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What is form factor?

Form Factor

Amplitude

Operator
Asymptotic States

Asymptotic States

E.g. 𝑔𝑝1
− , 𝑔𝑝2

− 𝒪 𝑞 Ω

= නd4𝑥𝑒−𝑖𝑞⋅𝑥 𝑔𝑝1
− , 𝑔𝑝2

− 𝒪 𝑥 Ω

E.g. 𝑔𝑝1
− , 𝑔𝑝2

− , 𝑔𝑝3
+ , 𝑔𝑝4

+ |𝛺



Why is form factor important?

𝐅tr𝐹2



Calculate in 𝒩=4 SYM 

Our work:

• 𝒩 = 4 Super Yang-Mills Theory

• 3-loop 3-point full-color form factors with operators: tr𝜙2 tr𝐹2 , tr𝜙3

• With color-kinematics-dual structure

𝐅tr𝐹2,3

QCD

𝒩 = 4 SYM 

Maximal
Transcendentality 

Principle
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What is color-kinematics duality?

𝐀(𝐿) = 

𝑡𝑟𝑖𝑣𝑎𝑙𝑒𝑛𝑡 Γ𝑖

නෑ
𝑗

𝐿

𝑑𝐷𝑙𝑗
1

𝑆𝑖

𝐶𝑖𝑁𝑖
ς𝑎 𝑑𝑖,𝑎 kinematics factor

color factor ሚ𝑓𝑎𝑏𝑐 = 𝑇𝑟 𝑇𝑎, 𝑇𝑏 𝑇𝑐

𝑠𝑖𝑗 = 𝑝𝑖 + 𝑝𝑗
2

Color factor Kinematics factorDuality

[Bern, Carrasco, Johansson 2008]
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𝐀4
0

𝑝1, 𝑝2, 𝑝3, 𝑝4 =
𝐶𝑠𝑁𝑠

𝑠
+

𝐶𝑡𝑁𝑡

𝑡
+
𝐶𝑢𝑁𝑢

𝑢

𝐶𝑠 = ሚ𝑓𝑎1𝑎2𝑏 ሚ𝑓𝑏𝑎3𝑎4 𝐶𝑡 = ሚ𝑓𝑎1𝑎4𝑏 ሚ𝑓𝑏𝑎2𝑎3 𝐶𝑢 = ሚ𝑓𝑎1𝑎3𝑏 ሚ𝑓𝑏𝑎2𝑎4

𝐶𝑠 + 𝐶𝑡 = 𝐶𝑢 Duality 𝑁𝑠 + 𝑁𝑡 = 𝑁𝑢Jacobi Relation Dual Jacobi Relation



• Proved at tree-level

• Still a conjecture at loop-level, relying on explicit constructions:
• 4-loop 4-point amplitudes in N=4
• 5-loop Sudakov form factor in N=4
• 2-loop 5-point amplitudes in pure YM

[Feng, Huang, Jia 2010]

[Z. Bern, et al. 2012]

[G. Yang 2016]

[O’Connell and Mogull 2015]

Usually non-trivial to find CK-dual solution at high loops

[Bjerrum-Bohr et.al 2009; Stieberger 2009]

What is color-kinematics duality?
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Tools: color-kinematics duality & unitarity

Strategy of high-loop calculation:

Get integrand ansatz

Solve integrand ansatz

Color-kinematics duality

Unitarity

Symmetry



What is unitarity?

𝑖

𝑙2
→ 2𝜋𝛿+ 𝑙2Unitarity cut: Set certain internal momenta on shell

Cut

𝐅𝒪,3
(1)

𝐅𝒪,3
0
× 𝐀4

0



𝐅𝒪,3
(1)

= 𝐶1𝐼1 𝑁1 + 𝐶2𝐼2 𝑁2 +⋯

How to use unitarity? 𝐅(𝐿) = 

𝑡𝑟𝑖𝑣𝑎𝑙𝑒𝑛𝑡 Γ𝑖
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e.g. 1 loop, 3 point, 𝒪 = tr𝜙2

, ⋯,

color factor kinematics factor



𝐅𝒪,3
(1)

= 𝐶1𝐼1 𝑁1 + 𝐶2𝐼2 𝑁2 +⋯

𝐅𝒪,3
0
× 𝐀4

0
= 𝐶1Cut 𝐼1 𝑁1 +⋯ Get constraints on 𝑁s

How to use unitarity? 𝐅(𝐿) = 

𝑡𝑟𝑖𝑣𝑎𝑙𝑒𝑛𝑡 Γ𝑖
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Cut

e.g. 1 loop, 3 point, 𝒪 = tr𝜙2

, ⋯,

,⋯



• Physical quantity: form factor (Higgs amplitude)

• Tools: color-kinematics duality & unitarity

• New 3-loop result

Content



New 3-loop result (3-loop 3-point case)

Get integrand ansatz

Solve integrand ansatz

Color-kinematics duality

Unitarity

Symmetry
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New 3-loop result (3-loop 3-point case)

Solve integrand ansatz

𝒪 = tr𝜙2

UnitaritySymmetry

316 → 105 105 → 24

4-cuts to solve:

Other cuts to check:

⋯



New 3-loop result (3-loop 3-point case)

Get integrand ansatz Color-kinematics duality 𝒪 = tr𝜙3

𝑁𝑠 +𝑁𝑡 + 𝑁𝑢 = 0

Dual Jacobi Relation

Ansatz with 273 parameters

Master numerators

10 parametersSolve



Integrand-level cancel

New 3-loop result (3-loop 3-point case)

𝒪 = tr𝜙2

UnitaritySymmetry

𝒪 = tr𝜙3

Free 
parameters

105

26

24

10

24

10

Ansatz

316

273

Topology

29

26

Master
numerator

2

4

Get integrand ansatz Solve integrand ansatz



• New 3-loop result: 
3-point form factor of tr𝜙2 and tr𝜙3 In 𝒩 = 4 Super Yang-Mills Theory

• Feature:
• With non-planar contribution (full-color result)
• With color-kinematics-dual structure

• Further discussion in Part 2:
• Numerical integration
• IR subtraction (planar and nonplanar)
• Free parameters

A short summary:




