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Single top quark hadron production

Measurement of Vtb

t-channel s-channel

t+W



QCD corrections:

t W  1-loop QCD with K-factor 1.4~1.7

………………Ze Long Liu, Jun Gao, Phys. Rev. D, 2018, 98:071501



The need for higher order QCD corrections

QED 𝛼~𝑂 0.01

QCD 𝛼𝑠~𝑂(0.1) (𝜇 ≫∧𝑄𝐶𝐷)

QED are more convergent

in perturbative expansion than QCD

For higher order corrections, one of the difficult parts 
is the calculation of multi-loop integrals.



Sample of two-loop Feynman diagrams for t+W hadron production



Sample of two-loop Feynman diagrams for single top quark hadron production
(one massive propagator)

(1) (2)

𝑆𝑐𝑎𝑙𝑒𝑠: 𝑠, 𝑡, 𝑢,𝑚𝑊, 𝑚𝑡

Sort the feynman diagrams by 
number of massive propagators



Sample of s-channel and t-channel two-loop diagrams



31MIs



34MIs



Integrals Reduction: IBP  (integration-by-parts)



• Reduction Packages:

FIRE, Reduze, Kira…



Differential Equations (DE):

x are Lorentz invariant kinematics



Progress in DE method:



Weight / Transcendentality

Log[x]^n, 𝝅^n, 𝜻(n),Lin[x]

Uninform weight-n.



Can be evaluated by 
Feynman parameters

Example



Based on MB 
representation

Planar 



Choosing canonical  basis 
(basis with uniform 
transcendentality) 

d=4-2∈

For random basis g，we may have:

We can choose new basis f:





How to Find 
Canonical Basis

………………



………………



Integrals for 
first family

Choosing 
good 
integrals





Basis for first family:



Introduce new variables:

(1)



For non-planar family (2)

(2)



Letters:



Goncharov Polylogarithms

GINAC

Fortran



Boundary conditions:

1.Integrate directly
2.Regular conditions

𝐹1 =

𝑑𝐹25
𝑑𝑥

=

𝐹24=0 at x=1



Numerical check:



Integrals beyond mutilple polylogarithms

Applying Maximal Cuts to obtain 
homogeneous solutions:



Outlook

• Analytic calculation for several families could be achieved

• Full analytic calculation for all families is still very challenging 

• Numerical way is promising   see Ma’s talk



Thanks!


