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% Consider L loops (E + 1) points diagram

Feynman Integral

L ddlj 1 4
Flaj, ay, ..., a,] = Jl:[ T DD Dr(lxn’ €L, D,=qg —m
e Sector
S(FI e ) £ S
A, Xy oo s Ay ) = (871, 59, B ;=
Lt L : == =0
« Complexity
N_|_=Za’l—1 - N_=Z—(ll
a:>0 al-<0
* Ordering
Elog o ali=Flh Bl o S5 e.g. Laporta Ordering

“Primary” L(L + E) IBPs
dd
T

e

72

r

— |

L+FE a

k

— |

u
Vi

al/’l DO‘IDOQ Da ARG {ll”’ lL’pl""’pE}



+ Consider L loops (E + 1) points diagram

 Laporta Algorithm(VERY brief)

a

boundary
ordering
range

a

—>

\_

generate finite IBPs
within choosen range

J

Gauss elimination

MIs




+ Example: One loop massless box

P2 p3 D, = 12 olH
D - D oD
: D, = (l+py) B, = 1/47”2 =20 —D D,
Do Dy D3 = (l +p12)2
D,=({+p )2 B=l’“‘%=212+21p =)L) =g
D 4 23 3 EYT 2 3 1
2 9 2
pi=0,p, =5, pi=t oD
olH
0 e d a;B; a,B, a;B; a,B,

a1a2a3a4= A1 Y% NYX3 )%y a+1aaa_aa+1aa_aaa+1a A N0 MO T+
ot D{'D,>D5>D, DI"D*D5*Dy*  pm*ip®p®pX  DUDEYDEDR DOYDEDEYDM DMDEDED

0 [* d-20-m—-o—oy — a, 2 ay - Q3S

U DA NHX NHYX3 )% a1 N)% )43 ) a—1l oo+l o a4_ a;—1 o, pyos+1 a4_ a— 1l Yoo Yoy Yo+ A MH NG+l oy
1
0] (0) (04} Oy
DA DPDEDS

=[d-2a;—a,—a;—a,) — a1 2"—a;1 3"—a,1 4"+ a;53"]



% Example: One loop massless box

4 primary IBPs:

O0=[d—-201—ay,—a;—ay) —op1 27— 1 3" —a,1 4" +a,;537] o Flay, ay, a5, a,]

0=[(;—a) — ;1 274+a,1 27+a;1 3" =027 3+ 1 47—, 274 —a;s3 4+ o147 ° Flay, o, as, o]

O=[,—a3)+a;271"—,37 1"—a,3 2" +0;27 3+ 24 —a,3 4™ +a;s1 " —a,04™] o Fla,, oy, as, o]

O=[(;—ay)+a;3 1= 4 1"+a,3 27— 4 27— 4 3+, 374" —a;s1 +a,127] o Flay, &y, ag, o]

e Stored in ‘start’ file of FIRE



FIRE6::usage



<options>

L

<ki nematics>

Cpropagators)

FIRE

Csym metries>

LiteRed

Gntegrals(FlsD

prepare start/config file

reduction job

.

/

(

.

Fls in terms Mls

\

J

table file

J




® Massless double box-Convention

%) P3
\ D, D, /
D, Dy Dy
D, D5
P1 P4
e L
Dz D 4 D6 D 8

ZP;‘ =0, s =(p;+p)° t = (py+p3)°
= 112 »
D, = ([, +P1)2,
D; = (I + p1p)’,
D, = (I + p123)°,
D5 = 122 »
Ds = (L +py)*,
D, = (L + p»)*
Dg = (b + pyp3)°,
0~ 12)2






® Massless double box-MIs

D <0 11 *X
N X |

§ £10,0,0,1,0,1,0,0,1], ¥10,0,0,1,1,0,1,0,1], #10,0,0,1,1,1,1,0,1], £10,0,1,0,1,0,0,0,1}

£10,0,1,1,1,1,0,0,1], ¥[1,0,1,0,1,0,1,0,0], #11,0,1,1,1,1,1,0,1], F{1,0,1,1,1,1,1,0,2}



order

< lower sector >

subst1tut1on reduct1on

K)

hlgher sector

call FIRE
thre‘ad 1/ thread i ...\thre‘ad n
i ¥ i

<FLAME(S1 ))

v

build IBPs
impose sym
solve eqs
chose Mls
write database

C..FLAME(S]’)...)

v

build IBPs
impose sym
solve eqs
chose MIs
write database

(FLAME(snD

v

build IBPs
impose sym
solve eqs
chose Mls
write database

redcution done

[ table file ]

back substituting




BPin Action#2

@ Massless double pentagon-Convention

Dl — lz,

.
\ D, D, / D, =(, —py,

D D3 = (ll _p12)29
8
D, — D3 D b =L
D
: Ds = (4 —P123)2,
D, D, 7
P Ps D¢ = (L, + ps)”,
ZS: 0 /2 Dzl
pi = ? p p =) ’
i 172 12 D8 = (ll =7 12 _|_p3)2,
PaD3 = $33/2, p\ps = 815/2, D, = (I, +p5)2
= — Saq — S4:)/2,
P3Ps = (S12 = $34 = 845) D=0, - pl)z,

P1P3 = (S45 — S1p — $p3)/2, 3
DPoPs = (S34 — S5 — S15)/2. Dy, = (lz = P12)






BPin Action#2

® Massless double pentagon-MIs of top sector

] ] 000 1 1 1 0011 ] 1414010}
el 1 b 1 0.0 L L] 2000 L1 1112000}
it b 2 000 01 1121 21 1. 1000} (1211 1.1 0:00]

» Trick: Impose restrictions by hand to focus on one(or
several) sector(s), i.e. to partition reduction jobs.

 Helpful especially while resources are limited.

» Sometimes might make infeasible tasks possible.

* Q: Do we lose any information about this sector?



® Box

((d—-2a;,—a,— a3 — a) — a1 27— 173" —a, 1 4"+ a;537]

—o, 1747
—a; 1737
—a,1727
e =0 — 0 =l

+ ;537"

B

SBasisOD[0,1] =

o

N N i\ bY A bY
r r

SBasis0C[0,1{-1,0,0,1}] = (-1

SBasis0C[0,1{-1,0,1,0}] = (-1

001 SBasis0C[0,1{-1,1,0,0}] = (-1
0210

=00 -

00 0 . -

010 SBasis0C[0,1{0,0,0,0}] = | —1

d

SBasis0C[0,1{0,0,0,0}] = (s 3)



 FIREG6 supports finite field method

FIRE6: Feynman Integral REduction with Modular
Arithmetic

A.V. Smirnov®?* F.S. Chukharev®

Failed when trying to run the examples...






