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Introduction: End-point singularity

otk

Figure: H— bb — ~~ at leading order.

2
» Large logarithms ln(%): need resummation
b

» Traditional light-cone approach leads to end-point divergence

01 % when ¢ becomes soft, z — 0 (z is the fraction of
collinear momentum carried by ¢ )

» Generally appears in next-to-leading power corrections
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N
Introduction: Factorization using SCET
Factorization using SCET (Z. L. Liu and M. Neubert, JHEP 04, 033 (2020)

and series of papers):

3

My(H = ) =Y Hi(yy|O:l H), (1)

i=1

Soft sector (end-point singularities are involved):
05 = 10) [ @ [ @y r{ [(44 0+ 6, @) 2] " 22O |
<o 2250 [0 (45,00 + 65.0)] "}
<1{ [Shat)a )] 080 (0 [31,08,0] " } + )

Factorize into convolution of jet functions and soft-quark function (w = ¢4£_):

oo

(y710s|H) = 247" /Ooo %Sl(w) - %J(me/L)J(—mHL). (3)
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Definition of soft function

Soft function:

S(ly,e-) = ]Z\fl / dz_ dy4 exp [1%}

><<0| TTr |:S"2 (O)SILz (y+7 Oa OL)QS(y+7 03 Oi)_qs(oa z—, Oi)Snl (07 z—, Ol)Sj'Ll (0) |0>

(4)
The momenta flow into the positions z_ and y. are fixed by ¢4 and ¢_
respectively, which is required to factorize the two jet functions from the
soft-quark function.

It is much easier to do renormalization before integrating ¢, and extracting
discontinuity, which does not introduce extra divergences. So we define the
un-integrated soft-function:

Sy, l_,01) :;Vl/dxfderdD*Qzlexp [i(%—ﬂl-zL)}

x (0| T'Tr [Snz (0,0, 21 /2)8h, (y+,0, 21 /2)as(y+, 0, 21 /2)

xGs(0,2—, —21 /2)Sn, (0, z_, —zJ_/Q)SL1 (0,0, —ZJ_/Z):| 10). (5)
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Structure functions and discontinuities

Due to reparameterization invariance, we can decompose the un-integrated soft
function into 8 independent structure functions

S(erab 1) = moSi ) + B (na - 0S50, 80) + 22 (m - 0)83(0,80)

Ty ﬁ2ﬁ1 S4(w,fi) + ZLS5(UJ,K3_) i m(fbiﬁtg Se(w,ei)
mb[i’fb ﬁ2[lﬁl 2
S0 ST ) + Sa(w, £2). (©)

Decomposition of soft function into structure functions

72 ﬁ2 ﬁQ ﬁl 54

S(lr,£-) = mpSi(w) + - (n2 - £)Sa(w) + T (na - £)S3(w) + mp =7 Sa(w).
(7
Discontinuity of the soft function
5i(w) = (8w + ie) — Sifw — )] ®)
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.
Leading-order soft function and discontinuities

Leading-order soft function
SOt = mS0w) + Loy £ 580(w) + 080w (9)

where the LO structure functions are (e poles come from £, integration)

—€

1%3(0) = (4m)T(e) (~w+mf —ic) (10)

The discontinuities of the LO soft structure functions are

_ () 2\~ 2y _
i%0) = p1 =g (v =) 0 — md) = 0w — mi) [1+ 0(9)],(1)

from which we can see the discontinuities of the LO soft function has no € pole

from the £, integration.
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Light-front perturbation theory

We need to know the analyticity of the soft function in order to work out the
factorization form. Also we use it to compute the renormalization of the soft
function.

In light-front perturbation theory, imaginary contributions arise from vanishing
energy denominators.

Feynman rules in light-front perturbation theory:

» (i) vertices, whose Feynman rules are the same as in covariant
perturbation theory,

» (ii) energy denominators for each intermediate state, which consist of the
incoming light-front energy minus the on-shell light-front energies of the
particles that are included in the intermediate state,

> (iii) factors of the inverse of the longitudinal (4+) momenta of the
intermediate-state particles (this is the relativistic normalization of the
states in light-front perturbation theory),

» (iv) integrations over the + and transverse components of the loop
momenta.

For each intermediate-state line, the +-light-front longitudinal component of
momentum is always positive.
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Example

7
O (O bl 00) €= (0o kL)
(a) (b)

For diagram (a), the propagator denominators are (starting from covariant
Feynman rules)

1 1 1
—k++i€k2+i€(ﬁ++k+)ﬁf —Zi —mﬁ-i—ie
1
. 12
. — k) — (b — kL) —m2 t i (12)
Assuming ¢4+ > 0, completing the k_ contour integration gives
1 1 1 1 1
—2mif(ky)— —
b +)€+ O+ kg by —ky +ic b — K3 /by — (€0 —k )2+ m2)/ly + i
1
X . 13
0 — (2 4+ md) /(b4 + ky) + i (13)
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Conclusion about the analyticity of the soft function

For diagram (b), a light-front analysis of the denominators gives (or by
completing k_ contour integration from covariant perturbative theory)

11 1 1 1

éJr k‘+ E+ _]CJr k:i/k+ l_ +k:i/]€+ - (li +m§)/€++l€
1

b —[(6r —kL)? + mi] /(b — ki) + i

—27['1,9(—]6_'.)

X

(14)

Owing to the unorthodox momentum routing in the soft function, a soft-quark
line can carry an infinite + longitudinal momentum without causing any
particle line to move backward.

In addition, due to the positivity of the light-front energies (no
backward-moving particles), the energy denominators will never vanish when
_ <0 (ie: w<0).

Conclusion: The soft function is analytic everywhere in the complex w plane
except for the cut along the positive real axis.
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Difficulties in renormalization of the soft function
The a-order soft function is given by Z. L. Liu and M. Neubert, JHEP 04, 033
(2020), from which one can extract the UV divergences:

aC w—m2\ 2 6 2 w—m2
SUV: 47rF{( M2 b) [—§+E+Elog< w b>:|0(w_mg)

i (=)o ). 2

b

However, the conjectured renormalization factor Zg given in Z. L. Liu,
B. Mecaj, M. Neubert, X. Wang and S. Fleming, JHEP 07, 104 (2020) is

2
Zs = §(w —w) + aSCFl{ [% + 2log <%) —3] S(w' —w)

4T €

e { O —w) | Ow— w’)L } (16)

W —w)  wlw—w)

» The unorthodox momentum routing in the soft function leads to nonlocal
contributions in the renormalization
» Explicit fix-order calculation loses the non-local information of the soft
function
a 15/34



Renormalization formula

Renormalization of the soft operator Og(¢,¢_):

O(tsto) = 5 [t Zults e 0 €3y Os(EL ), (1)

Zs=2 v a2 +alZ) + - (18)

In terms of vacuum-to-vacuum matrix element, at one-loop order

S(z)(e-‘mé—) = %/df;dél,c(l)(f_‘_,é_,éﬂr,E’,,MZ)SM;,ZL), (19)

where S(¢,,¢" ) is the all-order soft function with shifted arguments.
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Diagrammatic form of S(/,, ¢ )

ny na

Figure: The solid line is a soft-quark propagator. The double solid lines with
incoming arrows are Wilson lines S,;, and the double solid lines with outgoing
arrows are hermitian-conjugate Wilson lines STL,L.. The dashed lines indicate a
space-time separation (space-time separations of the jet functions). A jet in the
=+ light-front direction is insensitive to external momenta in the 4+ or L
directions, which allows factorization of the Wilson lines of the soft function
from the jet functions.
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Feynman rules for Wilson line

k ni
———————9 a ? b
1,
2
k-n; +ie igsn (T*)pa
(a) (0)

Figure: Feynman rules for a Wilson line .S, that is collinear to n;. (a) The
Wilson-line propagator. (b) The vertex for the interaction of a gluon with the
Wilson line.
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Diagram A

=Ly +ky 0 L))

(b)

The non-local terms come from diagram (b).
2.9E\ € D—2
o (P dk dk_ P2k, 1
swtene) = utor () | [ e
S(0s, 0o, 00) 5 [ (00 = os) + £ = By +mi]
>< —
(b =k ) (- — k) — (b — kL)? —m} + e

Sy + ks b, 00) (20 -
+ (++ + 7J.)2(2 ++[J_ kJ_+mb)} (20)

(0o — k) — (€L — k)2 —m? + i
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k_ contour integration

Assuming ¢4+ >0, /_ <0 and completing the k_ contour integration by
picking up the pole k— = =+ — i

+
I e’YE / /dD 2kl /oo dk+
by, 0_) = —2a, —
Scattni) = -am0r (50 [ [ Grots [

O(Cs — ki) S(Er, £-) 5 [22 (6 — o)+ £1 — ko + o]
>< p—
(€ = ke)lo — SRR — (6 — ku)? —m? + e

+S<é++k+,e_,mﬁ<”i—ze++zl—h+mb) (21)
00— — (L — k)2 —mi+ie |
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Extract UV divergences
After shifting k1.

B 1 e’yE dD ZkJ_ oodk7+
S“‘”(Z*’Z’)_QO‘SCF( )//%)“ s

X{_0(£+—k+) Sy, 0 )’;1 [”2 by —ky)+ /£, ° ++mb]
[ (KQ_mb_f k++k+£2>—'
1 S+ kL )?l(ﬁ2£++lJ_e E +mb)}' (22)

J’_
Oy + ky 2 kg by (£2—m2)+k2 (L4 £ —m2)
1 (£++k+)2

R‘

£y I

— i€

Extract the UV divergences

Cr 1 > dk
S (s, 0y = LOF Ff/ dky
s, 6-) 21 euv Jo, Jo K+

p 006 — k) [ % (6 — ko) + £ 55 4
Ly

tio L4
fy G+ /e T T ™)
+S(f++k+,€7,h)7 Tk .

X{ S(g"ryé—:gJ_)

(23)
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UV divergence of diagram A

The change of variables k; = 2/, leads to

S?X)(£+,£_) = OLSCFL/zL {S(£+,Z A1) " (ﬁz + ti—)

21 euv b+
+/§°dz[s“+%af;§—’“%<ﬁ2+ﬁilix+%>
(04, 0—,01) terms
Sy (L4, €-)
S e ()
R T
s oesp e o))
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UV divergence of diagram A’

0= (0,0 8) 0= (0 hot))

(a) (b)

The non-local terms come from diagram (b).

S?X’)(KJHZ*)
_ a.Cr 1 et | oL fighe
_ 7/“ [(1 T )s<e+,z,,m

2T €yv w 2

< fha i m ol fipe | ome(ma - L) o] S(U4, (L+2)0—,41)
+/0 da;{{l— 4 +(1—|—$)w 2 + w ?] z(1+ )

}/L27/L1 nl-él }/Lz m(nl-é) ;/Lz S(( ,é_,é )
_{1_ 4 + w J_2 + bw ?} x-(kl—i—z)L}

(26)
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Diagram B

C= (O =kl =k 81) 0= (b kil 81) €= (0o, 0~k £1) £ =(Cy,0,8))
(a) (b) (c) (d)

The non-local terms come from diagram (a, b, c).
2 e\ € D—2
o (P dks dk_ P2k, 1
St = it (150 ) [ e e e e
X[S(ly — ks, b — k=) — S(ly — Ky, L)
—S(Ly b — k) + Sy, 0)]. (27)
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k_ contour integration
Completing k_ contour integration gives

2,06\ € O D—2
S<B>(€+,€-)=—2ascp<“ >/ dhy /d L

ar ) ) (Ck) ) @oP2 KR
o O (L S
“Slte — keot) = Sl o~ e s @)

Making the change of variables &> = zk, £_ and splitting the k. integration
region [—o0, 0] into [—o0, £4] and [¢4, 0], we obtain

asCF (HZe’YE)E —e 0 1
Sem) (b, 6-) = — m(f—) / dxm

— 00

O dk
x{ /Z+ e[S — ke ) = S~k (1)

Y8y, 0 (1 — 7)) — s<e+,e_)]
4 dk
+/_oo W[S(&,E_(l ) — S(e+,£_)]}. (29)
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UV divergence of diagram B

For the finite ky integral, set ky = zf4:

e (€4, €-)
= a“‘OFl{ - [iﬂog( wﬂiiz—:ﬂ S(h,L)—/l g3 (1~ 7))

2T €YV €YV T

T -1 x

+/1 S (1= ), 00) = Sty 00)  [° d$5(5+,e_(1m))5(e+,£_)}.

(30)

We re-write the negative z integration as

1 dx 0 dg
= [ st -a) - [ (S (1- ) - (e )

— lim [‘” /j i"”s<e+,e(1z))/:5 %‘”S(a,e,)] (31)

The contribution of the semicircle at infinity vanishes, and the contribution of
the small semicircle is +imrS(w). Then we split the integration region [0, +o0]
into [0, 1] and [1, 4o0].
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UV divergences of diagram B and C

UV divergence of diagram B

S (40 ) = “30“{ - [i +log (w‘f%)} S(ti,0-)

2T eyv €uv

N /1 de(e+(1 —a),0-) 4+ Sy, b (1 —z)) — 2804, 0-)

x

+/oo sz(£+’£‘(1_z))}. (32)

X

UV divergence of the soft quark self-energy diagram (after renormalization of
quark mass):

OzsCF 1

V —_— - E—
S{ey (s 0-) = e equ

(€+7g—)7 (33)

which is the soft-quark wave-function renormalization.
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Total UV divergence at o order

SV (ey 0y = S ey + 80 ey ey + 8 eq o)+ s ey e

a;Cp 1 /
27 eyy e

S(ey 0_ 1) <1 _ ’%’” " "i’ Z%)
+/°° dz{w L 2t ng - £ pafy | my(ng - ) fhy
0 (1 + ) 4 (14+)w 2 w 2

Sy, l_,201)
(1 + z)

a;Cp 1

2w eyv Je

+/0°°dz{[17

a;Cp 1 1
+———9 — | — +log
27 €eyv €yv

[1 B ﬁ247i1 n "2w' L ﬁlQlJ_ n mb(?;z -0 %] }]

foin | ny - LLL g
[(1 R IR ) sy )

2t ni ol Loy | mu(n - ) | S(Ey, (1420, 01)
4 (I+2w 2 - 2 F
ni - Lf) e mb(ny@)@] S(€+,g_,4L)}
N : “ 2 z(1 + z)
Syl >+/ w

1Sy (L= a),0-) + S(tp, £ (1 — 1)) — 25(¢4, _)
s x }

asCp 1

4w eyy Je

S(ey,6_,01). (34)
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Zg at ay order

Define several additional structure functions

2
/5 0%) —l, for i =5, 6, 7, and 8. (35)

Make the following changes of integration variables: w’ = (1 + z)w for SEJA\;

and S?AY), and ' = (1 — 7)w for S?B\;, then the renormalized structure
functions can be expressed as

8 oo
:Z/ ' Zi(w, ' 1) S;(w), for i=1,2,3,and 4,  (36)
0

where

asCF 1

Z(w,s 1) = 6 — )07 4+ 2 F

Mﬁ({ﬂ w's ), (37)
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.
M (w,w'; 1)

Mg(w,w'; 1)
d—2a— 2b— 2c

0 0 0 0o 0 0
B —%Eb d—a— ey ode, 0 0 —(a+d) 0 0 0
— Dby 0 d—a—%’b/—“'wﬁc 0 —(a+b 0 0 0
2(a+ b) 7%17 7“’717 d— 2c 0 at+ba+b0
(38)
with a, b, ¢, and d defined by

w' (W' — w)
d= {% + 2log (%2) + 1] S(w — ).
Here, the plus distribution is defined by
= fw) [T fw) — flw)
v il A 40

Cannot solve the corresponding evolution equation in closed form because

4= 20(w—w), bZZ{WL’ CZQ{M] 7

infinitely many new structure functions with different ¢, weights appear.
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Zg at o, order for H — ~~y case

For the case of H — ~~y through b-quark loop, the soft function is sandwiched
between ¢4, and ¢,, which means only the structure function S;(w) survives
and does not involve mixing between structure functions

11 _ r asCr 1 —9q—92b—
Zg =6(w —w)+ e (d—2a—2b—2¢)
@O 1 (2 Y 3] s
=0(w —w)+ . €uv{ LUV + 2log ( ” > 3] O(w' —w)
oy 0(w—w)+9(w—w) . (41)
ww —w)  ww-w)],

Confirms the conjecture in : Z. L. Liu, B. Mecaj, M. Neubert, X. Wang and
S. Fleming, JHEP 07, 104 (2020) at « order.
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RGE and anomalous dimension

We obtain the renormalization group evolution equation for S; by

differentiating Eq. (36) with respect to the renormalization scale p:

d
dlog i

S = = [ 't )W ),

where the anomalous dimension g is given by

dlog Z'
dlog 1

- O‘ZSF{ [410g (%) +6} § (o —w)

Ys(w,w', 1) =

w(w —w) ww-—w)

(42)

18w { O —w) | Olw= w,)} } +0 (af) . (43)
+

The large logarithms can be re-summed using the above renormalization group

evolution equation.
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Summary
» We have worked out the analyticity structure of the soft-quark function
by making use of light-cone perturbation theory.

» The unorthodox momentum routing of the soft-quark function leads to
non-local contributions in the renormalization, which makes the
renormalization non-trivial.

»> We have explained how to renormalize the soft-quark function and
confirmed the conjecture given in the literature at . order.

» The renormalization group evolution of the soft-quark function is given
explicitly, from which the large logarithms can be re-summed.
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