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Central jet veto in Higgs production via VBF

• Energetic jets in the forward and backward 
directions


• Large rapidity separation and large invariant 
mass of two tagged jets


• Little radiation in the central-rapidity region

• Major QCD backgrounds: t-channel color 
octet exchange 


• Central jet veto can suppresses QCD 
background 


• Central jet veto: no extra jets between 
tagging jets 

Del Duca, Frizzo, Maltoni '05 

VBF signature: 



Jet veto & QCD resummation

• Due to existence of a small scale  pTveto, the fixed order calculations are unreliable


• QCD resummation is necessary, the large log should be resumed to all order


• Standard jet veto resummation for gg->H processes


• Rapidity cut independent

Banfi, Monni, Salam, Zanderighi ’12; 


Becher, Neubert, Rothen ’12, ’13; 


Stewart, Tackmann, Walsh, Zuberi ’12, ’13


• Rapidity cut dependent 

Michel, Pietrulewicz, Tackmann ’18


• Nonfactorizable jet veto in VBF: Superleading Logs


• Four-loop Forshaw, Kyrieleis, Seymour ’06


• Five-loop Keates, Seymour ‘09


• All-order Becher, Neubert, DYS ‘21

Courtesy of Johannes Michel



Jet veto & QCD resummation

• Due to existence of a small scale  pTveto, the fixed order calculations are unreliable


• QCD resummation is necessary, the large log should be resumed to all order


• Standard jet veto resummation for gg->H processes


• Rapidity cut independent

Banfi, Monni, Salam, Zanderighi ’12; 


Becher, Neubert, Rothen ’12, ’13; 


Stewart, Tackmann, Walsh, Zuberi ’12, ’13


• Rapidity cut dependent 

Michel, Pietrulewicz, Tackmann ’18


• Nonfactorizable jet veto in VBF: Superleading Logs


• Four-loop Forshaw, Kyrieleis, Seymour ’06


• Five-loop Keates, Seymour ‘09


• All-order Becher, Neubert, DYS ‘21



Nonfactorizable QCD effects in Higgs production via VBF

• the nonfactorizable correction is comparable to the NNNLO QCD factorizable 
corrections 


• appear for the first time at NNLO, scale dependence is large

Liu, Melnikov, Penin ‘19

nonfactorizable correction:

with

See also Gaunt ’14, Schwartz, Yan & Zhu `17 `18 …



• Such events was originally suggested on the basis of color flow considerations in 
QCD Bjorken ’93


• Global Logs resummation is first done by Oderda & Sterman ’98


• Forshaw, Kyrieleis, Seymour ’06 have analyzed the effect of Glauber phases in non-
global observables directly in QCD


• Non-zero contributions starting at 3 loops


• Collinear logarithms starting at 4 loops: Super-leading logs
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Central jet veto at the LHC
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Q

wide angle soft gluon emission developing a sensitivity to emission at small angles
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Central jet veto at the LHC
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Figure 4. Definition of gap region for dijet system in the rapidity and azimuthal plane. If any
jet radiating into the gray region with transverse momentum is larger than Q0, then this event is
vetoed. The two red dashed lines indicate the approximated cuts used in [13], which imposed the
veto only in the region between these two lines

in the recent paper [47] which presented a version of the BMS equation which allows for

their all-order resummation. It would be interesting to analyze this in our e↵ective field

theory framework. The corresponding e↵ective theory would involve boundary modes to

describe the emissions near the gap boundary. The problem is however challenging because

the gap fraction is suppressed by a power of �y in the limit �y ! 0.

4.2 Gaps between jets

We now perform the resummation for the gap fraction at the LHC, as measured by the

ATLAS experiment [48, 49]. The gap fraction is defined as the fraction of dijet events that

do not have an additional jet with transverse momentum greater than a given veto scale

Q0 in the rapidity interval bounded by the dijet system, and we will study it as a function

of pT , the average transverse momentum of the two leading jets. More explicitly, the gap

fraction is defined as the ratio of the cross sections with and without veto

R(pT , Q0) =
�2�jet(pT , Q0)

�2�jet(pT , Q0 = pT )
. (4.4)

Below, we will compute R(pT , Q0) for di↵erent gap sizes defined by the rapidity di↵erence

�y between the two leading jets. The precise geometry of the gap is shown in Figure 4.

The jets are reconstructed with the anti-kT jet algorithm with R = 0.6 and are required

to have rapidity |y| < 4.4.

The ATLAS paper [48] observed that MC predictions are not always consistent with

ATLAS data. For example the NLO predictions matched to PYTHIA [51] and HERWIG

[52] using POWHEG [50] are lower than data, especially in the region of large jet pT

and rapidity di↵erence �y between the jets. Specifically, for 210 GeV < pT < 240 GeV

and 4 < �y < 5, POWHEG+HERWIG underestimates the data by about 40%, and

POWHEG+PYTHIA by about 20%.

For small values of Q0, the gap fraction R(pT , Q0) involves large logarithms of the

form ↵
n
s ln

m
pT /Q0. It is interesting to perform systematic soft gluon resummations to

try to understand the di↵erence between theoretical prediction and experimental data.

The resummation of the leading logarithms has been studied in the papers [13, 53, 54].
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• Such events was originally suggested on the basis of color flow considerations in 
QCD Bjorken ’93


• Global Logs resummation is first done by Oderda & Sterman ’98


• Forshaw, Kyrieleis, Seymour ’06 have analyzed the effect of Glauber phases in non-
global observables directly in QCD


• Non-zero contributions starting at 3 loops


• Collinear logarithms starting at 4 loops: Super-leading logs

wide angle soft gluon emission developing a sensitivity to emission at small angles
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Simone Marzani’s slide
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Factorization in global event shapes

E.g. Thrust 

Soft radiation does not resolve 
individual energetic patrons. Sensitive 
only to direction and total charge of 
the jets

Simple structure -> N3LL resummation
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T ⇠ 1
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An effective field theory for jet processes

EFT contains two modes: 

1. no collinear singularity, only single logs

2. method of region to verify at two-loop level

Hard parton described by collinear field

Perform decoupling transformation:

gauge invariant:

Evaluates the matrix element of the operator with one collinear particle

Becher, Neubert, Rothen, DYS ’15
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Factorization for gap between jets in e+e-
(Becher, Neubert, Rothen, DYS, ’15 PRL, ’16 JHEP; Caron-Huot ’15 JHEP)

�(Q,Q⌦) ⇠
1X

m=2

mY

i=1

Z
d⌦(~ni)

4⇡
Trc [Hm({~n1, · · · ,~nm}, Q, µ)Sm({~n1, · · · ,~nm}, Q⌦, µ)]
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Factorization for gap between jets in e+e-
(Becher, Neubert, Rothen, DYS, ’15 PRL, ’16 JHEP; Caron-Huot ’15 JHEP)
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Integrate the angles for hard partons# of jet not fixed

Hard scale Soft scaleColor Trace
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Renormalization
Bare hard and soft function suffer from divergence.

p1 > p2 > p3
<latexit sha1_base64="8C2oPtZ50D5wyUtMnVrO/RNzcJU=">AAACg3icbVFNa9tAEF2rTZuoH3HaYy5LTaHQYiQnkPbQEuilxwTqJGAJMVqP7CX7xe6qYBb/kl7bH9V/07WiQGN3YJfHmxnmzZvaCO58lv0ZJI8e7z15un+QPnv+4uXh8OjVldOtZThlWmh7U4NDwRVOPfcCb4xFkLXA6/r26yZ//QOt41p99yuDpYSF4g1n4CNVDQ9NldMv1FST7j+phqNsnHVBd0HegxHp46I6GhTFXLNWovJMgHOzPDO+DGA9ZwLXadE6NMBuYYGzCBVIdGXolK/p28jMaaNtfMrTjv23I4B0biXrWCnBL912bkP+N1fLB5PDpsJrLdyWIN98 LANXpvWo2J2ephXUa7pxi865RebFKgJglseVKFuCBeajp2koOsEzu6jLcG/Shx2wjjPn2BRK6VAorVpZo+05cKEAYZZQuZ7BUKBxXGi1TtM03iPfdn8XXE3G+cl4cnk6Ov/UX2afHJM35B3JyRk5J9/IBZkSRlryk/wiv5O95H0ySU7vSpNB3/OaPIjk8184Ib70</latexit>

u ⇠ ✓2, v ⇠ ✓3
<latexit sha1_base64="PeIbg6o1v0wdLQ7z7H0ZKOHBpqk="></latexit>See also Banfi, Dreyer, Monni ‘21
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Renormalization
UV poles inside hard function removed by renormalizing the hard function as

1. obtain the bare hard function from on-shell matching. The IR poles are in 
one-to-one correspondence to UV div, since the EFT loop-integrals are 
scaleless.


2. We can understand the UV div. of hard function from the structure of the IR 
div. in the real and virtual diagrams


3. lower multiplicity virtual diagrams are needed to cancel the div. of real 
emission diagrams

H
(1)
3 (Q,µ) = H

(1)
3 (Q, ✏)� Z(1)

23 (Q, ✏, µ)H(0)
2 (Q,µ)

<latexit sha1_base64="joM53MpPSOEImwaHMGqomqTNHC0="></latexit>



14

the renormalization matrix must have the form:

At each higher order in perturbation theory, more off-diagonal contributions fill in

By consistency, the matrix ZH must render the soft functions finite

Higher multiplicity soft functions are needed to absorb the div. of matrix elements 

with fewer Wilson lines 

Verify at two-loop order !!!

<latexit sha1_base64="c1knNAaHg/b1I6dVP35EuWJvNbo="></latexit>

S2(µ) = ZH

22S2(") + ZH

23⌦̂S3(") + ZH

24⌦̂1

2   3    4    5    …
2   

3   

4 

5    

…



Leading Log Resummation

In the last step, we have introduced the evolution time t ⌘ t(µh, µs). For a given µh, there

is a one-to-one correspondence of the evolution time to the low scale µs. Obviously, for

µh = µs, we have t = 0. During the evolution, t grows and goes to infinity as µs hits the

Landau pole. For µh = MZ and two-loop running with a Landau pole at ⇤ = 0.230GeV,

the choice µs = 1GeV corresponds to t = 0.08. A plot connecting t and µs for di↵erent

values of µh can be found in Figure 1 of our previous paper [15].

In [15] we implemented the RG evolution factor U({n}, µs, µh) in the large-Nc limit

using the parton shower method proposed by Dasgupta and Salam in [27]. We don’t want

to repeat the entire discussion here, but we give the algorithm in Appendix B, since we

need to extend it to compute the soft functions, as discussed below. Let us also list the

one-loop anomalous dimension, since its form will be relevant in the discussion of the jet

mass below. It is given by [8]

�(1) =

0

BBBBBB@

V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .

...
...

...
...

. . .

1

CCCCCCA
. (2.4)

The entries Rm and Vm are angular functions associated with the emission of a real or

virtual soft gluon and take the form

Vm = 2
X

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

Z
d⌦(nk)

4⇡
W

k

ij ,

Rm = �4
X

(ij)

Ti,L · Tj,R W
m+1

ij
⇥in(nm+1) , (2.5)

where the color matrices Ti,L act on the hard function from the left, i.e. on the amplitude,

while Ti,R acts on the conjugate amplitude. The sum runs over all unequal pairs (ij) of

the m hard partons. The anomalous dimension involves the dipole radiator

W
k

ij =
ni · nj

(ni · nk)(nj · nk)
, (2.6)

which is given by the product of the associated eikonal factors. In the virtual corrections,

one integrates over the direction nk of the emission. We note that individually Rm and

Vm su↵er from collinear divergences, which cancel in the cross section. In the Monte Carlo

implementation, one works with a collinear cuto↵ to regularize the divergences.

As long as we choose the µh and µs properly, the hard and soft functions will be

free of large logarithms and the large logarithmic terms are resummed in the evolution

factor. Because they are free of large logarithms, the higher-multiplicity hard functions

are suppressed by ↵s as Hl ⇠ ↵
l�2
s H2. At LL level, we thus only need to include the hard

function H2 and the soft function is given as the unit matrix in the color space Sm ⇠ 1.

At LL accuracy, the RG-improved result (2.1) simplifies to

�
LL(Q,Q0) =

1X

m=2

⌦
H2({n1, n2}, Q, µh)⌦U2m({n}, µs, µh) ⌦̂1

↵
. (2.7)
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RG equation:

RG = Parton Shower
• Ingredients for LL 

• RG 

• equivalent to parton shower equation

!13

divergence from the lower end of the energy integration, the total result for the divergent

part becomes

αs

4π
z
(1)
m,m({n}, Q, δ, ε, µ) +

αs

4π

∫
dΩ(nm+1)

4π
z
(1)
m,m+1({n, nm+1}, Q, δ, ε, µ)

= − αs

2πε

∑

(ij)

Ti · Tj

∫
dΩ(nk)

4π
W k

ij Θ
nn̄
out(nk) . (5.8)

Since the color factors are contracted with the trivial tree-level soft function, we do not need

to distinguish the left and right color generators. Note that inside the cone the real and

virtual corrections have cancelled, so that the net result only gets contributions from out-

of-cone radiation and precisely cancels against the divergence of the soft function. We see

that the renormalization indeed works at the one-loop level. We have repeated the same

exercise also for the narrow-jet case, see Appendix C. In this case, we can give explicit

expressions for the angular integrals. Again, we find that the divergences cancel as they

should.

5.2 Renormalization-group evolution at leading logarithmic level

We now discuss the anomalous-dimension matrix ΓH defined in (2.40), which governs the

RG evolution of the hard (2.38) and soft functions (2.39), and verify the agreement between

the perturbative expansion of the BMS equation and our RG-based resummation method.

In order to resum the leading logarithmic terms, the anomalous-dimension matrix is needed

up to O(αs). It can be expressed as

ΓH ({n}, Q, δ, µ) =
αs

4π
Γ(1) ({n}, Q, δ, µ) +O(α2

s) , (5.9)

where

Γ(1) =






V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .
...

...
...

...
. . .






. (5.10)

It follows from the discussion in the previous section that, in the soft approximation, the

corresponding matrix elements are given by

Vm = Γ(1)
m,m = −2

∑

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫
dΩ(nk)

4π
W k

ij

[
Θnn̄

in (k) +Θnn̄
out(k)

]
,

Rm = Γ
(1)
m,m+1 = 4

∑

(ij)

Ti,L · Tj,RWm+1
ij Θnn̄

in (nm+1) . (5.11)

The anomalous dimensions Vm and Rm depend on the directions {n} = {n1, . . . , nm} and

colors of the hard partons, and the indices i, j in the sum run from 1 to m. The quantities

Rm also depend on the additional direction nm+1 of the real emission. The integration over

this direction is performed after the multiplication with the soft function. At first sight,

– 40 –
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In the last step, we have introduced the evolution time t ⌘ t(µh, µs). For a given µh, there

is a one-to-one correspondence of the evolution time to the low scale µs. Obviously, for

µh = µs, we have t = 0. During the evolution, t grows and goes to infinity as µs hits the

Landau pole. For µh = MZ and two-loop running with a Landau pole at ⇤ = 0.230GeV,

the choice µs = 1GeV corresponds to t = 0.08. A plot connecting t and µs for di↵erent

values of µh can be found in Figure 1 of our previous paper [15].

In [15] we implemented the RG evolution factor U({n}, µs, µh) in the large-Nc limit

using the parton shower method proposed by Dasgupta and Salam in [27]. We don’t want

to repeat the entire discussion here, but we give the algorithm in Appendix B, since we

need to extend it to compute the soft functions, as discussed below. Let us also list the

one-loop anomalous dimension, since its form will be relevant in the discussion of the jet

mass below. It is given by [8]
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The entries Rm and Vm are angular functions associated with the emission of a real or

virtual soft gluon and take the form

Vm = 2
X

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

Z
d⌦(nk)

4⇡
W

k

ij ,

Rm = �4
X

(ij)

Ti,L · Tj,R W
m+1

ij
⇥in(nm+1) , (2.5)

where the color matrices Ti,L act on the hard function from the left, i.e. on the amplitude,

while Ti,R acts on the conjugate amplitude. The sum runs over all unequal pairs (ij) of

the m hard partons. The anomalous dimension involves the dipole radiator

W
k

ij =
ni · nj

(ni · nk)(nj · nk)
, (2.6)

which is given by the product of the associated eikonal factors. In the virtual corrections,

one integrates over the direction nk of the emission. We note that individually Rm and

Vm su↵er from collinear divergences, which cancel in the cross section. In the Monte Carlo

implementation, one works with a collinear cuto↵ to regularize the divergences.

As long as we choose the µh and µs properly, the hard and soft functions will be

free of large logarithms and the large logarithmic terms are resummed in the evolution

factor. Because they are free of large logarithms, the higher-multiplicity hard functions

are suppressed by ↵s as Hl ⇠ ↵
l�2
s H2. At LL level, we thus only need to include the hard

function H2 and the soft function is given as the unit matrix in the color space Sm ⇠ 1.

At LL accuracy, the RG-improved result (2.1) simplifies to

�
LL(Q,Q0) =

1X

m=2

⌦
H2({n1, n2}, Q, µh)⌦U2m({n}, µs, µh) ⌦̂1

↵
. (2.7)
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jvirtual:
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i |Mmi hMm| T a

jreal:
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dt
Hn(t) = Hn(t)Vn +Hn�1(t)Rn�1(t) (11)

H2(th = 0) = 1, Hn>2(th = 0) = 1 (12)

Hn(t) =
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0
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the MadGraph5 aMC@NLO event generator [26]. This provides an automated frame-

work to perform the LL resummation for single-logarithmic observables. However, collider

observables are typically double logarithmic. The LL in the jet mass distribution, for ex-

ample, are ↵n
s ln

2n
⇢. Even for non-global observables, these double logarithmic terms have

a simple structure, and they can be factored out and treated separately. In the parton

shower framework, we therefore subtract these “global” contributions and exponentiate

them manually, as Dasgupta and Salam did in their original paper on NGLs [27]. Given

their di↵erent nature, it is interesting to analyze both the interjet energy flow and the jet

mass as examples and we will present LL0 and NLL0 improved results for single logarithmic

and double logarithmic observables, separately. A second motivation to also analyze the

jet mass, is that there are LEP measurements to which we can compare to, in contrast

to the interjet energy flow. Unfortunately, the typical jet mass at LEP jet is quite low

M . 10GeV, which translates to a scale of the soft radiation of Q0 ⇠ M
2
/Q . 1GeV so

that non-perturbative e↵ects are very important in the peak region of the distribution.

Our paper is organized as follows. In the next section, we will discuss LL0 resummation

for interjet energy flow and show how one implements the one-loop corrections to the hard

and soft functions. We then move to the jet mass distribution in Section 3, focussing on the

di↵erences to the single-logarithmic case. We will in particular show how to subtract global

logarithms in the parton shower and in the soft function. After presenting numerical results

in Section 4 and comparing to LEP data and PYTHIA results, we conclude in Section 5.

2 Interjet energy flow at LL0 accuracy

The perturbative expansion of the interjet energy flow in (1.1) su↵ers from large logarithms

of the ratio of the hard scale Q and the soft scale Q0. To resum these, one solves the RG

equation of the hard function and evolves it from its characteristic scale µh ⇠ Q down to

a soft scale µs ⇠ Q0. This yields the RG-improved expression [8]

�(Q,Q0) =
1X

l=2

⌦
Hl({n0}, Q, µh)⌦

1X

m�l

Ulm({n}, µs, µh) ⌦̂Sm({n}, Q0, µs)
↵
, (2.1)

where the evolution factor is defined as a path-ordered exponential of the anomalous di-

mension

U({n}, µs, µh) = P exp

Z
µh

µs

dµ

µ
�H({n}, µ)

�
. (2.2)

The RG-evolution generates additional partons and maps the l-parton configuration along

the directions {n0} = {n1, . . . , nl} into an m-parton final state along the directions {n} =

{n1, . . . , nl, nl+1, . . . , nm}. The symbol ⌦̂ in (2.1) indicates the integral over the directions

of the additional m� l partons generated in the evolution.

At the leading logarithmic level, we only need the one-loop anomalous dimension and

can rewrite the exponent as

Z
µh

µs

dµ

µ
�H =

Z
↵s(µh)

↵s(µs)

d↵

�(↵)

↵

4⇡
�(1) =

1

2�0
ln

↵s(µs)

↵s(µh)
�(1) ⌘ t�(1)

. (2.3)
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Collinear singularities and SLLs at hadron colliders

One-loop anomalous dimension:

⇧ij = 1
<latexit sha1_base64="/I/Njm1AoMgrmRowJgu0eav2I+I="></latexit>

if both incoming 
or outgoing
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is a one-to-one correspondence of the evolution time to the low scale µs. Obviously, for

µh = µs, we have t = 0. During the evolution, t grows and goes to infinity as µs hits the

Landau pole. For µh = MZ and two-loop running with a Landau pole at ⇤ = 0.230GeV,

the choice µs = 1GeV corresponds to t = 0.08. A plot connecting t and µs for di↵erent

values of µh can be found in Figure 1 of our previous paper [15].

In [15] we implemented the RG evolution factor U({n}, µs, µh) in the large-Nc limit

using the parton shower method proposed by Dasgupta and Salam in [27]. We don’t want

to repeat the entire discussion here, but we give the algorithm in Appendix B, since we

need to extend it to compute the soft functions, as discussed below. Let us also list the

one-loop anomalous dimension, since its form will be relevant in the discussion of the jet

mass below. It is given by [8]
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The entries Rm and Vm are angular functions associated with the emission of a real or

virtual soft gluon and take the form
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where the color matrices Ti,L act on the hard function from the left, i.e. on the amplitude,

while Ti,R acts on the conjugate amplitude. The sum runs over all unequal pairs (ij) of

the m hard partons. The anomalous dimension involves the dipole radiator

W
k

ij =
ni · nj

(ni · nk)(nj · nk)
, (2.6)

which is given by the product of the associated eikonal factors. In the virtual corrections,

one integrates over the direction nk of the emission. We note that individually Rm and

Vm su↵er from collinear divergences, which cancel in the cross section. In the Monte Carlo

implementation, one works with a collinear cuto↵ to regularize the divergences.

As long as we choose the µh and µs properly, the hard and soft functions will be

free of large logarithms and the large logarithmic terms are resummed in the evolution

factor. Because they are free of large logarithms, the higher-multiplicity hard functions

are suppressed by ↵s as Hl ⇠ ↵
l�2
s H2. At LL level, we thus only need to include the hard

function H2 and the soft function is given as the unit matrix in the color space Sm ⇠ 1.

At LL accuracy, the RG-improved result (2.1) simplifies to

�
LL(Q,Q0) =

1X

m=2

⌦
H2({n1, n2}, Q, µh)⌦U2m({n}, µs, µh) ⌦̂1

↵
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Individually Rm and Vm contain singularities when emitted gluon k gets collinear to 
parsons i or j. 


• Expect cancellation in inclusive soft observables such as gaps between jets at 
lepton colliders


• Glauber phases spoil this cancellation: soft+collinear double logs! “Super-
leading logs”



Simplification of the imaginary part

Imaginary part of the anomalous dimension:

For pp:For e+e-:

Hm Rm =
P
(ij)

11

22

3

m

i

j
M M

†

Hm V m =
P
(ij)

ii

j
M M

† +
ii

j
M M

†

Figure 1: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.

Hm RC = ...
...

11

22

M M
† + ...

...

11

22

M M
†

Hm VI =

11 11

22 22

M M
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11 11
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†

Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.

1

Figure 1. Action of the operator the real part Rm and the virtual piece Vm of the anomalous
dimension on the hard function Hm. The sums run over all pairs of unordered indices i, j = 1 . . . m.
Due to the emitted gluon (blue), the product HmRm defines a hard function with m + 1 external
legs, while the virtual correction (red) HmVm has m legs.

rise to the angular integral in the first line of Vm, while cutting the two eikonal propagators

yields the imaginary part in the second line. This imaginary part is called the Glauber or

Coulomb phase, since it arises from a region of phase-space where kµ
⇡ kµ

?.

The imaginary part can be simplified using color conservation
P

i Ti = 0. For con-

creteness, consider the process 1 + 2 ! 3 + · · · + m. We then have

X

(ij)

Ti · Tj ⇧ij = 2T1 · T2 +
mX

i=3

Ti · (�T1 � T2 � Ti) (3.7)

= 2T1 · T2 + (T1 + T2) · (T1 + T2) �

mX

i=3

Ci (3.8)

= 4T1 · T2 + C1 + C2 �

mX

i=3

Ci (3.9)

The constant imaginary part arises both from the generators Ti,L acting on the amplitude

and the generators Ti,R acting on the conjugate amplitude. These terms cancel in the

anomalous dimension. In case where one or both incoming particles are color-neutral the

term T1 · T2 is not present and the Coulomb phase never contributes to the cross section.

The phase terms completely vanish and can be dropped from the anomalous dimension

matrix as we did in our previous paper [2]. A nontrivial phase can arise if the initial state

carries color, as is the case for the partonic amplitudes relevant for hadronic collisions.

4 Collinear singularities

[The following discussion has one weakness: it is based on the soft limit and

therefore only captures soft+collinear divergences. To get the full anomalous

dimension, one will need to add the initial-state purely collinear divergences,

which are obtained using collinear factorization based on splitting functions.

– 4 –
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Extracting the collinear singularities: 

The one-loop anomalous dimension is

with
<latexit sha1_base64="K6MvVDWEMROCFNnQAwbtPZRcLB0="></latexit>

V m = 2
X

(ij)

(T i,L · T j,L + T i,R · T j,R)

Z
d⌦ (nk)

4⇡
W̄ k

ij

V c
i = 4Ci1

V G = �8i⇡ (T 1,L · T 2,L � T 1,R · T 2,R)
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Rm = �4
X

(ij)

T i,L � T j,RW̄
m+1
ij ⇥hard (nm+1)

Rc
i = �4T i,L � T i,R� (nk � ni)
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Hard function for octet exchange: 

Action of the anomalous dimension

Compute
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Non-cancellation of collinear logs
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Leading super-leading logs

1. Want the maximum numbers of logs, i.e. the maximum power of  

2. Need two imaginary parts VG to spoil cancellation of collinear singularities

3. Need at least one real emission     to resolve the gap region

Three properties of the anomalous dimension greatly simplify the calculations

• Color coherence


• Cyclicity of the trace
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Leading super-leading logs

The super-leading logs at (3+n) order are associated with color traces of the form
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Figure 1: Action of the operator the real part Rm and the virtual piece Vm

of the anomalous dimension on the hard function Hm. The sums run over
all pairs of unordered indices i, j = 1 . . . m. Due to the emitted gluon (blue),
the product HmRm defines a hard function with m + 1 external legs, while
the virtual correction (red) HmVm has m legs.
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Figure 2: Action of the imaginary part VI (red dotted line) and the collinear
real-emission piece RC on the hard function. After the simplifications dis-
cussed in the text, these parts only involve legs 1 and 2. The real correc-
tions HmRC involve one additional hard gluon (dashed blue line) which is
collinear to one of the incoming legs.
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FIG. 1. Action of the real-emission operator Rm and the

virtual piece Vm on a hard function Hm. Due to the emitted

gluon (blue), the product Hm Rm defines a hard function

with (m+ 1) external legs.

where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
i+V c

i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)

�̂SLL
n =

⇣↵s

4⇡

⌘n+3
L2n+3 (�4)n n!

(2n + 3)!

nX

r=0

(2r)!

4r (r!)2
Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.
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where the color indices a and ã refer to the emitted gluon.
We use the symbol � to indicate the presence of the ad-
ditional color space of the emitted parton. Subsequent
applications of the anomalous-dimension matrix can act
on these indices. In the simplest case of a single cut prop-
agator as in Figure 1, the indices are contracted with �ãa.
On the other hand, if an additional gluon with group in-
dex b is attached to the emitted parton, the indices get
contracted with (�if bãa).

The operators Vm and Rm encode soft singularities
arising when a virtual or real soft parton is exchanged
between two di↵erent legs of the hard function. The
squared amplitude for the exchange is a product of the
eikonal factors for each leg, and the notation (ij) on
the sums in (6) indicates a pair of unordered indices
i, j = 1, . . . , m. We use a bar to indicate that the
collinear limits of the emissions are subtracted, i.e.

W
k
ij =

ni · nj

ni · nk nj · nk
� �(nk � ni)

ni · nk
� �(nk � nj)

nj · nk
. (9)

The angular �-distributions only act on the test function.
The collinear singularities in the soft anomalous di-

mension are encoded in Rc
i and V c

i , both of which are
proportional to the cusp anomalous dimension (as indi-
cated by the superscript). These operators multiply a
logarithm of the hard scale, which when inserted into (3)
gives rise to Sudakov double logarithms. We show below
that all final-state collinear singularities cancel between
real and virtual contributions, and for this reason only
the initial-state pieces (with i = 1, 2) must be kept in (6).
The cancellation for the initial-state terms is spoiled by
the complex Glauber phases in V G, also referred to as
Coulomb phases [2]. These arise whenever soft partons
are exchanged between two final-state legs or two initial-
state legs. Using color conservation,

Pm
i=1 Hm T a

i = 0,
the phase terms can be rewritten in the form of V G,
which makes it obvious that they are only relevant for
processes involving (at least) two colored partons in the
initial state.

Three properties of the di↵erent components of the
anomalous dimension greatly simplify our calculations.
Color coherence, the fact that the sum of the soft emis-

sions o↵ two collinear partons has the same e↵ect as a
single soft emission o↵ the parent parton, implies that

Hm �c � = Hm ��c , (10)

where we have defined �c =
P2

i=1(R
c
i+V c

i ) and Hm � ⌘
Hm (Rm + Vm). Next, the cyclicity of the trace ensures
that

hHm �c ⌦ 1i = 0 ,
⌦
Hm V G ⌦ 1

↵
= 0 .

(11)

The first of these relations is a consequence of collinear
safety: the singularity associated with a collinear real
emission cancels against the one in the associated virtual
correction. It is trivial to verify this, because

hHm (Rc
i + V c

i ) ⌦ 1i / hT a
i Hm T a

i � Ci Hmi = 0 .
(12)

The three properties hold for an arbitrary hard function
Hm, which can be obtained from the tree-level hard func-
tion after applying the one-loop anomalous dimension
several times.

We extract the leading contributions to (3) by consid-
ering products of �c, � and V G, only the first of which
gives rise to double logarithms. In the absence of V G,
we could use relation (10) to move all occurrences of �c

to the last step, where they give a vanishing contribution
due to (11). (Even in the presence of V G this can still be
done for all final-state partons, and for this reason we did
not include terms with i 6= 1, 2 in the definition of �c.)
To get the SLLs, we thus need two insertions of V G. A
single insertion gives zero, since the cross section is real.
Due to the two properties in (11) we also need one power
of � in the last step of the evolution. Therefore, the SLLs
at (3 + n)th order in perturbation theory are associated
with color traces of the form

Crn =
⌦
H4 (�c)r V G (�c)n�r V G � ⌦ 1

↵
, (13)

where 0  r  n. This explains why the SLLs first
appear at four-loop order. However, the three-loop term
(n = 0) originates from the same color structures and is
numerically significant, even though it only involves the
imaginary part ⇡ = | ln(�1)| of the large logarithm.

To get the corresponding contribution to the partonic
cross section, we must combine the color traces Crn with
the associated ordered integrals in (3). Each factor of �c

is multiplied by a logarithm of µ, see (6), which produces
a double logarithm upon integration. Neglecting the run-
ning of the coupling ↵s, setting µ2

h = ŝ and evaluating
the integrals, we find with L = ln(

p
ŝ/µs)

�̂SLL
n =

⇣↵s

4⇡

⌘n+3
L2n+3 (�4)n n!

(2n + 3)!

nX

r=0

(2r)!

4r (r!)2
Crn ,

(14)
which makes it explicit that starting from four-loop order
two logarithms per loop arise.

The SLLs first appear at four loop (n=1)


The three loop terms (n=0) can be numerically significant


We consider the case where particles 1 and 2 transform in the fundamental 
representation of SU(Nc)
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Crn = 28�r⇡2 (4Nc)
n
{

X

j>2

JjhH4[(T 2 � T 1) · T j + 2r�1Nc (�1 � �2) dabcT
a
1T

b
2T

c
j ]i

+ 2 (1� �r0) J2 hH4 [CF + (2r � 1)T 1 · T 2]i}

4

The relations (11) imply that the color traces Crn can
be simplified by working out the commutators [V G,� ]
and [�c, [V G,� ]]. Under the trace, we find that both
commutators evaluate to the same structure apart from
a factor (4Nc). We thus obtain

Crn = �64⇡ (4Nc)
n�r fabc

X

j>2

⌦
H4 (�c)r V GT a

1 T b
2 T c

j

↵

⇥
Z

d⌦(nk)

4⇡

⇣
W

k
1j � W

k
2j

⌘
⇥veto(nk) . (15)

The sum over j contains the final-state partons of the
Born process and the collinear gluons emitted from the r
remaining insertions of �c, but not the initial-state par-
tons 1 and 2. The contributions where j refers to one
of the collinear gluons emitted from the first (n � r) in-
sertions of �c in (13) vanish. The gluon with label k
originates from the insertion of � and must be attached
to one initial-state and one final-state parton. The con-
straint ⇥veto(nk) = 1 � ⇥hard(nk) restricts the emission
to the veto region and arises from the incomplete cancel-
lation of real and virtual terms in �. Since the direction
nk in (15) is in the veto region, it cannot be collinear
to the directions n1, n2 or nj . As a consequence, the
collinear subtraction terms in (9) vanish, and one can

replace W
k
ij ! W k

ij in (15).
All information about the phase-space restrictions on

the direction of parton k are contained in the angular
integrals

Jj =

Z
d⌦(nk)

4⇡

�
W k

1j � W k
2j

�
⇥veto(nk) . (16)

The parton j can either move along the directions n1

and n2, when it is attached to one of the collinear gluons
emitted by the insertions of Rc

i , or it is one of the final-
state partons. Since W k

ii vanishes we have J1 = �J2.
There are thus (l + 1) independent kinematic structures
for a 2 ! l jet process. For the gap between jets case, we
find that Jj = +�Y if the rapidities of particles j and 1
have opposite signs, and Jj = ��Y otherwise.

A more complicated structure arises when one com-
mutes the remaining insertion of V G in (15) all the way
to the right. This leads to an expression involving anti-
commutators of color generators, which in general cannot
be simplified using the Lie algebra of SU(Nc). Here we
consider the important special case where particles 1 and
2 transform in the fundamental representation. We can
then use the relation

{T a
i , T b

i } =
1

Nc
�ab 1 + �i dabc T c

i ; i = 1, 2 , (17)

where the color-space formalism implies that �i = 1 for
an initial-state anti-quark and �i = �1 for an initial-
state quark. In this case a closed expression for the color
traces Crn can be obtained, which involves only three

non-trivial color structures:

Crn = 28�r⇡2 (4Nc)
n

⇢ X

j>2

Jj

⌦
H4

⇥
(T2 � T1) · Tj

+ 2r�1Nc (�1 � �2) dabc T a
1 T b

2 T c
j

⇤↵
(18)

+ 2 (1 � �r0) J2

⌦
H4

⇥
CF + (2r � 1) T1 · T2

⇤↵�
.

The generalization of this result to the case of arbitrary
representations involves a significantly larger number of
color structures and will be discussed elsewhere [20].

As a first application of the general result (18) we con-
sider quark-quark scattering. In this case the tree-level
hard function has two possible color structures, octet or
singlet, corresponding to gluon or photon exchange be-
tween the quarks. For the two cases, we get

C(O)
rn = �̂B 28�r⇡2 (4Nc)

n

CFJ43

+
J2

Nc

�
N2

c � 2r+1 + 1
�
(1 � �r0)

�
, (19)

C(S)
rn = �̂B 28�r⇡2 (4Nc)

n CF

⇥
� J43 + 2J2 (1 � �r0)

⇤
,

with J43 = J4 � J3, and �̂B = hH4i is the Born-level
partonic cross section. Assuming forward scattering as in
[2], the angular integrals evaluate to J2 = J43/2 = �Y .
Using these expressions in (14) and setting n = 1, we
recover the results of [2]. Repeating the calculation for
n = 2 we confirm the findings of [7]. As a further check of
(18), we have written a computer code based on Color-
Math [15] to directly evaluate the color structures Crn

for fixed values of r and n. Using this code, we have
checked the general formula for qq ! qq, qq̄ ! qq̄ and
qq̄ ! gg scattering up to eight-loop order.

The dependence of Crn in (18) on n and r is powerlike,
and it is possible to perform the sum over the infinite
tower of SLLs in closed form:

��̂ =
1X

n=0

�̂SLL
n = �̂B

⇣↵s

4⇡

⌘3
L3f(w) , (20)

where w = Nc↵s
⇡ L2 encodes the double-logarithmic de-

pendence. The function f(w) can be expressed in terms
of hypergeometric and related functions [20]. For the
singlet case, we get for forward scattering

��̂(S) = ��̂B
4CF

3⇡
↵3
s L3�Y 2F2

�
1, 1; 2, 5

2 ; �w
�
. (21)

While the explicit form is not particularly illuminating, it
is interesting to study the asymptotic behavior for w !
1. Ordinary Sudakov double logarithms are resummed
to the form e�cw and are thus strongly suppressed in this
limit, while the function f(w) ⇠ (ln w)/w falls o↵ much
slower.

with the angular integrals:
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All-order results of leading SLLs

Sudakov suppression of the superleading 
logarithms is weaker than the one present 
for global observables 
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SLLs in Drell-Yan and V+j

We find that SLLs also arise for processes with less than two final state jets


For Drell-Yan processes:


SLLs start at 5-loop order 


For V+j :


SLLs start at 4-loop order 
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Summary
• If the radiation in a high-energy scattering process is restricted by experimental 

cuts, higher-order terms are enhanced by large logs


• The simple structure of these emissions often makes it possible to resum them to 
all orders.


• For exclusive jet cross sections at hadron colliders, even the LLs have a 
complicated structure


• We derive the all-order structure of SLLs at hadron colliders and resum them in 
closed form 


• Our RG-based approach provides a transparent understanding of the underlying 
physics, and the analytical results should be useful in the ongoing effort to 
generalize parton showers 


• Our findings indicate that SLLs could have an appreciable effect on precision 
observables, e.g. in Higgs production via VBF



Thank you
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