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Loop Is important...




Auxiliary Mass Flow (AMF)
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Direct Taylor expansion (rescale)
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Expansion based on Feynman parameterization
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Expansion based on Feynman parameterization
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Expansion based on Feynman parameterization
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Expansion based on Feynman parameterization

U and F can
be determined

geometrically

U = T123T567 + T4T123567 ,

F = (—512)(Z203T4567 + T5T6T1234 + T2T4T6 + T3T4T5)

- (—so93)T12407 + (—p2)T7(T2Ts + T5T1234)

where x;;r... = T; + T; + Tk T and s;; = (p; + p;)~.



Expansion based on Feynman parameterization




Expansion based on Feynman parameterization




Expansion based on Feynman parameterization
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Expansion based on Feynman parameterization

7(vac),D _/ dPg1dP g /Hdaz r x5z ed(1 Zazl)U —D/2
orais = | TE g ] (a + 42)? + 0
)D+N / 1 ldyl yl/z—ldyz yus—ldy3 1 du. du-d 2 5(1 . . L )U—ﬁ/z
()  T(n) T() = 150 ] Wrdaduavitevs o1~ — 32— s
X5(1 — Y1 — Yg — yg)F(Nu — E)U_D/z. (12) - 4I(va(:) D+6
{6,4,3} -

(vac),ﬁ (vac),D y(vac),D
I{VlaV‘Z’VB} — 1{1’1’1} ’1{1’1’0}

I(vac),D+4 _ 3Z(D — 3) I('vac),D (D — 3)(7D — 4) I(:va.c:),D
{2,1,1} (D—-1)D(D+1)(D+2) {48 (D—=1)D%*(D +1)(D +2) {hL0

13



Expansion based on Feynman parameterization
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Matching for the Reduction
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Equation numbers (rows):
different scale combo &

different powers of 7

To be solved (cols): 7’s
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Matching for the Reduction

Ml,l Ml,nc 21 0

Mnc,l e Mnc T, ch O

M(D) - X(D) = 0,

Elements of M may contain poao)
Do we really need all of them?

Goal: the reduction of integral/amplitude

% — Clll -+ 6212 + ... = d_4€_4 —+ CZ_3€_3 + Cl_2€_2 —+ CZ_1€_1 + CZO + @(6)
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Matching for the Reduction

M(e) = Mg + Mje+ - - + M, €™ + O(e™ 1),

X(G) — XO + le + P + mem + O(€m+l).




Matching for the Reduction

Mp-Xg=0 with 7, solutions

Mo- X5 =0, | x{=(x %2 X)

However, COX(l) puiiiie o CFOXSO Is also one solution

MO'Xl‘l‘Ml'XO:O, =

X§ +X{e, XY =X§Y o)
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Matching for the Reduction

Suppose that up to € we have the solutions
Xo? +X{ e+ +XUP)eP

Then at e?PT! we can have
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Matching for the Reduction

Then up to the next order e?*! we can obtain the solu-
tion,

X(()"‘pu) 4 Xgr”“)e 4o X;:r_)fl)epﬂ-l, (27)
Truncated

where solutions

x{ett) = xie) ClrwTot1),

Exact
solutions

Xz(jrp'f'l) = Xz(;"p) . CI()TP’TP“LI). (28)

Therefore, by the iteration relations we can obtain the
approximate soulutions XPP7oF (¢),

XPPTOT (¢) = Xér-rn) n X(lrm)e RS Xg;m)em. (29)
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Toolkits



Julia-lang code AMFE,j|

» Direct Taylor expansion (as cross check for now)

» Expansion based on formula of Feynman parameterization (FORM, Fermat, Julia)

1. Expand for given order

F —N,Sm.) _N(m-) o0 —N(m) Fp
TR = (—wm) Z

p=0 D U ( o Zn)p

obtain clsmtzxflxgzxgl U™ + -

2. Distribute (TH2) jobs for different scale combos (may further split terms according to the

expansion order). Then recover In1 n,n;

3. Implement IBP and dimension shift, and then organize the coefficient constants (polynomial of
D).

4. Summarize the final results of the coefficients into JLD files.
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Julia-lang code MatchSeries.|!

» First problem is the order of # expansion. (Enough equations for the z’s
solution & enough equations for stablizing the solutions.)

The truncation Ml(e¢) = My + M e + - + M ™ + O (6’””“) cannot directly
give the answer, since further more order of 17 expansion will change M.

» Then we go back to the original equation V(1)) - X () = 0, and solve the

nullity by choosing random numbers of D in several different (prime) finite
flelds.

 Found the mostly appeared number of nullities as the “estimated nullity”.
Number of independent solutions should be no less than number of LHS.
NOTE: the coefficient of reduction LHS should not be zero.
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Chinese Remainder Theorem (CRT)

r=a; (mod m,)

r=a, (mod my)

n
r = Z aibib; (mod M)
i=1

b; = M /m; (the product of all the moduli except for m;).

/ —1 If pis a prime number and g is a natural number, then

a” = a(mod p).



Rational reconstruction
a=n/d (mod M).

da =n (mod M)

Extended Euclidean algorithm gives sequences:

Ms;, +at;, =r;,, M >2ND



Julia-lang code MatchSeries.|!

e Modularize the coefficient matrix into several finite fields
Do the nullspace calculation in finite fields.

 Combine the nullspace matrices using CRT, by keeping the first element of
nullspace as 1. Otherwise the solutions from different finite fields may differ by
a factor, so that the reconstruction will fall.

e Rational reconstruction for the true solution.

* Check if the solution satisfy the nullspace matrix equation.
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Thank you!



