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Abstract

We consider an algebraic D-module M on the affine space, i.e. a system of linear partial
differential equations with polynomial coefficients. We give an algorithm for computing the
cohomology groups of the restriction of M to a linear subvariety by using a free resolution of
M adapted to the V-filtration. Our algorithm works, at least, if M is holonomic. As applications,
we obtain algorithms for computing tensor product, localization, and algebraic local cohomology
groups of holonomic systems. (©) 2001 Elsevier Science B.V. All rights reserved.

MSC: 13P10; 13N10; 14B15; 14Q20; 35A27

1. Introduction

The purpose of this paper is to describe algorithms for computing various functors for
algebraic Z-modules, i.e. systems of linear partial differential equations with polynomial
coefficients. The algorithms enable us to perform actual computations (with limitation
caused by the complexity) by using e.g. a program kan [41] developed by the second
author, as well as to establish theoretical computability of some fundamental functors
in the Z-module theory.

Let K be an algebraically closed field of characteristic zero and let X be the affine
space K" with a positive integer n. We denote by Oy and Zy the sheaves on X of
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rings of regular functions and of algebraic linear differential operators respectively (cf.

[3-5]). Let .# and A" be coherent left Zy-modules.

Various functors are defined for (especially for holonomic) Z-modules and play the
fundamental role (see [3-5] and also e.g., [15,17,18,25] for their analytic counterparts).
Among such functors, we are concerned with the following:

(1) The cohomology groups of the restriction .#%: =0y ®éx M of M to Y as left
Zy-modules, where Y is a non-singular subvariety of X and ®’ denotes the left
derived functor (cf. [13]) of the tensor product.

(2) The cohomology groups Extézx(% ,K[[x1,...,x,]]) with coefficients in the formal
power series solutions of .#, which equal to those with coefficients in the conver-
gent power series solutions if .# is regular holonomic (cf. [20]).

(3) The tensor product .# @, /" and, more generally, the torsion groups %ri@* (A, N,
as left Y y-modules.

(4) The localization #[f~']:=0x[f~"] ®q, M of M as a left Zy-module, where
f € K[x1,...,x,] is an arbitrary non-constant polynomial.

(5) The (algebraic) local cohomology groups e}’f’m(% ) with support Y as left
P x-modules, where Y is an arbitrary algebraic set of X.

It was proved by Kashiwara [15] that these are all holonomic systems (the second one

is a finite-dimensional vector space) if .# and ./~ are holonomic.

Let us remark that if K = C and .# is Fuchsian along Y in the sense of Laurent
and Moteiro-Fernandes [23], which is the case if .# is regular holonomic in the sense
of [20], then there exists an isomorphism

R%Omgx(ﬂ, 6??)'1/ ~ R%Omgy(ﬂ.’(ﬂ%’n)

in the derived category of sheaves of C-vector spaces; here (% and (3" denote the
sheaves of holomorphic functions on X and on Y respectively, and R#om the right
derived functor of #om. Thus roughly speaking, .#} corresponds to the system of
partial differential equations which the solutions of .# restricted to Y satisfy. Similarly,
M@0, N corresponds to the system which the product of solutions of .# and of A~
satisfies.

As was observed by Castro [7] and Galligo [12] and was developed by many authors
(e.g. [39,40,28-30,1,36]) the notion of Grobner basis and the Buchberger algorithm
[6] are essential in the algorithmic study of Z-modules as well as in computational
algebraic geometry (cf. [9,10]). By using Grobner bases for the Weyl algebra, we give
algorithms for computing the objects listed above under some conditions on .# and
A7, which are certainly satisfied if .# and /" are holonomic. These algorithms also
apply to the analytic counterparts of these functors as long as the input Z-module is
defined algebraically.

We first give an algorithm for the restriction (Algorithm 5.4) when Y is a linear
subvariety of arbitrary codimension under the condition that .# is specializable along Y,
which is the case with an arbitrary holonomic Zy-module .#. Here .# is specializable
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along Y by definition if and only if there exists a nonzero b-function, or the indicial
polynomial of .# along Y. We also give an algorithm to compute the b-function
(Algorithm 4.6).

Our method consists in computing a free resolution of .# that is adapted to the
so-called V -filtration associated with Y. Such a free resolution tensored with Zy_ y:=
(Zx)y gives Y, but it is not a complex of coherent Zy-modules in general. Then
we use information on the integral roots of the b-function to truncate the complex and
obtain a complex of finitely generated free &y-modules. The first author gave in [32]
an algorithm for the case where Y is of codimension one without using free resolution.

This algorithm for the restriction also solves the other problems listed above by virtue
of some isomorphisms provided by the Z-module theory, especially those described in
[15,25]. See Algorithm 6.2 for the tensor product, Algorithm 6.4 for the localization,
and Algorithm 7.3 for the algebraic local cohomology groups. Finally the computation
of the restriction for the general case where Y is not necessarily linear reduces to that of
local cohomology through the so-called Kashiwara equivalence [15], which claims the
equivalence of the category of coherent Zy-modules and that of coherent Zy-modules
supported by Y.

Algorithms for the local cohomology groups have been given in [32] when Y is of
codimension one, and by Walther [42] under the assumption that .# is saturated with
respect to Y. See [34] for another localization algorithm, which applies to the case
where M is holonomic only on X \{f = 0}.

As a direct application of the restriction algorithm, we obtain an algorithm for com-
puting the cohomology groups of the integration of a module over the Weyl algebra.
This enables us, e.g. to compute the de Rham cohomology groups of some algebraic
varieties. See [33] for details.

In Sections 3 and 9, we discuss how to get the free resolution mentioned above.
For that purpose, we apply Schreyer’s method for free resolution in the polynomial
ring (see e.g. [10]) to the ring of differential operators. In doing so, we need some
modification because of the non-commutativity and the fact that the term order we use
is not a well-order. We have two methods to cope with this difficulty: one is the homo-
genization with respect to the V-filtration by the first author [29,30], and the other is
what we call the homogenized Weyl algebra which was introduced and implemented
by the second author in the 2nd version of kan/sm1 [41] that was released in 1994,
but has not been published in the literature. We discuss the first method in Section 3
and the latter method in 9 in a more general situation than the V-filtration, i.e. for the
filtration defined by a general weight vector. Methods similar to the latter one were
also employed by Castro-Jimenez and others (implicitly in [1] and explicitly in [8])
and applied to the computation of the slopes of a &-module.

In Section 10, we give a criterion for a free resolution to be adapted to the filtration
defined by a general weight vector. In particular, we prove that being a standard base
in the sense of Robbiano [35, Definition 3.1] and Mora [26, p. 6] is equivalent to being
an involutive base (Definition 10.1). We expect that this serves as a theoretical basis
for obtaining as small adapted resolution as possible.
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We have implemented the algorithms by using kan/sm1 [41] for computations of
Grobner bases and free resolutions (as Schreyer resolutions) in the Weyl algebra, and
Risa/Asir [27] for factorization and primary decomposition in the polynomial ring.

2. V-filtration and adapted free resolution

Let K be an algebraically closed field of characteristic zero. We fix positive in-
tegers d and n. Let X be the affine space K?*" with the coordinate system (f,x) =
(t15.. s ta,x1,...,x,). We denote by 0, =(0,,,...,0,,) and 0, = (Jy,,...,0y,) the corre-
sponding derivations with d,, = 0/0x;, 0, = 0/0t;. We use the notation x%=x{" X,
b=l ol =g n=0) - O for o= (atr,... ), B=(P1y...r ) € N
and p=(ui,...,p1a),v=1,...,v4) € N%, where we put N:={0,1,2,...}. We also use
the notation |o|:=o; + - - - + ot

Let Y be the d-codimensional linear subvariety of X given by Y:={(#,x) € X | +=0}.
Let Oy and Oy be the sheaves of regular functions on X and on Y, respectively. We
denote by Zx and Zy the sheaves of rings of algebraic linear differential operators on
X and on Y, respectively.

Let .# be a coherent left Zx-module on X. Then the set of the global sections
M:=I(X,.#) is a finitely generated left module over the Weyl algebra Dy ,,:=I(X, Zx).
Conversely, for a finitely generated left Dy, ,-module M, its sheafification .#:=
Px ®p,., M is a coherent Zy-module. More precisely, this correspondence gives an
equivalence between the category of finitely generated D, ,-modules and that of coher-
ent Yx-modules (cf. [3,5]). Hence we could work only in the first category. However,
as to e.g., the restriction functor, it would be preferable to work in the latter category
since a coherent Zxy-module can be specializable along some Zariski open subset of
Y but not along whole Y (cf. Section 4). In any case, actual computations are done
for modules over the Weyl algebra.

In the sequel, we define the notion of free resolution adapted to the V-filtration. Let
P x|y be the sheaf theoretic restriction of Zy to Y. Let #:=0xt; +-- -+ Oxt, be the
defining ideal of Y. Then for each integer £ we put

Fi(Zx)={P € Zx|y |P(Sy) € (Fy)' 7" for any j >k}

=P=>"3" aytx)djol | Lm e Noay(tx) € gy~
I<tIBI<m
with the convention ¢ {/ = Oy for j < 0. This is called the V-filtration attached to Y
(cf. [16,24]). More generally, given an r-vector m:=(m,...,m,) of integers, we put

r
Ffml(Z5):= D F " (Zx)ei,
i=1
where ej,...,e, are the canonical generators of Z%. We may assume that .# has a
presentation .# = %% /A" on X, where 4" is a coherent left Zy-submodule of Z. In
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fact, M:=I'(X,.#) can be written in the form M =D/, /N with an integer » and an
Dy ,-submodule N of D), . Then N":=%x ®p,., N satisfies the above property. Let

u; be the residue class of ¢; € &% in .#. Then for m € Z", we put

d+-n

Ffm](A"):=A" N Ffm)(Z%),

FEm)( A ):=F "™ (Dx )y + - - - + Ff " (Dx ),

for each integer £ € Z. The graded ring and modules associated with these filtrations
are defined by

ey (Zx):=EP K (Zx)/Ff~ (Zx),
keZ

gry [m)(Z ):= @D Ff [m)(Z )/Fy ' [m)(Zy),
keZ

gry[m)( )= @D Fim)(.4)/Ff~ [m)(.40).
kez
Then gry[m](./") and gry[m](.#) are coherent left gry(Zy)-modules. If m is the zero
vector, we shall omit the notation [m].
For a nonzero section P of Z%|y, let k = ordy[m](P) be the minimum k € Z such
that P € Ff[m](Z%). (We put ordy[m](0):= — 00.) Then let oy[m](P) be the residue
class of P in

grt [m)( 2 ):=Ff m)(Z)/FE~ [m)(Z).

Definition 2.1. Let .# = Z%/./" be as above. Let us consider a free resolution (i.e.,
an exact sequence)

g gt gn Vg 2 0 @.1)
of .4, where \; are homomorphisms of left Zy-modules, and ¢ is defined by ¢(e;) =
u; for i =1,...,ry with ry = r. This free resolution is said to be adapted to the
Fy[m]-filtration if and only if there exist vectors m; € Z",...,m; € Z such that

Y (Fy m g (2) C Fy Im)(27)
holds for j =0,1,...,/ — 1 with my = m and that (2.1) induces an exact sequence

gy (70 g, I (25 o gy Imo)(22) T gy [m](4) — 0

of gry(Zyx)-modules. We call my,...,m; the shift vectors associated with the free
resolution (2.1).

The definition above is general in the sense that it is local and also applies to the
analytic case (cf. Section 8). However, from the computational viewpoint, working in
the Weyl algebra would be more convenient: Let D, and D, be the Weyl algebras
on the n variables x and on the d + n variables (z,x) respectively with coefficients in



272 T. Oaku, N. TakayamalJournal of Pure and Applied Algebra 156 (2001) 267-308

K (cf. [4]). Put L:=N2@+" = N¢ x N4 x N" x N". An element P of Dy, is written
uniquely in a finite sum
P=>" Y aupt*oix"le (2.2)

i=1 (uyop)EL

with a,,.5 € K, e1:=(1,0,...,0),...,e,:=(0,...,0,1). Put

Ff(Dain) =S P=">_ > aup(x)t"6}ol € Dyyn|amp(x) € K[x] ¢,
V[=lul<k B

Ffm)(D},):=ED Ff " (Dan)er,
i=1

Ff[m](N):=N N Ff[m](D},,),

FEmI(M):=F§ ™™ (Dayn)ur + -+ + Ff " (D )ty

where u; is the residue class of e; in M. The graded ring and modules gry(Dgy,),
gry[m](D}.,), gry[m](N) and gry[m](M) are defined in the same way as for Zy.
The following lemma follows immediately from the definition:

Lemma 2.2. In the notation above, we have
gry[m](A") = gry(Zx) Qg (p,.,) &y[m](N).

By using this lemma and the flatness of Zy over Dy,,, we can easily get the
following:

Proposition 2.3. Let

7i—1 lpl—l

D:Il-&-nLDaHn_)'.'£>D211+HLD;O+nLM_)0 (2.3)

be a free resolution of M adapted to the Fy[m]-filtration, i.c., \; are homomorphisms
of left Dy, ,-modules, ¢ is defined by @(e;)=u; for i=1,...,rg with ro=r, and there
exist mi € Z",...,m; € Z" such that

Vi (Fy Imy 1(DJ1) € Fy [m; (DY)
holds for j=0,1,...,1 — 1 with my =m and that (2.3) induces an exact sequence
7 l&/ ‘/;2 71 l/;1 70 P
gry[m](Dy, ) —- - -——gry[m (D) — gry[mo](D,, ) — gry[m](M )—0

of gty(Dgyn)-modules. Under this assumption, the exact sequence (2.3) tensored by
Dx from the left gives a free resolution of M adapted to the Fy[m]-filtration.
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Definition 2.4. Let N be a Dy, ,-submodule of D} . Then a subset G of N is said to
be an Fy[m]-involutive base of N if G generates N and {oy[m](P)|P € G} generates

gry[m](N) in gry[m](Dy_,).

In Section 10, we shall prove the following equivalence in a more general situation
(Theorem 10.7):

Theorem 2.5. Let M and m be as in the preceding proposition. Consider an exact
sequence (2.3) and vectors m; € Z",...,m; € 77" such that

Vi (Ff [my (D)) € Ffm; (DY)

holds for j=0,1,...,1 — 1 with mg =m. Then the following three conditions are
equivalent:

(1) The resolution (2.3) is adapted to the Fy[m]-filtration.

(2) For each k € Z, the sequence

FEm (D, ) 2 - 2 B )05, 2 B Imol(D,,) ~2 Ff[m)(M) — 0

is exact.
(3) Let eE[),...,eﬁf) be the canonical generators of Dy, ,. Then {x//i(egi)),...,lpi(eg))}
is an Fy[m;_]-involutive base of Kery;_| for each i =1,2,...,1 with yy:=0.

Note that the implications (2) = (1), (2) = (3) are trivial but the others are not.
However, we do not need this theorem in the following sections; it possibly concerns
the problem of how to get an adapted resolution as small as possible, in connection
with the Schreyer resolution discussed in Section 9.

3. Adapted free resolution by V-homogenization

The purpose of this section is to show that Grobner bases homogenized with respect
to the V-filtration provide a free resolution adapted to the V-filtration. An alternative
and more efficient method will be described in Section 9.

We fix a natural number » and a vector m € Z. Let < be a well-order (i.e. a linear
order) on L x {1,...,r} which satisfies

(81) < (.j) implies (3 +7,1) < (B +7.))
for any &, 5,7 € L and i,j € {1,...,r}. (3.1)
Then we define a total order <z on L x {I,...,r} by
(v, 0, B0) < (v, o, B, j) if and only if
[v—p|+m <]V —p'|+m; or else

|V - :u| +m; = |VI - :u/| + mi, (/J’ v, &, ﬁ’l) = (,UI,V/,OC/,ﬂ/,j). (32)
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Let P be a nonzero element of D), which is written in the form (2.2). Then the

leading exponent lexpp(P) € L x {1,...,r} of P with respect to <p is defined as
the maximum element of {(u,v,a, f,i)|auys # 0} in the order <. Moreover, for
(v, 0, B,7) = lexpp(P), the leading coefficient of P is defined by lcoefr(P):=aup;-
The set of leading exponents Ex(N) of a subset N of D | is defined by

n+1
Er(N):={lexpp(P)|P € N\ {0}}.
Definition 3.1. A finite subset G of a left Dyy,-submodule N of D}, is called a

Grobner basis of N with respect to <y (or an F[m]-Grobner basis) if G generates N
and

Er(N) = | (expp(P) + L)
PeG

holds with the notation
(i) +L={@+p.i)|BecL}

foraeL and i€ {l,...,r}.

We define an order <y on N x L x {1,...,r} by
(A,8,1) <y (A',8,i) if and only if A < A’ or else
A= (Lai) < (X, &I,j), 3.3)

where 4,2’ € N,&,4 € L and i,j € {1,...,r}. It is easy to see that <y is a well-order
and satisfies

Lemma 3.2. If |v—pu|+m; — A=V — /| +m; — A, then we have
(Ao tto vy 0 Byi) < (A sVl L B J)

if and only if
(vson i) <p (W0 B, ).

We introduce an indeterminate #y which commutes with any element of D;,, in
order to define the homogenization.

Definition 3.3. An element P of D, ,[f]" of the form

-
Vs o )
P= Z Z )ity x* 0, 656,-

=1 v

is said to be F[m]-homogeneous of order k if a;,y,p; =0 whenever |v—pu|—A+m; # k.

Definition 3.4. For an element P of D), of the form (2.2), put

k:=min{|v — pu| + m; | aup # 0 for some o, f}.
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Then the F[m]-homogenization h(P) € Dy, ,[ty]” of P is defined by

p
h(P)ZZZ Z a,,va/;it(l)v_”Hm’_kt”x“ﬁtvﬁfei.
i=1 uvof
Then A(P) is F[m]-homogeneous of order k.

When m is the zero vector, we simply say F-homogeneous instead of F[m]-
homogeneous.

Lemma 3.5. If P € Dy,,[t] is F-homogeneous and Q € Dyy,[ty] is F[m]-
homogeneous, then PQ is F[m]-homogeneous.

Lemma 3.6. For Py,...,P, € D, put P=P|+---+P;. Then there exist I,1y,...,1; €
N so that

(h(P) = t) h(Py) + - - - + o h(Py).

Let us define w: NxLx{l,...,r} = Lx{1...,r} by (L ,v,o,f,i)=(p,v,0, f,1).
For a nonzero element P = P(fy) of Dy4[t0]’, let us denote by lexp, (P) € N x L x
{1,...,r} and lcoefy(P) € K the leading exponent and the leading coefficient of P
with respect to <.

Lemma 3.7. (1) If P(ty) € Dginlto) is F[m]-homogeneous, then we have lexpg

(P(1)) = w(lexpy (P(%)))-
(2) For any P € D}, we have lexpp(P) = w(lexpy (h(P))).

Since the Buchberger algorithm preserves the F[m]-homogeneity, we have

Proposition 3.8. Let N be a left Dy, ,[ty]-submodule of Dy ,[ty]" generated by F[m]-
homogeneous operators. Then there exists a Grobner basis with respect to <y of N
consisting of F[m]-homogeneous operators. Moreover, such a Grobner basis can be
computed by the Buchberger algorithm.

The following proposition can be easily proved in the same way as [30, Theorem 3.12]

Proposition 3.9. Let N be a left Dy -submodule of D), generated by P,...,P; €
D}, ,. Let us denote by h(N) the left Dy ,[to]-submodule of Dy ,[t0]" generated by
h(Py),...,h(P;). Let G={01(%),...,0k(to)} be a Grébner basis of h(N) with respect
to <y consisting of F[m]-homogeneous operators. Then G(1):={0:(1),...,0x(1)} is
an F[m]-Grobner basis of N.

Thus we have an algorithm of computing an F[m]-Grobner basis for an arbitrary
shift vector m € Z”. We can prove the following in the same way as [30, Proposition 3.11]
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Proposition 3.10. Let N and Q;(ty) be as in Proposition 3.9 and put N:=Zx ®p,,,
N C %Y. Then for any germ P of N at p € Y, there exist germs U; of Dx at p such
that P=U,01(1)+- - -+ U Or(1) and ordy[m](U;0;(1)) < ordy[m](P) for j=1,...,k.

If the leading exponent of P € Dy.,[to]" is lexpy(P)=(4,8,i) e Nx L x {1,...,r},
we define the leading position lp,(P) of P by i. For &, € L and i € {1,...,r}, we
put

(@) V (Bi) = (max{a, B, },...,max{%ad 12 Brgs2n} s

(@ i)+ (B.i) = (& + B.0).
Let N and Qj(f) be as in Proposition 3.9 and put A:={(i,j)|l < i<j < L

Ip;(Qi(t0)) = Ipy(Q;(t))}. For (i,j) € A, let Sj;(t),S;i(ty) € Datalto] be monomi-
als such that

lexpy; (Si(20)Qi(10)) = lexpy (Sij(10)Q;(0)) = lexpy (Qi(t0)) V lexpy (Q;(%)),

lcoef 7 (S;i(t0)Qi(t)) = lcoef 11 (S;;(0)Q;(t0 ).

Then by the division algorithm, there exist F'-homogeneous Uj;(fy) € Dytnlto] so that
we have

k
Sii(t0)Qi(to) — Sij(10)Qi(to) =Y Usji(t0)Qi(to)

=1
and either Ujj(ty) # 0 or else

lexpy (Uiji(20)Qi(10)) <1 lexpy (Qi(10)) V lexp(Q;(7))

for each /=1,...,k.
The proof of the following proposition is similar to that of [30, Theorem 3.13]:

Proposition 3.11. In the same notation as in Proposition 3.10, the left Dy ,-module

Sy2(Qi(1),..., Ox(1)):={(U1,..., Up) € D, | U1 Q1(1) + - - - + Up Ox(1) = 0}
is generated by {V;;(1)|(i,j) € A} with

(@) ()
Vij(t0):=(0,...,Si(t0), ..., =Sij(t0),- .., 0) = (Ujji(t0), - .., Upje(t0))-

Now let us describe an algorithm for computing a free resolution of M which is
adapted to the filtration Fy[m] (cf. Proposition 2.3). Let N be a left Dy ,-submodule
of D), such that M =D} /N.

First, starting with a given m € Z/, let {P,,...,P,, } be an F[m]-Grdbner basis of N

constructed as in Proposition 3.9. Put

m;:=(ordy[m](P,),...,ordy[m](P;,))
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and define y; : D}, ,

V1015, 0 ):=01P + - + O Py

Then we get a set of generators of the kernel Kery; by using Proposition 3.11.

By the same procedure as above with N, r, and m replaced by Ker ), r;, and m,
respectively, we obtain a homomorphism v, : D7, — D/} so that Imy, =Kery;. In
view of Propositions 3.10 and 3.11, the sequence

- Dz’;Jrn by

oy Y N -
Ffmy)(D},,) > Ff[m1(D},,) — Ff[m](D},,)

is exact for any k € Z with m, € Z/? defined by
my:=(ordy [my 1(Ya(1, .., 0)), .., ordy [my J(Y(0, ..., 1)).

Proceeding in the same way, we can obtain a free resolution (2.3) which is adapted
to the Fy[m]-filtration for any given / € N.

4. The b-function of a D-module

Let .4 be a left coherent Zy-module on X. We assume that a left D, ,-submodule
N of Dy, is given explicitly so that .# = %y ®p,., M holds with M:=D},  /N. Set
N:=Dx ®p,,, N CZ%. In this and the following sections, we restrict ourselves to
the case m = (0,...,0) € Z" and omit the notation [m]. Then the Fy-filtrations and
the associated graded rings and modules are defined as in the previous sections with
ui,...,u, being the residue classes in M (or in .#) of the canonical generators of D7,
(or of Z%). Then, for any k € Z,

gt (M y:=Ff () JFf = ()
is a left gr%(Zy)-module and we have
gt (M) = gty (Zx gt (M)

We put U:=t;0;, + - -+ + t40;,. This is the unique vector field modulo Fy Y(Zy) that
operates on fy/ #% as identity. Let 0 be a commutative variable corresponding to 4.

Definition 4.1. The b-function (or the indicial polynomial) b(0, p) € K[6] of .# along
Y with respect to the filtration Fy at p € Y is the monic polynomial (0, p) € K[0]
of the least degree, if any, that satisfies

b(V, p)griy (M), =0.

If such b(0, p) exists, .# is called specializable along Y at p. If ./ is not specializable
at p, we put b(0, p) =0. The global b-function b(0) of .4 along Y is defined to be
the least common multiple of b(0, p) with p running through Y.

It is known that the specializability does not depend on the choice of the generators
uy,...,u, of ./, while the b-function itself can depend on it (cf. [24]). It is also
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known that if .# is holonomic, then .# is specializable along an arbitrary submanifold
[19,20,22].

Let us describe the procedures for computing b(6, p) and b(0): First, we reduce to
the case » = 1. For each i =1,...,r, let m; be the projection of gr,(Z%) to the ith
component and put

gty (N :={P € gry(N)|n;(P)=0for j=i+1,....,r}.

Note that gry (A")?/gry(A)~D can be regarded as a left ideal of gry(Zy) by the
projection to the ith component. Then we get the following lemma:

Lemma 4.2. Under the above notation, b(¥, p) is a generator of the ideal

”

(K9] N (gry () /gry ().

i=1
Let us now assume that the order < satisfies
(8,i)=(&,j) ifi<jfor &,& € Landije€{l,...,r} 4.1)
LAet G be a Grobner basis of N with respect to < defined by < as in Section 3. Then
Ii=gry(N)D/gr, (N )=D is generated by
{m(ay(P))|P € G, ay(P) € gry(/)V}.
Our next task is to compute the intersection INg y[t101,...,t404]. For this purpose,

we introduce commutative indeterminates v = (vy,...,v4) and w = (wy,...,wy), and
work with the ring Dy, ,[v,w]. For an element P of D;,, of the form

P= Z aﬂ,,“/;t’la}'x"‘af,
(wvop)el

its multi-homogenization mh(P) € Dy, ,[v] is defined by

mh(P):= D gy M oy T T O]

(wvop)el

with x;:=min{v; — p; | a,mp # 0}. Let <, be an order on N x NY x L 5 (p,0,8)
defined by

(p,,8) < (p,',3) if and only if |p+ o] < |p + 0|

orelse |p+a|=1p +7d|, a <& (4.2)

with an arbitrary well-order < on L satisfying (3.1). Fixing an i € {1,...,d}, we

assign weight 1 to w;,d,, weight —1 to v;,7, and weight 0 to all the other variables.
An element of Dy, ,[v,w] is said to be multi-homogeneous if it is homogeneous with

respect to the weight above for each i =1,...,d. Thus mh(P) is multi-homogeneous
for any P € Dgyy. Put S:=Siy, -+ - Saw, for Kk =(x1,...,K4) € Z¢ with S = 6,{ if j>0
and S,j::tf’ otherwise. Let s=(s1,...,57) be commutative indeterminates. Assume that

P € D;., is multi-homogeneous. Then we have

SKP = Q(tlatlz' . ~:tdatdaxs 8)c)
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with some O(sy,...,S4,%,0;) € Dy[s1,...,54] and x € Z¢. We put
Y(P)(s15.580):=0(51,...,5q)

Proposition 4.3. Let .9 be a left ideal of ery(9x). Let Gy be a finite subset of
gty (Dasn) which generates 5. Let Gy be a Gribner basis with respect to <, of the
ideal of Dy n[v,w] generated by

{mh(P)|P € Go} U{l —vw;|i=1,...,d}.

We may assume that G| consists of multi-homogeneous elements since so does the
input. Then the left ideal I NDy[t104,...,ta01,] of Dy[t104,...,t40,,] is generated by

Gy ={Y(P)(110s,,...,t40:,) | P € Gy N Dy}

Proof. Let P be an element of G; N Dyy,. Since P is multi-homogeneous and free
of v,w, there exists xk € Z¢ so that O:=y(P)(t,0y,-..,t40;,) = Si.P. By definition, P
belongs to the ideal generated by mh(Gy) and 1 —v;w; (i=1,...,d). Setting v;=w; =1,
we know that O belongs to 7.

Conversely, let P be an arbitrary germ of ¥ N Zy[t0y,...,t40,,] at p € Y. Mul-
tiplying P by a polynomial in x which does not vanish at p, we may assume P &€
Dy[t10y,,...,t40,,]. In view of the definition of the multi-homogenization and the fact
that mh(P) = P, there exists p € N¢ so that v”P belongs to the ideal generated by
mh(Gp). This implies that P belongs to the ideal generated by mh(Gp) and {1 —
vw;|i=1,...,d} since

P=(1—v"w)P + v"W’'P

and 1—v”w” belongs to the ideal generated by {1 —v;w;|i=1,...,d}. Set GiN Dy, =
{P1,...,P}. Then by the definition of <,,; and G, there exist Qy,...,0r € Dy, SO
that

P=01P +-- + OiF.

Since Py, ..., P, are multi-homogeneous as well as P, we may assume that such is also
the case with Qy,..., 0. Hence there exist k1),...,x® € Z¢ and Q! € D, so that

P=y(P)=0iSc)Pi + -+ O\ S Pr = Q1W(P1) + - - - + Opb(Py).

This completes the proof. [

Let .# be as in Proposition 4.3. Now we have obtained a set of generators G, of
I NDy[t10y,...,t40,,]. We identify each 1,0, with s;. Then from G,, we can compute
a set of generators G; of the ideal .# N Oy[s] of Oy[s] by eliminating 0, by means of
Grobner basis in the Weyl algebra (see e.g. [28] for details). Then it is easy to obtain
a subset G4 of K[x,0] which generates the sheaf of ideals

F=5 0 0y[0] = F N Oy[s] N Oy[0]
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with 0 =51 + - - - + 54 again by Grobner basis in the polynomial ring. Let us denote by
J the ideal of K[x, 0] generated by G4. Then b(0, p) is a generator of
7, NKT0] = (Oy[01),J N K[0).

Our final task is to compute the b-function at each point of ¥ by using the input Gj.
This is achieved by primary decomposition. Let us state the method in a more general
setting, where we replace the variable 6 by the variables s = (s1,...,54) for the sake
of generality: so let J be an arbitrary ideal of K[x,s] whose generators are given. For
each point p of ¥, put

B(J, p):=(COy[s])pJ NK[s],

which is an ideal of K[s]. Let J=0;N---NQ; be a primary decomposition in K[x,s].
Then by the flatness of (CUy[s]), over K[x,s] we have

B(J, p) = B(Q1, p) N --- N B(Qr, p).
Each ideal on the right-hand side can be computed easily by the following:

Lemma 4.4. Let Q be a primary ideal of K[x,s] and put
Vy(Q)={x € Y =K"| f(x) =0 for any f € ONKJ[x]}.

Then we have
ONK[s] if peW(Q)
K[s] if peY\W().

Proof. First assume p ¢ Vy(Q). Then there exists a(x) € QNK[x] such that a( p) # 0.
This implies that B(Q, p) = K[s]. Next assume p € Vy(Q) and b(s) € B(Q, p). Then
there exists a(x) € K[x] so that a(x)b(s) € Q and a(p) # 0. Suppose b(s) does not
belong to Q. Then we have a(x)/ € Q with some j € N since Q is primary. This
implies a(p) = 0, which is a contradiction. Thus we have B(Q, p) C O N K[s]. The
converse inclusion is obvious. [

B(Q.p)= {

Lemma 4.5. Let J be an ideal of K[x,s]. Then we have

() B(J.p)=J NKls].
peY

Proof. Let J=0;N---NQ; be a primary decomposition. Then by the preceding lemma,
we have

!
() BU.p)=() () B pr)
peEY peY j=1
=10 NK[s]| Q; N K[x] # K[x]}
=J NK[s]
since O; N K[s] = K[s] if and only if O; N K[x] = K[x].

O
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Returning back to the ideal J of K[s, 0] generated by Gs, we have only to apply
Lemma 4.4 with s replaced by 0. This gives us an algebraic stratification of Y so that
b(s, p) is constant on each stratum as a function of p. Moreover, Lemma 4.5 tells us
that the global h-function of .# along Y is simply a generator of J N K[0]. Thus the
algorithm is summarized as follows:

Algorithm 4.6 (The b-function of M =%x ®p,,, M).

Input: M =D/, /N with an D, ,-submodule N of D;_,.

(1) Compute a Grobner basis G of N with respect to the order <p that is defined
through (3.2) by using an order < satisfying (3.1) and (4.1) with m = 0.

(2) Fori=1to r do
(a) Gi={mi(oy(P))|P € G, mj(oy(P)) =0 for any j > i}.
(b) Let G;; be a Grobner basis of the left ideal of Dy ,[v, w] generated by

{mh(P)|P€ G,}U{l —U,W,|l:1,,d}

with respect to an order <, satisfying (4.2).

(¢) Gi:={Y(P) € Dy[s]| P € Git N Dy}

(d) Compute J;:=(Gp) NK[x, 0] first by eliminating 0,, then eliminating s3,...,s/,
after substitution 0=s;+---+s4 and s’ =s; for j=2,...,d; here (Gj2) denotes
the left ideal of D, [s] generated by Gj,.

(3) The global b-function b(0) of .# is the generator of (;_, (J; N K[0]).
(4) Fori=1 to r do

(a) Compute a primary decomposition J; = ﬂi: , Qi in K[x, 0].

(b) Compute (generators of) O;; N K[s] and O;; N K[x] for j=1,...,/; by elimi-
nation.

(5) For each p € Y, the local h-function b(, p) is the generator of the ideal

li

() () {Q N K61 g(p) =0 for any g(x) € Oy N K[x]}.
i=1 j=1

Let us remark on the coefficient field: Suppose that the input is defined over a subfield
Ko of K. Then steps 1-3 can be done over K, instead of K and b(0, p) divides b(0)
for any p € Y. However, the primary decomposition in step 4 must be one in K[x, 0]
not in Ko[x, 8]. In fact, we need a primary decomposition over an intermediate field
K, with Ky C K1 CK so that b(0) factors into linear polynomials in K;[0]. If, e.g., Ko
is the rationals Q, such K; is computable. Hence, the primary decomposition in step
4 is certainly computable if the input is defined over Q in view of e.g., [2,11,38] and
gives the local b-function at any p € ¥ =K".

As a special case where all the computation can be done over Ky, suppose that the
ideal J NKy[0] is generated by a polynomial which is a multiple of linear factors over
Ky. Then step 4 of Algorithm 4.6 can be computed over Ky and step 5 is true for any
p € K"; one can easily verify this by considering a projection of K to Kj. Note that
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this is exactly the case with the classical Bernstein—Sato polynomial (cf. [30-32] for
algorithms) and Ky = Q by virtue of Kashiwara’s theorem on the rationality [14].

At this occasion, let us make a correction to [32]: Lemma 4.4 of [32] does not hold
in general; we need field extension as explained above. This correction does not affect
the rest of [32].

Example 4.7. Let K be an arbitrary field of characteristic zero and put X:=K°> >
(ti,t2,x, ¥,2), Yi={(t1,t2,x,,2) € X |ty =t = 0}. Put M:=Ds/I with the left ideal /
generated by

h—x4+y -y 422, o+ 3x26t1, 0y — 2y0;, + 3y20t2, 0. — 2z0,,.

Then the b-function b(s, p) of M: =%y @p, M along Y at p € Y = K> is given as
follows:

R ()R R
DR

if p=(0,0,0) € Y; b(s, p)=s if p € {(x,,z) € K3|x*—1*=0, y* —z>=0}\{0,0,0};
and b(s, p) =1 otherwise.

5. Restriction of a D-module

We retain the notation of the preceding sections. Put

Dy—x:=0y @0y Dx.

Then Zy_.x has a natural structure of (Zy,Zy)-bimodule. Let .# = Zx ®p,., M be
a coherent Zy-module with a finitely generated Dy, ,-module M =D/, /N. Then the
(D-module theoretic) restriction of .4 to Y is defined by

My:=Dy_xy % M

in the derived category of left Zy-modules, where ®* denotes the left derived functor
of the tensor product (see [13] for the derived category and derived functors).

In general, let & be a K[t]-module and &; (j € Z) be additive subgroups of &
such that #.%; C %,_ holds for i =1,...,d and j € Z. Then for any integer k, we
define the Koszul complex A *(ZL,[k].11,...,15) associated with Ly = {Z;};cz and
H,...,lg by

0 4 \ a0 5 d 4
0= LiQzNL — Lha 1 QzNL — - — L, @z NL — 0,
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where J is defined by
d
Su®e, A~ Ney)=> tu®e Ne, A Aej
=1
for a subset {ij,...,i;} of {1,...,d} with the unit vectors ej,...,eq of Z7. When
&= for each j, we also denote this simply by #*(Z,t,...,t;). Here we regard

Lrvd— j®/]\ Z¢ as being placed at the degree —; to be compatible with the cohomology
theory.

In particular, #"*(Zx,t1,...,t;) is quasi-isomorphic to Zy_.x in the derived category
of right Zx-modules. Hence we can identify .#% with the complex

%.(gXatla---atd)®9X %:%.(%9t19---5td)'

Our purpose below is to describe an algorithm to compute each cohomology group
H(MY) (for i=0,—1,...,—d since it is zero for other i) under the assumption that
A is specializable along Y. Let b(0, p) be the b-function of .# along Y at p€ Y.

Proposition 5.1. Let p be a point of Y and k be an integer such that b(k, p) # 0.
Then the Koszul complex A *(gry(M)[k),t1,...,t4) associated with {gry (M )}jez, is
exact at p (i.e., on a Zariski neighbourhood of p).

We shall prove this proposition in a slightly more general situation. Let D;:=K[¢](0;)
be the Weyl algebra on the variables ¢t = (#,...,%;) and define a filtration on it and
the associated graded module by

FeDa):=S > awt"d] . e, (Da):=Fi(Da)/Fi_1(Da).
[v—u|<k

Note that gr(Dy):= @D,z &r(Da) is isomorphic to Dy. In particular, we can regard
gry(Dy) as a subring of D,.

Proposition 5.2. Let = ez 2 be a graded gr(Dq)-module, i.e., assume gr;(Da) <

C Ly for i,j € L. Assume moreover that there exists a nonzero polynomial b(8) €
K[0] which satisfies b(¥ + j)£; =0 for any j € Z with ¥ =t,0;, +--- +140,,. Let k
be an integer such that b(k) # 0. Then A *(L[k], t1,...,tq) is exact.

Proof. We argue by induction on d. First suppose d = 1. Then #"*(Z.[k],t1) is the
complex

0 — L1 -5 % — 0.
Assume u € % satisfies tju = 0. Then we have u = 0 since

0=>5b(t10y, + k + L)u=b(0,t, + k)u = b(k)u.

On the other hand, there exists P € D, so that b(¢;0,, + k) =1t,P + b(k). Hence for an
arbitrary v € %, we conclude v € t; %4 from b(t,0,, + k)v=0.
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Now assume the proposition is true with d replaced by d — 1. It is easy to see, as in
the case of the usual Koszul complex (see e.g., [37, p. 188]), that A *(Le[k], t1,...,t4)
is quasi-isomorphic to the complex associated with the double complex

‘%/.(go[k—i_ 1]7t15"'5td—1)

Lt (5.1
Ji/..(og).[k],tl,. . .,td_l).

Let us denote by #; and %}’ the kernel and the cokernel of #; : Z;;1 — &;. Then

L=z & and L": =P, 5 £} are graded gr(Dy—)-modules. For any u € &,

we have
0=>b(t10, +---+ 140, +j+ Du
=b(t10;, + -+ ta—10,,_, + Oy ta + j)u
=b(t10y + -+ 110y, +J)u.
On the other hand, for v € &}, let ¥ be its residue class in g]{’ . Then we have

0=>b(t10y + -+ ta0y, + jI0=b(t10y, + -+ + tg—104,_, + j)0b.

Thus both ¥’ and #” satisfy the conditions of the proposition with d replaced
by d — 1. By the induction hypothesis, the complexes #'*(ZL.[k];t,...,ts—1) and
H (LUKl t,...,ts_1) are exact. Hence the vertical chain map of (5.1) is a quasi-
isomorphism, which implies that J#"*(%L,[k],t1,...,t;) 1s exact. [

Under the assumption of Proposition 5.1, we have b(J+ j)gr{}(,/% )=0 for any j € Z.
In fact, for P € gry(Zy), we easily get b(Y + j)P = Pb(19). This yields

b + J)gr (M) = b9 + ))gri(Dx)gry (M)
= grl(Zx)b(9)grh (M) = 0.

Hence Proposition 5.1 is an immediate consequence of Proposition 5.2.
In general for m € 77, we define the Fy[m]-filtration on &% _,, by

FHml(Z5_y) = F{ [m)(Z5)/(t.Fy T [ml(Zy) + - - + taFy ' [m])(Z%)

12

P=Y""ayx)djdle;|ap(x)=0if [v| >k —m
i=1 vp

r

DD o

=1 |v|<k—m

We also define F¥[m](D,[d,]") in the same way identifying D,[0,] with Dy.,/(tiDan+
o+ 1aDan)-
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Theorem 5.3. Put m=my =0 and take a free resolution (2.1) of Definition 2.1 with
[ =d + 1, which is adapted to the Fy-filtration with the shift vectors my,...,myq.
Let p be a point of Y and let ky and ki be the minimum and the maximum integral
root of the equation b(0, p) =0 in 0. Then, for 0 < i < d, the cohomology group
H MY is isomorphic as Dy-module to the —ith cohomology group of the complex

P;yki[lmdﬂ](@’y“:;x) Go JZ;‘i[lml](@LX) A ’?‘lﬁ%ﬂ
B i (2520 AT Ry

—

— 0

(5.2)

at p, where l/;j- is a homomorphism induced by \y;. In particular, we have # (.3 )=0
at p for any i if b(0, p) =0 has no integral roots.

Proof. For any k € Z, the complex
g mg (2 S I (7)) — 0

is quasi-isomorphic to gr¥(.#) since (2.1) is adapted to the Fy-filtration. Hence we
know that £ *(gry(.#)[k],t1,...,ts) is quasi-isomorphic to the complex associated with
the double complex

0

|
A (gry[mol(Z)[k] b, ta)

Tl;]

2
f’(gfﬂmd](@%)[k],tl,--.Jd)
l/;d+]
A (gry[mg (2 )k, ta)
T

On the other hand, we have a quasi-isomorphism
A (g m( D) 1, ta) ~ gy ()25 y).
Hence A "*(gry (.4 )[k],t1,...,ts) is quasi-isomorphic to the complex

Fa+ ‘/; l/; "
= gy [mg (25 ) =5 =5 gy [me) (25 ) — 0. (5.3)

Thus, by virtue of Proposition 5.1, the complex (5.3) is exact at p if b(k, p) # 0. This
implies the theorem since we have

F{m)(Z5_y) =0

for sufficiently small k € Z. O
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Note that Fi'[m; (2% )/FR~ ' [m}(Z%_x) is a free Zy-module of rank

> #{ve 2 ko —my < v < ki —my}.

j=1
Hence Theorem 5.3 gives us an algorithm to compute each cohomology group #
(AM¥). In fact, we have only to compute the cohomology groups of the complex (5.2)
as left D,-modules with Zy_,y replaced by D,[0,]. The flatness of Zy over D, assures
us that the generators of the cohomology group over D, also give the ones over Zy.
The algorithm is summarized as follows:

Algorithm 5.4 (The cohomology groups of the restriction of M to Y).
Input: M =D /N with a Dy ,-submodule N of D}, .
Output: H (M) = Dy p, (DL/L) for 0 <i < d.

(1) Compute the global b-function b(0) of .# along Y by steps 1-3 of Algorithm 4.6

with M as input.

(2) If b(0) =0, then .# is not globally specializable along Y; quit.

(3) Let ko and k; be the minimum and the maximum integral roots of »(0) = 0. If

there is no integral root, then we have #~'(.#%) =0 for all i; quit.

(4) Compute a free resolution

12

D+ MD"’ ﬂ)...&prl *)DZJOML’MHO

d+n d+n d+n
of M adapted to the Fy-filtration (cf. Proposition 2.3) and the shift vectors
my,...,my; by using Proposition 3.11 successively, or by using Theorem 9.10,
with m =my = 0.
(5) Compute the induced complex

Fy [mg JD00™) sy 0y FyTm(D00") 3 Fy'(Da[0]") 0
F~ tmg i  1(D,[0,17") F m(Dal00°)  Fy (Dald]™)

as a complex of finitely generated free left D,-modules. Put l/;()::O.

(6) Via Grobner bases of modules over D,, compute the —ith cohomology group
Ker,/Imy,,, of the above complex in the form D%/I; with a left D,-module ;
for i=0,...,d.

Note that in step (4) of the above algorithm, only ,..., ;11 are needed if one
wants to compute only the —ith cohomology groups for i =0,...,i. In particular, one
does not need the free resolution to compute only the Oth cohomology.

As a direct application of the algorithm above, we obtain an algorithm to compute
the cohomology groups with coefficients in the formal power series solutions of ./Z:

Extl, (/,K[[x]]) (i=0,...,n)

under the assumption that .# is specializable along Y:={0}. In fact, we can easily
verify that there exists an isomorphism (see e.g. [23, p. 428] for the case K = C)

Exty, (M, K[[x]]) ~ Exty (My,K) ~ H'(MY).
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If K=C and .# is Fuchsian along Y in the sense of [23] (this condition holds if .#
is regular holonomic in the sense of [20]), then by virtue of the comparison theorem
([23, Théoréeme 2.3.1]), we have also an isomorphism

Exty, (M,C{x}) =~ H™'(MY),

where C{x} denotes the ring of convergent power series in x. Note that Kashiwara’s
index theorem [17, p. 127] gives the local index

> " (~1)'dim¢ Extl, (.#,C{x})

i>0
at 0 € X in terms of some topological quantity associated with the characteristic cycle
of M.

Example 5.5. Let us consider M:=Dy/I, where [ is the left ideal of D4 (with K = C)
generated by
X303 + X404 — a1, X101 +x303 —az, X202 + X404 —az, 0104 — 0203,
where ay,a,,a3 € C are parameters. Put /#:=%y ®@p, M with X =C* and Yi:={(x1,x2,
X3,%1) € X |x; =x, =x3 =0}. The global b-function of .# along Y; is (s — a)(s +
a, — ap — a3). Hence the cohomology groups of the restriction of .# to Y; all vanish
unless a; or a; —ay — a3 is an integer. If a; =a, = a3 =0, we have by Algorithm 5.4
Dy, | Dy, %404 (i=0),
(9Y1/9Y1x4a4)2 (l:_l)v
Dy, | Dy, X404 (i=-2),
0 (i <-=3).

The b-function of .# along the point ¥5:={(0,0,0,0)} is s — a; — as. Suppose a; =
a; = a3 = 0. Then the cohomology groups #'(.# %,) of the restriction of .# to Y, are
C,C3,C3,C,0 for i =0,—1,—2,—3,—4, respectively. Since .# is regular holonomic,
this implies that Extl, (.#,C{x})is C,C?,C3,C,0 for i =0,1,2,3,4 respectively.

in(,/%;l):

Example 5.6. Put X:=C? > (x,y) and .#:=%x ®p, (D,/I) with I being the left ideal
generated by

x0x — x(x0x + y0y + a)(x0x + b1), y0, — y(x0x + y0, + a)(¥0, + by).
Then by the computation of the restriction of .# to (0,0), we get

C (=0,
Extly (M, Cllx, y]) =14 C (i=1),
C (i=2)

for generic parameters a, by, b, (this means that we perform the computation over the
coefficient field K:=Q(a, b1, b,)). In particular, we have Z,‘Z:() (—1) dime &xtl, (M,
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C[[x, »]]) = 0. On the other hand, the characteristic cycle of .# is
He=n=0+Hx=n=0t+4{y=C=0t+{x—y=C+n=0}

+7{x=y=0}

as a cycle in the cotangent bundle 7*X = {(x, y,& n)}. Thus, by Kashiwara’s index
theorem we have

2
> (1) dime &xtly (M, Clx,y}) =3 - (4+4+ D) +7=1.
i=0
Hence .# is not regular at (0,0).
dim¢ (E”’xt,%X(,/%,C[[x, ¥]]) = 1 implies that the system .# admits one-dimensional
space of formal power series solutions at the origin. In fact, the (divergent) formal
series

o0

2 DDy 7

spans the solution space.

(Om=clc+1)---(c+m—1)

m,n=0

6. Tensor product and localization

In this and subsequent sections, we denote by X the affine space K”. First let us
describe an algorithm to compute the tensor product and the torsion groups of two
holonomic Zy-modules .#, and .#,. We suppose that left D,-modules N, and N, are
given so that

My=I(X,.4;)=D/N; (i=12).

Let m,m : X X X — X be the projections to the first and the second component
respectively and put

@}Xx::ﬂl_lc@x Rk TEZ_ID@,\&
Then the exterior tensor product is defined by

MNRM =Dy« x Qg (ny "y @k 7y ).

First, let us describe this exterior tensor product more concretely. Let uy,...,u,, be
the residue classes of the unit vectors ey,...,e, of D', and vj,...,v,, the residue
classes of the unit vectors ej,...,e;, of Dj>. Then as a Zyx-module, .# Q.M is

generated by u; ® v; (1 <i<r, 1 <j<r). Let us denote by (x, y) the coordinate
system of X x X. For P=(Py,...,P,) € Z% and QO =(0,...,0,,) € % we write

P ® 0:=(Pi(x,0:)01(.0y))ij € Dy %x-
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Let .4/ be the left &, y-submodule of (ZY, )" generated by the set
{PRe|PeEN,1<j<ntU{e®0|0eN,1<i<r}

and put :=Dy«y Q. 28

Lemma 6.1. Under the above notation, there is an isomorphism
M\ @My =~ D] S

Proof. Put

,%//:: {(PU)U S (QS(XX)V]Q

Z P,:,'(Ll,'@l)j):() in ’/El_leﬂ] Rk ﬂz_leﬂz} .

L
Then it is easy to see that .#’ C #”. Hence we have a commutative diagram

n iy xS (Dyy )
\ l
ny @k s = (D) H

where @ is a K-bilinear map defined by

(0] <Z P,‘u,‘, Z ijj> =P® Q modf',
i J

which is well-defined by the definition of .#’. In view of the universal property of the
tensor product, we know that the vertical map above is an isomorphism. This completes
the proof. [

Hence .#1&.4, is computable with N; and N, being given. Put 4:={(x, y) € X x
X |x =y} and identify 4 and X by the map m;. Then by [15, Proposition 4.7], which
obviously applies to algebraic Z-modules as well, we have

M R Moy~ Da_xnx @ (MGM)
= (M \&.M7)3.

Suppose that .#, and .#, are holonomic. Then it is easy to see that .# \ QM s a
holonomic Zy «xy-module since its characteristic variety is contained in the Cartesian
product of those of .# and .#,. Hence, .# .4 is specializable along A and the
following algorithm is correct:

Algorithm 6.2 (The tensor product and torsion groups of two Zx-modules).

Input: Holonomic systems .#; =%y ®p, M;, where M;=D!i/N; with a D,-submodule
N; of Dji for i=1,2.

Output: Tor{*(My, M) = %} for k=0,...,n.
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(1) From sets G; of generators of N;, compute
Gy={P®e|PeG,1<j<ntU{e®0]|0cG,1<i<n}

(2) Let G4 be the result of the substitution y; =x; + ¢ (i=1,...,n) for each element
of Gs; let Iy be the left submodule of D3 with D,, = K[t,x](0;, 0x) generated by
Gy.

(3) Apply Algorithm 5.4 with D5/l as input and d = n to obtain

Ly = H (D xx @y, (DR 150y xx)
for k=0,...,n.

Example 6.3. Put X:=K and
M=Dx|Dxx0y, N =Dx|Dxx.
First, the exterior tensor product is given by

MON =Dy x (DxxxX0x + Dxxxy)

with (x,y) € X x X. Its global b-function along the diagonal is s, and by restricting
MRN to the diagonal we get

Tor (M, N)=Dx|Dxx (i=0,1).

In the same way, we get

) 0 i=0),
TorS (D |Dxx, Dx|Dxx) = (, )
@X/@Xx (l = 1)

Tor® (Dx| Dy (xdx + 1), Dx/Zxx)=0 (i=0,1).

Let .# be a holonomic Zy-module and let f € K[x] be an arbitrary non-constant
polynomial. Then we immediately obtain an algorithm to compute the localization
M f~:=0x[f~"1®0, A by combining this algorithm with that of computing ©[1/f]
given in [31] since Ox[f '] is holonomic [15, Theorem 1.3]). Since Ox[f~'] is flat
over Oy, the higher torsion groups vanish.

Algorithm 6.4 (The localization M[ f~']).
Input: A holonomic system .# = Zx ®p, (D,/N) and a non-constant polynomial
f € K[x].
Output: M[f~'].
(1) Compute the global Bernstein—Sato polynomial b,(s) of f as follows (cf. [30]),
where s is a single indeterminate:
(a) Letting ¢ be a single variable and let / be the left ideal of D, generated by
t— f(x) and Ox; + (0 f/0x;)0, for i=1,...,n.
(b) Let b(0) be that in the step 3 of Algorithm 4.6 with D, /I as input and d=1.
Put by(s):=b(—s — 1).
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(2) Compute a set of generators of J;:={P(s,x,0x) | D,[s]|Pf* =0} by [31, Theorem
19].

(3) Let v be the minimum integer root of b,(s)=0 and put J (v):={P(v,x, d;) | P(s,x, Ox)
€ Jr}. Then Ox[f~'] =~ Zx @p, (DulJ r(v)).

(4) Compute Ox[f~'1®¢, #, which is obtained as the output of Algorithm 6.2 with
D,/Js(v) and D, /N as input and i = 0.

7. Algebraic local cohomology groups

Let f1,..., fs € K[x] be arbitrary polynomials and put V:={x € X | f1(x)="---=
Sfa(x) =0} with X:=K". Let .# be a coherent Zx-module. Our purpose is to com-
pute the algebraic local cohomology groups %EY](‘% ) with support Y defined by
Grothendieck as Zy-modules. Recall that 7y, (.#) is defined as the kth derived func-
tor of the functor

I'in( A )= lim Home,(Ox/Iy; M),
where ¢y is the defining ideal of Y and the inductive limit is taken as m tends to
infinity. Note that if .# is a holonomic Zx-module, then so is .%”’m(% ) (cf. [15,
Theorem 1.4]).
Put X:=K? x X and identify X with the linear subvariety {0} x X of X. We set

Z={(tx)eX|t;= fi(x) (i=1,...,d)}.
Then @[z]:zéffz]((ﬁ)g) is isomorphic to ¥ ;/.#, where .f is the left ideal generated by

aff'a,. G=1,...,n). (7.1)
ax '

i

d
tj_fj(x) (J:Lad)a ax;-"‘z
Jj=1

Let m: X — X be the projection and put

A ={(t,x,y) € X x X |x=y}.
Then we can identify X with A’ by 7. In the same way as [32, Lemma 6.3] we get
Lemma 7.1.

HO( By @M )5) (i=0)
0 (i #0)

a7 7[716‘)( —1
J or; (,@[z],ﬂi M) =~ {
with
& e —1 —1
B QM =D g3 x @y g0y (P1 Biz) @k Py M),
where py and p, are the projections of X x X to X and to X, respectively.

In fact, this lemma follows from the fact that A’ is non-characteristic with respect
to Bz &4 . The proof of [32, Theorem 6.4] yields the following:
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Proposition 7.2. For any coherent 9 x-module M, we have an isomorphism

H i (M) = A (Biz) @10, 7 M0y 5x)

as left Y x-module for any i > 0.

Algorithm 7.3 (Algebraic local cohomology groups %”m(% ).

Input: Polynomials f1,..., fs € K[x] and a holonomic Zy-module .# = Zx ®p,
(D;/N) with an D,-submodule N of D/, generated by G.

Output: Jf’['y](ﬂ):.,%,d for i=0,...,d with Y:={x € K"| f1(x)="--= fa(x)=0}.
(1) Let I be the left Dy 2,-submodule of D7, generated by

G ={(t;— fi(x)ex |1 <j<d, 1 <k<r}

d of;
U {on+> S0y el <i<nl<k<r
=t

U A{P(y,0,)|P € G},

where ey, ...,e, are the unit vectors of DJ.

(2) Apply substitution y; =x; +z; for i=1,...,n to G and let the result be G,. Let
J> be the submodule of D, generated by G,.

(3) Compute the Oth cohomology of the restriction of D), /J> to {(t,x,z)|z =0} in
the form 2y ®p,., (D}, +n/J3) by Algorithm 5.4. Here we can assume kg =k =0
skipping the steps 1-3 of Algorithm 5.4.

(4) Compute Z;:=H#"((Zy @p,,, (D(1,+,1/J3))EO}XX) for —d <i<0.

Finally, assume that Y is non-singular of codimension d and let 1 : ¥ — X be the
embedding. Then for a coherent Zy-module A",

LN =Dy Qay N

is a coherent Zy-module with support in Y; here we put Yy y:=Zx/(Zxf1+- -+
Dx fa), which has a structure of (Zy,Zy)-bimodule. Moreover, the functor 1, gives
an equivalence between the category of coherent Zy-modules and that of coherent
P x-modules supported by Y [15, Proposition 4.2]. In terms of this equivalence, we
can compute the cohomology groups of the restriction of a holonomic Zy-module .#
to Y by using Algorithm 7.3 and the following isomorphism:

Proposition 7.4 (Kashiwara [15, Proposition 4.3]).
LA M) = A ().
Example 7.5. Put K:=C> > (x, y,z) and

M=Dx[(Dx 0y + Dx0y + Dx (220, + 2)).
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Then the local cohomology groups of .# with support Y:={(x, y,z) € X |xz=yz=0}
are given by

Dx/(Dxx+ Dxy + Dy(20. +22+ 1))  (i=2),
Hiyy(M)=X 0 (i=1),
Dy )(Dx 0 + Dx(x0, — 1)+ Dy, + Dxz) (i=0).
Moreover, %”?Y](% )= Zxu is also isomorphic to
Dx/(Dx0x + Dx0y + Dxz) = Dyv

by the correspondence v — 0Jyu and u — xv, where u and v denote the residue classes
of 1 € Yy in respective modules.
The localization of .# by z is given by

M2 = Dx (Dx 0y + Dx 0y + Dy (220, + 2 + 1)).

Note that the methods of [32] or [42] cannot be applied since z : .# — .4 is not
injective.

8. Functors in the analytic category

The functors studied in the preceding sections have analytic counterparts (cf. [15,25]).
Throughout this section, we assume K = C and denote by (O} and Z¥ the sheaves
on X of holomorphic functions and of rings of differential operators with holomorphic
coefficients respectively. For a left Zy-module . # =% /A", we put M*":=D¥ R, M.
For k € Z, put

FHZ¥):={P € Z¥|y |P(J}) € (F3)/ 7 for any j > k},

where #3" is the defining ideal of ¥ in (§'. Then for m = (my,...,m,) € Z’, the
Fy[m]-filtrations are defined by

Fiml(Z¥)):=EP Ff"(2),
i=1

Fm](a)y=Fy =" () + -+ Fy " (25w,

where u,...,u, are the residue classes of the unit vectors of (Z%')". The graded
modules are defined in the same way as in Section 2. Put 23" :=0%' @¢w 7', which
is a (2%, 2% )-bimodule. Then the restriction of .#*" to Y is defined by

(M) =TYy D M.
The b-function of .#*" along Y at p € Y is defined to be the generator of the ideal
{b(0) € C[0]] b()gry[m](.4*") = 0},

where 9 is defined as in Section 4.
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Lemma 8.1. Let A" be a coherent left & x-submodule of &% . Define the Fy[m]-filt-
rations on A" and on N as in Section 2 with a shift vector m. Then we have

gry[m](A™) = gy (TF) @y (g, gry[mI(AN7)
=9 @g, gry[m](N).

Proof. We can prove the first equality by the same method (considering syzygies in
the graded module) as [30, Theorem 3.16] (cf. also [1, Lemma 1.1.2]), where the case
of r=d=1 is treated; the argument applies to this case with trivial modifications. The
second equality follows from

ety (Dx) = Dy[t10y,...,100,), U DE)=DP[t10y,. .., 1a0s,)- O

Proposition 8.2. The b-function b*(0, p) of #*™ and the b-function b(0, p) of M
with the same shift vector m coincide for any p € Y.

Proof. This follows from Lemma 8.1 and the faithful flatness of 03" over Oy (cf.
[30, Lemma 4.4]). O

Proposition 8.3. We have for any i € Z,
H((M™N}) = DY @q, H'(MY).
Proof. Since we can regard
D=3 ap)ddl € 7P| ay(x) € O 3,
v.p

we have an isomorphism 2%, ~ 23" ®g, Yy_x as (2%, Zx )-bimodules. Combining
this with the flatness of 2% over Zy, and that of Zy_x over Zy, we get

(M™)y = DY x Qi (D5 Qg M)
=Dy x®5 M
=(92% ®gy Zy—x) ®].“9X M
=Y Qo (Dy—x b, M)
=9V ®g, My.

This implies the assertion since Z%" is flat over Zy. [J

Proposition 8.4. For 9x-modules M and N, we have

Tori X (M, N = TP @y T orl (M, N).
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Proof. The assertion follows from Proposition 8.3 and [15, Proposition 4.7]. [

For an algebraic set ¥ of X, the algebraic local cohomology groups of .#Z*" are
defined to be the derived functors of the functor

Ty (4™ )= Tim Homep (CL[FPY"s M),

m— oo

Proposition 8.5. For a left x-module M, a polynomial f € C[x], and an algebraic
set Y, we have

MO =D R, M,
H i (M) = DY @ H iy (M.

Proof. The first equality is an immediate consequence of Proposition 8.4. The second
equality follows from Proposition 8.3 and Proposition 7.2 together with its analytic
counterpart. [

9. Homogenized Weyl algebra and Schreyer’s method for adapted free resolution

In this and the following sections, we work in a framework more general than is
needed in the preceding sections. Let D, = K[x](0) be the Weyl algebra over a field
K of characteristic zero with x = (x1,...,x,), 0 =(01,...,0,), 0; = 0/0x;. We introduce
a vector w = (Wi,...,Wp; Wnit,...,Wa,) € Z2\ {0} that satisfies w; + w,y; > 0 for
i=1,...,n. We call such w an admissible weight vector for D,. For each integer
v € Z, we put

F)(Dy):=<{ P= Z aal;x“ﬁﬂ € D, |ays =0 if Z wioy + Z Wyrifi > v} ,
1

o,fEN" i= i=1

where a,3 € K and the sum with respect to o, f € N” is finite. For a nonzero P € D,
let ord,(P) be the minimum integer k such that P € FX(D,). It is easy to see that
ord,,(PQ) = ord,,(P) + ord,,(Q) holds for nonzero P,Q € D,. More generally, for a
shift vector m = (my,...,m,) € Z", we define a filtration F,,[m] of D/, by

I

Fim)(Dy):=EP Fy " (Dy)es,

i=1

where ey,...,e, are the canonical generators of D). For a nonzero P € D), we put
ord,,[m](P):=min{k € Z | P € FX[m](D’)}.

Now we introduce the homogenized Weyl algebra, which was introduced in the
second version (1994) of kan/sm1 [41] and independently in [8]:
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Definition 9.1. Let quh) be the algebra over K generated by 4, x = (xy,...,x,), and
0= (0y,...,0,) which satisfy the relations

)C,')Cj - ijl' = 0, 6,-5_,- — @jﬁi = 0, )Cl'a/' - @x,- = —51'/‘]’!2,

hx,-fx,-h:O, hﬁ,—&h:0 (i,jil,...,n),
where J; =1 and 6;; =0 if i # j. We call D the homogenized Weyl algebra. The
substitution # =1 defines a K-algebra homomorphism

p D,(zh) 9P0—>P|h:1 eD,.

An clement P of fo') is uniquely expressed as a finite sum
P= Z a;ﬂphix“aﬁ
2EN@BEN

with a,,s € K. The total degree of P € D is defined by

deg(P):=max{A + || + |f| | a;p # 0}

if P # 0, and deg(P)= —oc if P=0.
Now let us take another vector n = (ny,...,n,) € N, which describes the shift with
respect to the total degree. For P = (Py,...,P,) € (D,(f'))’, we put

deg[n](P):= max (deg(P:) + n;).

Definition 9.2. (1) An element P=3"_| 37, .\ . pyer ajupi’x*Pe; of (DY is said to
be 4[n]-homogeneous if there exists k € Z so that a;,5 =0 unless A+ ||+ |f|+n;=k.

(2) For P =3, 2w peL aypx*oPe; € Di, we define the h[n]-homogenization
hn](P) € (DY by

h[n](P)::Z Z Ay 1Bl b,

i=1 (wp)eL

with k:=max{|o| + || + ni|a.ps # 0}. This is A[n]-homogeneous.
If n is the zero vector, we denote A[n](P) simply by A(P).

Lemma 9.3. For P € D) and Q € D,, we have p(h[n](P)) = P and h[n](QP) =
h(Q)h[n](P).

Definition 9.4. Let < be a monomial order (i.e. an order satisfying (3.1)) on L x
{1,...,r} with L:=N?". We denote by lexp_(P) the leading exponent of P € D),
with respect to <. Then < is said to be adapted to the filtration F,,[m] if (w,a) +
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m; <(w, B)+m; implies (a,i) < (f, /) foro, fe L and i,j € {1,...,r}, and if lexp_(e;) <
lexp_(x;0e;) for any 1 <i <r and 1 < j < n; here we write (w, ) = 21221 w;o; for

a:(ala"';aZH)‘

We fix a monomial order < on L x {1,...,r} that is adapted to the F,,[m]-filtration.
Then we define an order < on N x L x {1,...,r} by

(A, 0,7) <ppy (1, B,j) if and only if
A+ o) +n; < p+|p|+n; or else

for 2,4 € N,o,p € L and i,j € {l,...,r}. Then it is easy to see that <;m) is a
well-order. For a nonzero element

P=>">apuh’x e 9.1)
i=1 Aap

of (DY, its leading exponent (g, o, fo, ip)=lexp;u(P) ENXLx{1,...,r} is defined
as the maximum element of {(A,a,f,i)|a;p # 0} with respect to <jm). Then the
leading position Ip,,, () and the leading coefficient lcoefm)(P) are defined to be iy
and aj, 4, p,.i,» Tespectively. We denote them simply by lexp(P), Ip(£), and Icoef(P) if
there is no fear of confusion. The following lemmas follow easily from Definition 9.4
and the definitions of Dg,h) and <pm:

Lemma 9.5. For P ¢ (Df,h))’ and Q e DM, we have lexp(QP) = lexp(Qey ) + lexp(P)
with k = Ip(P).

Lemma 9.6. If P € (D,(,h))r is h[n]-homogeneous and Q € DY is h[0]-homogeneous,
then QP is h[n]-homogeneous.

Lemma 9.7. Let w : N x L x {1,...,r} — L x {1,...,r} be the projection. Then
lexp_ (p(P)) = w(lexpyy (P)) holds if P is h[n]-homogeneous.

In view of the above lemmas, we can define the notion of Grébner basis in the
homogenized Weyl algebra and can employ the Buchberger algorithm, which preserves
the A[n]-homogeneity:

Definition 9.8. Let N be a left D,(f')—submodule of (fo'))’. Then a finite subset G of
N is called a Grobner basis of N with respect to <) if

E(N):={lexp(P) | P € N\{0}} = | J (lexp(P) + L).
PeG

Note that G generates N if G is a Grobner basis of N since < is a well-order.
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Proposition 9.9. Let N be a left D,-submodule of D) generated by Pi,...,P;. Let
h[n](N) be the left D-submodule of (D,(qh))’ generated by h[n](P;) for i=1,...,k.
Let G ={0\,...,0s} be a Grobner basis of h[n](N) with respect to <pwm). Then
for any P € N, there exist U; € D, such that P = U,p(Q1) + --- + Usp(Qy) and
ord,,[m](U;p(Q;)) < ord,,[m](P) for j=1,...,s.

Proof. There exists v € N such that 4"A[n](P) belongs to A[n](NV). By the division
algorithm in (Df,h) )', we can find A[n]-homogeneous Uj,...,U; € (D,(qh))’ such that
h'hm])(P)=U01 + -+ + U;Qy and lexp(UyOr) <pmm) lexp(A h[n](P)) for k=1,...,s.
Applying the ring homomorphism p, we get P = p(U;)p(Q1) + - - - + p(Us)p(Qy) and
lexp_(p(Ui)p(Qx)) = w(lexp(Ur Ok )) = w(lexp(h*h[n](P))) = lexp_(P). Since U; and
Q; are h[n]-homogeneous, this implies ord,,[m](p(U;0;)) < ord,,[m](P). [

We use the same notation as in the preceding proposition. Put A:={(i,j)|1 <
i <j < s1p(P;)=1p(P;)}. Then for (i,j) € A, let S;;,S; € DY" be monomials such
that
lexp(S;;P;) = lexp(S;;P;) = lexp(P;) V lexp(P;), lcoef(S;;P;) = Icoef(S;;P;).
By the Buchberger algorithm, we can find A[n]-homogeneous U € DY such that
SiPi = SyPj = Uil (9.2)
k=1
and either Uy # 0 or
lexp(UijPr ) <nmy lexp(P;) V lexp(P;)
for each k =1,...,s. The following is an analogue of F.O. Schreyer’s theorem for the

syzygies in the polynomial ring:

Theorem 9.10. In the notation above, let <' be the order on N x L x {1,...,s}
defined by

(o, 10) <" (B,v) if and only if lexp(P,) + o <pum) lexp(P,) + f8
or else lexp(P,) + o = lexp(P,) + B and > v
for o, p € N x L and u,v € {1,...,s}. Put
m’: = (ord,,[m](P),...,ord,[m](Ps)), n':=(deg[n](P)....,deg[n](Py)).

Then < is a well-order called the Schreyer order induced by <pm.
(1) For (i,j) € A,

@) ()
I/lj :(Oa"'aSjia"°)_Sl'j7°"70) _(l]ijlz"'a l]ljé)

is h[n']-homogeneous and {V;;|(i,j) € A} is a Grébner basis with respect to <’
of the module

Syz(Py,...,Py): = {(Uy,...,U) € (DY | UP, + - - + UPy = 0}.
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(2) Put
Syz(p(P1), ..., p(Ps)): = {(U1,...,Uy) € D | Uip(P1) + - - + Ugp(Ps) = 0}.

Then for any P € Syz(p(P),...,p(Ps))NFy[m'[(D;}) with v € Z, there exist Q;; € D,
such that P =3 e, Qyp(Vij) and that Oyp(Vyy) € Fy[m'](D;).

Proof. For a nonzero P € (Dﬁh))’ of the form (9.1), we define its initial term by
in(P)::aM/;,-hix"‘éﬁe,« € K[h,x,&]"

with (4,a, 8,i) = lexp(P), where & = (&y,...,&,) are commutative indeterminates. Let
s;; be the monomial in K[4,x, ] obtained by substituting ¢ for ¢ in S;;. Then we have
s;in(P;) — s;;in(P;) =0 for (7,j) € A. Now suppose U = (Uy,...,Us) € Syz(P;,...,Ps)
and put (Ao, %o, fo, fo):=max<;<¢lexp(U;P;). Define u; € K[h,x, ] by

uje;, = in(Uje;,) if lexp(U;P;) = (o, %0, Po, o),
and put u; = 0 otherwise. Then Zj.:l u;in(P;) = 0 holds. By the definition of <" we
have

lexp_,(Vij) = (Iexp(s;i), i), lexp_.(U)=lexp_.((u1,...,uy)). 9.3)

On the other hand, since (0,...,s5,0,...,—s;;,0,...,0) for (i, j) € A constitute a Grobner
basis with respect to <’ of the syzygies on in(P;),...,in(Py) by virtue of Schreyer’s
theorem for the polynomial ring (cf. [10, Theorem 15.10]), we know that

lexp_, ((ur,-..,us)) € | ((lexp(sji).i) + (N x L)).
(i,j)ea

This completes the proof of the first assertion in view of (9.3).
The second assertion follows from the first and Proposition 9.9 since the order <’
is adapted to the F,,[m’]-filtration restricted to 4[n’]-homogeneous operators. [

Let N be a left D,-submodule of D] generated by Py,...,P. Let h(N) be the left
D{"-submodule of (Dﬁ,h))’ generated by A(Py),...,h(P;) (the homogenizations with n=
0). Starting with A(N) and n=m =0, apply the first part of Theorem 9.10 repeatedly.
Then we get an exact sequence

DY IO ) DY (DY KN — 0 (9:4)

with rg:=r. Put my =ng =0 and

m;:=(ord,,[m;_](p(¥;(1,0,...,0))),...,ord,, [m;_1](p(¥:(0,...,0,1)))) € Z",

n;:=(deg[n;— J(¥i(1,0,...,0)),...,deg[m_1](¥:(0,...,0,1))) € N".
Applying the homomorphism p to (9.4), we get an exact sequence

LW s PO2) e 2) e 29 e, 9.5)
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Moreover, in view of the second part of Theorem 9.10, the sequence

P ELIm(0) M FEmo) (D) O FS0IDL)/AN NEL0)D;) — 0

is exact for any k£ € Z. Hence the resolution (9.5) is adapted to the F,, -filtration.
Furthermore, we can prove the following in the same way as its counterpart in the
polynomial ring [10, Corollary 15.11].

Theorem 9.11. By arranging the Grobner bases appropriately, we can construct a
free resolution (9.4) so that Y;,,, =0.

It seems an open problem whether there exists an adapted free resolution of length
less than 2n + 1.

Remark 9.12. (1) If each element of the weight w is non-negative and the order <
adapted to F,,[m] is a well-order, then the above construction can be done directly in
D!, without the homogenized Weyl algebra.

(2) If the weight w satisfies w; + w,.; =0 for i = 1,...,n, then we can work in
D,[xo]" as in Section 3 instead of the homogenized Weyl algebra. Then Theorem 9.10
holds with the A[n]-homogenization replaced by the F, [m]-homogenization defined by

HmI(PY=>" Ny P b,

i=1 o,feN"

with k:=min{(w, (o, §)) + mi|a,g # 0} for P=371_ 32, senn aypix*dPe;.
Theorem 9.11 also holds in this case.

In the computation of the free resolution described in this section, we can employ
the method of La Scala and Stillman [21], which computes the ‘Schreyer frame’ (initial
terms of the resolution) first, then computes the resolution by a selection strategy or
in parallel. We have implemented this algorithm in kan/sm1. The examples presented
so far have been computed by using this implementation. For examples of Schreyer
resolutions, see Examples 1.10 and 1.11 of [33]. By using a criterion for an adapted
resolution (Theorems 2.5, 10.7) which will be established in the next section, there is
a possiblity of obtaining a smaller adapted resolution.

10. Criterion of an adapted resolution

We use the same notation as in the preceding section. In particular, let w € Z?" be
an admissible weight vector for the Weyl algebra D,. For a left D,-submodule N of
D, and a shift vector m € Z", we put

Fylm](N):=Fy[m)(D;) NN, grl [m](N):=F[m]}(N)/F,~ [m}(N)

and gr, [m](N):=P,, grk [m](NV). We abbreviate [m] if 7=1 and m=0. Then gr, (D,)
becomes a ring (more precisely, a K-algebra) and gr,[m](N) has a natural structure
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of left gr, (D,)-module. For P € Fk[m)(D:) \ FE~'[m](D), we define o,,[m](P) €
grk [m](D’) to be the residue class of P.

Our purpose is to give a criterion of an adapted resolution in terms of the notion of
involutive base.

Definition 10.1. Let N be a D,-submodule of Dj, and take a shift vector m € Z". Then
a subset G of N is said to be an F,[m]-involutive base of N if G generates N and
{ow[m](P)| P € G} generates gr, [m](N) in gr [m](D}).

The formal completion of D, with respect to the F,-filtration is defined as the
projective limit

D= lim D,/Fk(D,).

n

k— —oo

Then ﬁ;w) can be regarded as a ring which contains D, as a subring. An element P

of lA)iW) is uniquely written in an infinite sum

with some m € Z, where P, € D, is homogeneous of order £ with respect to w, i.e.,
Py is written in the form

Pk = Z aklﬁx“ﬁﬂ.
{(op).w)=k
More generally, Zk<m P, defines an element of lﬁﬁ,w) if P, € Fv’;(D,,) for any k£ < m.

Note that DA;W) =D, holds if and only if each component of w is non-negative.

Lemma 10.2. Under the notation and assumptions of Theorem 9.10 put
S:={(U,...,Uy) € gr, [m'(D}) | Uioy,[m](p(P1)) + - - - + Usa,, [m](p(Py)) = 0}.

Then for any P € SNgr’ [m')(DS) with v € Z, there exist Qij € gy, "(D,) such that
P = Z(LJ)EA QijGW[ml](p( Vij)), where my;: = ord,,[m'](p(Vi)).

Proof. The F,,[m]-filtration on (Df,h))", the associated graded module grw[m]((D,(zh))’),
ord,,[m](P), and ¢, [m](P) € grw[m]((DS,h))") are naturally defined, where we assign
weight 0 to the indeterminate 4. Then from (9.2) we get

0(Si) - o [mI(P)) = 3(S;) - ou[mI(P) = Ui - o [m(Pr)
k=1
with l_/,«jk::aw(l][jk) if ord,,[m](U;x P ) = ord,,[m](S;;P;), and U,,«k::O otherwise. This
implies that {o,[m](P,),...,0,[m](P,)} is a Grobner basis in gr (DY) with respect
to the order <. (Note that the arguments of Section 9 apply also to ng(Df,h))’ instead
of (Df,h))’.) Hence we get the assertion in the same way as the proof of Theorem 9.10.
(I
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Proposition 10.3. Iﬁiw) is flat over D, as a right D,-module.

Proof. Let [ be a left ideal of D,. It suffices to show that the natural homomorphism

1 15,(1W) ®p, I — lﬁf,w)

is injective. For that purpose, let Pj,..., Py be a Grobner basis of the left ideal / ) of

D" generated by {h[n](P) | P € I} with respect to an order adapted to the F,,-filtration

with n = 0. Then p(P,),...,p(Ps) are generators of /. Assume that Oy,...,0s € ﬁiw)

satisfy

l(ZQi@P(R‘)) :ZQiP(Pi):(Ql,m,Qs)'(P(Pl),---,P(Ps)):Q

i=1 i=1

Put m;:=ord,(p(P;)) and consider the filtration FX[m']}(D%) with m’:=(my,...,m;).
Then we have

O-W[m/]((Qla cees QV)) : (O-W(p(Pl ))> ceeo O-W(p(PS))) =0.

Let Vi; € (D,)* be as in Theorem 9.10. Put k& = ord,,[m’](Qi,...,Q) and m; =
ord,,[m’](p(V;;)). Then by Lemma 10.2, there exist Ul? € D, so that

o [m'1(Q1,...,0)) = > _ au(Uaw[m'I(p(Viy))
i<j
holds in gr, [m'](D}) with
ord, (U})) + my; < k.
Put 0=(0,...,0s) and

O:=(01,....0,) = Y _ Up(Vyy).

i<j
Then QW) € (DA;W))S satisfies

O - (p(Pr),...,p(P)) =0
A(w)

and ord,, [m’](Q") < k. Continuing this process infinitely, we can find U,&V) e, )
such that

oo
0=> > Ujn(Vy)
i<j v=0
in (0)") with ord,(U) < k — my; — v. In particular, Uy:= 32, US" defines an
element of DA;W) and satisfies

> 0c@p(P)=>> " Uip(Vij ) @ p(F)

k=1 k=1 i<j
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=Y U; @ > p(Vi)p(Pe)
i<j k=1
= O,
where p(V;;)r denotes the kth component of p(¥;;). Hence 1 is injective. This completes
the proof. [J

Lemma 10.4. Let \y: D" — Dy~ be a homomorphism of left D,-modules for i =1,2
and assume that the sequence

D &DQ LDZO (10.6)

is exact. Assume moreover that
‘pl(FvIZ[mt](D;')) C Fvli,[miil](D;i—l )

for any k € Z and i =1,2 with shift vectors m; € 2. Then (10.6) induces a complex

13 lI;Z 71 ‘/;1 7
gr,, [mz](D;?) — gr,, [m ](D}}) — gr, [mo](D;’) (10.7)
of left gr, (D,)-modules. Under these assumptions, the complex (10.7) is exact if and
only if the equalities
Im , = gr, [mi](Im ), Ker i, = gr, [my](Ker 1)
hold in gr, [m;](D}').

Proof. In general, we have inclusions
Im s, C gr,,[my](Imys), Kery, D gr,,[my](Ker i)
whil_e grw[mll(lm ¥y) = gr, [m;](Ker ;) holds since (10.6) is exact. Hence we have
Imy, =Kery, if and only if
Imy, = gr, [m]J(Imy,), Ker Y, = gr, [m;](Ker ).
This completes the proof. [J

Lemma 10.5. Let N be a left D,-submodule of D) and let Py,...,P; be an F,[m]-
involutive base of N with m € Z". Then for any P € DAiW)N, there exist Q1,...,05 €

DY such that P=S_, 0:P; and ord,,[m)(Q:P;) < ord,[m](P) for each i.

Proof. Let P be an element of lﬁf,W)N . Then there exist Qi,...,0s € lﬁiw) such that
P=3"_, O:P:. Put k:=ord,,[m](P), m;:=ord,,[m](P;). Choose Q! € D, such that O; —
0. € Fv’f,”"f’l(DAfzw)) and put P:=%"" , O/P;. Then P’ belongs to N and hence we
have ¢, [m](P)=o0,[m](P") € grf [m](N). Since P,,...,Ps is an F,,[m]-involutive base
of N, there exist Qﬁo), e, ng) € D, with ord,,[m](Q;) < k — m; such that

N

P =" 0P, € FE~'[m](D)).
i=1
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This implies
P~ 0P, € Fi ' m(D,"y)n BN,
i=1

Repeating this procedure, we can find 0" € D, with ord,[m](Q"") < k —m; — v so
that

S o0
P=3> 0"P
i=1 v=0

holds in (ﬁf,w))’. This completes the proof. [J

Theorem 10.6. Let N be a left D,-submodule of D], and let Py,...,P; be an F,[m]-
involutive base of N with m € Z0". Then for any P € N, there exist Q1,...,Qs € D,
such that P=Y";_, O;P; and ord,,[m](Q;P;) < ord,,[m](P) or else Q; =0 for each i.

Proof. Put ro:=r, r;:=s, mp:=m and define a homomorphism v, :D}; — D by
Yi(O1,...,0n) =0, QiP:. Then we have N =Im ;. Let P\",..., P\ be an F,,[m,]-
involutive base of Kery; with

m,:=(ord,,[mg](P,),...,ord,,[mo](P,,)).
Put
my:=(ord, [mJ(P{"),..., ord,, [m 1(P)))
and define a homomorphism , : D)} — D> by
¥
Y2(Q1.... 0n) = > 0P
i=1
Then the sequence
D pn (10.8)
is exact and satisfies the assumption of Lemma 10.4. Since [A)E,W) is flat over D,, the
sequence (10.8) induces an exact sequence

Dy Loy Ly,

Put M ::(DA,(lw))’O/ﬁLW)N and let ¢ : (DA,(,W))’O — M be the canonical homomorphism.
We define a filtration on M by
- A AW
Fy[mo)(M):=(Fy;mol (D, )")).
We also put K:=Ker lﬁz and define a filtration on K by

FEImy)(R):=K N FEmy)((DL ).

Then we have an exact sequence

A(W)

n

0— K — B,y 2B,y 25,y L0t — 0. (10.9)
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Let us show that this induces an exact sequence

0 — FEmaI(K) — FAm (D)) 2 Fhm 1(B0))

Y Fmol(DY” ) <2 Fmo](0T) — 0 (10.10)
for any k£ € Z. In fact, assume P € Fﬁ[ml]((lﬁiw))”) satisfies xﬁl(P) = 0. Then by the
exactness of (10.9), P belongs to the image of y,. Hence by Lemma 10.5, P belongs
to l/;z(FfV[mz](Diw))"z ). Moreover, in view of Lemma 10.5 and the flatness of DA,EW) over
D,,, we have

Ker ¢ N FEIme)((D1y?) = DSN 0 FE o] (D Y0) =y (FEfmy 100y )

since P, ..., P, is an F\,[mg]-involutive base of N. Hence (10.10) is exact. This implies
that the induced sequence

gr, [ma)(D))™) 2 gr, I J(B)y) 2 g, [mol(DY )
is exact. This sequence coincides with (10.7) since grw[m,-]((DA,(lw))"’) = gr, [m;](D}).
Thus Ker !/;1 = gr [m](Kery,) holds in gr, [m;](D;]') in view of Lemma 10.4.

Now let P be an element of N and put k:=ord,,[m](P). Then there exist Oy,..., 0 € D,
such that P = Z;l Q;P;. Put m;:=ord,,[m](P;). Suppose m:=max{ord,(Q;) + m;|i =
l,...,s} > k. Put QEO)::JW(Qi) if ord,,(Q;) +m; =m and QEO)::0 otherwise. Then we
have

> 0V, [m)(Pi)=0
i=1

in gr, [m](D}). This means that 0©:=(0\",...,0{”) belongs to Kery, = gr,[m]
(Ker ;). Hence there exist Q' = (Q},...,0}) € Kery such that ¢,,[m;](Q") = 0V =
a,[m](Q) with Q:=(0y,...,0y). Then we have

P=>Y (Qi—0)P;, ord,[m](Q— Q) < ord,[m)(Q).

i=1
Continuing this process at most m —k times, we can find Q" =(0Q7,...,0!) € D} such
that P =3, | O/P; and ord,,[m;](Q") < k. This completes the proof. []

Theorem 10.7. Let \: D — D,~' be a homomorphism of left D,-modules for i=1,2
and assume that the sequence

D &DZILDZO dor)
is exact. Assume moreover that
Yi(Fm (D)) € Frm;_ (D)

Jor any k € Z and i = 1,2 with shift vectors m; € Z". Let ey,...,e, be the canonical
generators of D) and e,...,e,, be those of D). Then the following three conditions
are equivalent:
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(1) The sequence
Fhmo)(Dp) 22 Fh[my (D) 5 F mo (D)

is exact for any k € Z, and {y(e1),...,¥1(e,)} is an F,[mgl-involutive base of

Im lﬁl .
(2) The sequence

gr, m](D) 2 gr, iy 1(D0) 5 gr, [mol(D)

is exact.
(3) {¥i(er),....¥1(er)} is an F,,[mgl-involutive base of the module it generates, and
{Yn(e)),.... (e} is an F[my]-involutive base of Ker ;.

Proof. By extending (10.11) to an exact sequence

0—-M D> 2pn Yph M0

and considering the induced filtrations on M and M’, we easily see in view of Theorem
10.6 that (1) implies the exactness of the sequence

0 — Fy[my](M') — FAIm](D}) 2 FAmy (D)) 5 F[mo](D})
— Fi[mo](M) — 0
for any £ € Z. Hence (1) implies (2). (3) implies (1) by virtue of Theorem 10.6.
Hence we have only to show that (2) implies (3). By Lemma 10.4, (2) is equivalent to
I, = gr, [mi](Imy),  Kerh; = gr,, [m](Ker ).

The first equality is equivalent to the fact that (e ),...,y2(e,,) are an F,,[m;]-involu-
tive base, and they generate Kery; by the assumption.

Let P=>"", Oiy1(e;) be an arbitrary element of Imy; with Qi,...,0,, € D,. Sup-
pose k:=ord,,[mg](P) < ord,,[m;]((Q1,-..,0s)). Then the equality Ker 1}1 = gr, [my]
(Ker 1) assures the existence of Q' = (0},...,0,,) € Kery such that ¢,,[m;](Q") =
ow[m;](Q) with Q:=(0s,...,0,,). Hence we have

P=> (0 — O(e)

i=1
with ord,,[m;](Q — Q) < ord,,[m;](Q). Repeating this procedure for a finite number
of times, we can find 0" = (Qf,...,0/) € D;' such that

P=>Y"0/"V(e)
i=1

with ord,,[m;](Q”) < k. This implies, in particular, that (e;),...,(e,) are an
F,,[mg]-involutive base. This completes the proof. [J

Theorem 2.5 follows from this theorem (and its proof).
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