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Generic strategy of loop computation

Feynman Expansion in a Final result in
integrals basis of integrals functional form

. N Solving integrals,
Feynman diagrams, Integral reductions: . . .
2 . . functional identities
On-shell unitarity PV reduction, IBP o
. to simplity the
method, ... reduction, ... esult

Z (integrand) Z ¢ M, Z functions

Compact

Complicated intermediate expressions .
analytic form



Two-loop six-gluon amplitudes in N=4

k\

A = -+ many more

[Del Duca, Duhr, Smirnov 2010]
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Result can be remarkably simple

17 pages -~ [Goncharov, Spradlin, Vergu, Volovich 2010]
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a line result in terms of classical polylogarithms!
Such simplicity is totally unexpected using traditional Feynman diagrams!

Mathematical tool: “symbol”



From function to “Symbol”

Recursion definition of “Symbol™;

dfy =) fio1dLog(Ry),  Symbol(fy) =3 Symbol(f;_1)®R;
Function Ditterential symbol
R d R 0
l0g(R) d log(R) R

log(R1)log(R2) logR1 dlogR2+logR2 dlogR1 ' R1 ® R2 + R2® R
Li2(R) Li1(R) dlogR -(1-R) ® R



Symbol

Algebraic relations:
Ri®..0%(cR)®.. Ry =R1®...QR;®...QRn c IS const

R1®...®9(R; Rj)®...QRp, = R1Q...QR;®...QRn + R1®.. .QR;®...QRn

Make it easy to prove non-trivial identities, e.g.:
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Lis(z) = —Lis(1 - 2) — log(1 — 2) log(2) + %

2
”—

Iy 1, n
Li>(7) = —Ll:[;)— E log=(—z) - ? [z (0, 1)

iz (5 iz () -2 () -Lia () -Lia (5t — 5 ) = Loati-n)Log (1)



Applications

Complicated
expression

Simple

—p» symbol —p .
expression
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Applications

Complicated
expression

Simple

—p» symbol —p .
expression

A better strategy:

Derive symbol directly without knowing function in advance.

Bootstrap strategg Dixon, Drummond, Henn 2011, ....

We will apply a different strategy based on master integrand expansion.



Outline

Background and Motivation

New bootstrap strateqy

Two-loop four-point form factor

Summary and outlook




Bootstrap



Bootstrap

Bootstrap

Top-down

Bottom-up

O @



S-matrix program

The Analytic _ _
S-Matrix “One should try to calculate S-matrix elements directly,

without the use of field quantities, by requiring them to
have some general properties that ought to be valid, ....”

— Eden et.al, “The Analytic S-matrix”, 1966




Conformal bootstrap

Vyacheslav S. Rychkov

Alexander M. Polyakov

2-dim ——  D-dim



Bootstrap of amplitudes

Symbol bootstrap

Computing the finite remainder functions using symbol techniques.
gtz — Physical constraints [ummmd

In symbols

S = 20 @, W, SR = 3 e @ W)

i l



Bootstrap of amplitudes

Symbol bootstrap

Computing the finite remainder functions using symbol techniques.
gtz — Physical constraints L

In symbols

S = 20 @, W, SR = 3 e @ W)

i l

The new strategy we will use

Physical constraints |[Emmme Solution of
coefficients

Lo};(l),ansatz — Z Ci Ii(l) g(l) — Z Ci Il‘(l)
[ I

Ansatz

In master integrals



‘master bootstrap”

Ansatz in master

. . Solution of
: ; — Physical constraints Jasmmnd o
iIntegral expansion coefficients

Symmetry property

Z (Dansatz _ Z C 7O Z (D.ansatz _ Z C, Ii(l)
l .
] l
i

IR divergences

Collinear factorization

Unitarity cut




Application:
two-loop four-point form factor



Form factors

We consider two-loop four-point form factor in N=4 SYM:
Fooa = [dre 1,234 106w 10

It is a N=4 version of Higgs+4-parton amplitudes in QCD: ===




Form factors

We consider two-loop four-point form factor in N=4 SYM:

Fooa = [dre 1,234 106w 10

|_|
It is a N=4 version of Higgs+4-parton amplitudes in QCD: ==

Five-point two-loop amplitudes are at frontier and under intense study:

There have been many massless five-point two-loop amplitudes
obtained in analytic form. see e.g. Abreu, Dormans, Cordero, Ita, Page 2019 and many others....

For five-point two-loop amplitudes with one massive leg, so far only

one result is available: uc? — W+bg Badger, Hartanto, Zoia 2021



Form factors

Our result provides a first two-loop five-point example with a
color-singlet off-shell leg.

F o4 = Jd4xe_iq.x<1¢92¢,3¢4+ | tr(¢3)(x) 10)

15125 5235 8345 8145 $13> S245 I5 }; trs = 418p1p2p3p4

< {11 T < < L&

Planar master integrals have been evaluated recently.

Abreu, Ita, Moriello, Page, Tschernow, Zeng 2020
Canko, Papadopoulos, Syrrakos 2020



Ansatz

Fou= [dxe 1,203 1010

laval- ) _ 700 16 96 30 4y BL
Tree-level: Fa = Faag,) (19,25,3%47) = 2o
One-loop: F =R = FO(BiG{" + B, 65"

(X mag) - [ ma)] « mima(al? - ")



Ansatz

Fou= [dxe 1,203 1010

Tree-level: FO = 7O (19 29 39 4+) = (31)
4 (¢ 2)( 9 9 ’ ) <34><41>
One-loop:  F = A1) = 79 (B,6{" + B,G4")

Two-loop ansatz: |r{® = ;<0>( @ 4 B, g<2>)

221
(2) _ (2),UT 2 2
ga o ZC“ ZI ) é ) = £ )‘(p1<—>p3)

1=1



Ansatz

Fou= [dxe 1,203 1010

laual O _ £0) (16 99 36 4+ — 3D
Tree-level: Fa =Pty (19:2%,3%47) = 2
One-loop: F = FO10 = 7O (3101 + B, 65")

Two-loop ansatz: |r{? = i0>(31 §2>+BQQ§2>)

221

2) _ (2),UT 2 2
gé ) = ZIZ ? é ) — £ )‘(p1<—>293)
1=1



Constraints

IR divergences BDS ansatz

TABDS — — (7MW () 4 f@ ()7 (2¢)

DO | —

Collinear factorization

R® = [1) _ 7®:BDS] pi |l Pit1, R®.

Spurious pole
TP = ZB[ (G0(@)" + PV (2¢)
Unitarity cut

(S0 [ 6] mstt? -t



Constraints

2 Constraints Parameters left

IR divergences Symmetry of (pr ¢+ ps) o1

IR (Symbol) 82

3 : s Collinear limit (Symbol) 38

Collinear factorization Spurious pole (Symbol) ”

IR (Function) 26

S : | Spurious pole (Funcion) 25

purious poie Collinear limit (Funcion) 18
Unitarity cut



Constraints

Remaining 18 parameters can be

IR divergences fixed by knowing master integrals:

B OO

Collinear factorization (a) dBub 4 (b) dBub 1
G L LT
_ VAN A g
SpurlOUS p0|e (c) BPb (d) TP (e) dBox2c

4 8 4
Unitarity cut




Constraints

IR divergences

Collinear factorization

Spurious pole

Unitarity cut

Remaining 18 parameters can be
fixed by knowing master integrals:

4
1 2 1 2
X, P O

(a) dBub 4 (b) dBub 1
1‘0 : 2 ‘ —;i IEEEEEE
> fl > 43 1 > ﬁl > 43 1 < > 4
(c) BPb (d) TP (e) dBox2c
4

\ l / \5(61)

trs ><,u2



Constraints

Remaining 18 parameters are

IR divergences related to master integrals:
OO, OO
Collinear factorization (a) dBub (b) dBub
1@ >—2 : ’ > 6 | & | 3
SpurlOUS p0|e (c) BPb (d) TP (e) dBox2c
Unitarity cut Can be fixed via simple two-double cuts:

. (T A ~
n(/\)n():%:\:(): |
T\ T\ |



A summary

Constraints Parameters left
Symmetry of (p1 <> p3) 221

IR (Symbol) 82
Collinear limit (Symbol) 38
Spurious pole (Symbol) 31

IR (Function) 26
Spurious pole (Funcion) 25
Collinear limit (Funcion) 18

If keeping only to €’ order 14
Simple unitarity cuts 0




A summary

Substituting in the master integral results, we have the
full analytic form in GPLs, and they can be evaluated
with GiNaC to ‘arbitrary’ high precision:

f(Q)/f(O)

e 4 8

e 2| —10.888626564448543787 + 25.1327412287183459084
e ?|—31.872672672370517258 — 16.5580177119810286444
e 11 —24.702889082481070673 — 2.99232292947494907514
e | —82.902014730676342383 — 129.781510924806028303

up to finite order with the kinematics: {s12 = 241/25,
S93 — —377/100, S34 — 13/50, S14 = —161/100,
S13 — S94 — —89/100, tI‘5 =V 1635802/2500@}



Technical points: symbol letters

Sym(R( )) Z C’iW’h X WZ'Q X Wi?) X Wi4

Buildin g blocks Abreu, Ita, Moriello, Page, Tschernow, Zeng 2020

SCi _ 1+ Sij — Skl =+ \/ AS zgkl A3,ijkl = Gram(pi —l—pj,pk —|—pl) ,

gkl 2823

n try (ijkl) try (ijkl) = 8iiSk1 — SikSji + SitSjr £ trs,
Yijkl = T9g o 7

1721
A KoV P

zzj;]i:l =1+ yi:;k:l — Zl?lj;jk 3 tI‘5 — 426,LWPUp1p2p3pZ

o
WijLyipp — Wigl

Xl(pi+p'7pk7pl): — )
MOSt ’ Wiy 51 — Wigl
' T
complicatea Xapi + pysi 1) =~
zgk:l
letters: i (0051 i) try (ifkl) Ui
1\VMis P Pk Pl) — . = T_—
/ tr_(ijkl) Yk
Vg + 1
Yo(pi,pjs Py D) = —
: ! yzgkl—l_l
++

V4 2. .
17kl zjk:l
Z(pi7pj7pkapl) — —1
Ziikl%ijkl



Technical points:
collinear Iimit of form factors

Dual momentum space

(2123) - (1123) -

Do+ 76 7 g
270 512 T )

2



Technical points:
numerical computation

Master integrals are evaluated in multiple polylogarithm.
Canko, Papadopoulos, Syrrakos 2020

A different set of kinematics are chosen.

{q1,92, 93,94, g5} with ¢; massive {x,S12, 523,534,545, 551 }

rp2
Ip1

—P1234

/

D123 — TP12 D4

q1 — P123 — P12, Q2 — P4, Q3 — —P1234, G4 — TP1



Summary and outlook



Summary and outlook

We present a first analytic computation of a two-loop
five-point scattering with one color-singlet off-shell leg.

We develop a new bootstrap strategy based on master
integral expansion, which applies efficiently for this case.



Summary and outlook

We present a first analytic computation of a two-loop
five-point scattering with one color-singlet off-shell leg.

We develop a new bootstrap strategy based on master
integral expansion, which applies efficiently for this case.

Outlook:
Consider more general observables.

Study the new constraints beyond collinear limit, such as
OPE limit, Regge limit.

Hidden analytic structure, such as Qbar-like egn.



Thank you!

o



Extra sliges



Unitarity cuts

Consider one-loop amplitudes:

TOL =5k T +56 P< o+ zh XK
N

What we really want




Unitarity cuts

We can perform unitarity cuts:

[ f v ’
= ;e/;(g)%: zoajﬂw+2aji>< +zb1;></b<
J / / '

and from tree products, we derive the coefficients more directly.

Cutkosky cutting rule: |~ =— = e = 5(t)




