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Introduction
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Proton-proton collision at LHC

Precise predictions of hard scattering 
processes require higher order corrections

Chicherin, Gehrmann, Henn, Wasser, Zhang, Zoia, 1812.11160

Wang, Wang, X.Xu, Xu, Yang, 2010.15649
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• Feynman integral
General L-loop Feynman integral:

<latexit sha1_base64="vUmcXkkkQWznGZccWuHIRUSHQLU="></latexit>
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Baikov representation:
<latexit sha1_base64="iFfuqJXXpO2U0WZWFrDvkIELTeE="></latexit>
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<latexit sha1_base64="dCHtcyZCNj+NCwcNH84ZsM4OaS8=">AAACEnicbVA9SwNBEN3zM8avqKXNYhBiE+4koFgFLLSMYIyQC8fe3pxZs/eR3blgPPIXbPwrNhYKYmtl579xE1P49WDg8d4MM/P8VAqNtv1hzczOzS8sFpaKyyura+uljc0LnWSKQ5MnMlGXPtMgRQxNFCjhMlXAIl9Cy+8dj/3WAJQWSXyOwxQ6EbuKRSg4QyN5pcpJxUW4QT/Mb0d71IV+JgbUDQArfU9QlwcJ0r53veeVynbVnoD+Jc6UlMkUDa/07gYJzyKIkUumdduxU+zkTKHgEkZFN9OQMt5jV9A2NGYR6E4++WhEd40S0DBRpmKkE/X7RM4irYeRbzojhl392xuL/3ntDMPDTi7iNEOI+deiMJMUEzqOhwZCAUc5NIRxJcytlHeZYhxNiEUTgvP75b+ktV91alXHOauV60fTPApkm+yQCnHIAamTU9IgTcLJHXkgT+TZurcerRfr9at1xprObJEfsN4+AdPZnMg=</latexit>

G(z) ⌘ det(qi · qj)

Feynman parameterization representation:
<latexit sha1_base64="f7rxtdApegJvEC8Q5FcYGLRPwnI="></latexit>
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Questions:

1. Can arbitrarily complicated functions appear, e.g., Trigonometric, 
    exponential functions, and etc.

2. Can the arguments of these functions be arbitrarily complicated, 
    e.g.,                      .

3. The definition of Feynman integral involve numbers              
    why they do not appear in the results for the integral?

Related to “Transcendentality and Periods”

<latexit sha1_base64="0heiLRaHGlBC5O5N6c8sjOBnZQ4=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQoZREFF1JQQSXFewDmhAm00k6dGYSZiZCCQV/xY0LRdz6He78G6dtFtp64MLhnHu5954wZVRpx/m2lpZXVtfWSxvlza3tnV17b7+tkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8mfidRyIVTcSDHqXE5ygWNKIYaSMF9iGpeTHiHAW3NeixJK56KT0N7IpTd6aAi8QtSAUUaAb2l9dPcMaJ0JghpXquk2o/R1JTzMi47GWKpAgPUUx6hgrEifLz6fljeGKUPowSaUpoOFV/T+SIKzXioenkSA/UvDcR//N6mY6u/JyKNNNE4NmiKGNQJ3CSBexTSbBmI0MQltTcCvEASYS1SaxsQnDnX14k7bO6e1F37s8rjesijhI4AsegClxwCRrgDjRBC2CQg2fwCt6sJ+vFerc+Zq1LVjFzAP7A+vwBdpKUgQ==</latexit>

e, �E , log(⇡)

<latexit sha1_base64="ijxHTCT8xth54XgyoIGvARNIafM=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eGokJXEhLNHoyJF48YiJgApVsly1s2O42u1sTbPglXjxojFd/ijf/jUvpQcGXzOTlvZns7AtiRpV23W+rsLa+sblV3C7t7O7tl+2Dw44SicSkjQUT8j5AijDKSVtTzch9LAmKAka6weR67ncfiVRU8Ds9jYkfoRGnIcVIG2lgl/tMjKpZix8atdrArrh1N4OzSrycVCBHa2B/9YcCJxHhGjOkVM9zY+2nSGqKGZmV+okiMcITNCI9QzmKiPLT7PCZc2qUoRMKaYprJ1N/b6QoUmoaBWYyQnqslr25+J/XS3R46aeUx4kmHC8eChPmaOHMU3CGVBKs2dQQhCU1tzp4jCTC2mRVMiF4y19eJZ1G3Tuvu7dnleZVHkcRjuEEquDBBTThBlrQBgwJPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gA0W5If</latexit>

log(log(p2))

ArXiv:1411.7538
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Transcendental and algebraic number:

Definition: a complex number is called an algebraic if it’s a root  
of some polynomials with rational coefficients, otherwise, it’s a transce- 
ndental number.

Theorem: Let z be a non-zero complex number, either z or     is trans- 
cendetal.     

<latexit sha1_base64="tcynYW6fNErP4ZwLKDfHj4cVNeM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokoepKCF48V7Qe0sWy2k3bpZhN2N0IN/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O0vLK6tr64WN4ubW9s5uaW+/oeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9cRvPqLSPJb3ZpSgH9G+5CFn1FjpDh+euqWyW3GnIIvEy0kZctS6pa9OL2ZphNIwQbVue25i/Iwqw5nAcbGTakwoG9I+ti2VNELtZ9NTx+TYKj0SxsqWNGSq/p7IaKT1KApsZ0TNQM97E/E/r52a8NLPuExSg5LNFoWpICYmk79JjytkRowsoUxxeythA6ooMzadog3Bm395kTROK955xb09K1ev8jgKcAhHcAIeXEAVbqAGdWDQh2d4hTdHOC/Ou/Mxa11y8pkD+APn8wdb+43V</latexit>

ez

<latexit sha1_base64="/m28BFCuzAhbzheUsrbomGXsARY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwUUoiiq6k4MZlBfuAJpbJ9KYdOpmEmUmhhP6JGxeKuPVP3Pk3TtMstPXAvRzOuZe5c4KEM6Ud59sqra1vbG6Vtys7u3v7B/bhUVvFqaTQojGPZTcgCjgT0NJMc+gmEkgUcOgE47u535mAVCwWj3qagB+RoWAho0QbqW/b4NVq2EtY3p5ErW9XnbqTA68StyBVVKDZt7+8QUzTCISmnCjVc51E+xmRmlEOs4qXKkgIHZMh9AwVJALlZ/nlM3xmlAEOY2lKaJyrvzcyEik1jQIzGRE9UsveXPzP66U6vPEzJpJUg6CLh8KUYx3jeQx4wCRQzaeGECqZuRXTEZGEahNWxYTgLn95lbQv6u5V3Xm4rDZuizjK6ASdonPkomvUQPeoiVqIogl6Rq/ozcqsF+vd+liMlqxi5xj9gfX5A2R/kjI=</latexit>

e ,⇡,⇡n,                are all transcendental number.             is transcendental 
if q is an algebraic number.

<latexit sha1_base64="Kusvgs3oEXt0riwYq20QuR0EOb4=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9kVRU9S8OKxgv2AdinZNNuGZpOYZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5keLMWN//9lZW19Y3Ngtbxe2d3b390sFh08hUE9ogkkvdjrChnAnasMxy2laa4iTitBWNbqd+64lqw6R4sGNFwwQPBIsZwdZJrS6Xg8rjWa9U9qv+DGiZBDkpQ456r/TV7UuSJlRYwrExncBXNsywtoxwOil2U0MVJiM8oB1HBU6oCbPZuRN06pQ+iqV2JSyaqb8nMpwYM04i15lgOzSL3lT8z+ukNr4OMyZUaqkg80VxypGVaPo76jNNieVjRzDRzN2KyBBrTKxLqOhCCBZfXibN82pwWfXvL8q1mzyOAhzDCVQggCuowR3UoQEERvAMr/DmKe/Fe/c+5q0rXj5zBH/gff4Ar5+PIA==</latexit>

log(q)
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Transcendental and algebraic functions:

Definition: A function is algebraic if it is a root of a polynomial with  
coefficients that are rational functions in the variables, otherwise,  
it’s a transcendental function.

Conjecture: All Multiple polylogarithms (MPLs) are transcendental  
functions, which is defined as

<latexit sha1_base64="sHAfmDrMMKyAaHcZd8JXNTetWWo="></latexit>

G(a1, . . . , an; z) =

Z z

0

dt

t� a1
G(a2, . . . , an; t)

with                                 and 
<latexit sha1_base64="JF0k6ORUhL5bmWT06Aue15IOe4U=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBHqpsyIoqBCwUVdVrAPaIeSSTNtaJIZkoxQh/6GGxeKuPVn3Pk3pu0stPXAvRzOuZfcnCDmTBvX/XaWlldW19ZzG/nNre2d3cLefkNHiSK0TiIeqVaANeVM0rphhtNWrCgWAafNYHg78ZuPVGkWyQcziqkvcF+ykBFsrNSplp5ObqqlK9u9bqHolt0p0CLxMlKEDLVu4avTi0giqDSEY63bnhsbP8XKMMLpON9JNI0xGeI+bVsqsaDaT6c3j9GxVXoojJQtadBU/b2RYqH1SAR2UmAz0PPeRPzPaycmvPRTJuPEUElmD4UJRyZCkwBQjylKDB9Zgoli9lZEBlhhYmxMeRuCN//lRdI4LXvnZff+rFi5zuLIwSEcQQk8uIAK3EEN6kAghmd4hTcncV6cd+djNrrkZDsH8AfO5w9yzo/6</latexit>

G(z) = G(; z) = 1
<latexit sha1_base64="BladjY30CcXoV+G4rK/cdGDYJF0="></latexit>

G(0, . . . , 0| {z }
n

; z) =
1

n!
logn(z)
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Period number:

Definition: a complex number is a period if both its real and imaginary  
parts can be written as integrals of an algebraic function with algebraic  
coefficients over a domain defined by polynomial inequalities with  
algebraic coefficients

Theorem: the coefficients of the Laurent expansion of a Feynman integral 
are periods.

• every algebraic number is period,   
<latexit sha1_base64="tzjfOd6LF2YPDdI0CZmLTe6dldg=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKohcl4MVjBPOAZA2zk0kyZHZ2M9MbDEu+w4sHRbz6Md78GyePgyYWNBRV3XR3BbEUBl3328msrK6tb2Q3c1vbO7t7+f2DqokSzXiFRTLS9YAaLoXiFRQoeT3WnIaB5LWgfzvxa0OujYjUA45i7oe0q0RHMIpW8gfXTaGw5T4OSPuplS+4RXcKsky8OSnAHOVW/qvZjlgScoVMUmManhujn1KNgkk+zjUTw2PK+rTLG5YqGnLjp9Ojx+TEKm3SibQthWSq/p5IaWjMKAxsZ0ixZxa9ifif10iwc+WnQsUJcsVmizqJJBiRSQKkLTRnKEeWUKaFvZWwHtWUoc0pZ0PwFl9eJtWzondRdO/PC6WbeRxZOIJjOAUPLqEEd1CGCjAYwDO8wpszdF6cd+dj1ppx5jOH8AfO5w8h15Gr</latexit>

q =

Z q

0
dx

• The logarithm of an algebraic number is period,
<latexit sha1_base64="9ykbbT99/O8l5R3aDFDv1tjqJNs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokoulEKblxWsA9oYphMJu3QySSdmUhLyMaNv+LGhSJu/Qd3/o3TNgttPXDhcM693HuPnzAqlWV9GwuLS8srq6W18vrG5ta2ubPblHEqMGngmMWi7SNJGOWkoahipJ0IgiKfkZbfvx77rQciJI35nRolxI1Ql9OQYqS05JkHDou7cHDpUK48+34AnVAgnAXDPBvmnlmxqtYEcJ7YBamAAnXP/HKCGKcR4QozJGXHthLlZkgoihnJy04qSYJwH3VJR1OOIiLdbPJFDo+0EsAwFrq4ghP190SGIilHka87I6R6ctYbi/95nVSFF25GeZIqwvF0UZgyqGI4jgQGVBCs2EgThAXVt0LcQzoGpYMr6xDs2ZfnSfOkap9VrdvTSu2qiKME9sEhOAY2OAc1cAPqoAEweATP4BW8GU/Gi/FufExbF4xiZg/8gfH5A3ujmJE=</latexit>

log q =

Z q

1

dx

x

•                              is a period.           
<latexit sha1_base64="CtbLsRrLZv/M5+ti3n95Q/FxRmY=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIIQkmKoguFghuXFewDmjRMJtN26GQSZybSELp046+4caGIWz/BnX/jtM1CWw9cOJxzL/fe48eMSmVZ38bC4tLyymphrbi+sbm1be7sNmSUCEzqOGKRaPlIEkY5qSuqGGnFgqDQZ6TpD67HfvOBCEkjfqfSmLgh6nHapRgpLXnmgRNTeOVQrrxs2KmcpJ2Kw8g9tEcwGMIg9cySVbYmgPPEzkkJ5Kh55pcTRDgJCVeYISnbthUrN0NCUczIqOgkksQID1CPtDXlKCTSzSaPjOCRVgLYjYQuruBE/T2RoVDKNPR1Z4hUX856Y/E/r52o7oWbUR4ninA8XdRNGFQRHKcCAyoIVizVBGFB9a0Q95FAWOnsijoEe/bledKolO2zsnV7Wqpe5nEUwD44BMfABuegCm5ADdQBBo/gGbyCN+PJeDHejY9p64KRz+yBPzA+fwDc8ZiT</latexit>

⇡ =

Z

x2+y21
dxdy
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Questions:

1. Can arbitrarily complicated functions appear, e.g., Trigonometric, 
    exponential functions, and etc.

2. Can the arguments of these functions be arbitrarily complicated, 
    e.g.,                      .

3. The definition of Feynman integral involve numbers              
    why they do not appear in the results for the integral?

<latexit sha1_base64="0heiLRaHGlBC5O5N6c8sjOBnZQ4=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQoZREFF1JQQSXFewDmhAm00k6dGYSZiZCCQV/xY0LRdz6He78G6dtFtp64MLhnHu5954wZVRpx/m2lpZXVtfWSxvlza3tnV17b7+tkkxi0sIJS2Q3RIowKkhLU81IN5UE8ZCRTji8mfidRyIVTcSDHqXE5ygWNKIYaSMF9iGpeTHiHAW3NeixJK56KT0N7IpTd6aAi8QtSAUUaAb2l9dPcMaJ0JghpXquk2o/R1JTzMi47GWKpAgPUUx6hgrEifLz6fljeGKUPowSaUpoOFV/T+SIKzXioenkSA/UvDcR//N6mY6u/JyKNNNE4NmiKGNQJ3CSBexTSbBmI0MQltTcCvEASYS1SaxsQnDnX14k7bO6e1F37s8rjesijhI4AsegClxwCRrgDjRBC2CQg2fwCt6sJ+vFerc+Zq1LVjFzAP7A+vwBdpKUgQ==</latexit>

e, �E , log(⇡)

<latexit sha1_base64="ijxHTCT8xth54XgyoIGvARNIafM=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eGokJXEhLNHoyJF48YiJgApVsly1s2O42u1sTbPglXjxojFd/ijf/jUvpQcGXzOTlvZns7AtiRpV23W+rsLa+sblV3C7t7O7tl+2Dw44SicSkjQUT8j5AijDKSVtTzch9LAmKAka6weR67ncfiVRU8Ds9jYkfoRGnIcVIG2lgl/tMjKpZix8atdrArrh1N4OzSrycVCBHa2B/9YcCJxHhGjOkVM9zY+2nSGqKGZmV+okiMcITNCI9QzmKiPLT7PCZc2qUoRMKaYprJ1N/b6QoUmoaBWYyQnqslr25+J/XS3R46aeUx4kmHC8eChPmaOHMU3CGVBKs2dQQhCU1tzp4jCTC2mRVMiF4y19eJZ1G3Tuvu7dnleZVHkcRjuEEquDBBTThBlrQBgwJPMMrvFlP1ov1bn0sRgtWvnMEf2B9/gA0W5If</latexit>

log(log(p2))



Differential equation method

10

How to calculate Feynman integral?

1. Numerical method: 

2. Analytical method:

sector decomposition, Heinrich 0803.4177 

numerical solving differential equations, Liu, Ma, Wang 1711.09572
Mandal, Zhao,1812.03060, and etc

Differential equation method, Henn,1304.1806

Mellin-Barnes representation, Smirnov, “Evaluating Feynman integrals”
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Canonical form of differential equations
<latexit sha1_base64="o0ALdthPeveN+07VIrxayNIQmEM=">AAACOnicfVDLSsNAFJ34rPVVdelmsAgVpCSi6EKh4sZlC7YKTQiTyU07OJmEmUmxhH6XG7/CnQs3LhRx6wc4fSzUigcGDufcw517gpQzpW37yZqZnZtfWCwsFZdXVtfWSxubLZVkkkKTJjyRNwFRwJmApmaaw00qgcQBh+vg9mLoX/dAKpaIK91PwYtJR7CIUaKN5JcaodsDmke+PaiM2N1g34VUMZ6IvbPw3M//Mv7JYL9Utqv2CHiaOBNSRhPU/dKjGyY0i0FoyolSbcdOtZcTqRnlMCi6mYKU0FvSgbahgsSgvHx0+gDvGiXEUSLNExqP1O+JnMRK9ePATMZEd9Vvbyj+5bUzHZ14ORNppkHQ8aIo41gneNgjDpkEqnnfEEIlM3/FtEskodq0XTQlOL9Pniatg6pzVLUbh+Xa6aSOAtpGO6iCHHSMaugS1VETUXSPntErerMerBfr3foYj85Yk8wW+gHr8wt4M65l</latexit>

d~f0(~x, ✏) = dA0(~x, ✏)~f0(~x, ✏)

Choose canonical basis
<latexit sha1_base64="BZKQBD7cBOmQyWtpx4xSuo8OjDY=">AAACM3icfVDLSsNAFJ34rPUVdekmWIQKUhJRdKFQcCOuKvQFTSmT6U07dDIJM5NiCf0nN/6IC0FcKOLWf3CaZqGteGDgcM653LnHixiVyrZfjIXFpeWV1dxafn1jc2vb3NmtyzAWBGokZKFoelgCoxxqiioGzUgADjwGDW9wPfEbQxCShryqRhG0A9zj1KcEKy11zFt3CCTxO/a4mLL78bELkaQs5EdX1Xntn3jHLNglO4U1T5yMFFCGSsd8crshiQPgijAsZcuxI9VOsFCUMBjn3VhChMkA96ClKccByHaS3jy2DrXStfxQ6MeVlao/JxIcSDkKPJ0MsOrLWW8i/uW1YuVftBPKo1gBJ9NFfswsFVqTAq0uFUAUG2mCiaD6rxbpY4GJ0jXndQnO7MnzpH5Scs5K9t1poXyZ1ZFD++gAFZGDzlEZ3aAKqiGCHtAzekPvxqPxanwYn9PogpHN7KFfML6+ARKVq8M=</latexit>

~f0(~x, ✏) = T (~x, ✏)~f0(~x, ✏)

<latexit sha1_base64="nSfg18j0i1EhAgFozUSPzAySgdw=">AAACM3icdVDLSgMxFM3UV62vqks3wSK0IGVGFF0oKG7ElYJ9QGcomcydNjSTGZKMWIb+kxt/xIUgLhRx6z+Y1hZ8Hgg5nHMuyT1+wpnStv1o5aamZ2bn8vOFhcWl5ZXi6lpdxamkUKMxj2XTJwo4E1DTTHNoJhJI5HNo+L3Tod+4BqlYLK50PwEvIh3BQkaJNlK7eB5g9xpoFg7Ko/tmsO1CohiPReVownBwMnEr/6Zxu1iyq/YI+DdxxqSExrhoF+/dIKZpBEJTTpRqOXaivYxIzSiHQcFNFSSE9kgHWoYKEoHystHOA7xllACHsTRHaDxSv05kJFKqH/kmGRHdVT+9ofiX10p1eOBlTCSpBkE/HwpTjnWMhwXigEmgmvcNIVQy81dMu0QSqk3NBVOC83Pl36S+U3X2qvblbun4cFxHHm2gTVRGDtpHx+gMXaAaougWPaBn9GLdWU/Wq/X2Gc1Z45l19A3W+we/RKuO</latexit>

d~f(~x, ✏) = ✏dA(~x)~f(~x, ✏) Canonical form  

differential equations of master integrals

cast             to d-log form 
<latexit sha1_base64="QRH/3h9RlD3ZMAkiX/3UT2zs+KY=">AAAB8nicbVA9SwNBEJ3zM8avqKXNYhBiE+5E0cIiYmMZwXzA5Qh7e5tkyd7usbsXDEd+ho2FIrb+Gjv/jZvkCk18MPB4b4aZeWHCmTau++2srK6tb2wWtorbO7t7+6WDw6aWqSK0QSSXqh1iTTkTtGGY4bSdKIrjkNNWOLyb+q0RVZpJ8WjGCQ1i3Besxwg2VvKj20pnREn2NDnrlspu1Z0BLRMvJ2XIUe+WvjqRJGlMhSEca+17bmKCDCvDCKeTYifVNMFkiPvUt1TgmOogm508QadWiVBPKlvCoJn6eyLDsdbjOLSdMTYDvehNxf88PzW96yBjIkkNFWS+qJdyZCSa/o8ipigxfGwJJorZWxEZYIWJsSkVbQje4svLpHle9S6r7sNFuXaTx1GAYziBCnhwBTW4hzo0gICEZ3iFN8c4L8678zFvXXHymSP4A+fzB8SkkOY=</latexit>

dA(~x)

formal solutions

Canonical basis are uniform transcendental functions!

Henn, 1304.1806

<latexit sha1_base64="+nibMbZyz9rp48YOk6+DjadSr0Q="></latexit>

d~f(~x, ✏) = ✏
X

k

Ak d log↵k(~x)~f(~x, ✏) ,
    is constant matrix, 

     is called a letter.

<latexit sha1_base64="qxZRCr+GprgKTlbJfUPI57rF7hM=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYmMZ0XxAcoS9zV6yZG/v2J0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpBIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRrdTv/XEtRGxesRxwv2IDpQIBaNopYeb3qhXrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48jJpnlW9i6p7f16pXedxFOEIjuEUPLiEGtxBHRrAYADP8ApvjnRenHfnY95acPKZQ/gD5/MHD1KNoQ==</latexit>

Ak

<latexit sha1_base64="qKwNvA5fNL0Lg/3BRuAVcHS1EOI=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYGMZwcRIcoS5zV6yZHfv2N0TQsivsLFQxNafY+e/cZNcoYkPBh7vzTAzL0oFN9b3v73Cyura+kZxs7S1vbO7V94/aJok05Q1aCIS3YrQMMEVa1huBWulmqGMBHuIhjdT/+GJacMTdW9HKQsl9hWPOUXrpEfSQZEOsDvslit+1Z+BLJMgJxXIUe+Wvzq9hGaSKUsFGtMO/NSGY9SWU8EmpU5mWIp0iH3WdlShZCYczw6ekBOn9EicaFfKkpn6e2KM0piRjFynRDswi95U/M9rZza+CsdcpZllis4XxZkgNiHT70mPa0atGDmCVHN3K6ED1Eity6jkQggWX14mzbNqcFH1784rtes8jiIcwTGcQgCXUINbqEMDKEh4hld487T34r17H/PWgpfPHMIfeJ8/Yr6QHg==</latexit>↵k

 The path connecting boundary 

 points to  kinematic points is  

Parameterized by t

<latexit sha1_base64="97YZi0YvJE2dU/YSQHh4Wjm7UYo="></latexit>

~f(~x, ✏) = P exp


✏

Z X

k

Ak d log↵k(~x(t))

�
~f(~x0, ✏)
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Expand in <latexit sha1_base64="FAtSslIrDDuADlXDmZGluuiCKa4="></latexit>

~f(~x, ✏) =
1X

i=0

~f (i)(~x) ✏i ,

the coefficients are determined by 
<latexit sha1_base64="zNRx4ShxEg3toH68aP/Lrjznzq4="></latexit>

~f (0)(~x) = ~f (0)(~x0) ,

~f (i)(~x) =

Z 1

0

X

k

Ak d log
�
↵k(~x(t))

�
~f (i�1)(~x(t)) + ~f (i)(~x0) .

The solutions are iterated functions
<latexit sha1_base64="RWstIBhGo3jzx9FU94DzXqak4hY="></latexit>

F (~x) =

Z 1

0
d log(↵n(~xn(tn))) · · ·

Z t3

0
d log(↵2(~x2(t2)))

Z t2

0
d log(↵1(~x1(t1))) .

The functions mapped to “symbols”
<latexit sha1_base64="I4T4Ha91PKk9teYp88ynRqFVQGg="></latexit>

S(F (~x)) = ↵1(~x)⌦ ↵2(~x)⌦ · · ·⌦ ↵n(~x) .

<latexit sha1_base64="UviEMAz+8Z8sXBfr6JRtk4JTqes=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0TJoYxnBxEByhL3NXLJkb/fc3RNCyJ+wsVDE1r9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j9oGpVphg2mhNKtiBoUXGLDciuwlWqkSSTwIRreTP2HJ9SGK3lvRymGCe1LHnNGrZNaHUwNF0p2yxW/6s9AlkmQkwrkqHfLX52eYlmC0jJBjWkHfmrDMdWWM4GTUiczmFI2pH1sOyppgiYcz+6dkBOn9EistCtpyUz9PTGmiTGjJHKdCbUDs+hNxf+8dmbjq3DMZZpZlGy+KM4EsYpMnyc9rpFZMXKEMs3drYQNqKbMuohKLoRg8eVl0jyrBhdV/+68UrvO4yjCERzDKQRwCTW4hTo0gIGAZ3iFN+/Re/HevY95a8HLZw7hD7zPH04jkCQ=</latexit>✏
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Properties of symbols
<latexit sha1_base64="4K6oX3DR7Ef97YwseGde4f2HKIc="></latexit>

↵1(~x)⌦ · · ·⌦
�
↵i(~x)↵i0(~x)

�
⌦ · · ·⌦ ↵n(~x) = ↵1(~x)⌦ · · ·⌦ ↵i(~x)⌦ · · ·⌦ ↵n(~x)

+ ↵1(~x)⌦ · · ·⌦ ↵i0(~x)⌦ · · ·⌦ ↵n(~x) ,

↵1(~x)⌦ · · ·⌦
�
c↵i(~x)

�
⌦ · · ·⌦ ↵n(~x) = ↵1(~x)⌦ · · ·⌦ ↵i(~x)⌦ · · ·⌦ ↵n(~x) .

We can define “integrable symbol”  which is linear combination of symbols
<latexit sha1_base64="uR/c0BWWlHAf0BtSQWBfg+ImSsA="></latexit>X

Ck↵k1(~x)⌦ · · ·⌦ ↵ki+1(~x)⌦ · · ·⌦ ↵kn(~x).

It satisfies condition
<latexit sha1_base64="vIu64SDFLldOxMVe+u/Byr521eY="></latexit>X

Ck↵k1(~x)⌦ · · ·⌦ ↵ki�1(~x)⌦ ↵ki+2(~x)⌦ · · ·⌦ ↵kn(~x)

⇥
�@↵ki(~x)

@xm

@↵ki+1(~x)

@xn
� @↵ki(~x)

@xn

@↵ki+1(~x)

@xm

�
= 0 .

Example:
<latexit sha1_base64="KK2PCw5V7Iauqd6Ms+7ZRYKi79w="></latexit>p
µ+ 1� 1p
µ+ 1 + 1

⌦
p
µ+ 1�

p
µ+ ⌫ + 1p

µ+ 1 +
p
µ+ ⌫ + 1

+

p
⌫ + 1� 1p
⌫ + 1 + 1

⌦
p
⌫ + 1�

p
µ+ ⌫ + 1p

⌫ + 1 +
p
µ+ ⌫ + 1

.
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Solve integral symbols
<latexit sha1_base64="KK2PCw5V7Iauqd6Ms+7ZRYKi79w="></latexit>p
µ+ 1� 1p
µ+ 1 + 1

⌦
p
µ+ 1�

p
µ+ ⌫ + 1p

µ+ 1 +
p
µ+ ⌫ + 1

+

p
⌫ + 1� 1p
⌫ + 1 + 1

⌦
p
⌫ + 1�

p
µ+ ⌫ + 1p

⌫ + 1 +
p
µ+ ⌫ + 1

.

<latexit sha1_base64="eu4p5e2iZOr6OxDl937ocItUSas="></latexit>

µ =

�
1� x2

� �
1� y2

�

(x� y)2
, ⌫ =

4xy

(x� y)2

<latexit sha1_base64="YGPtfI6JP05Fgi93Yb/CD1SxnPw="></latexit>

y

x
⌦ x(�y) + x+ y � 1

(x+ 1)(y + 1)
+

(x� 1)(y + 1)

(x+ 1)(y � 1)
⌦ (�xy)

1. Rationalize the square roots

2. Parameterize a path
<latexit sha1_base64="Y9dxpMG7z64Bl5QrWIKB0lyCLsk=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQxCRAy7oiiCEPDiMYJ5QLKE2clsMmT2wUyvZlnzKV48KOLVL/Hm3zhJ9qCJBQ1FVTfdXW4kuALL+jZyS8srq2v59cLG5tb2jlncbagwlpTVaShC2XKJYoIHrA4cBGtFkhHfFazpDm8mfvOBScXD4B6SiDk+6Qfc45SAlrpmcYSvMeDyCJ/g5Agf46RrlqyKNQVeJHZGSihDrWt+dXohjX0WABVEqbZtReCkRAKngo0LnVixiNAh6bO2pgHxmXLS6eljfKiVHvZCqSsAPFV/T6TEVyrxXd3pExioeW8i/ue1Y/AunZQHUQwsoLNFXiwwhHiSA+5xySiIRBNCJde3YjogklDQaRV0CPb8y4ukcVqxzyvW3VmpepXFkUf76ACVkY0uUBXdohqqI4oe0TN6RW/Gk/FivBsfs9ackc3soT8wPn8AUx2RbQ==</latexit>

x = t(x� y) + y

<latexit sha1_base64="Y0nqBf0lzoqvzWbb1ubZCT57YNc="></latexit>

�
✓✓

t+
y

x� y

◆
⌦

✓
t� y � 1

y � x

◆◆
+

✓
t+

y

x� y

◆
⌦

✓
t� y + 1

y � x

◆
+

✓
t� y � 1

y � x

◆
⌦

✓
t+

y

x� y

◆
�

✓
t� y + 1

y � x

◆
⌦
✓
t+

y

x� y

◆

<latexit sha1_base64="jIrmn037Hn814fpSuV9D5qKDpv8="></latexit>

G

✓
� y

x� y
,
y � 1

y � x
; 1

◆
�G

✓
� y

x� y
,
y + 1

y � x
; 1

◆
�G

✓
y � 1

y � x
,� y

x� y
; 1

◆
+G

✓
y + 1

y � x
,� y

x� y
; 1

◆

3. Express solutions in MPL



Differential equation method

15

One loop four point integrals:
<latexit sha1_base64="15L38nzY6NusA2Xw7UPJAF9TYI0="></latexit>

D1 = k2 �m2
t , D2 = (k + p1)

2 �m2
t ,

D3 = (k + p1 + p2)
2 �m2

t , D4 = (k + p3)
2 �m2

t ,

The integrals defined as:
<latexit sha1_base64="12yPjR9FnWpQtIMMd5M9khA9BZg="></latexit>

Ia1,a2,a3,a4(s, t,m
2
t , ✏) ⌘

16⇡2

i

✓
m2

t

4⇡

◆✏

�(1 + ✏)

Z
ddk

(2⇡)d
1

Da1
1 Da2

2 Da3
3 Da4

4

with 
<latexit sha1_base64="YJdTXUmEBovn6Dp5wf7IDUccSI8="></latexit>

s = (p1 + p2)
2 , t = (p1 � p3)

2 , p21 = p22 = p23 = p24 = 0 .

The master integrals are
<latexit sha1_base64="hhAikFmIGctbLU8VqH/7dIHwWFo="></latexit>

~f0 = {I0,0,0,1, I0,1,0,1, I1,0,1,0, I1,0,1,1, I0,1,1,1, I1,1,1,1} .
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1. Construct differential operators
<latexit sha1_base64="ZTOSQLnjnB120VRby1FlG8OEhI8="></latexit>

@

@s
=

✓
1

2s
pµ1 +

2s+ t

2s(s+ t)
pµ2 � 1

2(s+ t)
pµ3

◆
@

@pµ2
,

@

@t
=

✓
1

2s
pµ1 � 1

2(s+ t)
pµ2 +

s+ 2t

2(s+ t)
pµ3

◆
@

@pµ3
.

Act the operators on master integrals, get the differential equations with  
respect to dimensionless variables

<latexit sha1_base64="aF4nA7XSytacFvhwEh97GFLTNL4="></latexit>

µ ⌘ �4m2
t

s
, ⌫ ⌘ �4m2

t

t
.

2. Choose canonical basis
<latexit sha1_base64="V4kl8hqTA7JIBIfsLBf3MMCEquE="></latexit>⇢
I0,0,0,2,�

4m2
t

p
⌫ + 1I0,1,0,2
⌫

,�4m2
t

p
µ+ 1I2,0,1,0
µ

,
m2

t ✏I1,0,1,1
µ

,

m2
t ✏I0,1,1,1

⌫
,
16m4

t ✏I1,1,1,1
p
µ+ ⌫ + 1

µ⌫

�
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3. Cast coefficient matrix into d-log form
<latexit sha1_base64="qxKOeiAcBqOVpen9rLuNOBC4aCQ="></latexit>0

BBBBBBBBB@

0 0 0 0 0 0

�d log (R1) d log
⇣

⌫
⌫+1

⌘
0 0 0 0

�d log (R2) 0 d log
⇣

µ
µ+1

⌘
0 0 0

0 0 1
4d log (R2) 0 0 0

0 1
4d log (R1) 0 0 0 0

0 �2d log (R3) �2d log (R4) 8d log (R5) 8d log (R5) d log
⇣

µ+⌫
µ+⌫+1

⌘

1

CCCCCCCCCA

with 
<latexit sha1_base64="7IipvUgmFfAU6pnDJjE93/vPKD4="></latexit>

R1 =

p
⌫ + 1� 1p
⌫ + 1 + 1

, R2 =

p
µ+ 1� 1p
µ+ 1 + 1

, R3 =

p
⌫ + 1�

p
µ+ ⌫ + 1p

⌫ + 1 +
p
µ+ ⌫ + 1

,

R4 =

p
µ+ 1�

p
µ+ ⌫ + 1p

µ+ 1 +
p
µ+ ⌫ + 1

, R5 =

p
µ+ ⌫ + 1� 1p
µ+ ⌫ + 1 + 1

.

The boundary conditions are
<latexit sha1_base64="1D9EbF4hPbqzFbOk/C2/oNtpDDg="></latexit>

lim
µ,⌫!1

~f(µ, ⌫, ✏) = {1, 0, 0, 0, 0, 0} .
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3. Solve the differential equations

At          , the solution is  
<latexit sha1_base64="uKMAT22FtNBHXtrQEO5yF9NBJwA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclEUVxVXDjzgr2AU0sk+mkHTqZCTMToYRs/BU3LhRx62e482+ctFlo64ELh3Pu5d57gphRpR3n2yotLa+srpXXKxubW9s79u5eW4lEYtLCggnZDZAijHLS0lQz0o0lQVHASCcYX+d+55FIRQW/15OY+BEachpSjLSR+vaBFyE9woilt1nNI7GiTPAH56RvV526MwVcJG5BqqBAs29/eQOBk4hwjRlSquc6sfZTJDXFjGQVL1EkRniMhqRnKEcRUX46fSCDx0YZwFBIU1zDqfp7IkWRUpMoMJ35uWrey8X/vF6iw0s/pTxONOF4tihMGNQC5mnAAZUEazYxBGFJza0Qj5BEWJvMKiYEd/7lRdI+rbvndefurNq4KuIog0NwBGrABRegAW5AE7QABhl4Bq/gzXqyXqx362PWWrKKmX3wB9bnD2gMlj8=</latexit>

O(✏0)
<latexit sha1_base64="tUAfzHgzVR8YX5HP0YxGhV1tUJ8=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF6UkoiiuCm5cVrAPaEKZTCft0MkkzEyEGoq/4saFIm79D3f+jdM2graey4XDOfcyd06QcKa043xZhaXlldW14nppY3Nre8fe3WuqOJWENkjMY9kOsKKcCdrQTHPaTiTFUcBpKxheT/zWPZWKxeJOjxLqR7gvWMgI1kbq2gde5lacn/LGyKugatcuO1VnCrRI3JyUIUe9a396vZikERWacKxUx3US7WdYakY4HZe8VNEEkyHu046hAkdU+dn0+jE6NkoPhbE0LTSaqr83MhwpNYoCMxlhPVDz3kT8z+ukOrz0MyaSVFNBZg+FKUc6RpMoUI9JSjQfGYKJZOZWRAZYYqJNYCUTgjv/5UXSPK2651Xn9qxcu8rjKMIhHMEJuHABNbiBOjSAwAM8wQu8Wo/Ws/Vmvc9GC1a+sw9/YH18A5t3khI=</latexit>

{1, 0, 0, 0, 0, 0} .

At          , the result is 
<latexit sha1_base64="E+8EZay24cE8TY72tPiVVt0Mdfo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclEUVxVXDjzgr2AU0sk+mkHTqZCTMToYRs/BU3LhRx62e482+ctFlo64ELh3Pu5d57gphRpR3n2yotLa+srpXXKxubW9s79u5eW4lEYtLCggnZDZAijHLS0lQz0o0lQVHASCcYX+d+55FIRQW/15OY+BEachpSjLSR+vaBFyE9woilt1nNI7GiTPAH96RvV526MwVcJG5BqqBAs29/eQOBk4hwjRlSquc6sfZTJDXFjGQVL1EkRniMhqRnKEcRUX46fSCDx0YZwFBIU1zDqfp7IkWRUpMoMJ35uWrey8X/vF6iw0s/pTxONOF4tihMGNQC5mnAAZUEazYxBGFJza0Qj5BEWJvMKiYEd/7lRdI+rbvndefurNq4KuIog0NwBGrABRegAW5AE7QABhl4Bq/gzXqyXqx362PWWrKKmX3wB9bnD2mRlkA=</latexit>

O(✏1)
<latexit sha1_base64="xgHs1N0oqZunTLvuUgB481+MkUI="></latexit>⇢
0,� log

✓p
⌫ + 1� 1p
⌫ + 1 + 1

◆
,� log

✓p
µ+ 1� 1p
µ+ 1 + 1

◆
, 0, 0, 0

�

At          , the solution in symbols 
<latexit sha1_base64="KkbOSWtgjXKE6YUAAOmRiJgfVvQ=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkRVFcFdy4s4J9QBPLZDpph05mwsxEKCEbf8WNC0Xc+hnu/BsnbRbaeuDC4Zx7ufeeIGZUacf5tpaWV1bX1ksb5c2t7Z1de2+/rUQiMWlhwYTsBkgRRjlpaaoZ6caSoChgpBOMr3O/80ikooLf60lM/AgNOQ0pRtpIffvQi5AeYcTS26zqkVhRJvhD/bRvV5yaMwVcJG5BKqBAs29/eQOBk4hwjRlSquc6sfZTJDXFjGRlL1EkRniMhqRnKEcRUX46fSCDJ0YZwFBIU1zDqfp7IkWRUpMoMJ35uWrey8X/vF6iw0s/pTxONOF4tihMGNQC5mnAAZUEazYxBGFJza0Qj5BEWJvMyiYEd/7lRdKu19zzmnN3VmlcFXGUwBE4BlXgggvQADegCVoAgww8g1fwZj1ZL9a79TFrXbKKmQPwB9bnD2sWlkE=</latexit>

O(✏2)

<latexit sha1_base64="BcXLgy+W/ynHy7miQ59qYyzkPCo="></latexit>⇢
0,

p
⌫ + 1� 1p
⌫ + 1 + 1

⌦ (⌫ + 1)�
p
⌫ + 1� 1p
⌫ + 1 + 1

⌦ ⌫,

p
µ+ 1� 1p
µ+ 1 + 1

⌦ (µ+ 1)�
p
µ+ 1� 1p
µ+ 1 + 1

⌦ µ,

�1

4

p
µ+ 1� 1p
µ+ 1 + 1

⌦
p
µ+ 1� 1p
µ+ 1 + 1

, �1

4

p
⌫ + 1� 1p
⌫ + 1 + 1

⌦
p
⌫ + 1� 1p
⌫ + 1 + 1

,

2

✓p
µ+ 1� 1p
µ+ 1 + 1

⌦
p
µ+ 1�

p
µ+ ⌫ + 1p

µ+ 1 +
p
µ+ ⌫ + 1

+

p
⌫ + 1� 1p
⌫ + 1 + 1

⌦
p
⌫ + 1�

p
µ+ ⌫ + 1p

⌫ + 1 +
p
µ+ ⌫ + 1

◆�
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How to get canonical form of differential equations?

1. Transform differential equations into canonical form

2. Construct canonical basis directly

Argeri, Vita, Mastrolia, and, etc, 1401.2979
Lee, 1411.0911 Dlapa, Henn, Yan, 2002.02340

Some packages:  Azurite 1612.04252, Fuchsia 1701.04269, epsilon 1701.00725, 
                          Canonical 1705.06252.

Canonical basis are related to d-log form integrand, which is
<latexit sha1_base64="qaWgCFN5ojDypDz3UyaaLkrfcvU=">AAACJXicbVDLSgMxFM34rPU16tJNsAgupMwURRddFNy4rGAf0Cklk7nThmYyQ5JRytCfceOvuHFhEcGVv2LajqCtBwIn59x7k3v8hDOlHefTWlldW9/YLGwVt3d29/btg8OmilNJoUFjHsu2TxRwJqChmebQTiSQyOfQ8oc3U7/1AFKxWNzrUQLdiPQFCxkl2kg9uxp4PO7jsOd6jxD0Af/cKzgXvCDWCi+4AnvnuNyzS07ZmQEvEzcnJZSj3rMnZhpNIxCacqJUx3US3c2I1IxyGBe9VEFC6JD0oWOoIBGobjbbcoxPjRLgMJbmCI1n6u+OjERKjSLfVEZED9SiNxX/8zqpDq+7GRNJqkHQ+UNhyrGO8TQyHDAJVPORIYRKZv6K6YBIQrUJtmhCcBdXXibNStm9LDt3F6VaNY+jgI7RCTpDLrpCNXSL6qiBKHpCL+gNTaxn69V6tz7mpStW3nOE/sD6+gack6Nr</latexit>

d log f1 ^ d log f2 ^ · · · ^ d log fn .

Algorithms:  Henn, Mistlberger, Smirnov, Wasser, 2002.09492, 
                Chen, X. Xu, Yang, 2008.03045
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• D-log form integrand in Baikov representation
General L-loop Feynman integral:

Baikov representation using loop-by-loop construction
<latexit sha1_base64="iFfuqJXXpO2U0WZWFrDvkIELTeE="></latexit>

Fa1,...,aN = N✏

Z

C

Y

i

⇥
Gi(z)

⇤��i��i✏
� nY

j=1

dzj
z
↵j

j

<latexit sha1_base64="vUmcXkkkQWznGZccWuHIRUSHQLU="></latexit>

Fa1,...,aN =

Z  LY

i=1

ddki
i⇡d/2

�
1

Da1
1 Da2

2 · · ·DaN
N

where                             is subset of propagators and  
<latexit sha1_base64="E1KAbdFbRycmJrxGc5aiYDQ4alc=">AAACD3icbVA9SwNBEN3z2/gVtbRZDIKFhDsJaGEh2FhGMCaQC8feZk4X9/bO3blgcuQX2PhXbCwUxNbWzn/jJrlCow8GHu/NMDMvTKUw6Lpfzszs3PzC4tJyaWV1bX2jvLl1ZZJMc2jwRCa6FTIDUihooEAJrVQDi0MJzfD2bOQ3e6CNSNQl9lPoxOxaiUhwhlYKynvUR7jHMMoHQ+rDXSZ61M8HgXfgy26C5mAQKH8YlCtu1R2D/iVeQSqkQD0of/rdhGcxKOSSGdP23BQ7OdMouIRhyc8MpIzfsmtoW6pYDKaTj98Z0j2rdGmUaFsK6Vj9OZGz2Jh+HNrOmOGNmfZG4n9eO8PouJMLlWYIik8WRZmkmNBRNrQrNHCUfUsY18LeSvkN04yjTbBkQ/CmX/5LmodVr1b1vIta5fSkyGOJ7JBdsk88ckROyTmpkwbh5IE8kRfy6jw6z86b8z5pnXGKmW3yC87HN+K1nGw=</latexit>

z ⌘ {z1, . . . , zn}
<latexit sha1_base64="dCHtcyZCNj+NCwcNH84ZsM4OaS8=">AAACEnicbVA9SwNBEN3zM8avqKXNYhBiE+4koFgFLLSMYIyQC8fe3pxZs/eR3blgPPIXbPwrNhYKYmtl579xE1P49WDg8d4MM/P8VAqNtv1hzczOzS8sFpaKyyura+uljc0LnWSKQ5MnMlGXPtMgRQxNFCjhMlXAIl9Cy+8dj/3WAJQWSXyOwxQ6EbuKRSg4QyN5pcpJxUW4QT/Mb0d71IV+JgbUDQArfU9QlwcJ0r53veeVynbVnoD+Jc6UlMkUDa/07gYJzyKIkUumdduxU+zkTKHgEkZFN9OQMt5jV9A2NGYR6E4++WhEd40S0DBRpmKkE/X7RM4irYeRbzojhl392xuL/3ntDMPDTi7iNEOI+deiMJMUEzqOhwZCAUc5NIRxJcytlHeZYhxNiEUTgvP75b+ktV91alXHOauV60fTPApkm+yQCnHIAamTU9IgTcLJHXkgT+TZurcerRfr9at1xprObJEfsN4+AdPZnMg=</latexit>

G(z) ⌘ det(qi · qj)

Canonical integrals in Baikov representation
<latexit sha1_base64="c6ZXgarfhrShzwIhf87qItfAmlY="></latexit>Z

C

Y

i

⇥
Gi(z)

⇤��i✏
� nY

j=1

d log fj(z)
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• Hypergeometric function and intersection number
definition of hypergeometric function

<latexit sha1_base64="YbNMfSvWt84nepYKQ68kWKG9sCA=">AAACJnicbVBNS8NAFNz4WetX1aOXxSJUkJJIQQ89FHrxWMHaQhPCZrtpl242YfelWEP+jBf/ihcPFkS8+VNM2h60dWBhmHmPtzNeJLgG0/wy1tY3Nre2CzvF3b39g8PS0fGDDmNFWZuGIlRdj2gmuGRt4CBYN1KMBJ5gHW/UzP3OmCnNQ3kPk4g5ARlI7nNKIJPcUt3mEtzEDggMKRFJM01xXLGBPYLnJ0/pBbYvsT0mKhryZbnolspm1ZwBrxJrQcpogZZbmtr9kMYBk0AF0bpnmRE4CVHAqWBp0Y41iwgdkQHrZVSSgGknmaVM8Xmm9LEfquxJwDP190ZCAq0ngZdN5mn0speL/3m9GPwbJ+EyioFJOj/kxwJDiPPKcJ8rRkFMMkKo4tlfMR0SRShkxeYlWMuRV0nnqmrVqpZ1Vys36os+CugUnaEKstA1aqBb1EJtRNEzekXvaGq8GG/Gh/E5H10zFjsn6A+M7x+zlqUS</latexit>Z

C
u(z)'(z)

<latexit sha1_base64="fF8Bl2PsN0v/mf4q60UUVcBFwYg=">AAACHXicbVBNS8NAEN34WetX1aOXxSLUS0m0oAeFghePFawtNDVstpt26W4SdidiDfkhXvwrXjwoiAcv4r9x+3GorQ8GHu/NMDPPjwXXYNs/1sLi0vLKam4tv76xubVd2Nm91VGiKKvTSESq6RPNBA9ZHTgI1owVI9IXrOH3L4d+454pzaPwBgYxa0vSDXnAKQEjeYUTnJRcYA/gB+ljdnThxirqeCnPcOzxaecudbtESuLxzCsU7bI9Ap4nzoQU0QQ1r/DldiKaSBYCFUTrlmPH0E6JAk4Fy/JuollMaJ90WcvQkEim2+nouQwfGqWDg0iZCgGP1OmJlEitB9I3nZJAT896Q/E/r5VAcNZOeRgnwEI6XhQkAkOEh0nhDleMghgYQqji5lZMe0QRCibPvAnBmX15njSOy06l7DjXlWL1fJJHDu2jA1RCDjpFVXSFaqiOKHpCL+gNvVvP1qv1YX2OWxesycwe+gPr+xd/26Ks</latexit>

u(z) =
Y

i

pi(z)
�i

“multiple-valued fucntion”

<latexit sha1_base64="W386h72A+ZnWd2AERDyjnWYUPDY="></latexit>

'(z) =
q(z)Q

i pi(z)
ni
dz1 ^ · · · ^ dzn

“single valued n-form”

<latexit sha1_base64="f/mfU4faCN9pl4DiewhFTMCDZwk="></latexit>

u(z) =
Y

i

⇥
Gi(z)

⇤��i��i✏

<latexit sha1_base64="SD51Pw3/MkWV423Qr9k9Fe58Us4="></latexit>

'(z) =
nY

j=1

dzj
z
↵j

j

corresponding n-formfor Feynman integrals
<latexit sha1_base64="i5mRwo4nUtM1arzfF62ra7yaa3A=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXFD14CHjxGME8IFnC7GQ2GTL7cKY3GJd8hxcPinj1Y7z5N06SPWhiQUNR1U13lxdLodG2v63cyura+kZ+s7C1vbO7V9w/aOgoUYzXWSQj1fKo5lKEvI4CJW/FitPAk7zpDW+mfnPElRZReI/jmLsB7YfCF4yikdyk3EH+iJ6fPk1Ou8WSXbFnIMvEyUgJMtS6xa9OL2JJwENkkmrdduwY3ZQqFEzySaGTaB5TNqR93jY0pAHXbjo7ekJOjNIjfqRMhUhm6u+JlAZajwPPdAYUB3rRm4r/ee0E/Ss3FWGcIA/ZfJGfSIIRmSZAekJxhnJsCGVKmFsJG1BFGZqcCiYEZ/HlZdI4qzgXFfvuvFS9zuLIwxEcQxkcuIQq3EIN6sDgAZ7hFd6skfVivVsf89aclc0cwh9Ynz/QCJIb</latexit>

u(z)
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Consider following integral
<latexit sha1_base64="99jRnWWMq8aFYyUNv0sbFbD7EB8="></latexit>

0 =

Z

C
d(u⇠) =

Z

C
u(d log(u) ^+d)⇠ ⌘

Z

C
urw⇠

where                      and                        .   
<latexit sha1_base64="0djRItxMbUxA2/bqpl+kNTPDc6E=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0mkoAhCwYvHCtYWmlA2m027dLMbdjdKCf0bXjwoiFd/jDf/jds2B219MPB4b4aZeWHKmTau++2srK6tb2yWtsrbO7t7+5WDwwctM0Vom0guVTfEmnImaNsww2k3VRQnIaedcHQz9TuPVGkmxb0ZpzRI8ECwmBFsrOQ/XUfI53JQy85Qv1J16+4MaJl4BalCgVa/8uVHkmQJFYZwrHXPc1MT5FgZRjidlP1M0xSTER7QnqUCJ1QH+ezmCTq1SoRiqWwJg2bq74kcJ1qPk9B2JtgM9aI3Ff/zepmJL4OciTQzVJD5ojjjyEg0DQBFTFFi+NgSTBSztyIyxAoTY2Mq2xC8xZeXSee87jXqnnfXqDavijxKcAwnUAMPLqAJt9CCNhBI4Rle4c3JnBfn3fmYt644xcwR/IHz+QMdVJDf</latexit>

w = d log(u)
<latexit sha1_base64="O0KuBlezF/6y/2H71i3ogIY3CKQ=">AAACA3icbVBNS8NAEN34WetX1ZN4WSyCIJRECoqnghePFawtNCFsNpN26WYTdzctJRQv/hUvHhTEq3/Cm//G7cdBWx8MPN6bYWZekHKmtG1/W0vLK6tr64WN4ubW9s5uaW//XiWZpNCgCU9kKyAKOBPQ0ExzaKUSSBxwaAa967Hf7INULBF3epiCF5OOYBGjRBvJLx26ggSc+APswkPG+jg8G7gDCDvgl8p2xZ4ALxJnRspohrpf+nLDhGYxCE05Uart2Kn2ciI1oxxGRTdTkBLaIx1oGypIDMrLJy+M8IlRQhwl0pTQeKL+nshJrNQwDkxnTHRXzXtj8T+vneno0suZSDMNgk4XRRnHOsHjPHDIJFDNh4YQKpm5FdMukYRqk1rRhODMv7xImucVp1pxnNtquXY1y6OAjtAxOkUOukA1dIPqqIEoekTP6BW9WU/Wi/VufUxbl6zZzAH6A+vzB2relzo=</latexit>

rw ⌘ d+ w^

Define a twisted cohomology: 
<latexit sha1_base64="TTaZcUfIwXdnbGihIDTXUC7ZAZA="></latexit>

H
n
w ⌘ {h'| | h'| : ' ⇠ '+rw⇠}

Express      in terms of basis
<latexit sha1_base64="eO0kvKZkm4nGEI6ftis9/O4AUSM=">AAACFnicbVBNS8NAEN3Ur1q/oh69LBbBg5RECoogFLx4rGBtoQlhs520SzebsLsplLR/wot/xYsHBfEq3vw3Jm0O2vpg4PHeDDPz/JgzpS3r2yitrK6tb5Q3K1vbO7t75v7Bg4oSSaFFIx7Jjk8UcCagpZnm0IklkNDn0PaHN7nfHoFULBL3ehyDG5K+YAGjRGeSZ545nIg+B2dEZDxgE3yNHZWEXsqmmHoMFzYGj00qnlm1atYMeJnYBamiAk3P/HJ6EU1CEJpyolTXtmLtpkRqRjlMK06iICZ0SPrQzaggISg3nX01xSeZ0sNBJLMSGs/U3xMpCZUah37WGRI9UIteLv7ndRMdXLopE3GiQdD5oiDhWEc4jwj3mASq+TgjhEqW3YrpgEhCdRZkHoK9+PIyaZ/X7HrNtu/q1cZVkUcZHaFjdIpsdIEa6BY1UQtR9Iie0St6M56MF+Pd+Ji3loxi5hD9gfH5A3TUnsA=</latexit>

h'| =
X

i

cihei|

<latexit sha1_base64="KONjxoWdfC1xUT8KEteVEI8FPqk=">AAAB/XicbVBNS8NAEN3Ur1q/qj16WSyCp5JIQfFU8OKxgrWFJoTNdtIu3WzC7kYIsf4VLx4UxKv/w5v/xk2bg7Y+GHi8N8PMvCDhTGnb/rYqa+sbm1vV7drO7t7+Qf3w6F7FqaTQozGP5SAgCjgT0NNMcxgkEkgUcOgH0+vC7z+AVCwWdzpLwIvIWLCQUaKN5Ncbbo5dTsSYAwafPWJ3VvPrTbtlz4FXiVOSJirR9etf7iimaQRCU06UGjp2or2cSM0oh1nNTRUkhE7JGIaGChKB8vL58TN8apQRDmNpSmg8V39P5CRSKosC0xkRPVHLXiH+5w1THV56ORNJqkHQxaIw5VjHuEgCj5gEqnlmCKGSmVsxnRBJqDZ5FSE4yy+vkv55y2m3HOe23exclXlU0TE6QWfIQReog25QF/UQRRl6Rq/ozXqyXqx362PRWrHKmQb6A+vzBw+XlCw=</latexit>

{hei|}

Introduce dual basis                       , and the coefficients are determined by
<latexit sha1_base64="SH7Xq1QpM0UqGHYdR/iBmDs+oUc=">AAACC3icbVBNS8NAEJ34WetX1KOX1SJ4sSRSUDwVvPRYwdpCE8Nmu2mXbjZhd6OUmLMX/4oXDwri1T/gzX9j2uagrQ8GHu/NMDPPjzlT2rK+jYXFpeWV1dJaeX1jc2vb3Nm9UVEiCW2RiEey42NFORO0pZnmtBNLikOf07Y/vBz77TsqFYvEtR7F1A1xX7CAEaxzyTMPnBShh4HHkCOx6HOKnAw5TKCGl57cZ7ei7JkVq2pNgOaJXZAKFGh65pfTi0gSUqEJx0p1bSvWboqlZoTTrOwkisaYDHGfdnMqcEiVm05eydBRrvRQEMm8hEYT9fdEikOlRqGfd4ZYD9SsNxb/87qJDs7dlIk40VSQ6aIg4UhHaJwL6jFJieajnGAiWX4rIgMsMdF5euMQ7NmX50n7tGrXqrZ9VavUL4o8SrAPh3AMNpxBHRrQhBYQeIRneIU348l4Md6Nj2nrglHM7MEfGJ8/qAuZYw==</latexit>

{|hii} 2 H
n
�w

<latexit sha1_base64="Y7KnxJERvGk6oonI1lfj+iFC+pw="></latexit>

ci =
X

j

h'|hji(C�1)ji , Cij = hei|hji .
<latexit sha1_base64="nZJa+W309r9MX519PY+CEF/4r/s=">AAACD3icbZDNSsNAFIVv6l+tf1GXbgZLwVVJRFBcFdy4cFHF2kJTymQ6aYdOJmFmUiixT+DGV3HjQkHcunXn2zhNI2jrhYGPc+7lzj1+zJnSjvNlFZaWV1bXiuuljc2t7R17d+9ORYkktEEiHsmWjxXlTNCGZprTViwpDn1Om/7wYuo3R1QqFolbPY5pJ8R9wQJGsDZS1654HIs+p94Iy3jAulfoHv3wDfJkZqKuXXaqTlZoEdwcypBXvWt/er2IJCEVmnCsVNt1Yt1JsdSMcDopeYmiMSZD3KdtgwKHVHXS7JwJqhilh4JImic0ytTfEykOlRqHvukMsR6oeW8q/ue1Ex2cdVIm4kRTQWaLgoQjHaFpNqjHJCWajw1gIpn5KyIDLDHRJsGSCcGdP3kRmsdV96Tqutcn5dp5nkcRDuAQjsCFU6jBJdShAQQe4Ale4NV6tJ6tN+t91lqw8pl9+FPWxzdlL5wW</latexit>

h'L|'Ri              is called an intersection number.

[Frellesvig, Gasparotto, .etc ‘2019] 
[Weinzierl ‘2020] 

<latexit sha1_base64="WnmvXzqpzAKEBr2SnV8UWvBiY14=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgETyURRQ8eCl48VrAf0Iay2U7apZtN2N0Uauwv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt0s7u3v7ZfvgsKniVFJs0JjHsh0QhZwJbGimObYTiSQKOLaC0e3Mb41RKhaLBz1J0I/IQLCQUaKN1LPLXU7EgGN3TGQyZE89u+JW3TmcVeLlpAI56j37q9uPaRqh0JQTpTqem2g/I1IzynFa6qYKE0JHZIAdQwWJUPnZ/PCpc2qUvhPG0pTQzlz9PZGRSKlJFJjOiOihWvZm4n9eJ9XhtZ8xkaQaBV0sClPu6NiZpeD0mUSq+cQQQiUztzp0SCSh2mRVMiF4yy+vkuZ51busuvcXldpNHkcRjuEEzsCDK6jBHdShARRSeIZXeLMerRfr3fpYtBasfOYI/sD6/AE5+pNw</latexit>

h'|

We can project d-log integrand into master  
integrals using intersection number
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1. Reviewed general properties of Feynman integrals

2. Introduce canonical form of differential equations and canonical  
    basis

3. How to solve the differential equations in terms of  “symbols”

4. Advanced topic in constructing canonical basis

Thank you
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Slide from Lorenzo’s talk


