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Calculation

e Numerical methods:
 Powerful

* Time and resource consuming

* Analytic methods:
We can do more!

{1 = ) 3 S—
* “Time” and resource saving We can do faster!

* Phenomenological analysis friendly

* Determining its fundamental parameters

=

Determining limit behavior

More difficult

Firstly, integrals
Then, amplitudes
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Analytic calculation

° 1 .
Total cross sections: Anti-unitarity relation

| }
o~ [T w6 (2 —m®)|6@ (D> p— > p) [[[d'm] A7

* Differential cross sections:

do~ [ [d"ps6* (02 —m®) |69 (D> pi =D o) [ [d*p]IAIPF(pipys, )

- * Distributions: My, , pr, psr, Yss Db, T - / \

* Polarized distributions. & — functions

Cross  __
sections

6 — functions

Squared amplitudes and integrals
Loop- and phase-space integrals
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Squared amplitudes

* Squared directly: —
* Low orders and few (vector and/or fermion) legs
* Projection: __ Scalar integrals
» few (vector and/or fermion) legs ﬁ
g: (p1) + g5 (p2) = H(ps) + H(pa) IBP

Mab’\’euey bb b~ A{YF) + AYYF, |M|2N |F1|2‘|' |Fz|2

2p1 p&
AW = g™ — 2
1 g 3

2mZ pl pi + 28p4 p¥ + 2 G, pl i+ 2t ph p¥
2/\
prs

* Helicity amplitudes. A = g +

Polarized information
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Integrals

LOOp lntegralS' /{ - ddlj } NUZ,1,-,,,1.-p) UVandIR divergence:
d n o . . . .
i (27) | | " DX dimensional regularization

* Linear: D;==xl;- p,+ e

* Potential: D, = g 1, 412 + y + e SCET;  Rapidity divergence

* Phase-space integrals:

/ {H i (2m8" (1~ ﬂé@(zm -y M ﬁ b2 P ()

1
(12 — m?2) —s . .
5 (17 —m;) F—m?Lic Before integrating loop momenta

J

12/17/2020 Analytic calculation --traditional methods for integrals(Guoxing Wang) 6



Integrals

LOOp lntegralS: /{ - ddlj } NUZ,1,-,,,1.-p) UVandIR divergence:
d n o . . . .
i (27) | | " DX dimensional regularization

: ic: D= (1 — p)?—m2+1
Quadratlc. l)Z (l] pk) m; :1_7/6/ SCETI
* Linear: D;==xl;- p,+ e

* Potential: D, = g 1, 412 + y + e SCET;  Rapidity divergence

N

* Phase-space integrals: /[H (;zdz)d (2m) 6+ (12 — 2)}5@(2 D — Zlf) H”ND%F

8el(1 — 4e) witie 5(w —vp - (k1 + k2))
m2=2¢ 12 (—¢) /[dkl] k. (k14 k2)? vy - ko vo - Ky
41(—2¢) I'(1 — 2¢)

- T(1—¢€)T(—3¢)

3Fh(—e,—€,—€;1 —€,—3¢;1).
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Regularization

* UV and IR divergence: CDR
. . L HV -
 Dimensional regularlzatlon — FDH C. Gnendiger, et al. 1705.01827
DRED
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Regularization

* UV and IR divergence: CDR
: . : : HV -
» Dimensional regularization — gy O Cnendoen eran i0o0182
DRED

S—

v'the integral of a linear combination of integrands equals the same linear
combination of the corresponding integrals

v'one may cancel the same factors in the numerator and denominator of

integrandes.

v’a derivative of an integral with respect to a mass or momentum equals the

corresponding integral of the derivative. \
IBP

v'any diagram with a detachable massless subgraph is zero. DEs

\ EFTs
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Regularization

* UV and IR divergence: CDR
: : : : HV -
» Dimensional regularization — gy O Cnendoen eran i0o0182
« Pauli-Villars regularization DRED

* Mass regularization

 Rapidity divergence:
* Analytic regularization D" — (v?)e D 1 Becher, eral 11123907
o Eta_regularization add BRI |’n . l| -1 Jui-yu Chiu, et al. 1202.0814

o Exponential regularization add exp(=bo7l°) Y. Li eral 1604.00392

Scheme independent!
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Methods for integrals

 Parameterizations:
i >~ 1S
« Alpha Parameterization a1 / dse™, Im(A4) >0
1

. 1
* Feynman Parameterization ﬁ = f dzdyd(1—x —1vy) @A+ yB)®
0
: : 1 1 [ T\+2)T(-2) Y~
* Mellin-Barnes representation: 5 yx=5;/ dz ( I,(i)( )XW
: : 1 1 2q - | —1?
* Asymptotic expansions: TEDE — ? + q(qQ) 5— 1+
- For some boundaries of
* Residue theorem. differential equations
. V. A. Smirnov, Analytic Tools for Feynman Integrals
° J. Blumlein, et a/ 1809.02889
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Parameterization

A

__/ dS/ dt 6isA+itB
0 0

Afﬂjél:l)' = (—g)tm- 1/ Hds s exp( ZSA)

* Alpha Parameterization: LA / dse™, Im(A) >0
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Parameterization

* Alpha Parameterization: % = / dse™, Im(A) >0
0

__/ dS/ dt 6isA+itB
0 0

Aflnj;l:l)' _( )n+m 1/ Hds 51 exp< ZS AZ)

1 1
* Feynman Parameterization: -z / drdy6(1 =2 =Y) AT 4B

0

(n—1)!
A1A2 /Hd£€5<1—2 >($1A1‘|‘332A2‘|‘ -+, An)n

(m—l)' / B (n+m—2)z""
A" Ay - Hd$6 ! Z (£, A1+ 22 Ay + -+ 2, An>"+m
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Parameterization

— s A + itB _ _
/O ds/o dt e 1B = /O dzdyb(1—z—vy) @A+ yB)?
=s+t, x= t
T Y s+t

/dx/ drTe AT B-Aza]

_/ "TA+ (B A)z]?

! 1
/ CEAA—2) + Ba]®

1 _ [ 1 1 :/ dr (n—1)!
E_/ ar (A+ B7)? A A A, S, 11 A Ayt T, A"
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Parameterization

— s A + itB _ _
/O ds/o dt e 1B = /O dzdyb(1—z—vy) @A+ yB)?
=s+t, x= t
T Y s+t

/dx/ drre AT (B Al :
/d% A%y exp | i ZAUk kj +2qu

/ [A+ (B A)x]?

/1d 1 — Th(1=d/D/2 1 hd]2 (o AY412 exp {iZAUIQi'Qj}
"TA0—2) + Bz]? ij
T
T= 1l—2x
1 > 1 1 :/ HdT- (n—1)!
E:/ ar (A+ B1)? AAy Ay 13 (At At T1,A4)"
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Example 1

4l 1 !
Cm)* (2—m2+ie) [ +q)2—m2+ie]™

I(m127m227q2;>\17)\2;d) — C/

C=-i(4m)* °,d=4—2¢
- C(_Z) ALt Ay 00 ddl

I= dsdts™t 2 exp [i(tg? — tm2 — sm? expli(s+1)I*+ 2itq - 1
P()\1>F()\2) . p[ ( q 2 1)] (27_‘_>d pl: ( ) q :I |
Gauss integral
B C(_i>>\1+)\2+1 6i7re/2 /oo N Coio |:< st ) ) 2>:|
I= TOOT0y) @0 . dsdts™t™(s+1t) exp| i\ 4 tms — smj

_ F()\1+>\2+€_2) /1d§ 5)\1_1(1_6) Ay —1
(-1) AIJF)\2F()\1>F()\2) 0 [—-q?6(1—&) +&mi+ Q1 — &) mi —ie] A+ A Fe—2
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Example 1

i DOt dote—2) /1dg Sta—or L
CDMPTOOT O S0 T2 —8) +émi+ A—Emi—ic] ™7
mlzo,mgzo
o F()\1+)\2—|_€_2) F(2—)\1_€)F(2_)\2_€) 9 CN2— M — A —e [
I (—q* —ie)

 EDMTRTO)T () TE =X — A —2¢)
I(m127m227q2; )‘17)\2;d)

I(m27m27q2;171;d> I(mZ,mQ,q2;2,1;d)
q*=4m’ q°=4m”’
I(m?m?, 4m* 1, 15d) =D(e) o I(m*m?, 4m?* 2, 1;d) =-T(1+¢)
? Y ) ) ) 1_26 ? Y I ) ) 2_|_4€
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Example 1

. F()\l—l—)\2-|—€—2) /1d£ §>\1—1(1_§)>\2—1 q— 1

CEDMPTONT ) So T [F¢26A =9 +émi+ A—Om3—ie]" T

ml—O . mQZO

I — F()\1+)\2—|_€_2) P<2—>\1—€>F(2_)\2_€) (—q2—’i€>2_)\1_)\2_6

DM RTOOT () D@ — X — A —2¢) :

e Linear propagators %:/“’ds ¢t Tm(A) >0

0
Ilzc ddld A A ! 27 A — A L:/‘ood’T L
@m)* @)M[-2n -1 [(g+r)* ] Cr-D™ AB |, " (A+B7r)?

" Analytic regulator
____— Eta-regulator

B dl 127,
h= C/ @2m)¢ (1*)[-2n-1](g+r)*@2n 1)
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Some formulas

1 F(ﬂ+3)/d 2o 1 — )Pt
AeBs F(Q‘)F(S) {rA+ (1 —x)B}otF

1 (v + 3 + / / ; wg !
— Y
A>BBCY (v) {’ul A+ us B + usC'}ath+y

(uqg = xy | ’u;:i(l—y 213:1—1
1 F(Cf+3+-+0)

A“BCTDS  T(a) ()T (5)

o S P P
2 | Uy Ug Uy
da yd dz .
/ / Y J/ {ut A+ usB + usC + ugD}otrt+o -

(uy =1—x ;uo =a2yz ;uzs=a(l —y) ,uy = ay(l — 2)) .
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Mellin-Barnes representation  hiups/motooishepforge.orgr

+1200 z —
L ___ 1 [, O+ Y | AMBREm ¢
X+ 2mi) . oy X
J. Gluza, et. a/ : 0704.2423 q
d’l 1

I(mi,m3,q% M, Ae;d) =C
(m?,m3,q% i, Aa; ) @m) (I —mitie) " [(+q)° —mitic]™

* Applied to massive propagators: X=(+¢)?, Y=m;
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Mellin-Barnes representation  hiups/motooishepforge.orgr

1 1 [T T(\+2)I(-2) Y~

X1y 2m).. YT Ty XA

AMBRE.m 74— 1

J. Gluza, et. al. : 0704.2423 q
d?l 1

I(mi',m3,q% M\, A;d) =C
i, €520 0 =€ oy 1) [+ @) —mE 1 ie]”

* Applied to massive propagators: X=(+¢)?, Y=m;

I — F()\1+)\2—|—6—2) /1d§ €>\1—1(1_§)>\2—1
(_1) )\1+)\2F(>\1)F()\2> 0 [_q2§(1_§) _|_€m12_|_ (1_6)77’1,22—7,8] AN+ X +e—2

* Applied to integrals of Feynman parameters:
X=&mi+ A—=8§m;, Y=-¢"61—&)

* The poles fromI'(---+2) and I'(:-- - 2) at different sides of contour.
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|'

Mellin-Barnes representation
1 1 q— 1
I(m?%m2q%1,1;:d) =T /d ,
(m Y] ) (6) 0 g[_q2€(1_€)_|_m2_,&€:|e q
_T(e) [, T(e+2)T'(-2) { m? T/l 1
o | LT Ce e el J, Blea—o1 1
S Nee pioo 1 1 [T TA\+2)T(-2) Y*
;- et —ie) / i F(e+z)F(—z)F2(1—6—z)[ m? } (XJFY)A:MLOO az 1 1“3)( 2  aSE
271 . ['(2—2e—22) —-q°—ie
21t T 3 =z
2 r(2+z) = I‘<1+ —)r(— + —)
I= ZF(E) Fl1.e 3.4 Vo 2)°\2 2
(m —28)62 1 y 7274m2
':4m2_q1::; =p= I.—Beta_% 'Il— \f —4m:q2 -I, 1- eps, l_EPS-. - Betall I1+ -\.'II_J,mizq?- I, 1- eps, 1—ep5- I‘ Gamma | eps
w{_qz
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Mellin-Barnes representation

1 q— 1
1
2,2 2. ) —
I(m y 1, q a171ad) F(E)L dg[_q2§<]-_§) —I—m2—i€]€ q
_T(e) [ F(€+z)F(—z){ m” }/1 1
= | T Ce—io) | —¢—ie) J, “Tea—o1 1
DN : oo A+ 2)T(-2) Y~*
(g —ie) [ I‘(e—|—z)I‘(—z)I‘2(l—e—z)[ m> T L A:;m. | 2t 5 xT
1= 2mi /ioodz I'(2—2e—2z2) —-q° — e SRl /m o
1t ( :1;> (3 x)
r@+z) ==—r(1+Zp(2+Z
= O o 3 4 @+a) =" 2) \2 72
(m —28)62 1 ’ 7274m2

D" Ce+A—1) 1A &
2 2 2, . — —_—1.- = _ -
I<m y 1M, g 7)‘7]-7d) (mQ—i€>e+)\_1F(1—|—)\> 3F2<]-7>‘76_|_)‘ ]-72_|_27]-+ 274m2>

A=2, q> — 4m? singularity
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Mellin-Barnes representation

—q2—ie)c [ T(e+)DT ()0 —e—2 m? z
» Resolving singularities r=! qmg) / R e ){ }

T'(2—2¢ —22) —q?—ic
1
[-¢*6(1—&) +m® —ie]¢

» Strategy A: shift the contour

=1 [ a

/ f(z,e)dz = — f(z €)dz $ Im
27{-1 C ?JL "2
1 Co’
+ —/ fz,e)dz — — [ [f(z,8)dz
27 C 271 Co 1
1 1
=— | f.edztres—-f(z.2) —e-2 o1l 1-e
27 Je, . D_E " Re:
2 1 i 0 1 2
I, (52(23)6 i — v —In(m?) + O(e)
\I — F(C) 3 q2 11
B+1 (m?—ig) © o Fi(1,e,
10:2—51n<5—1> +O®) — 2" 4m?)
5 MBresolve.m :
_ 1 4m | +-2
q° A. V. Smirnov, etal/: 0901.0386
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Mellin-Barnes representation

, : . —q*—1e) " [, T(e+2)T(-)I*A—e—2z m> 7
* Resolving singularities ! — Qm-@ / @ ( I‘>(2(— 2>€ —(Qz) ){ }

—q° — e
° . 1 1
Strategy B: shift the regulator ¢ [— P(e)/ it e 5)1+ .
a) choose a straight contour and fixed € 0 g
t Imz
R(z)=- 1, = ct

b) keep contour fixed and tend € to zero: J-B- Tausk hep-ph/9909508

the first pole of I'(e + z) cross the contour, l

—-e—1 —€ 1-¢ 2—¢
add the residue | — L'(e) — . — . fes
€ (m2> € -2 -1 0 1 2

MB.m -1
M. Czakon: hep-ph/0511200
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Mellin-Barnes representation

. 100
* the first Barnes lemma: — [ dzF i+ 2T 0+ 9T 0 = DT O = 2)
—100
_ ' A+ A3) T (A1 + A) T (A2 + A3) T (A2 + Ag)
A +X+ 23+ M\y) |
+i00 v 3 — 7 — 7
e the second Barnes lemma: _- gy T+ e + MO + 9 (M — 9)F(As — 2)

2m J_ino I'Ae + 2)
A+ A)IMN (A2 + A (A3 + A) (A1 + As)
T+ M ADT A+ A3+ Ay + As)
" I'(Ay + As) (A3 + As)
Fo+A4+ A+ 2s)

to (21.)4 T [Tan [Tda [Tas A=Al N
T —100 —100 —100 —100
& F11_‘21_‘3»1_‘41_‘5F'c")F7F8F9F101_\111_\121_‘13

X () () (—u) =

J.B. Tausk: hep-ph/9909506
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Mellin-Barnes representation

* Special summation:

2 Fi(a, b; c; x)
B r(c) | f+im INa+ Z)F(f? +2)I'(—2) (—I)Edz
- L@ b)2ni ) i C(c+2)
B r(c)
" I'(a)[(b)['(c —a)T(c — b)
+100
X ﬁ _ Fa+)Ir'b+2r(c—a—-—b—-2r(—z)(1 —x)“dz.

+100
| FNa+2)rb+2I'(c—2)I(—2)x%dz

| [t r'b+z7)r- ]
=F@+orb+o5— / @HOTO+IDT2) \ 1)yq;.  XSummer S.Moch, etal: math-ph/0508008

1 _ico I'a+b+c+2)
SUMMER J A M. Vermaseren: hep-ph/9806280
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Mellin-Barnes representation

* Special summation:

-

2F1(a, by e x) | > 81— 1)Sn — l)i—n =—%Li2 (@)% +In(1 — 2)(S1.2(2) — Li3 2))
B ) | f+IDC' INa+2'b+2I'c(—=z) (—x)edz n=1 |
- L@ b)2ni ) i Ic+7) + 5 n*(1 = 29)Li2 (@), .
_ I &
T T@I I (c—al(c—b) Si(n) = ; i
| +100 ) —
X I I'a+2)r'b+z)Ir‘'icc—a—b—z)r(—z)(1 — x)*dz. wn) = Si(n —1) — g,

Oy = (=D (Sksi(n = 1) =Ck+ 1)), k=1,2,...,

+100
| FNa+2)rb+2I'(c—2)I(—2)x%dz

| [t r'b+z7)r- ]
=F@+orb+o5— / @HOTO+IDT2) \ 1)yq;.  XSummer S.Moch, etal: math-ph/0508008

1 _ico I'a+b+c+2)
SUMMER J A M. Vermaseren: hep-ph/9806280
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Asymptotic expansions

* Expansion by regions: hard: q"~s,
Divide the i o1 domain ; . . soft: q" ~ sA,
ivide the integration domain into various regions, ... o~ (1A%,
and expand the integrand into a Taylor. Glauber:  g" ~3(\2 A2, \)

* Integrate every expanded integrand over the whole

integration domain and sum them all.

* Expansion by Subgraphs:
* Confirm the large and small variables and expand.

* Integrate every expanded integrand and sum them all.

Overlapping and divergences!
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Asymptotic expansions

* Expansion by regions: hard: q"~s,
Divide the i o1 domain ; . . soft: q" ~ sA,
ivide the integration domain into various regions, ... o~ (1A%,
and expand the integrand into a Taylor. Glauber:  g" ~3(\2 A2, \)

* Integrate every expanded integrand over the whole

integration domain and sum them all.

* Expansion’

e Confirm I=

F()\1+>\2+€_2> / 5 5)\1_1(1_6) A, —1
( 1) /\1+>\2I‘()\1>F()\2) —q §(1—§) _|_§m12_|_ (1_§)m22—i6] A+ Ay +e—2

* Integrate
F()\1—|_)\2—|_€_2) F(2_)\1_€>F(2_)\2_€)

-1 /\1+A2F()\1)I‘()\2) T'(4—X\ — X —2¢) (—g% —ig)
Overlapping and divergences!

V. A. Smirnov, Applied asymprotic expansions in momenta and masses
12/17/2020 Analytic calculation --traditional methods for integrals(Guoxing Wang) 30
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Asymptotic expansions

F(qmg)_/oo o ith 0 <m<K< F(q9ma€):_'ﬂ-gq _:
y 110y — w1 m SI11 7T —
o (k+m)(k+q) ! ‘fn(q/m)
* Naively expand with m: LP term is divergent! F(g,m,0) = q—m
e—1 e—2
ﬂargeN/ dk'k m/ dk‘k + ... k>m
0 k+ k+q

kel dk —Tr = /m\"
-3 mf o a2 (7)

I 1fodk 1/mdkkgﬂ+ .
small q /s ]f—|—7’n QQ . ]{—I—’nl <q

— gt Jo k+m gme sin'/rsn “\ 4
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Asymptotic expansions

F(qmg):/m L ith 0 <m <K F(Q9m9€):_ -Tr ! —
y 110y 0 (k+m)(k—|—Q) w1 m K q SIN 7TE ?z?;'b )
n(g/m
 Naively expand with m: LP term is divergent! Sum to F(g,m,0) = q—m
fo—€— 1 =€~ 2
ﬂargeN/O dk‘k m/ dk +q +... [k>m FNFsmall+F11arge
el dt -7 — (m\"
: mf e (o
n:o q n=0 m<A<g
1 00 1 00 k—s—l—l F = f 1 + f]
Fina — dk dk + ... S aree
small 7 qfo ]f—l—m qQ/O k+m k=g A =< d
o0 n Jsma 3 aA —
"0 ”“ o kt+m gme sinme £\ ¢ © e dk

fulam = [ g
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Asymptotic expansions

f (1 /Oodk LI /oodk T ) Expand with m and g,agai
small ™ Lsmall — | — — .« , Xpand wi m an ,agalin
11 11 7/ ktm ¢ /), ktm p q,ag

1 [ 1
A et A e —/ dk k™ = —,
arge ~ Llarge — — S &
Jare larg -/0 dkkﬁ—l—q m./o dkkﬁ—l— + q.JA q

q A
l/ dkk—c1 = — - ,
q .Jo eqA®
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Asymptotic expansions

1 [~ k¢ 1
fsmall ~ Fsmall - (_ / dk
q Ja k+m

k—e—l

A
flarge ~ Flarge — (-/0\ dk 2

q2

o0 k—€+1
dk
f, i

A k—E—Q
— m/ dk +
q 0 k+q

m

+ .. ) . Expand with m and ¢,again
1

B 1
- dkk—s 1 = ,
) , q/A eq /¢

- 1 L[ et = !
* Expansion by Subgraphs: Vs X Tuve 7/ ~ T eqdt
n A\ — - — 1 o l E o _(_1\n mn n
Reptame) = [0 (g e ) ) T () = 3 =0 (0
T 1 & k" ’ j!
n 7=0
Kk_ﬂ_a—l_q_Q_ —(—1) anrl) ockntl

R"F(q,m;e) :/ dk k—° ((1 —7")
0

k+m) (( /

R" = (1 o Mﬁmrge)(l o gmall

12/17/2020
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)
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o) - R - (Z) Fame)
k+q q
F=(1-R"WF+R"F
= ( large + Msmall ﬁxrge small)F + R"F
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Example 3

* Expansion by Subgraphs: 1(m?0,¢%2,1;d) =C (;;)ld (lZ—m2+i€)i[(l+q)2—|—qjg]
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More examples

! 1 3 1 3
_71:/ db (b2)1€(1—b2)§2€F1<§,1,——6,b2> 2F1<§—e,1—e,§—l—w—e,b2>
O H("0; — 1l &
® ¢=1 =0, just expand the integrand ("0;2) = —rloghu
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H(p1,....pwio)H(q1, ... quyit) = H(p;a)H(q; x) = Z H(r;x)
repeq
H(a,b:x)H(y,z;x) = H(a,b.y,z:x)+ H(a,y. b, z:x)

+H(a,y,z.b;x)+ H(y,a,b, z; x)
+H(y.a,z.b;x)+ H(y,z,a.b;.x)

HypExp T Huber, etal, -hep-ph/0507094
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More examples

_71:/0 db (b2)16(1—b2)§26F1<%, 1, 3 —e,b2> 2&(% —€,1 —e, % —I—w—e,62>
® ¢ =1 =0, just expand the integrand
L(6=0,1%=0) = f—; + (— m?”Q + 7C2(3)>e—|— (%3 + %4 + ln2<62)”2 —71n(2)g(3)>62+0(e3)

® p=-1,1¥=0, expand with plus — distribution

(1_b1)1+¢e == éé(l—b) + <ﬁ>+_¢€<lnl(l__bb)>++o(€2)

® ¢=0, ¢Y=-1, handle Hypergeometric function

e.g. o Fi(ab,c,z2) =A—2) """ F(c—a,c—b,c,z)

HypExp T Huber, etal, -hep-ph/0507094
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More examples
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More examples
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More examples
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Summary

* Introduction to analytic calculation

* Traditional methods for integrals

* (Feynman) parameterization
» Mellin-Barnes representation

* Asymptotic expansions

* Some simple examples
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