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Quick Review



• Feynman Integral
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• Sector 

𝒮(F[α1, α2, . . . , αn]) = (s1, s2, . . . , sn) si = { +1 αi > 0
−1 αi ≤ 0 [0 in Kira]

• Ordering

F[α1, α2, . . . , αn]) ≻ F[β1, β2, . . . , βn] ⇔ 𝒮(α) ≻ 𝒮(β) e.g. Laporta Ordering

• “Primary”  IBPsL(L + E)

❖ Consider  loops  points diagramL (E + 1)
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, v ∈ {l1, . . . , lL, p1, . . . , pE}

• Complexity

N+ = ∑
αi>0

αi − 1 [αi in Kira], N− = ∑
αi<0

− αi



❖ Consider  loops  points diagramL (E + 1)

• Laporta Algorithm(VERY brief)
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boundary 
ordering 

range

generate finite IBPs 
within choosen range Gauss elimination MIs
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D1 = l2

D2 = (l + p1)2

D3 = (l + p12)2 = (l + p1 + p2)2
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❖ Example: One loop massless box



0 = [(α1 − α2) − α11+2−+α21−2++α31−3+−α32−3++α41−4+−α42−4+−α3s3++α4t4+] ∘ F[α1, α2, α3, α4]

0 = [(α2 − α3) + α12−1+−α13−1+−α23−2++α32−3++α42−4+−α43−4++α1s1+−α4t4+] ∘ F[α1, α2, α3, α4]

0 = [(α3 − α4) + α13−1+−α14−1++α23−2+−α24−2+−α34−3++α43−4+−α1s1++α2t2+] ∘ F[α1, α2, α3, α4]

0 = [(d − 2α1 − α2 − α3 − α4) − α21−2+−α31−3+−α41−4++α3s3+] ∘ F[α1, α2, α3, α4]

❖ Example: One loop massless box

4 primary IBPs: 

• Stored in ‘start’ file of FIRE



FIRE6::usage



Input & Output
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LiteRed

prepare start/config file

options

FIRE

kinematics propagators symmetries integrals(FIs)

reduction job

table file

FIs in terms MIs



IBP in Action #1

๏ Massless double box-Convention

p1

p2 p3

p4
D1

D2

D3 D7

D9 D8

D5

D1

D2

D3

D4

D5

D6

D7
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D1 = l2
1 ,

D2 = (l1 + p1)2,
D3 = (l1 + p12)2,
D4 = (l1 + p123)2,
D5 = l2

2 ,

D6 = (l2 + p1)2,
D7 = (l2 + p12)2,
D8 = (l2 + p123)2,
D9 = (l1 − l2)2

4

∑
i

pi = 0, s = (p1 + p2)2, t = (p2 + p3)2



Switch to shell



IBP in Action #1

๏ Massless double box-MIs

F[0,0,0,1,0,1,0,0,1], F[0,0,0,1,1,0,1,0,1], F[0,0,0,1,1,1,1,0,1], F[0,0,1,0,1,0,0,0,1]

F[0,0,1,1,1,1,0,0,1], F[1,0,1,0,1,0,1,0,0], F[1,0,1,1,1,1,1,0,1], F[1,0,1,1,1,1,1,0,2]
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order

t3tit1

thread 1 ... thread i ... thread nreductionsubstitution

lower sector

higher sector

build IBPs 
impose sym 
solve eqs 
chose MIs 

write database

FLAME(sn)

build IBPs 
impose sym 
solve eqs 
chose MIs 

write database

...FLAME(si)...

build IBPs 
impose sym 
solve eqs 
chose MIs 

write database

FLAME(s1)

call FIRE

redcution done

back substituting

table file

Sketch of frame



IBP in Action #2

๏ Massless double pentagon-Convention

p1

p2 p4

p5
D1

D2

D3 D5

D6

D4

D7
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∑
i

pi = 0, p1p2 = s12/2,

p2p3 = s23/2, p1p5 = s15/2,

p3p5 = (s12 − s34 − s45)/2,
p1p3 = (s45 − s12 − s23)/2,
p2p5 = (s34 − s12 − s15)/2.

D1 = l2
1 ,

D2 = (l1 − p1)2,
D3 = (l1 − p12)2,
D4 = l2

2 ,

D5 = (l2 − p123)2,
D6 = (l2 + p5)2,
D7 = (l1 − l2)2,
D8 = (l1 − l2 + p3)2,
D9 = (l1 + p5)2,

D10 = (l2 − p1)2,
D11 = (l2 − p12)2

p3



Switch to shell



IBP in Action #2

๏ Massless double pentagon-MIs of top sector

{1,1,1,1,1,1,1,1,0,0,0} {1,1,1,1,1,1,1,1,0,0, − 1} {1,1,1,1,1,1,1,1,0, − 1,0}
{1,1,1,1,1,1,1,1, − 1,0,0} {1,1,1,1,1,1,1,2,0,0,0} {1,1,1,1,1,1,2,1,0,0,0}
{1,1,1,1,1,2,1,1,0,0,0} {1,1,1,1,2,1,1,1,0,0,0} {1,1,1,2,1,1,1,1,0,0,0}

• Trick: Impose restrictions by hand to focus on one(or 
several) sector(s), i.e. to partition reduction jobs.


• Helpful especially while resources are limited.

• Sometimes might make infeasible tasks possible.

• Q: Do we lose any information about this sector?



[(d − 2α1 − α2 − α3 − α4) − α21−2+−α31−3+−α41−4++α3s3+]

SBasis0D[0,1] =

−1 0 0 1
−1 0 1 0
−1 1 0 0
0 0 0 0
0 0 1 0

SBasis0C[0,1{-1,0,0,1}] = (−1 4)

SBasis0C[0,1{-1,0,1,0}] = (−1 3)

SBasis0C[0,1{-1,1,0,0}] = (−1 2)

SBasis0C[0,1{0,0,0,0}] =

−2 1
−1 2
−1 3
−1 4
d 0

SBasis0C[0,1{0,0,0,0}] = (s 3)

−α41−4+

−α31−3+

−α21−2+

{−2α1, −α2, − α3, − α4, d}

+α3s3+

Start file

๏ Box



One more thing

• FIRE6 supports finite field method

Failed when trying to run the examples…



Thank you!


