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 Introduction to QCDF approach

 Status of NNLO calculations within QCDF: 

 Summary
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➢ Tree-dominated decay modes

➢ Penguin-dominated decay modes: 

➢ Class-I ഥ𝑩𝒒
𝟎 → 𝑫𝒒

∗ +
𝑳− decays



Why hadronic B decays
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 direct access to the CKM parameters, 

especially to the three angles of UT.

 further insight into strong-interaction 

effects involved in these hadronic decays.

 From the theory side, we need also keep up 

with the same precision from experiment.          

very difficult but necessary!

Neubert, hep-ph/0006265

LHCb Phase II, arXiv:1808.08865

 Thanks to exp. progress,  precision era ahead!  



Effective Hamiltonian for hadronic B decays
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 For hadronic decays: simplicity of weak interactions overshadowed by complex QCD effects!

multi-scale problem with highly hierarchical scales!

 Starting point 𝓗𝐞𝐟𝐟 = −𝓛𝐞𝐟𝐟: obtained after 

integrating out the heavy d.o.f. (𝑚𝑊,𝑍,𝑡 ≫ 𝑚𝑏);            

[Buras, Buchalla, Lautenbacher '96; Chetyrkin, Misiak, Munz '98] 

 Wilson coefficients 𝑪𝒊: all physics above 𝑚𝑏; perturbatively 

calculable, and NNLL program now complete;   [Gorbahn, Haisch '04]

M. Neubert, 

hep-ph/0006265

𝑊−



Hadronic matrix elements
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 Decay amplitude for a given decay mode: 

 𝑴𝟏𝑴𝟐|𝓞𝒊|ഥ𝑩 : depend on the spin and parity of 𝑀1,2; also involve complicated QCD effects.

A quite difficult, multi-scale, strong-interaction problem!

 Different methods for 𝑴𝟏𝑴𝟐|𝓞𝒊|ഥ𝑩 :

form-factor term spectator-scattering term

 QCDF: systematic framework to all orders in α𝑠, but limited by 1/𝑚𝑏 corrections. [BBNS '99-'03]

hard

hard-collinear

soft



Soft-collinear factorization from SCET
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 SCET diagrams reproduce precisely QCD diagrams in collinear & soft momentum regions

QCD - SCET = short-distance coefficients 𝑻𝑰 & 𝑻𝑰𝑰

 For hard kernel 𝑻𝑰: one-step matching, QCD → SCETI hc, c, s !

 For hard kernel 𝑻𝑰𝑰: two-step matching, QCD → SCETI hc, c, s → SCETII c, s !

𝑻𝑰𝑰

 SCET result exactly the same as QCDF, but more apparent & efficient;  [Beneke, 1501.07374]



Status of NNLO calculations of  𝑻𝑰 & 𝑻𝑰𝑰
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 For each 𝑸𝒊 insertion, both tree & penguin topologies, and contribute to both 𝑻𝑰 & 𝑻𝑰𝑰.

Bell, Beneke, Huber, Li ’20Huber, Krankl, Li ’16 



Tree-dominated B decays
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NNLO is in effect NLO for 𝜶𝟐; large effect still possible! 

 𝑩 → 𝝅𝝅 decays: mediated by 𝒃 → 𝒖ഥ𝒖𝒅 transitions;

𝜆𝑢 = 𝑉𝑢𝑏𝑉𝑢𝑑
∗ ∼ 𝓞 𝜆3 , 𝜆𝑐 = 𝑉𝑐𝑏𝑉𝑐𝑑

∗ ∼ 𝓞(𝜆3)

Tree-dominated!

𝛼4 loop-suppressed vs 𝛼1,2

𝑉𝑢𝑏𝑉𝑢𝑑
∗ 𝑉𝑢𝑏𝑉𝑢𝑑

∗

𝑉𝑡𝑏𝑉𝑡𝑑
∗

 𝜶𝟐 at NLO: large cancellation between one-loop vertex correction and LO term; 



Hard-kernel 𝑻𝑰 at NNLO
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 Master formula for 𝑻𝑰: wrong insertion

 Master formula for 𝑻𝑰: right insertion

 𝐐𝐂𝐃 → 𝐒𝐂𝐄𝐓𝐈 matching calculation:

right insertion

wrong insertion

 On-shell matrix elements at NNLO: full QCD side

 On-shell matrix elements at NNLO: SCET side



Final results for 𝜶𝟏,𝟐
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 Tree amplitudes 𝜶𝟏,𝟐 up to NNLO:

 Numerical results including the NNLO corrections:

individual NNLO corrections both 

significant, but cancelled between 

the vertex and the spectator term!

LO

NLO

NNLO

𝑻𝑰

𝑻𝑰𝑰



Branching ratios
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◆ 1st error: from CKM 

but without Vub;

◆ 2nd error: all other 

hadronic parameters;

◆ Brackets: form factor 

error not included;

◆ Good agreement with 

all data, except 𝝅𝟎𝝅𝟎;



Penguin-dominated B decays
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 𝑩 → 𝝅𝑲 decays: mediated by 𝑏 → 𝑠𝑞ത𝑞 transitions; 

𝜆𝑢 = 𝑉𝑢𝑏𝑉𝑢𝑠
∗ ∼ 𝓞(𝜆4)

𝜆𝑐 = 𝑉𝑐𝑏𝑉𝑐𝑠
∗ ∼ 𝓞(𝜆2)

Penguin-dominated!

Tree

Penguin

 To predict accurately the direct CPV, we need calculate both tree & penguin to NNLO;

How about the situation @ NNLO?

𝜟𝑨𝑪𝑷 = 𝑨𝑪𝑷 𝝅𝟎𝑲− − 𝑨𝑪𝑷(𝝅
+𝑲−)

= 𝟏𝟏. 𝟓 ± 𝟏. 𝟒 % differs from 0 by ~8𝝈

 Driven by the exp. data; Δ𝐴𝐶𝑃(𝝅𝐾) puzzle



Penguin topologies with various insertions
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 Effective Hamiltonian including penguin operators:                               [BBL ’96; CMM ’98] 

 Various types of operator insertions:

current-current operators

QCD penguin operators

chromo-magnetic 
dipole operators

tree topology penguin topology

(i) Dirac structure of Qi, (ii) color structure of Qi, (iii) types of contraction, and (iv) quark mass in the fermion loop;



𝑻𝑰 up to NNLO
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 Master formulae for 𝑻𝑰:

about 100 Feynman diagrams



Final results for 𝒂𝟒
𝒑
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 Final numerical results:

𝑻𝑰𝑰 = (𝑯𝑽
𝑰𝑰+𝑯𝑷

𝑰𝑰) ∗ 𝑱

- NNLO real part constitutes a (10 - 15)% correction relative to LO. 

- NNLO imaginary part represents a -27% correction for 𝒂𝟒
𝒖 and reaches -54% for 𝒂𝟒

𝒄 .

- strong cancellation between NNLO correction from 𝑸𝟏,𝟐
𝒑

and from 𝑸𝟑−𝟔,𝟖𝒈 observed!

- spectator-scattering has only a small effect.



𝑩𝒒
𝟎 → 𝑫𝒒

(∗)−
𝑳+ decays
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 At quark-level:  mediated by 𝑏 → 𝑐ത𝑢𝑑(𝑠) transitions; 

 For class-I decays: QCDF formula much simpler; 

[Beneke, Buchalla, Neubert, Sachrajda '99-'03; Bauer, Pirjol, Stewart '01]

all four flavors different from each other, no 

penguin operators & no penguin topologies!

i) only color-allowed tree topology 𝑎1;

ii) spectator & annihilation power-suppressed;

iii) annihilation absent in 𝐵𝑑 𝑠
0 → 𝐷𝑑(𝑠)

− 𝐾(𝜋)+ etal;

iv) they are theoretically simpler and cleaner!

 Hard kernel 𝑻:  both NLO and NNLO results known;  

[Beneke, Buchalla, Neubert, Sachrajda '01; Huber, Kränkl, Li '16] 



Calculation of 𝑻
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 Matching QCD onto SCETI：[Huber, Kränkl, Li '16] 

𝑚𝑐 is also heavy, keep 𝑚𝑐/𝑚𝑏 fixed as 𝑚𝑏 → ∞, 

thus needing two sets of SCET operator basis.

 Renormalized on-shell QCD amplitudes:

on QCD side

 Renormalized on-shell SCET amplitudes:

 Master formulas for hard kernels:

on SCET side

physical operators and factorizes into FF*LCDA.

evanescent operators and must be renormalized to zero.



Decay amplitudes for 𝑩𝒒
𝟎 → 𝑫𝒒

−𝑳+

2021/06/08 Xin-Qiang Li  Two-body Hadronic B decays at NNLO in QCDF 18

 Numerical result:

◆ both NLO and NNLO add always constructively to LO result!

◆ NNLO corrections quite small in real (2%), 

but rather large in imaginary part (60%). 

 Color-allowed tree amplitude:

 For different decay modes:  quasi-universal, with a 

small process dependence from non-fact. correction.
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Absolute branching ratios for 𝑩𝒒
𝟎 → 𝑫𝒒

−𝑳+

 𝑩 → 𝑫(∗) transition form factors: 

Precision results available based on LQCD & LCSR

calculations, together with data on 𝐵𝑞
0 → 𝐷𝑞

−𝑙+𝜈;  

[Bernlochner, Ligeti, Papucci, Robinson '17; Bordone, Gubernari, Jung, van Dyk '19]

 Updated predictions vs data: 

[Huber, Kränkl, Li '16; Cai, Deng, Li, Yang '21]

Bernlochner, Ligeti, Papucci, Robinson '17

|𝑉𝑐𝑏| and 𝐵𝑑,𝑠 → 𝐷𝑑,𝑠
(∗)

form factors
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Power corrections

 Scaling of the leading-power contribution: [BBNS '01]

 Sources of sub-leading power corrections: [Beneke, 

Buchalla, Neubert, Sachrajda '01; Bordone, Gubernari, Huber, Jung, van Dyk '20]

➢ Non-factorizable spectator interactions;

➢ Annihilation topologies;

➢ Non-leading Fock-state contributions;

➢ ∝
𝐶1

𝑎1
≃ −

1

3
, all are ESTIMATED to be 

power-suppressed; not chirality-

enhanced due to (V-A)(V-A) structure

➢ Current exp. data could not be easily 

explained within the SM, at least within 

the QCDF/SCET framework. 

ΛQCD
𝑚𝑏

2

included into FFs.

ΛQCD
𝑚𝑏

estimated 
with LCSR



Summary
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 NNLO calculation at LP in QCDF complete; soft-collinear factorization established!

 Confronted with the current data, some puzzles remain; how about the NLP corrections?

 Individual contributions sizeable, but cancel with each other;             NNLO shift small!

Thank You for your attention!



Back-up
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Phenomenological analyses based on NLO
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 Hard kernels at NLO.

naïve fact.

vertex correction

spectator-scattering correction

penguin correction

annihilation correction

QCDF: very successful but 

also with some issues!

 complete sets of final states:



Why higher orders in pert. & power corr.s?

2021/06/08 Xin-Qiang Li  Two-body Hadronic B decays at NNLO in QCDF 24

 Data driven: could not account for some data, 

such as large 𝑩𝒓 𝑩𝟎 → 𝝅𝟎𝝅𝟎 and 𝚫𝑨𝑪𝑷(𝝅𝑲);

 How important the higher-order pert. corr.? Fact. theorem is still established for them?

 As strong phase starts at 𝓞(𝜶𝒔), NNLO is only NLO to them; quite relevant for 𝑨𝑪𝑷?

We need go beyond the LO in 

pert. and power corrections!

 Factorization of power correction generally broken, due to endpoint divergence; how to?

 QCDF formulae:



Scale dependence of 𝒂𝟒
𝒑
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 strong cancellation between 𝑸𝟏,𝟐
𝒑

and; 𝑸𝟑−𝟔,𝟖𝒈;

- Scale dependence negligible, 

especially for µ > 4 GeV.

 Scale dependence of 𝒂𝟒
𝒑
: only form-factor term;

LO
𝐍𝐍𝐋𝐎|𝑸𝟑−𝟔,𝟖𝒈

NLO
𝐍𝐍𝐋𝐎|𝑸𝟏,𝟐

𝐍𝐍𝐋𝐎|𝐟𝐮𝐥𝐥

- Theoretical uncertainty is 

larger at NNLO than at NLO.


