
The Discussion of the 

Singularities in Triangle 

and Box Single Loop
Jia-Jun Wu

Collaborators: Qi Huang, Chao-Wei Shen

Phys.Rev.D 103 (2021) 1

第二届强子与重味物理理论与实验联合研讨会 2021.3.26      兰州大学



Content

• Background of Triangle Singularity

• What is Triangle Singularity ?

• How to search Triangle Singularity?

• How about Box Singularity

• Summary



Background of Triangle Singularity
L. D. Landau, Nucl. Phys. 13, no.1, 181-192 (1960)
S. Coleman, R.E. Norton, Nuovo Cim. 1965, 38, 438–442,
R. Karplus, C.M. Sommerfield, E.H. Wichmann, PR 1958, 111, 1187–1190.
J.D. Bjorken, Ph.D. Thesis, Stanford University, Stanford, CA, USA, 1959.
C. Schmid, Phys. Rev. 1967, 154, 1363,



Background of Triangle Singularity
L. D. Landau, Nucl. Phys. 13, no.1, 181-192 (1960)
S. Coleman, R.E. Norton, Nuovo Cim. 1965, 38, 438–442,
R. Karplus, C.M. Sommerfield, E.H. Wichmann, PR 1958, 111, 1187–1190.
J.D. Bjorken, Ph.D. Thesis, Stanford University, Stanford, CA, USA, 1959.
C. Schmid, Phys. Rev. 1967, 154, 1363,

BESIII collaboration,                      
Phys. Rev. Lett. 2012, 108, 182001
Wu, J.J.; Liu, X.H.; Zhao,Q.; Zou, B.S.    
Phys. Rev. Lett. 2012, 108, 081803



Background of Triangle Singularity
L. D. Landau, Nucl. Phys. 13, no.1, 181-192 (1960)
S. Coleman, R.E. Norton, Nuovo Cim. 1965, 38, 438–442,
R. Karplus, C.M. Sommerfield, E.H. Wichmann, PR 1958, 111, 1187–1190.
J.D. Bjorken, Ph.D. Thesis, Stanford University, Stanford, CA, USA, 1959.
C. Schmid, Phys. Rev. 1967, 154, 1363,

BESIII collaboration,                      
Phys. Rev. Lett. 2012, 108, 182001
Wu, J.J.; Liu, X.H.; Zhao,Q.; Zou, B.S.    
Phys. Rev. Lett. 2012, 108, 081803

F.K. Guo, X. H. Liu, S. Sakai
PPNP 2020, 112, 103757



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

If Integral Divergence, 
it should require the pole at



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

If Integral Divergence, 
it should require the pole at



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

If Integral Divergence, 
it should require the pole at



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

If Integral Divergence, 
it should require the pole at

The condition equation of the six masses，but maybe two solutions.



What is Triangle Singularity?

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

If Integral Divergence, 
it should require the pole at

The condition equation of the six masses



Why Triangle Singularity interesting ?

1.It is a pure kinematic effect     
->   Model independent

2.The effect of Loop                
->   Understand hadronic Loop contribution

3.Provide a peak structure          
->   May mixing with resonance

4.To extract the nature of hadron   
->   Study the coupling in the special point

5. …… 
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How to search Triangle Singularity?

Λ𝑏 → 𝑐 ҧ𝑐 Λ∗

→ 𝑐 ҧ𝑐 Λ 𝐾−

→ 𝐽/𝜓𝑝𝐾−
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Our proposal
Signal    +       Background

By follow BES’s cut, we can remove the 
contribution of J/psi-> `pp, at the same 
time we can avoid the problem from the 
Schmid theorem. 
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Signal    +       Background

From Xiao-Rui Lyu and Zi-Yi Wang

Our proposal

A lesson, the intermediate decay 

particle’s width is too small !!!

1. Narrow Peak

2. Weak strength

The better choice of 

width is around 2 MeV.
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How about Box Singularity

TS
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It shows a,b,c -> 0 
is not enough for 
extracting the 
divergence range of 
box singularity !
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Summary

• We discuss how to detect the Triangle Singularity, we should consider the 

following three point,

1.Threshold 

2.Width of the internal particle of the loop

3.Unknow vertex

• We propose a process 𝜓 2𝑠 → 𝑝 ҧ𝑝 𝜂 through 𝐽/𝜓, 𝑝, 𝜂 loop.

• We need to find new processes to detect Triangle Singularity.

• For the box singularity, it needs more hard work ……



Backup



If Integral Divergence, 
it should require the pole at

1. In the complex plane, the integral routine will be fixed 
between two singularity. 

2.For 𝑐𝑜𝑠𝜃， it is a one order singularity, thus, it will be 
convergence except at the edge. 



TS in 𝝍 𝟐𝑺 → 𝒑ഥ𝒑𝜼 process vs Schmid theorem

Schmid theorem can’t be applied directly here:

1.  pη → pη is not purely elastic process, 𝑝𝜋 channel must 
couples with it, which is effectively included in the imaginary 
part of 𝑁∗ propagator.

2. 𝜓 2𝑆 → ҧ𝑝 N∗ → p𝜂 will modify the amplitude to 

tJ/𝜓
Tree + tLoop + tN∗

Tree
2
, where tLoop ≠ telastic

Loop
.

3. Contribution of ψ 2S → η(J/ψ → pതp) can be removed by applying 
a cut mpഥp < mJ/𝜓.

Effect of the tree diagram 𝜓 2𝑆 → 𝜂 𝐽/𝜓 → 𝑝 ҧ𝑝

Red dashed line:

BESIII: PRD 88, 032010,

mpഥp < 3.067 GeV.

Schmid theorem: 

tJ/𝜓
Tree + telastic

Loop 2
=

tJ/𝜓
Treeei𝛿

2
= tJ/𝜓

Tree
2
.




