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Introduction

» the high accuracy expected from experimental data which
IS being collected at the Large Hadron Collider(LHC)

» calculation of loop amplitudes —— rewrite them as a
linear combination of loop integrals.

» While the coeffcients of this linear combination are
rational functions of kinematic invariants, the loop

Integrals can instead be computed in terms of special
functions.
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(1= ModularInverse[43, 67]

out[1)= 53
nz;- Mod[43 % %, 67]
outizl= 1

qg=a/beQ,

q mod p = (a x (b~! mod p)) mod p.

2= RatMed[nume , denec_, p_] := Med[ModularInverse[deno, p] Mod[nume, pl, pl;

RatMod[2, 5, 67] (+ 2/5 HEARBEZ; i1 £54+)

outsl= 54
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(7= P = Prime[l288@]

2 12
a”,b” < n.

out[17]= 184729

npar= Sqre[p/ 2.]
out[1gl= 228.833

FITA 01 o BELEHE AN K T-228 1A FRE 4
nfey- Table[i/ 3, {i, -228, 228}, {j, 1, 228}] // Flatten // Union // Length
out[18]= 63351 = -
PR 2 PRI B 2 3

nizop= Table[RatMeod[i, 7, pl, {1, -228, 228}, {j, 1, 228}] // Flatten // Union // Length

out[20]= &3 351
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ni= Sqri[67. /2]
outi7l= 5.78792
niEp= Table[i/ j, {i, -5, 5}, {j, 1, 5}]

Table[RatMed([i, j, 67], {i, -5, 5}, {d, 1, 5}1]

rr 5 5 5 T 4 4 3 3 3 1 2,
outel= 1 1-5, ~—, - =, - —, -1y, -4,-2,-—, -1, -—=+, -3, -, -1, -—, -=, 12,1, - =, -—, -—,
LL 2 3 4 R 3 5.7 4 2 4 5 . 2 5

1 1 1 1, o 1 1 1 1, 2 1 2, 3 3 3 ( 4 4, 5 5 5 17

_13 _EJ _51 _ZJ _E:J ‘.BJ BJ E3:! E'31 9.': J'.-l_'! EJ EJ ZJ E.l’J 2: 1: EJ E: E:J 3: EJ 11 ZJ E ] J'l.q':r 2: 5: 1: E:J 51 EJ EJ ZJ 1..’_.

ouE= [ {62, 31, 43, 49, 66}, {63, 65, 21, 66, 26}, {64, 32, 66, 16, 53}, (65, 66, 44, 33, 13},
(66,33, 22,50, 40}, (0, 0,0, 0, 0}, (1, 34, 45,17, 27}, {2, 1, 23, 34, 54}, {3, 35,1, 51, 14}, {4, 2, 46, 1, 41}, {5, 36, 24, 18, 1}}

nf131= Length[Union[%8 // Flatten]]

Length[Union[%9 // Flatten]]

out[i3l= 39

Out[14}= 39

2021/10/21



Xk )L 515 & v powerful

13K PIAGCD;
2RBERM —u—IKAETTRE (AR AR E R HED
347 BRI T SRALIS
4. 5RAT EAH AT PRI AR
18s +67t == 71 Ze7
5 t Guess r/s |RatModlrs]
0 1
1 0 18/1 18
-3 1 -13/3 18
4 -1 o/4 18
-11 3 -3/11 18
15 -4 2/15 18
-26 7 -1/26 18
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ro = a RatRecByEuclid[num_, p_] := Module[{resR, ressS}, injza7= RatRecByEuclid[43, 67]
s =1 r[@] = num; s[@] = 1; t[0] = @; 143, @}
to =0 r[(l] = p; s[1] =03 t[1] =1; [-24, 1}
0— :-I.=2j 19
ry=~b While[True, {?’ -
—0 5
o1 q[i] = IntegerPart[r[i-2]/r[i-1]]; { 53
t 1 5
rfi] =r[i-2] -q[i] r[i-1]; out[24]= "3
— s[i] =s[i-2] -q[i]s[i-1];
i t[i] =t[i-2] -q[i] t[i-1]; .
qi = L'f'z'—szf'-z‘—lJ (2] [_1 I-ail®iz-4 iniz5)= RatRecByEuclid[54, 67]
resR =r[i];
Fi =Ti—2 —q4iTi-1 ress = s[i]; (54, 0}
8; = Si_o — (; Si_1 Print[{r[i] /s[i], t[i]}]; [-13, 1}
2 4
ti =ti—o —qiti—1. If[2r[i] r[i] < p&&2s[i] s[i] < p, Break[]]; {53—4:
If[r[i] =1, Print["No preimage of ", out[2s]= 2
5

num, ™ in Z", p]l; Break[]];
inzz;= RatRecByEuclid[6, 67]

el (6, 0)
resR / resS] 1 )
ot

No image of 6 in Z67

1
out2z= - 7
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> If[2r[i]*r[i]<p,Break[]]??2?? At T de B
I HZH
2 A¥ZH =,
ooz f =,
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More in detail, given a € Z,, a set of pairwise co-prime numbers ny,...n; such that
n=nq---ng, and a set of congruences

a; = a mod n;, (A.9)
a can be uniquely determined in Z,, as

a= Zmia@- mod n, (A.10)
i

_ -1
m; = ((n) mod ni) - (A.11)
Ty T

where
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in(z6]= Mod|46, 3]

Mod[46, 3]

Mod|46, 7]
out26)= 1
out[27]= 1
out[28)= 4
2021/10/21

In[29] =

Out[29]=

In[30] =

Out[30]=

In[31] =

Out[31]=

In[32]:=

Out[32]=

In[33] =

out[33]=

In[34]:=

Out[34]=

ml = ModularInverse[105/5, 5]+ 105/5

21

m2 = ModularInverse[105/7, 7]+ 105/7

15

m3 = ModularInverse[105/3, 3]+ 105/3

70

n=3%527

1es

a=mlx1+m2x+4+m3=x1

151

Mod[a, n]

46
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aMat // MatrixForm
Inverse[aMat] // Simplify // MatrixForm

Table[Inverse[aMat], {i, 1, 18e@}]; // Timing

5+28a 6+a 7+b6a 8+18a
6+a 7+12a B+7a 9+2a
6+16a 7+8a B8+10a 9+4a 18 + 4 a
7+5a 8+14a 9+12a 18+1%a 11+ a
8+7a 9+3a 18+19a 11+3a 12+17a/
datrixForm=

{ 24
2 | -68642693 a+7@75 3" | 1674419175 a+37 248 a®

aMat = Table [RandomInteger([20] a + i+ 3, {i, 2, 6}, {J, 2, B}];

2

686+2693 a+7875 a< |

a (441564173495 a+117492 a° |

56434611 a-11555 a>

8 (9741349 2+1789 a2

182149736 a+9144 a*

a (441564173495 3:117492 a2 | a (44156/173495a+117492 a2

1688 15227 a- 15752 a> 718456186 3:51 888 a°

44156 a+173495 22117492 a°

2565128743 2/ 28598 2>

B a (441564173485 3:117492 a2 |

564/18623 /16588 3%

T 44156 a+173495 324117492 a°

183949263 3+7572 a*

4415624173495 2241174922 44156 a+173495 a2+117492 a°

868 35163 a 31788a° 4728 75788 3 79496a°

a (441564173495 a+117492 57|

8816134317 a/37 144 2>

44156 a+173495 a2,117492 a°

24428978 8+25528a°

44156 2+173495 a2,117492 a°

4 (811/5474 a+4176a%|

441563+173495 224117492 a° 44156 a+173495 24117492 a°

1288:174087 a+26458a° 606/51822 a/69196a°

a (44156/173495a+117492 32|

2755 27273 a 39650 a°

a (441564173495 3+117492 32|

1468 10737 a 17284 a°

a (44156/173495a+117492 32|

232114479 a+13356a°

a (441564173495 3+117492 a?| a (44156/173495 a+117492 3%

112428345 a+27 724 22 5 [-346.82312+12852 a”

44156 a+173495 a%+117492 a>

208321835 a-34 804 a°

44156 a+173495 a2+117492 a°

8 (15342420 a+2816 a2 |

" 44156 3+173495 a24117492 a2

1415385 a+6972 a2

441563+173495 2241174923 & (441564173495 a+117492 a2

outisl= {1.85938, Null}

2021/10/21
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Newtony%:

R r—1
flz) = Z“T H( — i)
r=0 =0

=ap+ (2 — o) (“‘1 +(z — ) (CI-Q + (2 — if?)(' (2= Y1) “'-r))) . (3.5)

The coefficients a, can be computed recursively by evaluating the function f at the values y;
as

ap = f(yo)
_ flyn) —ao

aqg = —

Y1 — Yo

1 1

ao — ( T(y2) — ao — (1.1)

(f( ) );Efz — Yo Y2 —

1 1 1
a = (((f(yr) — ao) = —em ar_l) —  (36)
Yr — Yo Yr — U1 Yr — Yr—1

2021/10/21 15



Thiele 7%

Z— Yo
f(z) = a0+ Ty
i | 1
al + — _
Z— Y3
27+ A A |
.o _|_ v -
apn
1\ 1
Z—YN-1
ap = f(yo)
o = LW
f(yl) — g
1 —1
2= ((f(m) —ao0) (42— yo) — al) (y2 — 1)
— } B
Y (((f(yj) — o)™ (45 = w0) = al) (i =) == “‘J'—l) (yj —yj-1).  (3.11)

2021/10/21
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n(117;= eva = Table[Inverse[aMat /. a - y[i]][[1, 1]], {i, @, 1ee@}]; // Timing
out117}= {©.125, Null}
nesp= eva[[1 55 1@]]

- 18164 5560 142136 61643 126436 135086 104 249 89 1193252 33352
1335143° 143519’ 4866207 ° 2618008 ° 6414885 7972257 7015729 ° 6728 ° 100102167 3874615

Out[eg]=

nesp= af@] = eva[[1]];
n = 1_;

18164 763592616 (-1+z)
While [True,

335143 B 48 899 388 217
18164 -1l+z

x=eval[[n+1]]; +

) ) ) 335143 28899388217 132682738652848383483 (2.2

Do[x = (y[n] -y¥[i]) / (x-a[i]), {i, @, n-1}]; 763592616 7779 843 991 953 369000
18164 -1l+z

afn] = x; " T izegsssEaly 2.7
335143 - veaceicls | 7779843591953 365008 376038819698 150808 259 71997 [ 3.5

132882738652 845 383483 281899 295385575 728 @67 957833 149
funRec = a[n] ;

Do[funRc = a[i] + (z-y[i]) / funRec, {i, n-1,8@, -1}];

funRc // Print;

b
If[eva[[n+ 2]] === (funRc /. z > y[n+1]), Print[n]; Break[]]; ) .
2 (-686 + 2693 z + 7075 27|
n++] Out[72]= ; 7
funRc // Simplify z (44156 + 173495z + 117492 z° |

2021/10/21 17
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PR32 F A2 (1)

n[7= = 9223372036854 775643

outfi7l= 9223 372@36854775643

n77;= evaFF = RatMod [Numerator[#], Denominator[#], p] & /@eva[[1 ;; 18]]

outf7= { 9178559801663 456372, 2051623331437 313928, 2140326441454169722, 8706494 860909 142 666,
2855116881842794181, 8739448592779163129, 4704132991499695688, 5556231698 182581106, 4937189323968 731243, 2835292609691016202

n7ep- eval[[1 55 1@8]]
- 18164 5500 142136 61643 126436 135086 104240 89 1193252 33352
13351437 143519° 4866207 2618008 6414885 7972257 ° 7015729 6728 ° 1@@102167 3074615

Oul[78}=

In[ RatRecByEuclid[#, p] & /@ evaFF

18164 5500 142136 61643 126436 135086 164240 89 1193252 33352
13351437 143519° 4866207 2618008 6414885 7972257 ° 7015729 6728”7 168102167 3074615.

Out[79]=

infiosp= a[@] = evaFF[[1]];
n=1;
While[n < 7,

x=evaFF[[n+1]];
Do[x = (y[n] -y¥[i]) / (x-a[il), (i, & n-1}];

a[n] = x3

funRe = a[n];
Do[funRec = a[i] + (z -y[i]) / funRe, {i, n-1,@, -1}];

funRc // Print;

templ = RatMed@[evaFF[[n + 2]], pl;
temp2 = RatMed®[ (funRc /. z > y[n+1]), Pl;
If[templ === temp2, Print[n]; Break[]];

n++]
funRc // Simplify

9170559801663 456372 - 7118936470226142444 (- 1+ z)
outfiogl= | 741178 753 044356 501 978472931 389871999050 259656 878830773 305724 388870127 878680 932 - 850877417 852
270459891 499 799 060 945 248 406 864 589 502 687 900 649 686 916 161 865 520 607 087 495 670 646 588 z° - 25 468 86¢
(174797038 409 816269030 129362329 229637941 511002 776450 219 791602 - 226 012620 683 873 642905 914 08846
2021/10/21 72681399 420343636297 518018574 717 382 914 636 875 367 213 547 849498 z° - 6712916 699 106 688458 607 244 6¢

18
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outfiog= (741178753 044356501 978472931 3890871 999850 259656 878 830773 385 724 388870127 878680932 - 850877 417 852635523 601230753 429 273326 807 702597 513 269493 782519 226432 854787769122 z ~
270459891499 799 060 945 248 406 864 589 502 087 980 649 686916 161 865520 607 087495 670 646 588 z° - 25 468 865 390 396 853 397 394 812612 207 549 239 189 749 095 157 735 005 695 693 289123 536 863 838 2° ) /
(174797038409 810269030129362329229637941511002776450219791602 - 226012620083 873 642905 914 088460 278 695403 577 878 119327 337419463 z +
72681399420 343036 297 518 818574 717 382 914 636 075 367 213 547 849498 z° - 6712916 699 106 688 458 687 244665 535 031138 785 248 769179 281 408157 27

n[112;= numeCoelist = Mod[#, p] & /@ CoefficientList [Numerator[%188], z]

outf112= {8655736067872408322, 5576185570913 052 9608, 2049 285 997259981471, @}

n[1241.= numeCoelistl = RatMod@[#, p] & /@ (numeCoelist /5657861155427 @@6 @64)

outfiz4- {6146965130459333672, 7572790330286553 043, 3695113 944468724895, @}

n[125;= numeCoelist2 = RatRecByEuclid[#~, p] & /@ numeCoelistl

49 2693 7075
outli2sl= |- 5o > 3
. 1577 22878 22078

niz0n= denoCoelist = Med[#, p] & /@ Coefficientlist[Denominator[%1@8], z]

out(120]= {8, 5657061155427 006064, 5757 482 262860 835836, 2627420 215444341021

3= denoCoelistl = RatMod@[#, p] & /@ (denoCoelist /5657861155427 @06 064)

outfizi= (@, 1, 1838830 260935735075, 2829091196375601989

in[134;- RatRecByEuclid[l1@3@ 838 268935735875, p]

24785
6308

Out]134)=

nias;= denoCoelist2 = RatRecByEuclid[#, p] & /@ denoCoelistl

24785 29373,
6388 ’ 1139

outf13s= 10, 1,
n(26:= (Plus @@ (numeCoelist2« {1, z, 22, z"3})) / (Plus @@ (denoCoelist2« {1, z, z"2, z"3})) // Simplify

2 (-686 + 2693 z + 7875 27

Cut[136]= . N
z (44156 + 173495 z - 117492 22|
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R

r—1
f(zlw e 1371} - Z H'T(Z‘ZF sy zﬂ} H(zl - yi}? (312)

where, as before, the y; are distinct elements of F. The solutions for the coefhicients a, in
Eq. (3.6) also apply to the multivariate case, with the following substitutions

flyj) — f(yj,2z2,...,2n), aj —* aj(z2,...,2n). (3.13)

2021/10/21 20
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The method illustrated in ref. [26] consists in introducing an auxiliary variable ¢ and
defining a new function h € F(t,z) as

ht,z) = f(tz) = f(tz1,....tz). (3.16)

Using the canonical representation of f given by Eq. (2.7) and denoting the total degree of
the numerator and the denominator of f by R and R’ respectively, we get

R
Zﬁr(z)tr

hit,z) = ——% , (3.17)
1+ Z Q'r’(z) fr"

r'=

where

pr(z)= Y naz®,  qe(z)= Y dzz’ (3.18)

are in turn obtained by reconstructing
hy,(t) = h(t,y:) (3.20)

as a univariate rational function in ¢ and identifying p,(y;) and g (y;) with its coefficients.

2021/10/21
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{%] compute degrees

%] define_graph

&) evaluate points

{%] generate_points
| README.md

| reconstruct

Machine-size number

degrees.fflow
points_3.fflow

evaluations_0_15 points_3.fflow

https://github.com/peraro/finiteflow
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T. Peraro, Scattering amplitudes over finite fields and multivariate functional reconstruction, JHEP 12 (2016) 030, [1608.01902].
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T i ) 3

- list@4 = Table[256" (i - 1), {i, 4}];
lict®8 = Table[256" (i -1), {i, 8}];
Hexlist4ToDeci[exp List] := Plus @@ (exp * 1list@d) ;
Hexlist8ToDeci[exp List] := Plus @@ (exp % 1list@8) ;
HexlistToDecilist[exp_, num_Integer] := Module[{len, temp, list, res},
If[num=!=4&8& num =!= 8, Print["illegal input:", num]];
len = Length[exp];
temp = QuotientRemainder[len, num];
If[temp[[2]] =!= @, Print["not complete"]];
list = Table[exp[[ (num#* i - num+ 1) ;5 (num=1i)]], {i, 1, temp[[1]]3}];
Switch [num,
8, res = Hexlist8ToDeci /@ 1list,

4, res = Hexlist4ToDeci /@ list];

res

13

2021/10/21

v = DeciToHexlist[exp_Integer] := Module[{list, temp},

list = {};
If[exp === @, Return[ConstantArray[@, 8]]]; (+«fasters)

(+*If [exp<256,Return[Join[ {exp},ConstantArray[@,7]]]];*)

temp = QuotientRemainder[exp, 256] ;

AppendTo[list, temp[[2]]];

While[temp[[1]] =!=8,

temp = QuotientRemainder[temp[[1]], 256];

AppendTo[list, temp[[2]]11]3;

1;

list = PadRight[list, B];

(*While[Length[list] <8,AppendTo[list,@];];+*)
If[Length[list] > 8, Print["too large Integer:", exp]l];

list

3

24



S

FEARE IR Y DA A% 2

- listpoint = Readlist["points_1l.fflow", Byte];

sample = HexlistToDecilist [listpoint, 8];
len = (Length[sample] - 2) / sample[[2]]

- samp = Table[sample[[(len* (i-1) +3) ;; (len*i+2)]], {i, sample[[2]]1}];
Put[samp, "samp24.txt"]

flaglist = Table[Reverse[PadLeft[IntegerDigits[#, 2], 64, @]] & /@ samp[[i, nparsin+ 2 ;; len]] // Flatten, {i, sample[[2]]}];

v 1= evalist = Table[Join[samp[[i]], PadRight[solmicoelist[[i, Flatten[Position[flaglist[[i]], 1]1]1]1], nparsout, ®]], {i, sample[[2]]}];
evafflow = Join[ {nparsin, nparsout + Ceiling[nparsout / 64], sample[[2]], @}, evalist] // Flatten;
evafflowhexlist = DeciToHexlist /@ evafflow; // Timing

BinaryWrite ["evaluations @ 5473 points_1.fflow", evafflowhexlist]; // Timing

2021/10/21 25



