*H*Hd*Wl*u*ud*t + 6*H*Hd*Wl*Q*Qd*t + 2*H*Hd*Wl*Wr*t^2 + 2*H
      *Hd*Wl^2*t^2 + H*Hd*Wl^3 + 2*H*Hd*Gr*d*dd*t + 2*H*Hd*Gr*u*ud*t + 4*H*Hd*
      Gr*Q*Qd*t + H*Hd*Gr^2*t^2 + H*Hd*Gr^3 + 2*H*Hd*Gl*d*dd*t + 2*H*Hd*Gl*u*
      ud*t + 4*H*Hd*Gl*Q*Qd*t + H*Hd*Gl*Gr*t^2 + H*Hd*Gl^2*t^2 + H*Hd*Gl^3 + 4
      *H*Hd*Br*L*Ld*t + 2*H*Hd*Br*ee*ed*t + 2*H*Hd*Br*d*dd*t + 2*H*Hd*Br*u*ud*
      t + 4*H*Hd*Br*Q*Qd*t + 2*H*Hd*Br*Wr*t^2 + H*Hd*Br*Wr^2 + H*Hd*Br*Wl*t^2
       + H*Hd*Br^2*t^2 + 4*H*Hd*Bl*L*Ld*t + 2*H*Hd*Bl*ee*ed*t + 2*H*Hd*Bl*d*dd
      *t + 2*H*Hd*Bl*u*ud*t + 4*H*Hd*Bl*Q*Qd*t + H*Hd*Bl*Wr*t^2 + 2*H*Hd*Bl*Wl
      *t^2 + H*Hd*Bl*Wl^2 + H*Hd*Bl*Br*t^2 + H*Hd*Bl^2*t^2 + 6*H*Hd^2*ee*L*t^2
       + 6*H*Hd^2*Qd*ud*t^2 + 6*H*Hd^2*Q*d*t^2 + 2*H*Hd^2*Wr*Qd*ud + 2*H*Hd^2*
      Wl*ee*L + 2*H*Hd^2*Wl*Q*d + H*Hd^2*Gr*Qd*ud + H*Hd^2*Gl*Q*d + H*Hd^2*Br*
      Qd*ud + H*Hd^2*Bl*ee*L + H*Hd^2*Bl*Q*d + H*Hd^3*ud*d*t + H^2*ed^2*Ld^2
       + H^2*u*dd*t^3 + H^2*u*dd*L*Ld + 2*H^2*Qd*dd*ed*Ld + 2*H^2*Qd^2*dd^2 + 
      H^2*Q*u*ed*Ld + 2*H^2*Q*Qd*u*dd + 2*H^2*Q^2*u^2 + H^2*Wr*u*dd*t + H^2*Wl
      *u*dd*t + H^2*Gr*u*dd*t + H^2*Gl*u*dd*t + H^2*Br*u*dd*t + H^2*Bl*u*dd*t
       + 6*H^2*Hd*ed*Ld*t^2 + 6*H^2*Hd*Qd*dd*t^2 + 6*H^2*Hd*Q*u*t^2 + 2*H^2*Hd
      *Wr*ed*Ld + 2*H^2*Hd*Wr*Qd*dd + 2*H^2*Hd*Wl*Q*u + H^2*Hd*Gr*Qd*dd + H^2*
      Hd*Gl*Q*u + H^2*Hd*Br*ed*Ld + H^2*Hd*Br*Qd*dd + H^2*Hd*Bl*Q*u + 3*H^2*
      Hd^2*t^4 + 4*H^2*Hd^2*L*Ld*t + H^2*Hd^2*ee*ed*t + H^2*Hd^2*d*dd*t + H^2*
      Hd^2*u*ud*t + 4*H^2*Hd^2*Q*Qd*t + 2*H^2*Hd^2*Wr*t^2 + 2*H^2*Hd^2*Wr^2 + 
      2*H^2*Hd^2*Wl*t^2 + 2*H^2*Hd^2*Wl^2 + H^2*Hd^2*Gr^2 + H^2*Hd^2*Gl^2 + 
      H^2*Hd^2*Br*t^2 + H^2*Hd^2*Br*Wr + H^2*Hd^2*Br^2 + H^2*Hd^2*Bl*t^2 + H^2
      *Hd^2*Bl*Wl + H^2*Hd^2*Bl^2 + H^2*Hd^3*ee*L + H^2*Hd^3*Qd*ud + H^2*Hd^3*
      Q*d + H^3*Hd*u*dd*t + H^3*Hd^2*ed*Ld + H^3*Hd^2*Qd*dd + H^3*Hd^2*Q*u + 2
      *H^3*Hd^3*t^2 + H^4*Hd^4;

D=8 operators

993 of them for Nf=1



redundancies

• effective operators are invariants under the 
gauge group, Lorentz group, etc

• their classifications go back to Hilbert, Weyl
• applied to superpotentials, Standard Model
• but so far no general discussions on 

operators with derivatives
• two sources of redundancies
• equation of motion (EOM)
• integration by parts (IBP)



Simplest Example
• scalars four-point at O(∂2): 4(4+1)/2=10

• ∂2φi=mi2 removes the first class: 4

• We know only 2 out of 6 are independent

• s, t, u, s+t+u=m12+m22+m32+m42

• In addition, there are only d linearly 
independent momenta in d-dimensions for 
higher-point functions

(@µ@µ'i)'j'k'l (@µ'i)(@µ'j)'k'l

(@µ'i)(@µ'j)'k'l � 'i'j(@µ'k)(@µ'l) =
1

2
@2('i'j)('k'l)�

1

2
('i'j)@

2('k'l) ⇡ 0

@µ'i@µ'j'k'l + @µ'i'j@µ'k'l + @µ'i'j'k@µ'l = @µ'i@µ('j'k'l) ⇡ 0

i

j

k

l



1D QFT = QM

• only one derivative ∂
• EOM: ∂2φ=0
• building blocks of operators: (φ, ∂φ)
• O(φ1, φ2):

✓
'1

@'1

◆ ✓
'2

@'2

◆
⊗

⊗2 2 3⨁1=

→

0

BB@

'1'2

'1@'2 + @'1'2

@'1@'2

'1@'2 � @'1'2

1

CCA
→IBP
→IBP+EOM

SL(2,R)
conformal group!

→highest weight

→highest weight

≃SO(1,2)=SO(1,d+1)



Main idea

• Take kinetic terms as the zeroth order 
Lagrangian

• Classically, it is conformally invariant under 
SO(4,2)≃SO(6,C)

• Operator-State correspondence in CFT 
tells us that operators fall into 
representations of the conformal group
• equation of motion: short multiplets
• remove total derivatives: primary states

(@�)2,  ̄i 6@ , (Fµ⌫)
2



H(p,�1, · · · ,�n) =

Z
dµconformaldµgauge

1X

n=1

p
n
�
⇤
[n;0]

Y

i

PE[�i�i(q,↵,�)]

Master formula
• Define a multi-variate Hilbert series

• PE are (anti-)symmetric products of 
characters for each field 𝜙i of dimension di

• integration over the gauge groups pick up 
gauge invariants

• integration over the conformal group picks 
only the primary states and Lorentz scalars

• expand it in power series in 𝜙i and p to find 
operators at given order in them

*There are corrections for operators d≤4 due to lack of
orthonormality among characters for short multiplets



Machinery



Lorentz invariance

• Lagrangian obviously should be Lorentz-inv
• Wick rotation: 
• SO(3,1)→SO(4)≃SU(2)×SU(2)/Z2

• irrep: (j1, j2)
• φ(0,0)
• ψL(½,0), ψR(0,½)
• Aμ(½,½)
• Fμν+Fμν(1,0), Fμν+Fμν(0,1)

~ ~



characters

• character χ(y1, y2, … , yr)=TrR g
• e.g., SU(2)

• orthonormality on Haar measure

ei✓T3 = diag(eij✓, ei(j�1)✓, · · · , ei(�j)✓) = (y2j , y2j�2, · · · y�2j)

y = ei✓/2

�Ri,Rj =

Z
dµSU(2)�

⇤
Ri
�Rj =

I

|y|=1

dy

2⇡i

(1� y2)(1� y�2)

y
�⇤
Ri
�Rj

� = y2j + y2j�2 + · · ·+ y�2j = y2j
1� y�4j�2

1� y�2
=

y2j+1 � y�2j�1

y � y�1



Lorentz characters

• SU(2)×SU(2)

• characters
• φ(0,0)
• ψL(½,0), ψR(0,½)
• Aμ(½,½)
• Fμν+Fμν(1,0), Fμν−Fμν(0,1)

dµLorentz =
1

4

I

|↵|=1

d↵

2⇡i↵

I

|�|=1

d�

2⇡i�
(1� ↵2)(1� ↵�2)(1� �2)(1� ��2)

� = ei✓L/2

↵ = ei✓R/2

�(↵,�) = 1

�L(↵,�) =
↵2 � ↵�2

↵� ↵�1
= ↵+ ↵�1

�R(↵,�) = � + ��1
~ ~

�R(↵,�) = �2 + 1 + ��2

�L(↵,�) =
↵3 � ↵�3

↵� ↵�1
= ↵2 + 1 + ↵�2



conformal symmetry

• largest symmetry of Minkowski spacetime
• SO(d−1,1)→SO(d,2)
• Lorentz Mμν: d(d−1)/2
• translation Pμ: d
• dilation D xμ→et xμ: 1
• special conformal Kμ: d

• total: (d+1)(d+2)/2

x
µ ! �x

µ

x2
! �x

µ

x2
+ a

µ

! x
µ � a

µ
x
2

1� 2a · x+ a2x2

= x
µ + (2xµx⌫ � x

2
gµ⌫)a

⌫ +O(a2)



conformal symmetry

• Wick rotation: SO(d+1,1)

• Kμ=(Pμ)†

• “ground state”

• unitarity limit: i.e., (j,0)

• build “excited states”

[Pµ, P⌫ ] = 0

[D,Kµ] = �Kµ

[D,Pµ] = Pµ

[Kµ,K⌫ ] = 0

[Kµ, P⌫ ] = ⌘µ⌫D � iMµ⌫

Pµ1Pµ2 · · ·Pµn |0i = |�+ n, (jk, jl)i

|0i = |�, (j1, j2)i
D|0i = �|0i
Kµ|0i = 0

� � j + 1



Building blocks

• Under Euclidean SO(4)≃SU(2)R×SU(2)L

• single particle module

�(0, 0)

 R(
1
2 , 0)  L(0,

1
2 )  ̄R(0,

1
2 )  ̄L(

1
2 , 0)
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0
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...

1

CCCCCA
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1
2 ,

1
2 )

FL = Fµ⌫ � F̃µ⌫(0, 1)



Δ
Δ+1
Δ+2
Δ+3
Δ+4
Δ+5

0

short multiplet
� = j + 1



conformal characters
• Primary field characterized by its spin 

s=(j1,j2) and conformal weight Δ

• Δ=1+j1+j2 (j1j2=0) saturates the unitarity 
bound, there are “short multiplets” for EoM

�[�,s](q,↵,�) = q�P (q;↵,�)�s(↵,�)

P (q;↵,�) =
1

(1� q↵�)(1� q↵��1)(1� q↵�1�)(1� q↵�1��1)

� = ei✓L/2

↵ = ei✓R/2
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�0(↵,�) = 1� q2

⇤�
�( 1

2 ,0)
(↵,�) = ↵+ ↵�1 � q(� + ��1)

 R i�µ@µ R

�(1,0)(↵,�) = ↵2 + 1 + ↵�2 � q(↵+ ↵�1)(� + ��1) + q2

Fµ⌫
L @µF

µ⌫
L @µ@⌫F

µ⌫
L



Hilbert series

• ring freely generated by φ:
• 1, φ, φ2, φ3, φ4, …

• mod out by ideal, e.g., φ2=0

• convenient way to encode all possible 
operators in a given theory

• basically a “generating function”

H(') =
1

1� '

H(') =
1� '

2

1� '
= 1 + '



multi-boson operator
• “plethystic exponential”
• symmetric tensor product Rn of R

PE[u�1/2] =
1

det

✓
1� uy 0

0 1� uy�1

◆

=
1

(1� uy)(1� uy�1)
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multi-fermion operator
• “plethystic exponential”
• anti-symmetric tensor product Rn of R

PE[u�1/2] = det

✓
1 + uy 0

0 1 + uy�1

◆

= (1 + uy)(1 + uy�1) = 1 + u(y + y�1) + u2
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n=1

(�u)n

n
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Hear measures
• conformal group

• Lorentz group

• U(1)

• SU(2)

• SU(3)

dµconformal =

I
dq
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Master formula

• Define a multi-variate Hilbert series

• integration over the gauge groups pick up 
gauge invariants

• integration over the conformal group picks 
only the primary states and Lorentz scalars

• expand it in power series in 𝜙i and p to find 
operators at given order in them

• Possible for any Lorentz-inv “free” QFT
*There are corrections for operators d≤4 due to lack of
orthonormality among characters for short multiplets



Applications



Standard Model
χH[t_, α_, β_, x_, y_, z1_, z2_] := χscal[t, α, β] * u1[3, x] * su2f[y];
χHd[t_, α_, β_, x_, y_, z1_, z2_] := χscal[t, α, β] * u1[-3, x] * su2fb[y];
χQ[t_, α_, β_, x_, y_, z1_, z2_] := χfermL[t, α, β] * u1[1, x] * su2f[y] * su3f[z1, z2];
χQd[t_, α_, β_, x_, y_, z1_, z2_] :=

χfermR[t, α, β] * u1[-1, x] * su2fb[y] * su3fb[z1, z2];
χu[t_, α_, β_, x_, y_, z1_, z2_] := χfermL[t, α, β] * u1[-4, x] * su3fb[z1, z2];
χud[t_, α_, β_, x_, y_, z1_, z2_] := χfermR[t, α, β] * u1[4, x] * su3f[z1, z2];
χd[t_, α_, β_, x_, y_, z1_, z2_] := χfermL[t, α, β] * u1[2, x] * su3fb[z1, z2];
χdd[t_, α_, β_, x_, y_, z1_, z2_] := χfermR[t, α, β] * u1[-2, x] * su3f[z1, z2];
χL[t_, α_, β_, x_, y_, z1_, z2_] := χfermL[t, α, β] * u1[-3, x] * su2f[y];
χLd[t_, α_, β_, x_, y_, z1_, z2_] := χfermR[t, α, β] * u1[3, x] * su2fb[y];
χe[t_, α_, β_, x_, y_, z1_, z2_] := χfermL[t, α, β] * u1[6, x];
χed[t_, α_, β_, x_, y_, z1_, z2_] := χfermR[t, α, β] * u1[-6, x];
χBl[t_, α_, β_, x_, y_, z1_, z2_] := χfsL[t, α, β];
χBr[t_, α_, β_, x_, y_, z1_, z2_] := χfsR[t, α, β];
χWl[t_, α_, β_, x_, y_, z1_, z2_] := χfsL[t, α, β] * su2ad[y];
χWr[t_, α_, β_, x_, y_, z1_, z2_] := χfsR[t, α, β] * su2ad[y];
χGl[t_, α_, β_, x_, y_, z1_, z2_] := χfsL[t, α, β] * su3ad[z1, z2];
χGr[t_, α_, β_, x_, y_, z1_, z2_] := χfsR[t, α, β] * su3ad[z1, z2];
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   f =
      2*L^2*Ld^2*t^2 + 2*ee*ed*L*Ld*t^2 + ee^2*ed^2*t^2 + 2*d*dd*L*Ld*t^2 + 2*
      d*dd*ee*ed*t^2 + 2*d^2*dd^2*t^2 + ud^2*dd*ed*t^2 + 2*u*ud*L*Ld*t^2 + 2*u
      *ud*ee*ed*t^2 + 4*u*ud*d*dd*t^2 + u^2*d*ee*t^2 + 2*u^2*ud^2*t^2 + 2*Qd*
      dd*ee*L*t^2 + 3*Qd*ud*ed*Ld*t^2 + 2*Qd*u*d*Ld*t^2 + 3*Qd^2*ud*dd*t^2 + 
      Qd^2*u*ee*t^2 + Qd^3*Ld*t^2 + 2*Q*d*ed*Ld*t^2 + 2*Q*ud*dd*L*t^2 + 3*Q*u*
      ee*L*t^2 + 4*Q*Qd*L*Ld*t^2 + 2*Q*Qd*ee*ed*t^2 + 4*Q*Qd*d*dd*t^2 + 4*Q*Qd
      *u*ud*t^2 + Q^2*ud*ed*t^2 + 3*Q^2*u*d*t^2 + 4*Q^2*Qd^2*t^2 + Q^3*L*t^2
       + Wr*L^2*Ld^2 + Wr*ee*ed*L*Ld + Wr*d*dd*L*Ld + Wr*u*ud*L*Ld + Wr*Qd*dd*
      ee*L + 3*Wr*Qd*ud*ed*Ld + Wr*Qd*u*d*Ld + 3*Wr*Qd^2*ud*dd + Wr*Qd^2*u*ee
       + 2*Wr*Qd^3*Ld + Wr*Q*d*ed*Ld + Wr*Q*ud*dd*L + 3*Wr*Q*Qd*L*Ld + Wr*Q*Qd
      *ee*ed + 2*Wr*Q*Qd*d*dd + 2*Wr*Q*Qd*u*ud + 2*Wr*Q^2*Qd^2 + Wr^2*L*Ld*t
       + Wr^2*Q*Qd*t + 2*Wr^4 + Wl*L^2*Ld^2 + Wl*ee*ed*L*Ld + Wl*d*dd*L*Ld + 
      Wl*u*ud*L*Ld + Wl*Qd*dd*ee*L + Wl*Qd*u*d*Ld + Wl*Q*d*ed*Ld + Wl*Q*ud*dd*
      L + 3*Wl*Q*u*ee*L + 3*Wl*Q*Qd*L*Ld + Wl*Q*Qd*ee*ed + 2*Wl*Q*Qd*d*dd + 2*
      Wl*Q*Qd*u*ud + Wl*Q^2*ud*ed + 3*Wl*Q^2*u*d + 2*Wl*Q^2*Qd^2 + 2*Wl*Q^3*L
       + 2*Wl*Wr*L*Ld*t + Wl*Wr*ee*ed*t + Wl*Wr*d*dd*t + Wl*Wr*u*ud*t + 2*Wl*
      Wr*Q*Qd*t + Wl^2*L*Ld*t + Wl^2*Q*Qd*t + 2*Wl^2*Wr^2 + 2*Wl^4 + Gr*d*dd*L
      *Ld + Gr*d*dd*ee*ed + Gr*d^2*dd^2 + 3*Gr*ud^2*dd*ed + Gr*u*ud*L*Ld + Gr*
      u*ud*ee*ed + 4*Gr*u*ud*d*dd + Gr*u^2*ud^2 + Gr*Qd*dd*ee*L + 3*Gr*Qd*ud*
      ed*Ld + 2*Gr*Qd*u*d*Ld + 6*Gr*Qd^2*ud*dd + Gr*Qd^2*u*ee + 2*Gr*Qd^3*Ld
       + Gr*Q*d*ed*Ld + 2*Gr*Q*ud*dd*L + 2*Gr*Q*Qd*L*Ld + Gr*Q*Qd*ee*ed + 4*Gr
      *Q*Qd*d*dd + 4*Gr*Q*Qd*u*ud + Gr*Q^2*ud*ed + 2*Gr*Q^2*Qd^2 + Gr*Wr*Q*Qd*
      t + Gr*Wl*Q*Qd*t + Gr^2*d*dd*t + Gr^2*u*ud*t + Gr^2*Q*Qd*t + 2*Gr^2*Wr^2
       + Gr^2*Wl^2 + 3*Gr^4 + Gl*d*dd*L*Ld + Gl*d*dd*ee*ed + Gl*d^2*dd^2 + Gl*
      u*ud*L*Ld + Gl*u*ud*ee*ed + 4*Gl*u*ud*d*dd + 3*Gl*u^2*d*ee + Gl*u^2*ud^2
       + Gl*Qd*dd*ee*L + 2*Gl*Qd*u*d*Ld + Gl*Qd^2*u*ee + Gl*Q*d*ed*Ld + 2*Gl*Q
      *ud*dd*L + 3*Gl*Q*u*ee*L + 2*Gl*Q*Qd*L*Ld + Gl*Q*Qd*ee*ed + 4*Gl*Q*Qd*d*
      dd + 4*Gl*Q*Qd*u*ud + Gl*Q^2*ud*ed + 6*Gl*Q^2*u*d + 2*Gl*Q^2*Qd^2 + 2*Gl
      *Q^3*L + Gl*Wr*Q*Qd*t + Gl*Wl*Q*Qd*t + Gl*Gr*L*Ld*t + Gl*Gr*ee*ed*t + 3*
      Gl*Gr*d*dd*t + 3*Gl*Gr*u*ud*t + 3*Gl*Gr*Q*Qd*t + Gl*Gr*Wl*Wr + Gl^2*d*dd
      *t + Gl^2*u*ud*t + Gl^2*Q*Qd*t + Gl^2*Wr^2 + 2*Gl^2*Wl^2 + 3*Gl^2*Gr^2
       + 3*Gl^4 + Br*ee*ed*L*Ld + Br*d*dd*L*Ld + Br*d*dd*ee*ed + 2*Br*ud^2*dd*
      ed + Br*u*ud*L*Ld + Br*u*ud*ee*ed + 2*Br*u*ud*d*dd + Br*Qd*dd*ee*L + 3*
      Br*Qd*ud*ed*Ld + Br*Qd*u*d*Ld + 3*Br*Qd^2*ud*dd + Br*Qd^3*Ld + Br*Q*d*ed
      *Ld + Br*Q*ud*dd*L + 2*Br*Q*Qd*L*Ld + Br*Q*Qd*ee*ed + 2*Br*Q*Qd*d*dd + 2
      *Br*Q*Qd*u*ud + Br*Q^2*ud*ed + Br*Wr*L*Ld*t + Br*Wr*Q*Qd*t + Br*Wl*L*Ld*
      t + Br*Wl*Q*Qd*t + Br*Gr*d*dd*t + Br*Gr*u*ud*t + Br*Gr*Q*Qd*t + Br*Gr^3
       + Br*Gl*d*dd*t + Br*Gl*u*ud*t + Br*Gl*Q*Qd*t + Br*Gl^2*Gr + 2*Br^2*Wr^2
       + Br^2*Wl^2 + 2*Br^2*Gr^2 + Br^2*Gl^2 + Br^4 + Bl*ee*ed*L*Ld + Bl*d*dd*
      L*Ld + Bl*d*dd*ee*ed + Bl*u*ud*L*Ld + Bl*u*ud*ee*ed + 2*Bl*u*ud*d*dd + 2
      *Bl*u^2*d*ee + Bl*Qd*dd*ee*L + Bl*Qd*u*d*Ld + Bl*Qd^2*u*ee + Bl*Q*d*ed*
      Ld + Bl*Q*ud*dd*L + 3*Bl*Q*u*ee*L + 2*Bl*Q*Qd*L*Ld + Bl*Q*Qd*ee*ed + 2*
      Bl*Q*Qd*d*dd + 2*Bl*Q*Qd*u*ud + 3*Bl*Q^2*u*d + Bl*Q^3*L + Bl*Wr*L*Ld*t
       + Bl*Wr*Q*Qd*t + Bl*Wl*L*Ld*t + Bl*Wl*Q*Qd*t + Bl*Gr*d*dd*t + Bl*Gr*u*
      ud*t + Bl*Gr*Q*Qd*t + Bl*Gl*d*dd*t + Bl*Gl*u*ud*t + Bl*Gl*Q*Qd*t + Bl*Gl
      *Gr^2 + Bl*Gl^3 + Bl*Br*L*Ld*t + Bl*Br*ee*ed*t + Bl*Br*d*dd*t + Bl*Br*u*
      ud*t + Bl*Br*Q*Qd*t + Bl*Br*Wl*Wr + Bl*Br*Gl*Gr + Bl^2*Wr^2 + 2*Bl^2*
      Wl^2 + Bl^2*Gr^2 + 2*Bl^2*Gl^2 + Bl^2*Br^2 + Bl^4 + 3*Hd*ee*L^2*Ld*t + 
      Hd*ee^2*ed*L*t + 3*Hd*d*dd*ee*L*t + 3*Hd*ud*d*ed*Ld*t + 2*Hd*ud^2*dd*L*t
       + 2*Hd*u*d^2*Ld*t + 3*Hd*u*ud*ee*L*t + 6*Hd*Qd*ud*L*Ld*t + 3*Hd*Qd*ud*
      ee*ed*t + 6*Hd*Qd*ud*d*dd*t + 3*Hd*Qd*u*d*ee*t + 3*Hd*Qd*u*ud^2*t + 3*Hd
      *Qd^2*d*Ld*t + Hd*Qd^3*ee*t + 6*Hd*Q*d*L*Ld*t + 3*Hd*Q*d*ee*ed*t + 3*Hd*
      Q*d^2*dd*t + 2*Hd*Q*ud^2*ed*t + 6*Hd*Q*u*ud*d*t + 6*Hd*Q*Qd*ee*L*t + 6*
      Hd*Q*Qd^2*ud*t + 3*Hd*Q^2*ud*L*t + 6*Hd*Q^2*Qd*d*t + Hd*Wr*ee*L*t^2 + 2*
      Hd*Wr*Qd*ud*t^2 + Hd*Wr*Q*d*t^2 + Hd*Wr^2*ee*L + 2*Hd*Wr^2*Qd*ud + Hd*
      Wr^2*Q*d + 2*Hd*Wl*ee*L*t^2 + Hd*Wl*Qd*ud*t^2 + 2*Hd*Wl*Q*d*t^2 + 2*Hd*
      Wl^2*ee*L + Hd*Wl^2*Qd*ud + 2*Hd*Wl^2*Q*d + 2*Hd*Gr*Qd*ud*t^2 + Hd*Gr*Q*
      d*t^2 + 2*Hd*Gr*Wr*Qd*ud + Hd*Gr*Wr*Q*d + Hd*Gr^2*ee*L + 3*Hd*Gr^2*Qd*ud
       + 2*Hd*Gr^2*Q*d + Hd*Gl*Qd*ud*t^2 + 2*Hd*Gl*Q*d*t^2 + Hd*Gl*Wl*Qd*ud + 
      2*Hd*Gl*Wl*Q*d + Hd*Gl^2*ee*L + 2*Hd*Gl^2*Qd*ud + 3*Hd*Gl^2*Q*d + Hd*Br*
      ee*L*t^2 + 2*Hd*Br*Qd*ud*t^2 + Hd*Br*Q*d*t^2 + Hd*Br*Wr*ee*L + 2*Hd*Br*

      Wr*Qd*ud + Hd*Br*Wr*Q*d + 2*Hd*Br*Gr*Qd*ud + Hd*Br*Gr*Q*d + Hd*Br^2*ee*L
       + Hd*Br^2*Qd*ud + Hd*Br^2*Q*d + 2*Hd*Bl*ee*L*t^2 + Hd*Bl*Qd*ud*t^2 + 2*
      Hd*Bl*Q*d*t^2 + 2*Hd*Bl*Wl*ee*L + Hd*Bl*Wl*Qd*ud + 2*Hd*Bl*Wl*Q*d + Hd*
      Bl*Gl*Qd*ud + 2*Hd*Bl*Gl*Q*d + Hd*Bl^2*ee*L + Hd*Bl^2*Qd*ud + Hd*Bl^2*Q*
      d + Hd^2*ee^2*L^2 + Hd^2*ud*d*t^3 + Hd^2*ud*d*L*Ld + Hd^2*Qd*ud*ee*L + 2
      *Hd^2*Qd^2*ud^2 + 2*Hd^2*Q*d*ee*L + 2*Hd^2*Q*Qd*ud*d + 2*Hd^2*Q^2*d^2 + 
      Hd^2*Wr*ud*d*t + Hd^2*Wl*ud*d*t + Hd^2*Gr*ud*d*t + Hd^2*Gl*ud*d*t + Hd^2
      *Br*ud*d*t + Hd^2*Bl*ud*d*t + 3*H*ed*L*Ld^2*t + H*ee*ed^2*Ld*t + 3*H*d*
      dd*ed*Ld*t + 2*H*ud*dd^2*L*t + 3*H*u*dd*ee*L*t + 3*H*u*ud*ed*Ld*t + 2*H*
      u^2*d*Ld*t + 6*H*Qd*dd*L*Ld*t + 3*H*Qd*dd*ee*ed*t + 3*H*Qd*d*dd^2*t + 6*
      H*Qd*u*ud*dd*t + 2*H*Qd*u^2*ee*t + 3*H*Qd^2*u*Ld*t + 3*H*Q*ud*dd*ed*t + 
      6*H*Q*u*L*Ld*t + 3*H*Q*u*ee*ed*t + 6*H*Q*u*d*dd*t + 3*H*Q*u^2*ud*t + 6*H
      *Q*Qd*ed*Ld*t + 6*H*Q*Qd^2*dd*t + 3*H*Q^2*dd*L*t + 6*H*Q^2*Qd*u*t + H*
      Q^3*ed*t + 2*H*Wr*ed*Ld*t^2 + 2*H*Wr*Qd*dd*t^2 + H*Wr*Q*u*t^2 + 2*H*Wr^2
      *ed*Ld + 2*H*Wr^2*Qd*dd + H*Wr^2*Q*u + H*Wl*ed*Ld*t^2 + H*Wl*Qd*dd*t^2
       + 2*H*Wl*Q*u*t^2 + H*Wl^2*ed*Ld + H*Wl^2*Qd*dd + 2*H*Wl^2*Q*u + 2*H*Gr*
      Qd*dd*t^2 + H*Gr*Q*u*t^2 + 2*H*Gr*Wr*Qd*dd + H*Gr*Wr*Q*u + H*Gr^2*ed*Ld
       + 3*H*Gr^2*Qd*dd + 2*H*Gr^2*Q*u + H*Gl*Qd*dd*t^2 + 2*H*Gl*Q*u*t^2 + H*
      Gl*Wl*Qd*dd + 2*H*Gl*Wl*Q*u + H*Gl^2*ed*Ld + 2*H*Gl^2*Qd*dd + 3*H*Gl^2*Q
      *u + 2*H*Br*ed*Ld*t^2 + 2*H*Br*Qd*dd*t^2 + H*Br*Q*u*t^2 + 2*H*Br*Wr*ed*
      Ld + 2*H*Br*Wr*Qd*dd + H*Br*Wr*Q*u + 2*H*Br*Gr*Qd*dd + H*Br*Gr*Q*u + H*
      Br^2*ed*Ld + H*Br^2*Qd*dd + H*Br^2*Q*u + H*Bl*ed*Ld*t^2 + H*Bl*Qd*dd*t^2
       + 2*H*Bl*Q*u*t^2 + H*Bl*Wl*ed*Ld + H*Bl*Wl*Qd*dd + 2*H*Bl*Wl*Q*u + H*Bl
      *Gl*Qd*dd + 2*H*Bl*Gl*Q*u + H*Bl^2*ed*Ld + H*Bl^2*Qd*dd + H*Bl^2*Q*u + 4
      *H*Hd*L*Ld*t^3 + 2*H*Hd*L^2*Ld^2 + 2*H*Hd*ee*ed*t^3 + 2*H*Hd*ee*ed*L*Ld
       + H*Hd*ee^2*ed^2 + 2*H*Hd*d*dd*t^3 + 2*H*Hd*d*dd*L*Ld + H*Hd*d*dd*ee*ed
       + H*Hd*d^2*dd^2 + H*Hd*ud^2*dd*ed + 2*H*Hd*u*ud*t^3 + 2*H*Hd*u*ud*L*Ld
       + H*Hd*u*ud*ee*ed + 2*H*Hd*u*ud*d*dd + H*Hd*u^2*d*ee + H*Hd*u^2*ud^2 + 
      2*H*Hd*Qd*dd*ee*L + 4*H*Hd*Qd*ud*ed*Ld + 2*H*Hd*Qd*u*d*Ld + 4*H*Hd*Qd^2*
      ud*dd + H*Hd*Qd^2*u*ee + 2*H*Hd*Qd^3*Ld + 2*H*Hd*Q*d*ed*Ld + 2*H*Hd*Q*ud
      *dd*L + 4*H*Hd*Q*u*ee*L + 4*H*Hd*Q*Qd*t^3 + 5*H*Hd*Q*Qd*L*Ld + 2*H*Hd*Q*
      Qd*ee*ed + 4*H*Hd*Q*Qd*d*dd + 4*H*Hd*Q*Qd*u*ud + H*Hd*Q^2*ud*ed + 4*H*Hd
      *Q^2*u*d + 3*H*Hd*Q^2*Qd^2 + 2*H*Hd*Q^3*L + 6*H*Hd*Wr*L*Ld*t + 2*H*Hd*Wr
      *ee*ed*t + 2*H*Hd*Wr*d*dd*t + 2*H*Hd*Wr*u*ud*t + 6*H*Hd*Wr*Q*Qd*t + 2*H*
      Hd*Wr^2*t^2 + H*Hd*Wr^3 + 6*H*Hd*Wl*L*Ld*t + 2*H*Hd*Wl*ee*ed*t + 2*H*Hd*
      Wl*d*dd*t + 2*H*Hd*Wl*u*ud*t + 6*H*Hd*Wl*Q*Qd*t + 2*H*Hd*Wl*Wr*t^2 + 2*H
      *Hd*Wl^2*t^2 + H*Hd*Wl^3 + 2*H*Hd*Gr*d*dd*t + 2*H*Hd*Gr*u*ud*t + 4*H*Hd*
      Gr*Q*Qd*t + H*Hd*Gr^2*t^2 + H*Hd*Gr^3 + 2*H*Hd*Gl*d*dd*t + 2*H*Hd*Gl*u*
      ud*t + 4*H*Hd*Gl*Q*Qd*t + H*Hd*Gl*Gr*t^2 + H*Hd*Gl^2*t^2 + H*Hd*Gl^3 + 4
      *H*Hd*Br*L*Ld*t + 2*H*Hd*Br*ee*ed*t + 2*H*Hd*Br*d*dd*t + 2*H*Hd*Br*u*ud*
      t + 4*H*Hd*Br*Q*Qd*t + 2*H*Hd*Br*Wr*t^2 + H*Hd*Br*Wr^2 + H*Hd*Br*Wl*t^2
       + H*Hd*Br^2*t^2 + 4*H*Hd*Bl*L*Ld*t + 2*H*Hd*Bl*ee*ed*t + 2*H*Hd*Bl*d*dd
      *t + 2*H*Hd*Bl*u*ud*t + 4*H*Hd*Bl*Q*Qd*t + H*Hd*Bl*Wr*t^2 + 2*H*Hd*Bl*Wl
      *t^2 + H*Hd*Bl*Wl^2 + H*Hd*Bl*Br*t^2 + H*Hd*Bl^2*t^2 + 6*H*Hd^2*ee*L*t^2
       + 6*H*Hd^2*Qd*ud*t^2 + 6*H*Hd^2*Q*d*t^2 + 2*H*Hd^2*Wr*Qd*ud + 2*H*Hd^2*
      Wl*ee*L + 2*H*Hd^2*Wl*Q*d + H*Hd^2*Gr*Qd*ud + H*Hd^2*Gl*Q*d + H*Hd^2*Br*
      Qd*ud + H*Hd^2*Bl*ee*L + H*Hd^2*Bl*Q*d + H*Hd^3*ud*d*t + H^2*ed^2*Ld^2
       + H^2*u*dd*t^3 + H^2*u*dd*L*Ld + 2*H^2*Qd*dd*ed*Ld + 2*H^2*Qd^2*dd^2 + 
      H^2*Q*u*ed*Ld + 2*H^2*Q*Qd*u*dd + 2*H^2*Q^2*u^2 + H^2*Wr*u*dd*t + H^2*Wl
      *u*dd*t + H^2*Gr*u*dd*t + H^2*Gl*u*dd*t + H^2*Br*u*dd*t + H^2*Bl*u*dd*t
       + 6*H^2*Hd*ed*Ld*t^2 + 6*H^2*Hd*Qd*dd*t^2 + 6*H^2*Hd*Q*u*t^2 + 2*H^2*Hd
      *Wr*ed*Ld + 2*H^2*Hd*Wr*Qd*dd + 2*H^2*Hd*Wl*Q*u + H^2*Hd*Gr*Qd*dd + H^2*
      Hd*Gl*Q*u + H^2*Hd*Br*ed*Ld + H^2*Hd*Br*Qd*dd + H^2*Hd*Bl*Q*u + 3*H^2*
      Hd^2*t^4 + 4*H^2*Hd^2*L*Ld*t + H^2*Hd^2*ee*ed*t + H^2*Hd^2*d*dd*t + H^2*
      Hd^2*u*ud*t + 4*H^2*Hd^2*Q*Qd*t + 2*H^2*Hd^2*Wr*t^2 + 2*H^2*Hd^2*Wr^2 + 
      2*H^2*Hd^2*Wl*t^2 + 2*H^2*Hd^2*Wl^2 + H^2*Hd^2*Gr^2 + H^2*Hd^2*Gl^2 + 
      H^2*Hd^2*Br*t^2 + H^2*Hd^2*Br*Wr + H^2*Hd^2*Br^2 + H^2*Hd^2*Bl*t^2 + H^2
      *Hd^2*Bl*Wl + H^2*Hd^2*Bl^2 + H^2*Hd^3*ee*L + H^2*Hd^3*Qd*ud + H^2*Hd^3*
      Q*d + H^3*Hd*u*dd*t + H^3*Hd^2*ed*Ld + H^3*Hd^2*Qd*dd + H^3*Hd^2*Q*u + 2
      *H^3*Hd^3*t^2 + H^4*Hd^4;

D=8 operators

993 of them for Nf=1



2

30

560

11962

257378

5474170
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993

15456

261485

4614554
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175373592

7557369962
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2092441

75577476

2795173575
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100000000

1000000000

10000000000

Mass dimension

N
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of
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de
pe
nd
en
to
ps

Nf=1

Nf=3

see discussion on the asymptotic behavior by Melia and Pal, 2010.08560 



discrete spacetime
symmetries: P & C



Parity

• For SO(2r+1)=Br, parity is equivalent to a 
Z2 external discrete symmetry 

0

BBBBB@

�1

�2
...

�2r

�2r+1

1

CCCCCA

P�!

0

BBBBB@

�1

�2
...

�2r

��2r+1

1

CCCCCA

rot�!

0

BBBBB@

��1

��2
...

��2r

��2r+1

1

CCCCCA
= �

0

BBBBB@

�1

�2
...

�2r

�2r+1

1

CCCCCA

<latexit sha1_base64="PGaGEr8p82pgk8y5izg78+dx5WY="></latexit>

H(�) �! 1

2
(H(�) +H(��))

<latexit sha1_base64="1gXZYKka8YGlncpsd2sMvFGjKKE="></latexit>



Parity
• For SO(2r) = Dr, parity is 

an outer automorphism
• invariant subgroup is 

SO(2r–1) = Br–1

• But the characters for the 
odd elements are       
Sp(2r–2)= Cr–1 characters!

• dual of Br–1

• “twining character” Fuchs, 
Schellekens, Schweigert, 
Commun. Math. Phys. 180, 39 
(1996) Wikipedia



SO(2r) notation

O2r
diag�!

0

BBBBBBBBB@

e
+i✓1

e
�i✓1

e
+i✓2

e
�i✓2

. . .
e
+i✓r

e
�i✓r

1

CCCCCCCCCA

<latexit sha1_base64="EJxQ9VTish9LX+NC23TuCVr5ut0="></latexit>

= diag(x1, x
�1
1 , x2, x

�1
2 , · · · , xr, x

�1
r )

<latexit sha1_base64="CMY+ZB65xjdkWS/65haLF/MWSkI=">AAACI3icdVDLSgMxFM3UVx1foy7dBItQQctMLbRdCEVduKxgH9CpQyZN29DMgyQjlqGf48YvEdyIuKngv5iZ1kV9XMjl5pxzSc5xQ0aFNM2plllaXlldy67rG5tb2zvG7l5TBBHHpIEDFvC2iwRh1CcNSSUj7ZAT5LmMtNzRZcK37gkXNPBv5TgkXQ8NfNqnGEkFOcbVOYxt7sEeRYOJnn9wrBOo2l18ak2SqZi2+VW3cS+QIoF42lL8WHeMnFmoVspnlSL8PVgFM60cmFfdMZ7tXoAjj/gSMyRExzJD2Y0RlxQzMtHtSJAQ4REakDj1OIFHCurBfsDV8SVM0QUd8oQYe65SekgOxU8uAf/iOpHsV7ox9cNIEh/PHupHDMoAJoGpZDjBko2TiDCn6ocQDxFHWKpYE+vf/uD/Q7NYsEqF6k0pV7uYh5AFB+AQ5IEFyqAGrkEdNAAGT+AVTMGH9qi9aG/a+0ya0eY7+2ChtM8vaHSgPg==</latexit>



SO(2r) adjoint

• under invariant subgroup SO(2r–1), xr=1

• odd elements

�SO(2r)(adj) = r +
rX

j>i=1

✓
xixj +

xi

xj

+
xj

xi

+
1

xixj

◆

<latexit sha1_base64="OG5RXrxvR0MlPjhvbtCRShL2OJQ="></latexit>

�SO(2r)(adj, xr = 1) = �SO(2r�1)(adj) + �SO(2r�1)(vec)

<latexit sha1_base64="HlDBYZ9znBTg9xXzX3zung9HIw0="></latexit>

�SO(2r�1)(adj) = r � 1 +
r�1X

j>i=1

✓
xixj +

xi

xj

+
xj

xi

+
1

xixj

◆
+

r�1X

i=1

✓
xi +

1

xi

◆

<latexit sha1_base64="SUyqKg8AU5dHHfEtoFOO9v6XH6Y="></latexit>

�SO(2r�1)(vec) = 1 +
r�1X

i=1

✓
xi +

1

xi

◆

<latexit sha1_base64="e49C7vvWVQVPie4/Lfj6EL7xcXk="></latexit>

�SO(2r�1)(adj)� �SO(2r�1)(vec) = r � 2 +
r�1X

j>i=1

✓
xixj +

xi

xj

+
xj

xi

+
1

xixj

◆

<latexit sha1_base64="M4WAk9s7piqOQlycGzonewnmtAI="></latexit>

= �Sp(2r�2)(Aij = �Aji)

<latexit sha1_base64="8Wm/39Pr+QdyhtpUEnsbSa2Ihzw=">AAACAHicdVDLTgIxFO3gC/GFunRTJSawYDKDJMCCBHXjEqM8EiCTTulAofNI2zEhk9m48VfcGONGE7/AX/BvLA8X+LhJ05Nzzk17jh0wKqRhfGqJldW19Y3kZmpre2d3L71/0BR+yDFpYJ/5vG0jQRj1SENSyUg74AS5NiMte3w51Vt3hAvqe7dyEpCeiwYedShGUlFW+rgKu3hIregmyBZ4vpCLs+dWREdxNa/uEY1zVjpj6JVy6axcgL+BqRuzyYDF1K30R7fv49AlnsQMCdExjUD2IsQlxYzEqW4oSIDwGA1INAsQw1NF9aHjc3U8CWfskg+5QkxcWzldJIfipzYl/9I6oXTKvYh6QSiJh+cPOSGD0ofTNmCfcoIlmyiAMKfqhxAPEUdYqs5SKvp3Pvg/aBZ0s6hXrouZ2sWihCQ4AicgC0xQAjVwBeqgATB4AE/gFbxp99qj9qy9zK0JbbFzCJZGe/8CrdyVBw==</latexit>



Charge Conjugation
• For SU(2k) = A2k–1, charge 

conjugation is an outer 
automorphism

• invariant subgroup is  
Sp(2k)  = Ck

• its dual is SO(2k+1) = Bk

Wikipedia

J2 = 1, tJ = �J

<latexit sha1_base64="UkqTtQksS4qSmddvkBUwuv0nKjg=">AAAB9XicdVDJSgNBFHwTtxi3UcGLl8YgeNBhJgaSHAJBL5JTBLNANnp6OkmTnsXuHiWM+RQvIl4U/A1/wb9xsniIS0FDUVXNe6/sgDOpTPNTSywtr6yuJddTG5tb2zv67l5N+qEgtEp87ouGjSXlzKNVxRSnjUBQ7Nqc1u3h5cSv31Ehme/dqFFA2y7ue6zHCFax1NUPyp1M0TpFrdsQOygadxQqF8/KXT1tGoV87jyfQb+JZZhTpGGOSlf/aDk+CV3qKcKxlE3LDFQ7wkIxwuk41QolDTAZ4j6NpluP0XEsOajni/h5Ck3VhRx2pRy5dpx0sRrIn95E/MtrhqqXb0fMC0JFPTIb1As5Uj6aVIAcJihRfBQTTASLN0RkgAUmKi4qFZ/+fR/6n9QyhpU1CtfZdOliXkISDuEITsCCHJTgCipQBQIP8ASv8Kbda4/as/Yyiya0+Z99WID2/gVbW5BQ</latexit>

T a
C ⌘ J tT aJ

<latexit sha1_base64="HS6uFtSRhoCo/XwgHKeOYr59IA8=">AAAB93icdVDJSgNBFOyJW4zbqBfBS2MQPA2TGEhyC+YiOUXIBlmGnk4nadKz2P0mMIT4K15EvCj4F/6Cf2Nn8RCXgoaiqpr3Xrmh4Aps+9NIbGxube8kd1N7+weHR+bxSUMFkaSsTgMRyJZLFBPcZ3XgIFgrlIx4rmBNd1ye+80Jk4oHfg3ikHU9MvT5gFMCWnLMs1qPOGXcYfcRn+DKdNYDrCVcccy0bRUL+etCFv8mGcteII1WqDrmR6cf0MhjPlBBlGpn7BC6UyKBU8FmqU6kWEjomAzZdLH3DF9qqY8HgdTPB7xQ13LEUyr2XJ30CIzUT28u/uW1IxgUulPuhxEwny4HDSKBIcDzEnCfS0ZBxJoQKrneENMRkYSCriqlT/++D/9PGlkrk7OKd7l06WZVQhKdowt0hTIoj0roFlVRHVH0gJ7QK3ozYuPReDZeltGEsfpzitZgvH8BBdiR7Q==</latexit>

[T a
C , T

b
C ] = [J tT aJ, J tT bJ ]

= �J [tT a, tT b]J

= J t[T a, T b]J

= ifabcJ tT cJ = T c
C

<latexit sha1_base64="HoyBgajOJPRSQw+5UAX1drTl/ls="></latexit>



SU(2k) notation

U2k
diag�!

0

BBBBB@

ei✓1

ei✓2

. . .
ei✓2k�1

ei✓2k

1

CCCCCA

<latexit sha1_base64="H2fueuPkUkFcm4+b7PUvSRYdH8c="></latexit>

x1x2 · · ·x2k�1x2k = 1

<latexit sha1_base64="6HbfraCvOQ/ViWyN7xtA9RqRXjE=">AAACAXicdVDLSgMxAMzWV62vVY9eQovgxWW3FtoehKIXjxXsA2xZstlsG5rdLElWWpY9efFXvIh4UfAH/AX/xvThoT4GAsPMhGTGixmVyrY/jdzK6tr6Rn6zsLW9s7tn7h+0JU8EJi3MGRddD0nCaERaiipGurEgKPQY6Xijy6nfuSNCUh7dqElM+iEaRDSgGCktuWZx7Dpw7JZhD/tcSU3T8ujUyeYkg+fQcc2SbdVr1bNaGf4mjmXPUAILNF3zo+dznIQkUpghKW8dO1b9FAlFMSNZoZdIEiM8QgOSzhpk8FhLPgy40CdScKYu5VAo5ST0dDJEaih/elPxL+82UUGtn9IoThSJ8PyhIGFQcTidA/pUEKzYRBOEBdU/hHiIBMJKj1bQ1b/7wf9Ju2w5Fat+XSk1LhYj5MERKIIT4IAqaIAr0AQtgMEDeAKv4M24Nx6NZ+NlHs0ZizuHYAnG+xfmlpUT</latexit>

= diag(x1, x2, · · · , x2k�1, x2k)

<latexit sha1_base64="Ofd0n5VumCFwSLpU81ipgrP9HOg=">AAACEXicdVDLSsNAFJ3UV42vqks3g0WoUEsSC20XQtGNywr2AU0Jk8mkHTp5MDORlpCvcOOvuBFxY8Ev8G9M2rqojwMDd845l5lz7JBRITXtU8mtrW9sbuW31Z3dvf2DwuFRRwQRx6SNAxbwno0EYdQnbUklI72QE+TZjHTt8U2mdx8IFzTw7+U0JAMPDX3qUoxkSlkF4wrGJvegQ9EwUUsTSy/DiWWUoYmdQIrsEhvjCz1ZTsm5ahWKWqVRr13WDfh70CvaHEWwRMsqzEwnwJFHfIkZEqKva6EcxIhLihlJVDMSJER4jIYknidK4FlKOdANeHp8Cefsig95Qkw9O3V6SI7ETy0j/9L6kXTrg5j6YSSJjxcPuRGDMoBZPWkPnGDJplkhmNP0hxCPEEdYpiVm0b/zwf+HjlHRq5XGXbXYvF6WkAcn4BSUgA5qoAluQQu0AQZP4AW8g5nyqDwrr8rbwppTljvHYAXKxxfpwJpf</latexit>



SU(2k) adjoint

• under invariant subgroup Sp(2k), xm=x2k–m–1

• odd elements

�SU(2k)(adj) = 2k � 1 +
2kX

j>i=1

✓
xi

xj
+

xj

xi

◆

<latexit sha1_base64="Rk4TvxkF9tQvcVrQ49yyC/YsVfg="></latexit>

�SU(2k)(adj) = �Sp(2k)(Sij = Sji) + �Sp(2k)(Aij = �Aji)

<latexit sha1_base64="NFYDuYCzyNalaQCosH446zKmu64="></latexit>

�Sp(2k)(S) = k +
kX

i=1

✓
x2
i +

1

x2
i

◆
+

kX

j>i=1

✓
xixj +

1

xixj

◆

<latexit sha1_base64="DheZKt9rqSqbQUmFXl1ALTcbIDI="></latexit>

�Sp(2k)(A) = k � 1 + +
kX

j>i=1

✓
xixj +

1

xixj

◆

<latexit sha1_base64="m/j5PerDd60wrozqj5VnQ6tj75c="></latexit>

�Sp(2k)(S)� �Sp(2k)(A) = 1 +
kX

i=1

✓
x2
i +

1

x2
i

◆

<latexit sha1_base64="vwv3Kc+00Uqrx0NaIXBute38NpI="></latexit>

= �SO(2k+1)(vec, x
2
i
)

<latexit sha1_base64="9nLMasHVrDRn3JKJIe4L1/mHg6g=">AAACAnicdVDLSgMxAMz6rPVV9eglWIQWpeyuhbYHoejFmxXtA7p1yabZNjT7IMkWy7I3L/6KFxEvCn6Av+DfmD481MdAYJiZkMw4IaNC6vqntrC4tLyymlpLr29sbm1ndnYbIog4JnUcsIC3HCQIoz6pSyoZaYWcIM9hpOkMzsd+c0i4oIF/I0ch6Xio51OXYiSVZGeyp9DCfWrH15c5c3Bk5JNcbHEPDglOjuGdTW/NvErphUq5dFI24W9iFPQJsmCGmp35sLoBjjziS8yQEG1DD2UnRlxSzEiStiJBQoQHqEfiSYUEHiqpC92Aq+NLOFHncsgTYuQ5Kukh2Rc/vbH4l9eOpFvuxNQPI0l8PH3IjRiUARzvAbuUEyzZSBGEOVU/hLiPOMJSrZZW1b/7wf9JwywYxULlqpitns1GSIF9cABywAAlUAUXoAbqAIMH8ARewZt2rz1qz9rLNLqgze7sgTlo719tS5Vd</latexit>



Charge Conjugation
• For SU(2k+1) = A2k, charge 

conjugation is an outer 
automorphism

• invariant subgroup is  
SO(2k+1)  = Bk

• its dual is Sp(2k) = Ck

Wikipedia

T a
C = �tT a

<latexit sha1_base64="Q3YqO1uZhMESb+2FeZXixgVXLG4=">AAAB8XicdVDLSgMxFM3UV62vsS7dBIvgxmFaC20XQrEblxX6gr7IpJk2NPMguSOWoR/iRsSNgj/iL/g3Ztq6qI8DgZNzTsg91wkFV2Dbn0ZqY3Nreye9m9nbPzg8Mo+zLRVEkrImDUQgOw5RTHCfNYGDYJ1QMuI5grWdaS3x2/dMKh74DZiFrO+Rsc9dTgloaWhmGwMyrOFrfInj+QBwcjVztlUpl67KBfyb5C17gRxaoT40P3qjgEYe84EKolQ3b4fQj4kETgWbZ3qRYiGhUzJm8WLiOT7X0gi7gdTHB7xQ13LEU2rmOTrpEZion14i/uV1I3DL/Zj7YQTMp8uP3EhgCHBSH4+4ZBTETBNCJdcTYjohklDQS8ro6t/98P+kVbDyRatyV8xVb1ZLSKNTdIYuUB6VUBXdojpqIooe0BN6RW+GMh6NZ+NlGU0ZqzcnaA3G+xf7qI8B</latexit>

[T a
C , T

b
C ] = [�tT a,�tT b]

= t[T b, T a]

= t(�ifabcT c)

= ifabcT c
C

<latexit sha1_base64="WA9XPECl8WKCmSR2HvtVKr1Bfbw="></latexit>

The automorphism of A2n does not 
yield a folding because the middle 
two nodes are connected by an 
edge, but in the same orbit.

wrong!



SU(2k) adjoint

• under invariant subgroup SO(2k+1), 
xm=(x2k+1–m)–1, xk=1

• odd elements

�SU(2k+1)(adj) = 2k +
2k+1X

j>i=1

✓
xi

xj
+

xj

xi

◆

<latexit sha1_base64="s0JiZd/OTQzTzEpzcgRLm4VTVAQ="></latexit>

�SU(2k+1)(adj) = �SO(2k+1)(Sij = Sji) + �SO(2k+1)(Aij = �Aji)

<latexit sha1_base64="qJaqNxZsZnane+bEHKo7myJWrIA="></latexit>

�SO(2k+1)(S) = k +
kX

i=1

✓
x2
i
+

1

x2
i

+ xi +
1

xi

◆
+

kX

j>i=1

✓
xixj +

xi

xj

+
xj

xi

+
1

xixj

◆

<latexit sha1_base64="kzxnNX6SLEt7tWbZDH8i5Y/si50="></latexit>

�SO(2k+1)(A) = k +
kX

i=1

✓
xi +

1

xi

◆
+

kX

j>i=1

✓
xixj +

xi

xj

+
xj

xi

+
1

xixj

◆

<latexit sha1_base64="JTBZOHI0bwSGLpPoyRhBq/zrbYw="></latexit>

�SO(2k+1)(S)� �SO(2k+1)(A) =
kX

i=1

✓
x2
i
+

1

x2
i

◆

<latexit sha1_base64="M8X7NPVjpjzRbbUIW79TVqDmPdk="></latexit>

= �Sp(2k)(fund, x
2
i )

<latexit sha1_base64="Xc69ZG9rItCuBtIpJE7iNHQ+xys=">AAACAXicdVDLSsNAANz4rPUV9ehlaRFakJDEQtuDUPTisaJ9QFPDZrNpl24e7G7EEnLy4q94EfGi4A/4C/6N6cNDfQwsDDOz7M44EaNC6vqnsrS8srq2ntvIb25t7+yqe/ttEcYckxYOWci7DhKE0YC0JJWMdCNOkO8w0nFG5xO/c0u4oGFwLccR6ftoEFCPYiQzyVYLp9DCQ2onV1HJHJXTUmJxH3px4KbH8M6mN2bZVou6Vq9VT2om/E0MTZ+iCOZo2uqH5YY49kkgMUNC9Aw9kv0EcUkxI2neigWJEB6hAUmmDVJ4lEku9EKenUDCqbqQQ74QY9/Jkj6SQ/HTm4h/eb1YerV+QoMoliTAs4e8mEEZwskc0KWcYMnGGUGY0+yHEA8RR1hmo+Wz6t/94P+kbWpGRatfVoqNs/kIOXAICqAEDFAFDXABmqAFMHgAT+AVvCn3yqPyrLzMokvK/M4BWIDy/gWUK5WH</latexit>



nutshell

• P in SO(2r) is implemented by Sp(2r–2) 
characters and Haar measure

• C in SU(2k) is implemented by SO(2k+1) 
characters and Haar measure

• C in SU(2k+1) is implemented by Sp(2k) 
characters and Haar measure

• Hilbert series is the average of even and 
odd elements



Chiral Lagrangian



chiral Lagrangian
• can’t use CFT: 
• extend the UV Lagrangian

• covariant objects:

⇠ = ei⇡/f [f ] = 1

LUV = LQCD + q̄(�µ`µPL + �µrµPR � s+ ip�5)q

<latexit sha1_base64="Tb3mktGDF6qlLuecTxL655PfM+E="></latexit>

⇠ = ei⇡
aTa/f⇡ ! gR⇠h

�1 = h⇠g�1
L

<latexit sha1_base64="6n7UsQs6tFOBHIaFzTxwqAL4M8Q="></latexit>

uµ = ua
µT

a ⌘ i
⇥
⇠† (@µ � irµ) ⇠ � ⇠ (@µ � i`µ) ⇠

†⇤

⌃± + h⌃±i = ⌃a
±T

a + h⌃±i1 ⌘ ⇠† ⌃ ⇠† ± ⇠⌃† ⇠

fµ⌫
± = fµ⌫,a

± T a ⌘ ⇠ Fµ⌫
L ⇠† ± ⇠† Fµ⌫

R ⇠

<latexit sha1_base64="wwgRy0sTNW8xbEBSn2iA/+IOJ5s="></latexit>

Fµ⌫
L = @µ`⌫ � @⌫`µ � i[`µ`⌫ � `⌫`µ]

Fµ⌫
R = @µr⌫ � @⌫rµ � i[rµr⌫ � r⌫rµ]

<latexit sha1_base64="IqPxO4Eg0o2hdFwHH31R0uvG3wo="></latexit>



IBP = translational inv

• together with all the internal symmetries as 
before

• write down Hilbert series using characters 
integrated over Haar measures

• implement P and C as needed

Z
dµspacetime(x)

1

P (p, x)
=

Z
dµSO(4)(x)

1

P+(p, x)

P+(p, x) =
1

(1� px1)(1� px�1
1 )(1� px2)(1� px�1

2 )

<latexit sha1_base64="VcTQUUF3fwNy/CPQvr76fPkNulE="></latexit>



Nf = 2
chiral dim Total C-even P -even CP -even

p6 151 103 82 88
p8 1834 1050 943 975

Nf = 3
Total C-even P -even CP -even
315 206 165 178
6882 3768 3479 3553

<latexit sha1_base64="kqY2HRAuBx+GHcZl13WuMzR53E4="></latexit>
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Effective Field Theory
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covariant derivative 
expansion
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matching

• specific issue with mixed heavy-light 
diagram in dim reg
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Table 11. Interference corrections εI to Higgs production cross sections, with ηh ≡ mh√
s
, ηZ ≡ mZ√

s
, and the

auxiliary function defined as IV H(ηh, ηV ) ≡ 1 + 6(1−η2

h+η2

V )(1−η2

V )
(1−η2

h+η2

V )2+8η2

V

. The numerical results of the auxiliary
functions fa(s), fb(s), and fc(s) in εWWh,I(s) are shown in Fig. 4.

εR εP

σggF 0 0

σWWh ∆rh 4∆wg2 +∆wv2

σWh ∆rh +∆rW 3∆wg2 +∆wv2

σZh ∆rh +∆rZ 3∆wg2 +∆wv2 +

(

3
s2Z
c2Z

−
2s2ZQf

T 3
f − s2ZQf

)

∆ws2Z

Table 12. Residue corrections εR and parametric corrections εP to Higgs production cross sections. The results
of residue modifications and parameter modifications are listed in Tables 15 and 16 of Appendix C.
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4

singlet gains an additional contribution to its mass-squared of
order kv2 and mixes with h. The light eigenstate of this mix-
ing is the physical Higgs with mass 125 GeV. As discussed
earlier, these effects make the mass eigenvalue of the heavy
scalar differ from the inverse of the Wilson coefficient in the
effective Lagrangian Eq. (3). The difference is of the order of

kv2

m2
S

×max
[

1,
A2

m2
S

]

.

We note that this difference is very small over most of the
region shown in Fig. 1.

LIGHT SCALAR TOPS

As a second benchmark scenario, we consider the MSSM
with light scalar tops (stops) and examine the low energy
EFT resultant from integrating out these states. Stops hold
a priviledged position in alleviating the naturalness problem,
e.g. [36]. This motivates us to consider a spectrum with
light stops while other supersymmetric partners are decou-
pled. Since the stops carry all SM gauge quantum numbers,
all of the dimension-six operators in Table I are generated at
leading order (1-loop). Therefore, they also serve as an excel-
lent computational example to estimate the parametric size of
Wilson coefficients of the operators in Table I resultant from
heavy scalar particles with SM quantum numbers. Since the
Wilson coefficients are generated at 1-loop leading order, we
discard, as an approximation, the relatively smaller RG run-
ning effects (2-loop) of the Wilson coefficients.
When we integrate out the multiplet φ = (Q̃3, t̃R)T , we

take degenerate soft masses m2

Q̃3

= m2

t̃R
≡ m2

t̃
for simplic-

ity. We computed the Wilson coefficients using a covariant
derivative expansion [17, 38, 39] and checked them against
standard Feynman diagram techniques. The resultant Wil-
son coefficients are listed in Table II, where ht ≡ mt/v and
Xt = At − µ cotβ.
As in the previously considered singlet model, these Wil-

son coefficients will correct Higgs widths universally through
Eq. (4), as well as contribute to S and T parameters through
Eq. (6)-(7). In contrast to the singlet case, the stops con-
tribute to both the oblique correction (via OH ) and EWPOs
(via OWB , OW , OB and OT ) at leading order (1-loop). Ad-
ditionally, vertex corrections to h → gg and h → γγ decay
widths—arising from OGG, OWW , OBB , and OWB—are
sensitive probes since these are loop-level processes within
the SM. The deviations from the SM decay rates are given by

εhgg ≡
Γhgg

ΓSMhgg
− 1 =

(4π)2

ReASMhgg

16v2

m2

t̃

cGG, (13)

εhγγ ≡
Γhγγ

ΓSMhγγ
− 1 =

(4π)2

ReASMhγγ

8v2

m2

t̃

(cWW + cBB − cWB),

(14)

where ASMhgg and ASMhγγ are the standard form factors in their
respective SM decay rates (see, e.g., [40]).
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FIG. 2. 2σ contours of precision Higgs and EW observables as a
function of mt̃ and Xt in the MSSM. The contours show 2σ sensi-
tivity of ILC 500up to the universal Higgs oblique correction (ma-
genta) and modifications of h → gg (brown) and h → γγ (green).
Constraints from S and T parameters are shown in blue for current
measurements (solid), ILC GigaZ (dashed), and TLEP TeraZ (dot-
ted). The shaded red region shows contours of Higgs mass between
124-127 GeV in the MSSM [37]. The shaded gray regions are un-
physical because one of the stop mass eigenvalues becomes negative.

2σ sensitivity contours are shown in Fig. 2. We stress that
here we are focused on the experimental sensitivities on the
scalar top mass, while assuming improvements on relevant
theoretical uncertainties will catch up in time. Analogous to
the case of the singlet model, mt̃ in the plot differs from the
mass eigenvalue by about 1

2

m2

t

m2

t̃

× max
(

1, X2

t

m2

t̃

)

. As seen in
Fig. 2, future precision Higgs and EW measurements from
the ILC offer comparable sensitivities while a TeraZ program
significantly increases sensitivity. Moreover, the most natural
region of the MSSM—where Xt ∼

√
6mt̃ and mt̃ ∼ 1 TeV

(e.g. [41])—can be well probed by future precision measure-
ments.
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Conclusions

• Nailed the question of classifying effective 
operators in any given Lorentz-inv theory

• Also for chiral Lagrangians
• useful techniques for matching
• careful mapping to observables
• now working on Higgs EFT
• hope for deviations from Standard Model
• inverse problem to identify BSM physics


