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| ' Eraof precision physics
» Physics at Large Hadron Collider

e improving requirements on theoretical predictions
 new NNLO and N3LO cross sections

* bottleneck problems: integrals reduction, master integrals calculation

» Integrals reduction

e prohibitive algebraic complexity
* non-planar contribution of pp = yyy missed [Chawdhry, et al, 20]
* “basis” of special functions not fully known

e elliptic sectors in H+jet production in QCD [Bonciani, et al, 16’] [Bonciani, et al, 20]

[Frellesvig, et al, 20’]

18 Mar, 2021 Xiao Liu, Peking University

3/34




‘Methaods

» Integrals reduction

integration-by-parts [Chetyrkin, Tkachov, 81’] [Laporta, 00’]

SYZygy equation [Gluza, Kajda, Kosower, 11'] [Schabinger, 12’] [Larsen, Zhang, 16’]
finite field interpolation [Manteuffel, Schabinger, 15’] [Peraro, 16']
intersection numbers [Mastrolia, Mizera, 19] [Frellesvig, et al, 19]

matching [Liu, Ma, 19°] [Wang, Li, Basat, 19’] [Guan, Liu, Ma, 20’] [Basat, Li, Wang, 21’]

» Master integrals calculation

differential equation and its canonical form [Kotikov, 91°] [Henn, 13']
Mellin-Barnes representation [Smirnov, 99']

sector decomposition [Binoth, Heinrich, 00’]

difference equation [Tarasov, 96’] [Laporta, 00’] [Lee, 09’]

numerical differential equation [Caffo, et al, 08’] [Czakon, 08'] [Lee, et al, 17’]
auxiliary mass flow [Liu, Ma, Wang, 18]
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' 2 i VOvVervie\'N

» Dimensional regulated integral family
L

d4_2ﬁfi 1
I(e,5) = /H ir2—¢ DYt ... DY
1

L(L+1)

¢ {Dl,,DN}WlthN_ +LE

3 (2 2
* s={p{,pi pjmi}
* integration-by-parts identities - master integrals I

* derivatives + IBP identities — differential equation
8 — —
—I = A;1
88@ 6

e general solution + boundary condition — final solution
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| Simple Examples

» One-loop two-point

a f _E;l 0 ~
a_;[; B 2(e—1) 2(2e—1)
r(drx—1) 4dx—1

basic features:
block-triangular

rational functions with only first-order poles: x = 0,x = 1/4
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7 Simple Examples

o - _e=1 0 ~
a—;{:I - 2(e—1) 2(2¢—1)
r(drx—1) 4dx—1

e general solution for I; = ¢; x

« general solution for I, = c,(x)(1 — 4x)/?€, with

chy(x) = —2¢1(e — 1)(1 — 4:5)'5_%&'_6

v

1
Iy = co(1 — 4:1:)%_€ + 2c12 ¢ o Fy (5(3 —2¢),1 —¢€2—¢; 4:1:) (1— 43:)%_6

* Hypergeometric functions encountered
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7 Simple Examples

o - _e—1 0
a_;;;f | 2(e-1) 2(2e—1)
r(drx—1) 4dx—1

* numerical solution: power series expansion of I, near x = x,

« xg regular: I, = X2 fu(x — %0)"

e all f,,(n = 1) can be reduced to f,, by differential equation

o xo=0:1 = Xy o fux F X1 TN g gn X"

* left part: homogeneous, right part: non-homogeneous

* xo=1/41 = (1/4 = )P E 0 fu(1/4 — )" 428020 Gn(1/4 — )"

* left part: homogeneous, right part: non-homogeneous
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7 Simple Examples

o - _e=1 0 ~
a_;;;f |l 26e-1) 2(2e—1)
r(drx—1) 4dx—1

* example of calculation: the analytic part near x = 1/4
e I =Yr0h,(1/4—x)", h, known to us
»  How to calculate the expansion of 2(e — 1)I; /(x(4x — 1))?
 first expand the coefficients to ),,—_; a,(1/4 — x)™, then perform series
multiplication? ~0 (N ?)
« 2(e—1)I, = (x(4x — 1)) Yme_1 by, (1/4 — x)™, then solve via matching.
~O0(N)

* in general, gg—g X I(x) ~ [deg(P) + deg(Q)]N
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7 Simple Examples

» Two-loop two-point
Dy = —m? Dy =l —m? Dy = ({1 + L5+ p)°,
Dy = (6 +p)°, D5 = ({2 + p)*

I =1{I(1,1,0,0,0),1(1,1,1,0,0),1(1,1,1,0,—1)}

_2(6;1) 0 0
if: _2(e—1) _ 2(Ser—dxte—1) 6(e—1) I“
or x(4x—1) x(4x—1) x(4x—1)
_2(e-1) 2ex? —ex—e+1 _ 3(2z—1)(e—1)
dr—1 x(dz—1) x(dx—1)

* asymptotic behavior: the eigenvalues of residue matrix near x = 0
» for the block of I, and I5, the behaviors are 0,1 — € (homogeneous) and

2 — 2e (non-homogeneous)
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l 2 2 Simple Examples

» Example with second order poles

Dy =07 —m?* Dy = {3 —m* Dy = ({1 + b+ p)* —m?,
Dy = ({1 +p)*, Ds = ({2 + p)?

I ={I(1,1,0,0,0),1(1,1,1,0,0),1(2,1,1,0,0)}

d - il .
—1I = I
B 0 0 3
2(e—1)2 ~ (8z—1)(2¢—1)(3¢—2)  45ex®—1822—30ex+10x+¢
(z—1)xz2(92—1) (z—1)z(9z—1) (x—1)xz(9z—1)

* second-order pole: removable through a basis transformation
o [ =diag{1,1,x"1}.J

« for more general cases, see [Lee, 14']
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' Thealgorithm

» Power expansion near a point x = x,

* determine the asymptotic behaviors from the normalized differential

equation : homogenous + nonhomogeneous

k. 00
L= (x—a0)" ) log(x —20)" > ¢ippn(c —x0)"
k=0 n=0

HeES

* regular:S = {0}, ky, =0
* singular: S = {-2¢,1+¢€,--},k, =0
* reduce the higher-order coefficients in the expansion to lowest one via the
differential equation

* determine the lowest order coefficient by the boundary condition (input)
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' Thealgorithm

> Error estimation

« consider a Taylor expansion f(x) = Yo q fnx"

flz) = anx + Z Tnz™

=N-+1

= Z Faz™ + Z Spx" + Z faz"
n=N+1
= f(z) + Ei(z) + Fo(z)
* note: §,~6y/1", fr,~fo/r"™, with r the convergence radius
© E(x)~6(1— (x/m)N*H/(1 —x/7)
* E(o)~folx/m)V /(1 —x/7)
 areasonable choice: x/r = 1/2,thene = (E; + E;)/fo~60/fo + 27V

e precision p~N~t, totally in proportion to the time consumption
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' Boundaryconditon
» Boundary condition

 singular point: I(x)~cq(x — x9)#1 + c3(x — xg)*2 + -+
 method of region [Beneke, Smirnov, 98’] [Smirnov, 99']

* parametric representation

* regular point: I(xg)
* sector decomposition
e auxiliary mass flow (recommended!) (can also be used to calculate
integrals point-by-point, see [Yang, Zhang, et al, 20’] [Hansen, Wang, 20’]
|[Hansen, Wang, 21°])
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% Feynman integrals

» Dimensional regulated integral family

*

d4 Qﬁg
/H H (Da +n

n: the auxiliary mass parameter

Iony(e,5) = lim I(e,5,7)

n—i0+
1 1
" (0+p)2-m2+n L2471
Broadhurst, 99’]

vacuum integrals: Q @ {
[Kniehl, Pikelner, Veretin, 17’]
@ @ @ [Pikelner, 18']
[Liu, Ma, 19']

o 29—V L= vy ) oy . )
auxiliary mass expansion: (& 5,1) = n?mOEm2ve Y My (e,5)n7"  [Wang Li, Basat, 197
n=0 [Basat, Li, Wang, 21’]

nearn = oo

Davydychev, Tausk, 93']
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7 Auxiliary mass flow

Im(n)
» Differential equation wuvewesn
8 = — — — |
B_nI(E’ s0,m) = Ale,n)I(€, So,7)
* physical singularities (branch points): Real
1 (S !
. T p) 2T Re() L Ime) off-shell for Im(n) > 0 - .
* singularities far from real axis: may also
3 o
affect the convergence of solution
* evaluate at Nyexe: (Mnext — 770)"’% L "F'?max
Nast § I=/min \
% % ¥ % * = Re(n)
X
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| Infrared Divergences

» Example: one-loop four-point integral

s=10,t =-3,m* =1

eta-reg: —0.1309 i 77 + (0.0665971 — 0.101394 i) log(n) — (0.29347 —
0.0201092 i)

dim-reg: n~¢f,(€) + f,(€) + 12 f3(€)
£1(€) = (—0.0665971 + 0.101394 i)e~! + (—0.280099 — 0.267748 i)
f>(e) = (0.0665971 — 0.101394 i)E_1 + (—0.0133705 + 0.287857 i)
fi(€) = —0.1309

taken — 0, only £, (€) survives
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I Discussion

» Advantages

* systematic: in principle can be applied to any process
» efficient: p~t

* not sensitive to the choice of 5,

> Problems

» effect of the extra mass scale: many more master integrals, hard to set up
differential equation for complicated problems
* develop much more powerful integral reduction method

 reduce the effect of extra mass scale
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| 2 ; Strategy to introduce n

» Structure of Feynman diagrams

loop: {1,2,3,4,5,6}, {1,2,3,4,7,8,9}, {5,6,7,8,9}
branch: {1,2,3,4}, {5,6}, {7,8,9}

possible mode: “all”, “loop”, “branch”, “propagator”
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| Lz y Strategy to introduce 7

» Example: two-loop double-pentagon

* before introducingn : 108
 all: 476

* loop: 305,319

* branch: 233, 234

e propagator: 176,178, 220

e propagator mode seems to be the cheapest
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" Integration regions

» General integration region

* loop momentum of each branch can be either 0(1) or 0(y/77)

* momentum conservation
—_— -
1
regions for one-loop: (S), (L)

cape [\ A

regions for two-loop: (§S,S,S), (S§L,L), (L,S,L), (L,L,S), (L,L,L)
Rl — 2,R2 — 5,R3 — 15,
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" Expansion

» Expansion in each region

« alllarge: single-mass vacuum integrals

1 1
(C+p)? =m0 Cty

* mixed: factorized integrals with a factor being vacuum integrals

1 1
(bs+ 0 +p2—m2+n 2+

« all small: integrals with fewer propagators

1 1

Ml —

(L+p)2—m?+n 1

18 Mar, 2021 | » | Xiao Liu, Peking University 24134




I 8 ~Recursively set up
» Algorithm (propagator mode)

1. Introduce auxiliary mass to a propagator for target family
2. Reduce boundary integrals to boundary master integrals
3. If boundary master integrals are known to us, stop; else, set family which

contains unknown integrals to be target and return to step 1

SIS
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l 2 2 Examples

» Example: two-loop five-point one-mass [/ Moo et 201

mzz Zmz ZzZ7Z

3 _ 2
* S ={m*, 812,523,534, 545,515}

* master integrals: 74, 75, 86
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i w Examples

» The family “mzz”

/
— O Cr

(T >~ CC

71 masters 31 masters 13 masters 2 masters trivial

n" X

112 masters

|
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Exa mple—s

{137 22 241 377 13 249
So = ’’25’ 100’50’ 50

solve systems to get 16 correct digits: 10 h + 4 h

Iony[1,1,1,1,1,1,1,1,0,0,-1]:

1.419205041065608 + 0. 1073 i 2.712069420001789 + 0.486868301456017 i 23.64601796152245 — 17.30902613661114
+ - - - -
eps? eps® eps®

38.52314440274530 + 23 36371708766445 1

—(3.79127120445584 + 16 41870603197854 1) — (217 3020086433433 + 26.8439329371001 i) eps + G[Epsz}
eps
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Examples
Chicherin, Gehrmann, Henn et al. 18’]

» Example: two-loop double-pentagoniq ... o,

. § . {S S S S S }_) {4 113 281 349 863}
— 12,°23,°34,°245,°15 ) 47 ’ 149’ 257’ 541

* master integrals: 108 — 176

* time consumption: 40 h+9h

* Ipny[1,1,1,1,1,1,1,1,0,0,0]:

0.06043562517263776 + 0. 1077 i 1.162236636711287 + 1.416339853446717 ¢ 37.82474332116038 + 15.91912443581739

P + + - +
eps eps’ eps*

86.2861798360034 + 166.8071335711277 4
eps

—(4.1435965578662 — 333.0006040071303 1) — (331.834114822028 — 1583.724672302141 i) eps + Ol'epsz}
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Examples

» Example: massive two-loop five-point integrals

* §={512,513 S14, 523;524»"1121:7"?} * 5 ={512,513, 514, 523;324;7"}21»"1%}
e mass mode: 173 - 173 e 112 - 153
e 110h+3.5h e 15h+55h

. 3, ={-(11/29),—(83/111),9/14,5/54,11/23,13/25,1}

D2423817728280377 + 0. 10717 i 0.4053317523024661 + 0.5 10717 ;

L 3 + +
. Iphy[1,1,1,1,1,1,1,1,0,0,0]: eps’ eps
(0.2495153176004204 + 0. 107" i) — (0.3871860803812495 + 0.3 10" i} eps + Ofeps?|
1.733862437148516 + 0.x 1073% i 1.253769331252980 + 2.991960008727288 i
R Ep54 EIZIS':
¢ Iphy[1;1;1;1;1;1;1;1;0;0;0]: 0.536738276646420 + 10.343102005089467 i 43.05062327842895 — 44.17661124884178 ;
- + +
eps® eps

(307.6203997081020 — 130 3119204450303 1) + (1213.425313637774 — B12.007107316634 1) eps + G[Eps:}

18 Mar, 2021 Xiao Liu, Peking University 30/34




Examples

» Example: two-loop six-point integrals

S = {512: 513,514,515, 523,524,525, 534, 535}

with D-dim external legs

e 211 - 289

\I/ e 400h+23h

$o={1,19/25,-11/10,-11/25,71/26, 66/31, -13/24, -76/29, -85/28}
Iony[1,1,1,1,1,1,1,1,1,0,0,0,0]:

0.05548120804682673 + 0. 1077 i 0.572584535428102 + 3.105682821633971 i  9.33357823385437 — 13.03316413285356 §
- + " +
eps”

eps? eps’
32.39125016720625 — 1623642338083002 ¢

+(32.40191683114838 — 28.11177133660424 1) + (143.4862036844010 — 28 3073224401266 1) eps + G[eps: |
eps

18 Mar, 2021 Xiao Liu, Peking University 31/34




Outline

. Introduction
Il. Numerical differential equations

lIl. Application — auxiliary mass flow

V. Summary and outlook

18 Mar, 2021 Xiao Liu, Peking University

32/34



Summary and outlook h

» Numerical differential equation is a powerful tool to
solve master integrals.

» As an application, the auxiliary mass flow method,
can be to calculate master integrals systematically
and efficiently.

> In future, we believe these methods could be applied
to cutting-edge problems: ttH, ttj, ...

Thank you!
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