
Causality Constraints 
for EFTs and 

Selection Rules

Timothy Trott 
HEFT 2021, 16 Apr

Based on 2011.10058



Introduction

1/28

# Class Ntype Nterm Nop [10] Table(s)

1 X4 7 43 43 2

2 H8 1 1 1 2

3 H6D2 1 2 2 2

4 H4D4 1 3 3 2

5 X3H2 3 6 6 3

6 X2H4 5 10 10 3

7 X2H2D2 4 18 18 3

8 XH4D2 2 6 6 3

9 ψ2X2H 16 96 96n2
g 4

10 ψ2XH3 8 22 22n2
g 5

11 ψ2H2D3 6 16 16n2
g 5

12 ψ2H5 3 6 6n2
g 5

13 ψ2H4D 6 13 13n2
g 5

14 ψ2X2D 21 57 57n2
g 6, 7

15 ψ2XH2D 16 92 92n2
g 7, 8

16 ψ2XHD2 8 48 48n2
g 9

17 ψ2H3D2 3 36 36n2
g 9

18(B)
ψ4H2

19 75 n2
g(67n

2
g + ng + 7) 10, 11

18( /B) 4 + 3 12 + 8 1
3n

2
g(43n

2
g − 9ng + 2) 10

19(B)
ψ4X

40 + 5 156 + 12 4n2
g(40n

2
g − 1) 12, 13, 14

19( /B) 4 44 + 12 2n3
g(21ng + 1) 15

20(B)
ψ4HD

16 134 + 2 n3
g(135ng − 1) 16, 17

20( /B) 7 32 n3
g(29ng + 3) 17

21(B)
ψ4D2

18 55 11
2 n

2
g(9n

2
g + 1) 10, 18

21( /B) 4 10 + 2 n3
g(11ng − 1) 10

B 204 + 5 895 + 14 895(36971), ng = 1(3)

/B 19 + 3 98 + 22 98(7836), ng = 1(3)

Total 223 + 8 993 + 36 993(44807), ng = 1(3)

Table 1. Summary of the contents of the tables to follow. The links in the rightmost column point
to the table(s) of results for a given class. The number of types of operators and the number of
Lagrangian terms in the class are given in the third and fourth columns from the left, respectively.
For comparison the number of operators from Ref. [10] is given in the second column from the right.
Lines separate the classes based on the number of fermions in the class. Four-fermion operators
are further divided into subclasses either preserving or violating baryon number. Additionally the
number to the right of the + sign in Ntype(term) for the four-fermion operators is the number of
types(terms) that vanish in the absence of flavor structure.
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• Effective Field Theories provide 
systematic parameterisation of the 
impact of heavy states on local, low 
energy corrections. 

• If UV is unknown, IR symmetries can 
sometimes be highly predictive… 

• …but sometimes not: e.g. Dim 8 
SMEFT see pg 17-34 of Murphy 
2005.00059.
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<latexit sha1_base64="BkwJJA2FHOydUo2S7kZrhpgU4dI=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXgRqtgPadeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aOooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK6mfuuJKs0ieW/GMfUFHkgWMoKNlR5uemmdTx4rd71iyS27M6Bl4mWkBBnqveJXtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVGJBtZ/ODp6gE6v0URgpW9Kgmfp7IsVC67EIbKfAZqgXvan4n9dJTHjhp0zGiaGSzBeFCUcmQtPvUZ8pSgwfW4KJYvZWRIZYYWJsRgUbgrf48jJpVspetXx2Wy3VLrM48nAEx3AKHpxDDa6hDg0gIOAZXuHNUc6L8+58zFtzTjZzCH/gfP4AWDOQHg==</latexit>
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⇤
(LL)(HH)

<latexit sha1_base64="4RY+7M0yNQgmbIwqR7U/UOVxx0A=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEdlMSqeiy6KaLLirYBzShTCaTduhkEmYmQgnBjb/ixoUibv0Kd/6N0zYLbT0wcDjnHu7c48WMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+PujJKBCYdHLFI9D0kCaOcdBRVjPRjQVDoMdLzJrczv/dAhKQRv1fTmLghGnEaUIyUlobmiRMIhFM7S52WTvkoq7Ra1UqzWR2aZatmzQFXiZ2TMsjRHppfjh/hJCRcYYakHNhWrNwUCUUxI1nJSSSJEZ6gERloylFIpJvOT8jguVZ8GERCP67gXP2dSFEo5TT09GSI1FguezPxP2+QqODaTSmPE0U4XiwKEgZVBGd9QJ8KghWbaoKwoPqvEI+R7kTp1kq6BHv55FXSvajZ9drlXb3cuMnrKIJTcAYqwAZXoAGaoA06AINH8AxewZvxZLwY78bHYrRg5Jlj8AfG5w93jpYt</latexit>



• Local contact terms in effective action, but not 
sufficient for causality. Interactions that fuzz-out 
the light cone may still coherently mediate 
superluminal excitations. 

• In QFT, “believed” that microcausality  

and local contact interactions implies 
polynomial strength high-energy scaling and 
analytic momentum dependence of the S-matrix.

(x� y)2 > 0 ) [�(x),�(y)] = 0

<latexit sha1_base64="tQC9PFcu2r7TCsja1DjrUO9Bjq4=">AAACGXicbVDLTgIxFO3gC/GFunTTSEwgQTJDMLrRkLhxiUYeZmYknVKYhs4jbUeZTPgNN/6KGxca41JX/o0FZqHoaZqennNv2nuckFEhdf1LyywsLi2vZFdza+sbm1v57Z2WCCKOSRMHLOAdBwnCqE+akkpGOiEnyHMYaTvD84nfviNc0MC/lnFIbA8NfNqnGEkldfN6cXQYl26rZ7pVVuuKDlyJOA/uJ1doWqFLi6NSeXrGJftU7+YLekWfAv4lRkoKIEWjm/+wegGOPOJLzJAQpqGH0k4QlxQzMs5ZkSAhwkM0IKaiPvKIsJPpZGN4oJQe7AdcbV/CqfqzI0GeELHnqEoPSVfMexPxP8+MZP/ETqgfRpL4ePZQP2JQBnASE+xRTrBksSIIc6r+CrGLOMJShZlTIRjzI/8lrWrFqFWOLmuF+k0aRxbsgX1QBAY4BnVwARqgCTB4AE/gBbxqj9qz9qa9z0ozWtqzC35B+/wGINud+g==</latexit>
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Gell-Mann, Goldberger, Thirring (1954), Martin (1962), 
Bros, Epstein, Glaser (1963), much work in chiral PT, later 

Adams, Arkani-Hamed, et.al. hep-th/0602178, recent 
bootstrap papers e.g. Hartman, Jain, Kundu 1509.00014 etc.  
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Bellazzini, Elias Miro, et.al. 
2011.00037, Tolley, Wang, Zhou 

2011.02400,  
Caron-Huot, Duong 2011.02957,  
Arkani-Hamed, Huang, Huang 

2012.15849 and more.

This talk (and the next).

Dimension

Angular Momentum

Species

Space of interactions in EFTs.

Introduction



Outline

1. Sum rule and constraints from causality and unitary on multi-species 
theories. 

2. Internal symmetries and entanglement. 

3. Spin and supersymmetry. 

4. Loops and renormalisation.
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Assume conditions under which this all 
works (e.g. LSZ constructible, Wightman 
axioms etc.)

�
Aijkl(s)

�⇤
= Aklij(s⇤)

<latexit sha1_base64="DOdu9/P1EoBQXcN/fTwzlZwPSjs=">AAACEXicbZC7SgNBFIZn4y3GW9TSZjEImxRhVyLaCFEbywjmAtlNmJ3MJpPMXpg5K4Qlr2Djq9hYKGJrZ+fbOEm20MQfBn6+cw5nzu9GnEkwzW8ts7K6tr6R3cxtbe/s7uX3DxoyjAWhdRLyULRcLClnAa0DA05bkaDYdzltuqObab35QIVkYXAP44g6Pu4HzGMEg0LdvGFz6oFx1UnYcMQnhizagvUHUOyULhUccTZUsFMqdvMFs2zOpC8bKzUFlKrWzX/ZvZDEPg2AcCxl2zIjcBIsgBFOJzk7ljTCZIT7tK1sgH0qnWR20UQ/UaSne6FQLwB9Rn9PJNiXcuy7qtPHMJCLtSn8r9aOwbtwEhZEMdCAzBd5Mdch1Kfx6D0mKAE+VgYTwdRfdTLAAhNQIeZUCNbiycumcVq2KuWzu0qhep3GkUVH6BgZyELnqIpuUQ3VEUGP6Bm9ojftSXvR3rWPeWtGS2cO0R9pnz/m65xs</latexit>

Hermitian analyticity (analytic requirement 
for S-matrix unitarity)
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s

<latexit sha1_base64="G3auUpIi7gaWGCSJzAff4jPL9aE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAq elXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH6CiNFg==</latexit>

�2

<latexit sha1_base64="paUJQo5r63t3538fRCIySeQg4js=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvHisYD+kXUs2zbahSXZNskJZ+ie8eFDEq3/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcj33O09UaRbJOzONqS/wSLKQEWys1O1rNhL4oTYoV9yqmwGtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv00u3eGzqwyRGGkbEmDMvX3RIqF1lMR2E6BzVgve3PxP6+XmPDKT5mME0MlWSwKE45MhObPoyFTlBg+tQQTxeytiIyxwsTYiEo2BG/55VXSrlW9evXitl5p3OdxFOEETuEcPLiEBtxAE1pAgMMzvMKb8+i8OO/Ox6K14OQzx/AHzucPz0eP5g==</latexit>

�2 = 2m2 ! 0

<latexit sha1_base64="Czj7M9/DRp6LA3KtyyNqNFMMmVY=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4Kkmo6EYouHFZwT6kTctkOkmHzkzCzEQpoeDGX3HjQhG3/oQ7/8Zpm4W2HrhwOOde7r0nSBhV2nG+raXlldW19cJGcXNre2fX3ttvqDiVmNRxzGLZCpAijApS11Qz0kokQTxgpBkMryZ+855IRWNxq0cJ8TmKBA0pRtpIPfuwo2jEUde79HjX60gaDTSSMn6ATs8uOWVnCrhI3JyUQI5az/7q9GOcciI0Zkiptusk2s+Q1BQzMi52UkUShIcoIm1DBeJE+dn0hzE8MUofhrE0JTScqr8nMsSVGvHAdHKkB2rem4j/ee1Uhxd+RkWSaiLwbFGYMqhjOAkE9qkkWLORIQhLam6FeIAkwtrEVjQhuPMvL5KGV3Yr5bObSql6l8dRAEfgGJwCF5yDKrgGNVAHGDyCZ/AK3qwn68V6tz5mrUtWPnMA/sD6/AH5VJcs</latexit>

Dispersion Relation

=
1

⇡i

Z 1

4m2

 
DiscAijkl(s)

(s� �2)3
+

DiscAil̄kj̄(s)

(s+ �2 � 4m2)3

!
ds

+ residues at poles

<latexit sha1_base64="RIMkcbHxTBsCm1OxHwXleyD9szU="></latexit>

M ijkl =
d2

ds2
A(i, j ! k, l)(s)|s=�2

<latexit sha1_base64="xDl3h9S3JtlYICVX432KF3I9nJ0="></latexit>

Olive (1962) 

Following notation of 
Zhang, Zhou 2005.03047

s ! 1

<latexit sha1_base64="OtgCI6KWdikENGskVU/lJLdXw+o=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5JIRY8FLx4r2A9pQtlsN+3SzSbsTtQQ+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8IBFcg+N8W6W19Y3NrfJ2ZWd3b//APqx2dJwqyto0FrHqBUQzwSVrAwfBeoliJAoE6waT65nffWBK81jeQZYwPyIjyUNOCRhpYFe1p/hoDESp+NHjMoRsYNecujMHXiVuQWqoQGtgf3nDmKYRk0AF0brvOgn4OVHAqWDTipdqlhA6ISPWN1SSiGk/n98+xadGGeIwVqYk4Ln6eyInkdZZFJjOiMBYL3sz8T+vn0J45edcJikwSReLwlRgiPEsCDzkilEQmSGEKm5uxXRMFKFg4qqYENzll1dJ57zuNuoXt41a876Io4yO0Qk6Qy66RE10g1qojSh6Qs/oFb1ZU+vFerc+Fq0lq5g5Qn9gff4A8nuVHA==</latexit>

Aijkl(s) = o(s2)

<latexit sha1_base64="YF3zwQM5Q6o4aKVdSdCrBSS9aI8=">AAAB+3icbVDLTgIxFO3gC/E14tJNIzGBDZkhGN2YYNy4xEQeBgbSKQUqnXbSdoxkMr/ixoXGuPVH3Pk3FpiFgie5yck59+bee/yQUaUd59vKrK1vbG5lt3M7u3v7B/ZhvqlEJDFpYMGEbPtIEUY5aWiqGWmHkqDAZ6TlT65nfuuRSEUFv9PTkHgBGnE6pBhpI/Xt/FUvpg8TlhRV6VIUVa9S6tsFp+zMAVeJm5ICSFHv21/dgcBRQLjGDCnVcZ1QezGSmmJGklw3UiREeIJGpGMoRwFRXjy/PYGnRhnAoZCmuIZz9fdEjAKlpoFvOgOkx2rZm4n/eZ1IDy+8mPIw0oTjxaJhxKAWcBYEHFBJsGZTQxCW1NwK8RhJhLWJK2dCcJdfXiXNStmtls9uq4XafRpHFhyDE1AELjgHNXAD6qABMHgCz+AVvFmJ9WK9Wx+L1oyVzhyBP7A+fwB+GZOD</latexit>

for
Froissart bound etc. Take crossing-symmetric insertion, assume 

all masses small for simplicity.

t ! 0

<latexit sha1_base64="/3m/VJnz/xjECABjLY26qbKrE+A=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4xkUcCK5kdZmHC7M5mpldCCP/hxYPGePVfvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMCrVjNeZkkq3Amq4FDGvo0DJW4nmNAokbwbD25nffOLaCBU/4DjhfkT7sQgFo2ilR+xo0R8g1VqNiNstltyyOwdZJV5GSpCh1i1+dXqKpRGPkUlqTNtzE/QnVKNgkk8LndTwhLIh7fO2pTGNuPEn86un5MwqPRIqbStGMld/T0xoZMw4CmxnRHFglr2Z+J/XTjG89iciTlLkMVssClNJUJFZBKQnNGcox5ZQpoW9lbAB1ZShDapgQ/CWX14ljYuyVylf3ldK1ZssjjycwCmcgwdXUIU7qEEdGGh4hld4c0bOi/PufCxac042cwx/4Hz+AGy9knc=</latexit>



 M ijkl = mkl ·mij +mkj̄ ·mil̄

<latexit sha1_base64="Ffna5iOI+GgmCo9X14vPKIgruQw=">AAACVXicdVFdS8MwFE3r1Dk/VvXRl+IQBGG0MtEXYeCLL8IE9yFrN9I03bKlTUlSYZT+yb2I/8QXwbTrg256IeRwzj3cmxMvpkRIy/rQ9K3K9s5uda+2f3B4VDeOT3qCJRzhLmKU8YEHBaYkwl1JJMWDmGMYehT3vflDrvffMBeERS9yEWM3hJOIBARBqaixQZ9GKZnNaXbveIz6YhGqKw2zUao4B/lMrvNkll1t9Doe5Oks+8dRqDTLxkbDalpFmZvALkEDlNUZG0vHZygJcSQRhUIMbSuWbgq5JIjirOYkAscQzeEEDxWMYIiFmxapZOaFYnwzYFydSJoF+9ORwlDkW6rOEMqpWNdy8i9tmMjgzk1JFCcSR2g1KEioKZmZR2z6hGMk6UIBiDhRu5poCjlEUn1ETYVgrz95E/Sum3arefPcarRfyziq4Aycg0tgg1vQBo+gA7oAgSX41DRN1961L72i76xada30nIJfpde/AeqxuWY=</latexit>

mij = [Mij!X(s)]

<latexit sha1_base64="tkIvffKcwupavHDd8LU3uTLE41o=">AAACH3icbVDLSsNAFJ34rPUVdelmsAh1UxKpj41QcONGqGAf0sQymU7bsZNMmJkoJeRP3PgrblwoIu76N07SLLT1wDCHc+7l3nu8kFGpLGtiLCwuLa+sFtaK6xubW9vmzm5T8khg0sCccdH2kCSMBqShqGKkHQqCfI+Rlje6TP3WIxGS8uBWjUPi+mgQ0D7FSGmpa546Hmc9Ofb1F/vJfUwfkouO4yM1xIjF15niCDoYKiQEf4LtpCyP3K5ZsipWBjhP7JyUQI561/x2ehxHPgkUZkjKjm2Fyo2RUBQzkhSdSJIQ4REakI6mAfKJdOPsvgQeaqUH+1zoFyiYqb87YuTL9ARdmS4uZ71U/M/rRKp/7sY0CCNFAjwd1I8YVBymYcEeFQQrNtYEYUH1rhAPkUBY6UiLOgR79uR50jyu2NXKyU21VLvL4yiAfXAAysAGZ6AGrkAdNAAGz+AVvIMP48V4Mz6Nr2npgpH37IE/MCY/c8ekgQ==</latexit>
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Sum Rule

Vector (continuous, infinite) of couplings of states        to UV 
state     at energy   . 

(i, j)

<latexit sha1_base64="8/S8eoaipN2rvv/w7zrD7KvAFsY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahgpRdqeix4MVjBbettEvJptk2mk2WJCuUpb/BiwdFvPqDvPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmilCfSC5VJ8Saciaob5jhtJMoiuOQ03b4eD31209UaSbFnRknNIjxULCIEWys5FfZ2cNpv1xxa+4MaJl4OalAjma//NUbSJLGVBjCsdZdz01MkGFlGOF0UuqlmiaYPOIh7VoqcEx1kM2OnaATqwxQJJUtYdBM/T2R4VjrcRzazhibkV70puJ/Xjc10VWQMZGkhgoyXxSlHBmJpp+jAVOUGD62BBPF7K2IjLDCxNh8SjYEb/HlZdI6r3n12sVtvdK4z+MowhEcQxU8uIQG3EATfCDA4Ble4c0Rzovz7nzMWwtOPnMIf+B8/gDNc44b</latexit>

X

<latexit sha1_base64="4BrChCQJby4zNUaZXD2KvP1xSLM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cW7Ie0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y+pV47JSe8jjKMIJnMI5eHANNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvzyM+w==</latexit>

s

<latexit sha1_base64="G3auUpIi7gaWGCSJzAff4jPL9aE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH6CiNFg==</latexit>

 M ijkl(0) =
1

⇡

Z 1

�2

1

s3

X

X

⇣
Mij!X

�
Mkl!X

�⇤
+Mil̄!X

⇣
Mkj̄!X

⌘⇤⌘
ds

<latexit sha1_base64="PlXq7qMVfbcA6eZdibJRokvPMcU="></latexit>

Move IR segment of dispersion integral over to IR side of equation, leave 
implicit if necessary.



  ⇡

<latexit sha1_base64="MpFUQKhjwMhq7UOCbwsoGODn6G8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Ye0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVL+9qlfpjHkcRTuAUzsGDK6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBZQI3s</latexit>

M ijkl = M jilk

<latexit sha1_base64="FHp/ZYQ/Bczb5cAM6E9BNbQizq4=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFcFUSUXQjFNy4ESrYi7SxTKaTdprJhZmJUmIexY0LRdz6JO58G6dtFtr6w8DHf87hnPndmDOpLOvbKCwtr6yuFddLG5tb2ztmebcpo0QQ2iARj0TbxZJyFtKGYorTdiwoDlxOW65/Oam3HqiQLApv1TimToAHIfMYwUpbPbN8fZ+ykc+zCw0jxv2sZ1asqjUVWgQ7hwrkqvfMr24/IklAQ0U4lrJjW7FyUiwUI5xmpW4iaYyJjwe0ozHEAZVOOj09Q4fa6SMvEvqFCk3d3xMpDqQcB67uDLAayvnaxPyv1kmUd+6kLIwTRUMyW+QlHKkITXJAfSYoUXysARPB9K2IDLHAROm0SjoEe/7Li9A8rton1dObk0rtLo+jCPtwAEdgwxnU4Arq0AACj/AMr/BmPBkvxrvxMWstGPnMHvyR8fkDlPGUSw==</latexit>

Y

<latexit sha1_base64="d2U34PBVh5KDIXzCfTPYYXdHuxU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BLx4TMC+SJcxOepMxs7PLzKwQQr7AiwdFvPpJ3vwbJ8keNLGgoajqprsrSATXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB8N/dbT6g0j+WDmSToR3QoecgZNVaqd/rFklt2FyDrxMtICTLU+sWv3iBmaYTSMEG17npuYvwpVYYzgb NCL9WYUDamQ+xaKmmE2p8uDp2RC6sMSBgrW9KQhfp7YkojrSdRYDsjakZ61ZuL/3nd1IS3/pTLJDUo2XJRmApiYjL/mgy4QmbExBLKFLe3EjaiijJjsynYELzVl9dJ86rsVcrX9Uqp2sniyMMZnMMleHADVbiHGjSAAcIzvMKb8+i8OO/Ox7I152Qzp/AHzucPwMCM/A==</latexit>

:

<latexit sha1_base64="H7puMxoyfARd4Diz1+J3932FFxU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGRfEU8OIxAfOQZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWN5b8YJ+hEdSB5yRo2V6je9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexfly3qlVH3I4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5EkjNs=</latexit>

mkl ·mij = mlk ·mji

<latexit sha1_base64="FOPWQTEuvJXx4w14LVvLShhLBfY=">AAACQHicbVA7T8MwGHTKq5RXgJElokJiqhJUBAtSJRbGItEHakLlOE7rxokj20Gqovw0Fn4CGzMLAwixMuG0GSDtSZZPd/fJn8+NKRHSNF+1ysrq2vpGdbO2tb2zu6fvH3QFSzjCHcQo430XCkxJhDuSSIr7MccwdCnuucF17vceMReERXdyGmMnhKOI+ARBqaSh3rNdRj0xDdWVhtlDGtDMRh6TZZ1MsquyRoPl2QnJhnrdbJgzGIvEKkgdFGgP9RfbYygJcSQRhUIMLDOWTgq5JIjirGYnAscQBXCEB4pGMMTCSWcFZMaJUjzDZ1ydSBoz9e9ECkOR76eSIZRjUfZycZk3SKR/6aQkihOJIzR/yE+oIZmRt2l4hGMk6VQRiDhRuxpoDDlEUnVeUyVY5S8vku5Zw2o2zm+b9dZ9UUcVHIFjcAoscAFa4Aa0QQcg8ATewAf41J61d+1L+55HK1oxcwj+Qfv5BTuJtQU=</latexit>
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M ijkl = M il̄kj̄

<latexit sha1_base64="EC9GPK+IvS2e3ckTmD2b7ktjtHE=">AAACBnicbZBNS8MwGMfT+TbnW9WjCMEheBqtTPQiDLx4ESa4F9nqSLN0y5qmJUmFUXry4lfx4kERr34Gb34b09qDbj4Q8uP/fx6S5+9GjEplWV9GaWFxaXmlvFpZW9/Y3DK3d9oyjAUmLRyyUHRdJAmjnLQUVYx0I0FQ4DLScf2LzO/cEyFpyG/UNCJOgEacehQjpaWBuX91l9CJz9LzDPouEglL/fyepOnArFo1Ky84D3YBVVBUc2B+9ochjgPCFWZIyp5tRcpJkFAUM5JW+rEkEcI+GpGeRo4CIp0kXyOFh1oZQi8U+nAFc/X3RIICKaeBqzsDpMZy1svE/7xerLwzJ6E8ihXh+OchL2ZQhTDLBA6pIFixqQaEBdV/hXiMBMJKJ1fRIdizK89D+7hm12sn1/Vq47aIowz2wAE4AjY4BQ1wCZqgBTB4AE/gBbwaj8az8Wa8/7SWjGJmF/wp4+MbbyOZ1Q==</latexit>

Crossing: =

<latexit sha1_base64="NULZghUWQqgwnPkqe2W3Rk9z3bU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUL+uVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP49ljMk=</latexit>

Discrete Symmetries

 mkl ·mij = mīj̄ ·mk̄l̄

<latexit sha1_base64="dASXNe64JZ8yw1Kt0TIloG0JmAc=">AAACWHicbVFdS8MwFE3r5j78qvPRl+IQfBqtKPoiDHzxcYL7kHWONM22bGlSklQYJX9S8EH/ii9mXR9024VwD+fcQ25OwoQSqTzvy7L3SuX9SrVWPzg8Oj5xThs9yVOBcBdxysUghBJTwnBXEUXxIBEYxiHF/XDxuNL771hIwtmLWiZ4FMMpIxOCoDLU2OFByGkkl7FpWazfsgXVAYq42uTJXD9sckEIRUZ03uZ6ty8XF+sZqvXYaXotLy93G/gFaIKiOmPnI4g4SmPMFKJQyqHvJWqUQaEIoljXg1TiBKIFnOKhgQzGWI6yPBjtXhomcidcmMOUm7N/HRmM5WpXMxlDNZOb2orcpQ1TNbkfZYQlqcIMrS+apNRV3F2l7EZEYKTo0gCIBDG7umgGBUTK/EXdhOBvPnkb9K5b/k3r9vmm2X4t4qiCc3ABroAP7kAbPIEO6AIEPsGPVbLK1rcN7IpdW4/aVuE5A//KbvwCTO26Hw==</latexit>

M ijkl = M k̄l̄̄ij̄

<latexit sha1_base64="gPGtqV8Zn1A5t08vaZi5eouUB6g=">AAACEnicbVDLSsNAFJ34rPUVdelmsAi6KYlUdCMU3bgRKtgHtLFMppN2mskkzEyEEvINbvwVNy4UcevKnX/jNMlCWy8M53DOvdy5x40Ylcqyvo2FxaXlldXSWnl9Y3Nr29zZbckwFpg0cchC0XGRJIxy0lRUMdKJBEGBy0jb9a+mfvuBCElDfqcmEXECNOTUoxgpLfXN45v7hI59ll5o0nORSPw0A5YDzWGcpn2zYlWtrOA8sQtSAUU1+uZXbxDiOCBcYYak7NpWpJwECUUxI2m5F0sSIeyjIelqylFApJNkJ6XwUCsD6IVCP65gpv6eSFAg5SRwdWeA1EjOelPxP68bK+/cSSiPYkU4zhd5MYMqhNN84IAKghWbaIKwoPqvEI+QQFjpFMs6BHv25HnSOqnaterpba1SvyziKIF9cACOgA3OQB1cgwZoAgwewTN4BW/Gk/FivBsfeeuCUczsgT9lfP4AgJSfSA==</latexit>

CPT

<latexit sha1_base64="Yt5a8nroMq8IsLsM4zRAwozNRu8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI/BXDxGzAuSJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WBSm/vtJ1SaR7JhpjH6IR1JPuSMGis91uqNfrHklt0FyDrxMlKCDPV+8as3iFgSojRMUK27nhsbP6XKcCZwVuglGmPKJnSEXUslDVH76eLUGbmwyoAMI2VLGrJQf0+kNNR6Gga2M6RmrFe9ufif103M8NZPuYwTg5ItFw0TQUxE5n+TAVfIjJhaQpni9lbCxlRRZmw6BRuCt/ryOmldlb1K+fqhUqreZXHk4QzO4RI8uIEq3EMdmsBgBM/wCm+OcF6cd+dj2ZpzsplT+APn8wfbvI2H</latexit>

:

<latexit sha1_base64="H7puMxoyfARd4Diz1+J3932FFxU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGRfEU8OIxAfOQZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWN5b8YJ+hEdSB5yRo2V6je9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCa3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpexfly3qlVH3I4sjDCZzCOXhwBVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD5EkjNs=</latexit>



General Causality Constraints

 |M ijkl|+ |M ilkj | 
p
M ijijMklkl +

p
M ililMkjkj

<latexit sha1_base64="4TQLjGPagY+cHf52a89bkl5fuhU="></latexit>

• Problem: Reformulate sum rule as a set of inequalities among Wilson 
coefficients (the IR amplitudes).

 M ijkl = mkl ·mij +mkj̄ ·mil̄

<latexit sha1_base64="Ffna5iOI+GgmCo9X14vPKIgruQw=">AAACVXicdVFdS8MwFE3r1Dk/VvXRl+IQBGG0MtEXYeCLL8IE9yFrN9I03bKlTUlSYZT+yb2I/8QXwbTrg256IeRwzj3cmxMvpkRIy/rQ9K3K9s5uda+2f3B4VDeOT3qCJRzhLmKU8YEHBaYkwl1JJMWDmGMYehT3vflDrvffMBeERS9yEWM3hJOIBARBqaixQZ9GKZnNaXbveIz6YhGqKw2zUao4B/lMrvNkll1t9Doe5Oks+8dRqDTLxkbDalpFmZvALkEDlNUZG0vHZygJcSQRhUIMbSuWbgq5JIjirOYkAscQzeEEDxWMYIiFmxapZOaFYnwzYFydSJoF+9ORwlDkW6rOEMqpWNdy8i9tmMjgzk1JFCcSR2g1KEioKZmZR2z6hGMk6UIBiDhRu5poCjlEUn1ETYVgrz95E/Sum3arefPcarRfyziq4Aycg0tgg1vQBo+gA7oAgSX41DRN1961L72i76xada30nIJfpde/AeqxuWY=</latexit>

• Can draw some simple and immediate conclusions from unitarity:

 M ijij = |mij |2 + |mij̄ |2

<latexit sha1_base64="tH+7hLygOEJ4ZDNKNnqSZiYaprQ=">AAACJ3icbVDLSsNAFJ3UV62vqEs3wSIIQklKRTdKwY0boYJ9SJOWyWTaTjvJhJmJUNL8jRt/xY2gIrr0T5y0WWjrgWEO59zLvfe4ISVCmuaXlltaXlldy68XNja3tnf03b2GYBFHuI4YZbzlQoEpCXBdEklxK+QY+i7FTXd0lfrNB8wFYcGdHIfY8WE/ID2CoFRSV7+86cRkSIbJxcR2GfXE2Fdf7CepnEw65ZNF3XYhj4dJ6nb1olkypzAWiZWRIshQ6+qvtsdQ5ONAIgqFaFtmKJ0YckkQxUnBjgQOIRrBPm4rGkAfCyee3pkYR0rxjB7j6gXSmKq/O2Loi3RRVelDORDzXir+57Uj2Tt3YhKEkcQBmg3qRdSQzEhDMzzCMZJ0rAhEnKhdDTSAHCKpoi2oEKz5kxdJo1yyKqXT20qxep/FkQcH4BAcAwucgSq4BjVQBwg8gmfwBt61J+1F+9A+Z6U5LevZB3+gff8AUxWowg==</latexit>

> 0

<latexit sha1_base64="92hSFQ4HLn+IVWcSFhRu7KKUgQw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvXisYj+gDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPVy7vXLFrbozkGXi5aQCOeq98le3H7M04gqZpMZ0PDdBP6MaBZN8UuqmhieUjeiAdyxVNOLGz2aXTsiJVfokjLUthWSm/p7IaGTMOApsZ0RxaBa9qfif10kxvPIzoZIUuWLzRWEqCcZk+jbpC80ZyrEllGlhbyVsSDVlaMMp2RC8xZeXSfOs6p1XL+7PK7WbPI4iHMExnIIHl1CDO6hDAxiE8Ayv8OaMnBfn3fmYtxacfOYQ/sD5/AH+y40E</latexit>

Forward “elastic” amplitudes are positive. 

“Inelastic” amplitudes are bounded in size by elastic ones. 

• More generally, impose symmetries to relate UV couplings and search for 
stronger bounds in multistate theories.

See recent advances Li, Yang, et.al. 2101.01191 

See incarnations in  
Remmen, Rodd 

1908.09845, 
2004.02885 

Yamashita, Zhang, 
Zhou 2009.04490 

8/28



Simple Example: Complex Goldstone
• Assume charge conjugation                  , but not charge conservation.C : � $ �̄

<latexit sha1_base64="AuOHS9gLcMk2dGU5Q5M1ZNr1KmA=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRKpKK4K3bisYB/ShDKZTpqhkwczN0oJ3brxV9y4UMStf+DOv3HSZqGtBy4czrmXe+/xEsEVWNa3UVpZXVvfKG9WtrZ3dvfM/YOOilNJWZvGIpY9jygmeMTawEGwXiIZCT3But64mfvdeyYVj6NbmCTMDcko4j6nBLQ0MHHzCjtJwB3BfJB8FACRMn5wPCKzXJ8OzKpVs2bAy8QuSBUVaA3ML2cY0zRkEVBBlOrbVgJuRiRwKti04qSKJYSOyYj1NY1IyJSbzT6Z4hOtDLEfS10R4Jn6eyIjoVKT0NOdIYFALXq5+J/XT8G/dDMeJSmwiM4X+anAEOM8FjzkklEQE00IlVzfimlAJKGgw6voEOzFl5dJ56xm12vnN/Vq466Io4yO0DE6RTa6QA10jVqojSh6RM/oFb0ZT8aL8W58zFtLRjFziP7A+PwBJJSaug==</latexit>

• Sum rule fundamentally limits the extent to which the         symmetry can be 
broken.

U(1)

<latexit sha1_base64="jDJuP23x/9BqdJZMdXT5o2FutLs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48VTFtpQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc39zhNVmsXywUwTGgg8kixiBJtc8mvexaBSdevuHGiVeAWpQoHWoPLVH8YkFVQawrHWPc9NTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7YheMsvr5L2Zd1r1K/uG9XmYxFHCU7hDGrgwTU04Q5a4AOBMTzDK7w5wnlx3p2PReuaU8ycwB84nz/v+Y2Y</latexit>

Table is self-conjugate by Hermitian analyticity. Partly simplified with discrete 
symmetries.

  �� �� �� ��

�� |m��|2 + |m��̄|2 2m��̄ ·m�� 2m��̄ ·m�� 2m�̄�̄ ·m��

�� . |m��|2 + |m��̄|2 2m�̄� ·m��̄ 2m��̄ ·m��

�� . . |m�̄�|2 + |m�̄�̄|2 2m��̄ ·m��

�� . . . |m�̄�|2 + |m�̄�̄|2

<latexit sha1_base64="ghzyk67jDdUWEPEx4fyHm3OC/Jg="></latexit>

 |M����|  M����

<latexit sha1_base64="HHahaXHWG543QlRO81lAaa3CuD8=">AAACOXicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LLoxo1QwT6giWUynbRDJw9nJkJJ81tu/At3ghsXirj1B5ykUezjwoXDOefemXuckFEhDeNFKywtr6yuFddLG5tb2zv67l5TBBHHpIEDFvC2gwRh1CcNSSUj7ZAT5DmMtJzhZaq3HggXNPBv5Sgktof6PnUpRlJRXb0+vr6LrXBA/zpQ9nRbxibJ2GLkHv6apsVF/q5eNipGVnAemDkog7zqXf3Z6gU48ogvMUNCdEwjlHaMuKSYkaRkRYKECA9Rn3QU9JFHhB1nlyfwSDE96AZctS9hxv6fiJEnxMhzlNNDciBmtZRcpHUi6Z7bMfXDSBIfTx5yIwZlANMYYY9ygiUbKYAwp+qvEA8QR1iqsEsqBHP25HnQPKmY1crpTbVcu8jjKIIDcAiOgQnOQA1cgTpoAAwewSt4Bx/ak/amfWpfE2tBy2f2wVRp3z9UiLDf</latexit>

|M����|+ |M����|  2M����

<latexit sha1_base64="KEQOdNfmQey3b5OBCKdVZtr4XM4=">AAACcnicfVFbS8MwFE7rbc5bVXxR0OgQBGW0Y6KPQ198ESa4C6xzpFm6haUXk1QYXX+Af883f4Uv/gDTWkQ39cAJX77znZPkixMyKqRpvmr63PzC4lJhubiyura+YWxuNUUQcUwaOGABbztIEEZ90pBUMtIOOUGew0jLGV2n9dYT4YIG/r0ch6TroYFPXYqRVFTPeJ7cPsR2OKRZBkqaTsqYZGqbTE6/xP8Ks2ViM/IIK380zFJJzyiZZTMLOAusHJRAHvWe8WL3Axx5xJeYISE6lhnKboy4pJiRpGhHgoQIj9CAdBT0kUdEN84sS+CxYvrQDbhKX8KM/d4RI0+IsecopYfkUEzXUvK3WieS7mU3pn4YSeLjz4PciEEZwNR/2KecYMnGCiDMqborxEPEEZbql4rKBGv6ybOgWSlb1fL5XbVUu8rtKIA9cAROgAUuQA3cgDpoAAzetB1tXzvQ3vVd/VDPvdO1vGcb/Aj97AORAsO0</latexit>

,

<latexit sha1_base64="qV4ztchpZO4JJt3AzKkJY/q5rmI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlq3qlVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3WhjLg=</latexit>

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

|m�̄�| = |m��̄|

<latexit sha1_base64="y1X156g+CoK6cxjNY1fkEBDZPec=">AAACLHicbVBdS8MwFE3n15xfVR99CQ7Bp9GKoi/CcC8+TnAfsNaRptkWlrQlSYXR9Qf54l8RxAeH+OrvMO0K6uaBJIdzzyX3Hi9iVCrLmhmlldW19Y3yZmVre2d3z9w/aMswFpi0cMhC0fWQJIwGpKWoYqQbCYK4x0jHGzeyeueRCEnD4F5NIuJyNAzogGKktNQ3G1PHC5kvJ1w/CU8fEsdDInGiEU3za3q97ND6jyud9s2qVbNywGViF6QKCjT75qvjhzjmJFCYISl7thUpN0FCUcxIWnFiSSKEx2hIepoGiBPpJvmyKTzRig8HodAnUDBXf3ckiMtsWO3kSI3kYi0T/6v1YjW4chMaRLEiAZ5/NIgZVCHMkoM+FQQrNtEEYUH1rBCPkEBY6XwrOgR7ceVl0j6r2ee1i7vzav2miKMMjsAxOAU2uAR1cAuaoAUweAIv4B3MjGfjzfgwPufWklH0HII/ML6+AdLPq6A=</latexit>

|m��| = |m�̄�̄|

<latexit sha1_base64="kVkPCvU8CVe9cUnnd720eD/Eywc=">AAACLHicbVDLSsNAFJ3UV62vqEs3wSK4KokouhGK3bisYB/QxjKZTNqhM5kwMxFKmg9y468I4sIibv0OJ2lAbb1wmcM55zL3Hi+iRCrbnhmlldW19Y3yZmVre2d3z9w/aEseC4RbiFMuuh6UmJIQtxRRFHcjgSHzKO5440amdx6xkISH92oSYZfBYUgCgqDS1MBsTPsep76cMP0kLH1I+tGIZJ1Or5c1D4rckP6gdDowq3bNzstaBk4BqqCo5sB87fscxQyHClEoZc+xI+UmUCiCKE4r/VjiCKIxHOKehiFkWLpJfmxqnWjGtwIudIfKytnfEwlkMltZOxlUI7moZeR/Wi9WwZWbkDCKFQ7R/KMgppbiVpac5ROBkaITDSASRO9qoREUECmdb0WH4CyevAzaZzXnvHZxd16t3xRxlMEROAanwAGXoA5uQRO0AAJP4AW8g5nxbLwZH8bn3FoyiplD8KeMr2/SQaug</latexit>

CPT

<latexit sha1_base64="Yt5a8nroMq8IsLsM4zRAwozNRu8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI/BXDxGzAuSJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WBSm/vtJ1SaR7JhpjH6IR1JPuSMGis91uqNfrHklt0FyDrxMlKCDPV+8as3iFgSojRMUK27nhsbP6XKcCZwVuglGmPKJnSEXUslDVH76eLUGbmwyoAMI2VLGrJQf0+kNNR6Gga2M6RmrFe9ufif103M8NZPuYwTg5ItFw0TQUxE5n+TAVfIjJhaQpni9lbCxlRRZmw6BRuCt/ryOmldlb1K+fqhUqreZXHk4QzO4RI8uIEq3EMdmsBgBM/wCm+OcF6cd+dj2ZpzsplT+APn8wfbvI2H</latexit>

,

<latexit sha1_base64="qV4ztchpZO4JJt3AzKkJY/q5rmI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQY9OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlq3qlVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3WhjLg=</latexit>
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Symmetries
Wigner-Eckart Theorem: Only transitions between the same initial and final 
state representations and components are permitted. Transitions between 
different components related by Clebsch-Gordan coefficients.

For special cases where all transitions are rigidly fixed by symmetries (no 
degeneracy) and these are obeyed in the UV, sum rule becomes

Aabcd = out (hr4; d|hr3; c|) (|r1; ai|r2; bi)in
=

X

R,⇠,⇠0

P abcd
R⇠⇠0

AR⇠⇠0

<latexit sha1_base64="15+QM32XVlNO3DpCJ0FNrF20W7s="></latexit>

AR⇠⇠0 = outhR⇠0 ; ◆|R⇠; ◆iin

<latexit sha1_base64="5YD4hNqaMIKJ9a6e2g8drIV7WU4="></latexit>

,

<latexit sha1_base64="Y5KHVQjOXjtqcAaEKmZBdkffaKo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgQcKuRPQY8OIxAfOQZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c781hMqzWN5b8YJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpHlZ9irlq3qlVH3I4sjDCZzCOXhwDVW4gxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3yMjM8=</latexit>

Mabcd =
X

R

P abcd
R |mR|2 +

X

R0

P ad̄cb̄
R0 |mR0 |2

<latexit sha1_base64="AcSwEL+xp6GbMQSxVi+ccMp0/70="></latexit>

By WE theorem, u-channel projectors can be decomposed into s-channel 
projectors: Crossing matrix, determined 

entirely by symmetry group.P ad̄cb̄
R0 =

X

R

CR0RP
abcd
R

<latexit sha1_base64="v8hPVm0Dujk+H4wnobyBioh6aOQ=">AAACG3icbVBLS8NAGNzUV62vqEcvi0X0VJJS0YtQ6MVjDfYhTQybzbZdunmwuxFKyP/w4l/x4kERT4IH/42btAdtHVh2mJmP3W+8mFEhDeNbK62srq1vlDcrW9s7u3v6/kFXRAnHpIMjFvG+hwRhNCQdSSUj/ZgTFHiM9LxJK/d7D4QLGoW3choTJ0CjkA4pRlJJrl5vu6l1mt2nyPYQT/0MF7eXZVe2SALXgq08YGVt11IhD/uZq1eNmlEALhNzTqpgjrarf9p+hJOAhBIzJMTANGLppIhLihnJKnYiSIzwBI3IQNEQBUQ4abFbBk+U4sNhxNUJJSzU3xMpCoSYBp5KBkiOxaKXi/95g0QOL52UhnEiSYhnDw0TBmUE86KgTznBkk0VQZhT9VeIx4gjLFWdFVWCubjyMunWa2ajdn7TqDbv5nWUwRE4BmfABBegCa5BG3QABo/gGbyCN+1Je9HetY9ZtKTNZw7BH2hfP5cdodU=</latexit>
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Internal Symmetries

Bellazzini, Martucci, Torre 1405.2960, 
Zhang, Zhou 2005.03047

 Mabcd =
X

R

MRP
abcd
R =

X

R

 
|mR|2 +

X

R0

CR0R|mR0 |2
!
P abcd
R

<latexit sha1_base64="YBolZN3QPBDV7WAwK5QSWmWT5rA="></latexit>

• Instead employ convex geometry interpretation: 
space of allowed amplitudes           is a convex cone. 
The UV couplings           represent positive linear 
combinations of a set of a rays whose convex hull 
generates the cone. 

• No degeneracy       polyhedrality. Use vertex 
enumeration to convert to hyperplane representation.

,

<latexit sha1_base64="qnYwP/STbvlI8FYZhIZ2VcOmrpE=">AAAB+HicbVA9SwNBEN2LXzF+5NTSZjEIVuFOFC2DNhYWEcwHJEfY2+wlS/Z2j905JR75JTYWitj6U+z8N26SKzTxwcDjvRlm5oWJ4AY879sprKyurW8UN0tb2zu7ZXdvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFo+up33pg2nAl72GcsCAmA8kjTglYqeeWu7csAs0HQyBaq8eeW/Gq3gx4mfg5qaAc9Z771e0rmsZMAhXEmI7vJRBkRAOngk1K3dSwhNARGbCOpZLEzATZ7PAJPrZKH0dK25KAZ+rviYzExozj0HbGBIZm0ZuK/3mdFKLLIOMySYFJOl8UpQKDwtMUcJ9rRkGMLSFUc3srpkOiCQWbVcmG4C++vEyap1X/rHp+d1apXeVxFNEhOkInyEcXqIZuUB01EEUpekav6M15cl6cd+dj3lpw8pkD9AfO5w86zpN5</latexit>

|mR|2

<latexit sha1_base64="Bh2yZM9BRhZZnLD2qk1C7zOmJGA=">AAAB/XicbVA7T8MwGHR4lvIKj40lokJiqpKqCMZKLIwF0QdqQ+Q4bmvVj8h2kEpa8VdYGECIlf/Bxr/BaTNAy0mWT3ffJ58vjClR2nW/raXlldW19cJGcXNre2fX3ttvKpFIhBtIUCHbIVSYEo4bmmiK27HEkIUUt8LhZea3HrBURPBbPYqxz2Cfkx5BUBspsA/H3VDQSI2YuVI2CW7G95XALrlldwpnkXg5KYEc9cD+6kYCJQxzjShUquO5sfZTKDVBFE+K3UThGKIh7OOOoRwyrPx0mn7inBglcnpCmsO1M1V/b6SQqSyfmWRQD9S8l4n/eZ1E9y78lPA40Zij2UO9hDpaOFkVTkQkRpqODIFIEpPVQQMoIdKmsKIpwZv/8iJpVspetXx2XS3V7vI6CuAIHINT4IFzUANXoA4aAIFH8AxewZv1ZL1Y79bHbHTJyncOwB9Ynz8r/ZXD</latexit>

{MR}

<latexit sha1_base64="qUqRVTJJeqxjNB1j1qwVgi6rfZw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBixehiv2QJpTNdtou3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2iHVKLjEhuFGYDtRSKNQYCscXU/91hMqzWP5YMYJBhEdSN7njBortfzstnvvT7rlilt1ZyDLxMtJBXLUu+UvvxezNEJpmKBadzw3MUFGleFM4KTkpxoTykZ0gB1LJY1QB9ns3Ak5sUqP9GNlSxoyU39PZDTSehyFtjOiZqgXvan4n9dJTf8qyLhMUoOSzRf1U0FMTKa/kx5XyIwYW0KZ4vZWwoZUUWZsQiUbgrf48jJpnlW98+rF3Xml9pjHUYQjOIZT8OASanADdWgAgxE8wyu8OYnz4rw7H/PWgpPPHMIfOJ8/LzWPjQ==</latexit>

• Could just invert equations to solve for positive linear combinations of 
amplitudes if there were fewer           terms than component amplitudes.|mR|2

<latexit sha1_base64="Bh2yZM9BRhZZnLD2qk1C7zOmJGA=">AAAB/XicbVA7T8MwGHR4lvIKj40lokJiqpKqCMZKLIwF0QdqQ+Q4bmvVj8h2kEpa8VdYGECIlf/Bxr/BaTNAy0mWT3ffJ58vjClR2nW/raXlldW19cJGcXNre2fX3ttvKpFIhBtIUCHbIVSYEo4bmmiK27HEkIUUt8LhZea3HrBURPBbPYqxz2Cfkx5BUBspsA/H3VDQSI2YuVI2CW7G95XALrlldwpnkXg5KYEc9cD+6kYCJQxzjShUquO5sfZTKDVBFE+K3UThGKIh7OOOoRwyrPx0mn7inBglcnpCmsO1M1V/b6SQqSyfmWRQD9S8l4n/eZ1E9y78lPA40Zij2UO9hDpaOFkVTkQkRpqODIFIEpPVQQMoIdKmsKIpwZv/8iJpVspetXx2XS3V7vI6CuAIHINT4IFzUANXoA4aAIFH8AxewZv1ZL1Y79bHbHTJyncOwB9Ynz8r/ZXD</latexit>
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MR1

<latexit sha1_base64="wGwz3E1N5efn8lHqzxh7HZ/StdQ=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBixehiv2QNoTNdtou3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxPBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2iHVKLjEhuFGYDtRSKNQYCscXU/91hMqzWP5YMYJ+hEdSN7njBortW6D7D7wJkG54lbdGcgy8XJSgRz1oPzV7cUsjVAaJqjWHc9NjJ9RZTgTOCl1U40JZSM6wI6lkkao/Wx27oScWKVH+rGyJQ2Zqb8nMhppPY5C2xlRM9SL3lT8z+ukpn/lZ1wmqUHJ5ov6qSAmJtPfSY8rZEaMLaFMcXsrYUOqKDM2oZINwVt8eZk0z6reefXi7rxSe8zjKMIRHMMpeHAJNbiBOjSAwQie4RXenMR5cd6dj3lrwclnDuEPnM8f8iCPZQ==</latexit>

MR2

<latexit sha1_base64="AlJ5oVNdnLX/snP5mBRTSrfpw3k=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvHgRqtgPaZclm2bb0GyyJFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJx9czv/NElWZSPJhJQv0YDwWLGMHGSp3bILsPatOgXHGr7hxolXg5qUCOZlD+6g8kSWMqDOFY657nJsbPsDKMcDot9VNNE0zGeEh7lgocU+1n83On6MwqAxRJZUsYNFd/T2Q41noSh7Yzxmakl72Z+J/XS0105WdMJKmhgiwWRSlHRqLZ72jAFCWGTyzBRDF7KyIjrDAxNqGSDcFbfnmVtGtVr169uKtXGo95HEU4gVM4Bw8uoQE30IQWEBjDM7zCm5M4L86787FoLTj5zDH8gfP5A/Olj2Y=</latexit>

MR3

<latexit sha1_base64="8Anmokhn7b5HeW0qyUrq/jhpjg0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9nVih4LXrwIVeyHtMuSTbNtaDYbkqxQlv4ILx4U8erv8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR9dTv/1ElWaJeDBjSf0YDwSLGMHGSu3bILsPzidBueJW3RnQMvFyUoEcjaD81esnJI2pMIRjrbueK42fYWUY4XRS6qWaSkxGeEC7lgocU+1ns3Mn6MQqfRQlypYwaKb+nshwrPU4Dm1njM1QL3pT8T+vm5roys+YkKmhgswXRSlHJkHT31GfKUoMH1uCiWL2VkSGWGFibEIlG4K3+PIyaZ1VvVr14q5WqT/mcRThCI7hFDy4hDrcQAOaQGAEz/AKb450Xpx352PeWnDymUP4A+fzB/Uqj2c=</latexit>



Internal Symmetries

2 possible transitions, 4 UV variables, but two redundant.

• Right-handed quarks: 3 ⇠ SU(3)

<latexit sha1_base64="gHJQguuqy/Ccu7fsEWRHXM/gVdk=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZW9FlwY3Lik5b6Qwlk2ba0CQzJBmhDsVfceNCEbf+hzv/xrSdhVYPBA7n3Ms9OWHCqNKO82UVlpZXVteK66WNza3tHXt3r6XiVGLi4ZjFshMiRRgVxNNUM9JJJEE8ZKQdji6nfvueSEVjcavHCQk4GggaUYy0kXr2gc+RHoZRVpv4inJ441VqJz277FSdGeBf4uakDHI0e/an349xyonQmCGluq6T6CBDUlPMyKTkp4okCI/QgHQNFYgTFWSz9BN4bJQ+jGJpntBwpv7cyBBXasxDMznNqha9qfif1011dBFkVCSpJgLPD0UpgzqG0ypgn0qCNRsbgrCkJivEQyQR1qawkinBXfzyX9I6rbr16tl1vdy4y+sogkNwBCrABeegAa5AE3gAgwfwBF7Aq/VoPVtv1vt8tGDlO/vgF6yPbzU/lHw=</latexit>

3⌦ 3 = 3� 6

<latexit sha1_base64="KfJkt/+ULRyHplfd+ReFJpx3KSg=">AAACKnicbVDLSsNAFJ3UV62vqEs3g0VwVRKtj41QceOygn1IE8pkOmmHTjJhZiKUkO9x46+46UIpbv0QJ22w2n pg4HDuuXfuPV7EqFSWNTEKK6tr6xvFzdLW9s7unrl/0JQ8Fpg0MGdctD0kCaMhaSiqGGlHgqDAY6TlDe+yeuuZCEl5+KhGEXED1A+pTzFSWuqat06A1MDzk/PU4YoGRM6FG4fr1mxyMhe1LWLxj+sy7Zplq2JNAZeJnZMyyFHvmmOnx3EckFBhhqTs2Fak3AQJRTEjacmJJYkQHqI+6WgaIr2Um0xPTeGJVnrQ50K/UMGp+rsjQYGUo8DTzmxDuVjLxP9qnVj5125CwyhWJMSzj/yYQcVhlhvsUUGwYiNNEBZU7wrxAAmElU63pEOwF09eJs2zil2tXDxUy7WnPI4iOALH4BTY4ArUwD2ogwbA4AW8gXfwYbwaY2NifM6sBSPvOQR/YHx9Azfnqaw=</latexit>

SymmetricAntisymmetric
dR

<latexit sha1_base64="4OyR5t3IJWELUytCsI6X62Cv6A0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF4/xkYckS5idnU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uIJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVDDpVC8gQIlb6ea0ziQvBUMr6d+64lrIxL1gKOU+zHtKxEJRtFK92HvrleuuFV3BrJMvJxUIEe9V/7qhgnLYq6QSWpMx3NT9MdUo2CST0rdzPCUsiHt846lisbc+OPZqRNyYpWQRIm2pZDM1N8TYxobM4oD2xlTHJhFbyr+53UyjK78sVBphlyx+aIokwQTMv2bhEJzhnJkCWVa2FsJG1BNGdp0SjYEb/HlZdI8q3rn1Yvb80rtMY+jCEdwDKfgwSXU4Abq0AAGfXiGV3hzpPPivDsf89aCk88cwh84nz8ov43M</latexit>

dR

<latexit sha1_base64="m/dY6Nu+wNd4AzJFUZWSZj1gT9s=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZcFNy6r2Ie0Y8lk0jY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxVea3H6nSTIo7M4mpH+GhYANGsLHSQ09aM8um4bR/2y9X3Ko7A1omXk4qkKPRL3/1QkmSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns6ik6sUqIBlLZJwyaqb8TKY60nkSBnYywGelFLxP/87qJGVz6KRNxYqgg80WDhCMjUVYBCpmixPCJJZgoZm9FZIQVJsYWVbIleItfXiats6pXq57f1Cr1+7yOIhzBMZyCBxdQh2toQBMIKHiGV3hznpwX5935mI8WnDxzCH/gfP4AC4iS8g==</latexit>

dR

<latexit sha1_base64="4OyR5t3IJWELUytCsI6X62Cv6A0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF4/xkYckS5idnU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uIJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVDDpVC8gQIlb6ea0ziQvBUMr6d+64lrIxL1gKOU+zHtKxEJRtFK92HvrleuuFV3BrJMvJxUIEe9V/7qhgnLYq6QSWpMx3NT9MdUo2CST0rdzPCUsiHt846lisbc+OPZqRNyYpWQRIm2pZDM1N8TYxobM4oD2xlTHJhFbyr+53UyjK78sVBphlyx+aIokwQTMv2bhEJzhnJkCWVa2FsJG1BNGdp0SjYEb/HlZdI8q3rn1Yvb80rtMY+jCEdwDKfgwSXU4Abq0AAGfXiGV3hzpPPivDsf89aCk88cwh84nz8ov43M</latexit>

dR

<latexit sha1_base64="4OyR5t3IJWELUytCsI6X62Cv6A0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF4/xkYckS5idnU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uIJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVDDpVC8gQIlb6ea0ziQvBUMr6d+64lrIxL1gKOU+zHtKxEJRtFK92HvrleuuFV3BrJMvJxUIEe9V/7qhgnLYq6QSWpMx3NT9MdUo2CST0rdzPCUsiHt846lisbc+OPZqRNyYpWQRIm2pZDM1N8TYxobM4oD2xlTHJhFbyr+53UyjK78sVBphlyx+aIokwQTMv2bhEJzhnJkCWVa2FsJG1BNGdp0SjYEb/HlZdI8q3rn1Yvb80rtMY+jCEdwDKfgwSXU4Abq0AAGfXiGV3hzpPPivDsf89aCk88cwh84nz8ov43M</latexit>

dR

<latexit sha1_base64="4OyR5t3IJWELUytCsI6X62Cv6A0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF4/xkYckS5idnU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uIJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVDDpVC8gQIlb6ea0ziQvBUMr6d+64lrIxL1gKOU+zHtKxEJRtFK92HvrleuuFV3BrJMvJxUIEe9V/7qhgnLYq6QSWpMx3NT9MdUo2CST0rdzPCUsiHt846lisbc+OPZqRNyYpWQRIm2pZDM1N8TYxobM4oD2xlTHJhFbyr+53UyjK78sVBphlyx+aIokwQTMv2bhEJzhnJkCWVa2FsJG1BNGdp0SjYEb/HlZdI8q3rn1Yvb80rtMY+jCEdwDKfgwSXU4Abq0AAGfXiGV3hzpPPivDsf89aCk88cwh84nz8ov43M</latexit>

dR

<latexit sha1_base64="m/dY6Nu+wNd4AzJFUZWSZj1gT9s=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZcFNy6r2Ie0Y8lk0jY0kwxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM493JsTxJxp47rfTmFldW19o7hZ2tre2d0r7x+0tEwUoU0iuVSdAGvKmaBNwwynnVhRHAWctoPxVea3H6nSTIo7M4mpH+GhYANGsLHSQ09aM8um4bR/2y9X3Ko7A1omXk4qkKPRL3/1QkmSiApDONa667mx8VOsDCOcTku9RNMYkzEe0q6lAkdU++ns6ik6sUqIBlLZJwyaqb8TKY60nkSBnYywGelFLxP/87qJGVz6KRNxYqgg80WDhCMjUVYBCpmixPCJJZgoZm9FZIQVJsYWVbIleItfXiats6pXq57f1Cr1+7yOIhzBMZyCBxdQh2toQBMIKHiGV3hznpwX5935mI8WnDxzCH/gfP4AC4iS8g==</latexit>

dR

<latexit sha1_base64="4OyR5t3IJWELUytCsI6X62Cv6A0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF4/xkYckS5idnU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uIJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVDDpVC8gQIlb6ea0ziQvBUMr6d+64lrIxL1gKOU+zHtKxEJRtFK92HvrleuuFV3BrJMvJxUIEe9V/7qhgnLYq6QSWpMx3NT9MdUo2CST0rdzPCUsiHt846lisbc+OPZqRNyYpWQRIm2pZDM1N8TYxobM4oD2xlTHJhFbyr+53UyjK78sVBphlyx+aIokwQTMv2bhEJzhnJkCWVa2FsJG1BNGdp0SjYEb/HlZdI8q3rn1Yvb80rtMY+jCEdwDKfgwSXU4Abq0AAGfXiGV3hzpPPivDsf89aCk88cwh84nz8ov43M</latexit>

dR

<latexit sha1_base64="4OyR5t3IJWELUytCsI6X62Cv6A0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoseAF4/xkYckS5idnU2GzM4uM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uIJXCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNEmmGW+wRCa6HVDDpVC8gQIlb6ea0ziQvBUMr6d+64lrIxL1gKOU+zHtKxEJRtFK92HvrleuuFV3BrJMvJxUIEe9V/7qhgnLYq6QSWpMx3NT9MdUo2CST0rdzPCUsiHt846lisbc+OPZqRNyYpWQRIm2pZDM1N8TYxobM4oD2xlTHJhFbyr+53UyjK78sVBphlyx+aIokwQTMv2bhEJzhnJkCWVa2FsJG1BNGdp0SjYEb/HlZdI8q3rn1Yvb80rtMY+jCEdwDKfgwSXU4Abq0AAGfXiGV3hzpPPivDsf89aCk88cwh84nz8ov43M</latexit>

Crossing

Hypercharge and angular momentum conservation 
ensure that cone is polyhedral for (unflavoured) SM 
fermion scattering.

Can derive these from 
positivity of elastic 
scattering of pure states: 

Remmen, Rodd 
2004.02885

u1v1 2 6

<latexit sha1_base64="NKiR8fuYobjy4ROn/rCr3box8vs=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgqiTia1lw47KCfUiTlsl00g6dTMLMpBBC/RU3LhRx64e482+ctFlo64GBwzn3cs8cP2ZUKtv+Nkpr6xubW+Xtys7u3v6BeXjUllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/uc39zpQISSP+oNKYeCEacRpQjJSWBmY16TvTvuNS7oZIjf0gu5oNzJpdt+ewVolTkBoUaA7ML3cY4SQkXGGGpOw5dqy8DAlFMSOziptIEiM8QSPS05SjkEgvm4efWadaGVpBJPTjypqrvzcyFEqZhr6ezBPKZS8X//N6iQpuvIzyOFGE48WhIGGWiqy8CWtIBcGKpZogLKjOauExEggr3VdFl+Asf3mVtM/rzkX98v6i1ngs6ijDMZzAGThwDQ24gya0AEMKz/AKb8aT8WK8Gx+L0ZJR7FThD4zPH3wclMA=</latexit>

M6 > 0

<latexit sha1_base64="MvFZJCSpOpHIxur7j789t7fEHK4=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiTiayUFN26ECvYhbSiT6aQdOpmEmUmhhPyJGxeKuPVP3Pk3TtostPXAwOGce7lnjh9zprTjfFulldW19Y3yZmVre2d3z94/aKkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH9/mfntCpWKReNTTmHohHgoWMIK1kfq2fd9PeyHWIz9IL7PsxunbVafmzICWiVuQKhRo9O2v3iAiSUiFJhwr1XWdWHsplpoRTrNKL1E0xmSMh7RrqMAhVV46S56hE6MMUBBJ84RGM/X3RopDpaahbybzkGrRy8X/vG6ig2svZSJONBVkfihIONIRymtAAyYp0XxqCCaSmayIjLDERJuyKqYEd/HLy6R1VnPPaxcP59X6U1FHGY7gGE7BhSuowx00oAkEJvAMr/BmpdaL9W59zEdLVrFzCH9gff4AONuTeA==</latexit>

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

u1v2 =
1

2

�
u1v2 + u2v1

�

+
1

2

�
u1v2 � u2v1

�
2 3+ 6

<latexit sha1_base64="LZjfuT0rgSRRg2xN9skku4fiCM0="></latexit>

M3 +M6 > 0

<latexit sha1_base64="51BoWjFA2ZzLhrybwwwiOPRVFrs=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiiUBKtj5UU3LgRKtiHNCFMppN26GQSZiZCCfkHN/6KGxeKuHXjzr9x0mahrQcGzpxz78y9x48Zlcqyvo25+YXFpeXSSnl1bX1j09zabskoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH17lfvuBCEkjfqdGMXFD1Oc0oBgpLXnm4Y2XOpGuyB9InRCpgR+kJ1mWHeVOcT/LskvLMytW1RoDzhK7IBVQoOGZX04vwklIuMIMSdm1rVi5KRKKYkayspNIEiM8RH3S1ZSjkEg3He+UwX2t9GAQCX24gmP1d0eKQilHoa8r8yHltJeL/3ndRAUXbkp5nCjC8eSjIGFQRTAPCPaoIFixkSYIC6pnhXiABMJKx1jWIdjTK8+S1nHVrlVPb2uV+n0RRwnsgj1wAGxwDurgGjRAE2DwCJ7BK3gznowX4934mJTOGUXPDvgD4/MHGHWe/A==</latexit>

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

M3P3 +M6P6 =

✓
|m3|

2 � 1

3
|m1|2 +

4

3
|m8|2

◆
P3

+

✓
|m6|2 +

1

3
|m1|2 +

2

3
|m8|2

◆
P6

<latexit sha1_base64="UPS5z/vB4XBOJfFhYDixylkJL4Q="></latexit>

12/28



Internal Symmetries
• Left-handed quarks: (2,3) ⇠ SU(2)⇥ SU(3)

<latexit sha1_base64="wtr4or7cI9TwanUNxkuBr8Z6/Zg=">AAACFnicbZBNS8NAEIY39avWr6hHL4tFaEFL0lb0WPTisaJpC00om+2mXbr5YHcjlJBf4cW/4sWDIl7Fm//GTRtBqwMDD+/MMDOvGzEqpGF8aoWl5ZXVteJ6aWNza3tH393riDDmmFg4ZCHvuUgQRgNiSSoZ6UWcIN9lpOtOLrN6945wQcPgVk4j4vhoFFCPYiSVNNBPKraP5Nj1knp6/I2NtGoL6sMbq1Kv2pL6RGTcqA70slEzZgH/gplDGeTRHugf9jDEsU8CiRkSom8akXQSxCXFjKQlOxYkQniCRqSvMEBqlZPM3krhkVKG0Au5ykDCmfpzIkG+EFPfVZ3Z4WKxlon/1fqx9M6dhAZRLEmA54u8mEEZwswjOKScYMmmChDmVN0K8RhxhKVysqRMMBdf/gudes1s1k6vm+XWRW5HERyAQ1ABJjgDLXAF2sACGNyDR/AMXrQH7Ul71d7mrQUtn9kHv0J7/wJo752d</latexit>

4 possible transitions, 8 UV variables:QL

<latexit sha1_base64="ry0rDlvamNEC9NHJG1jjM/hcyOA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxsIiQfMhyRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RY6b7eu+sVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyVylf1iul6mMWRx5O4BTOwYMrqMIt1KABDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AAK1jbM=</latexit>

QL

<latexit sha1_base64="ry0rDlvamNEC9NHJG1jjM/hcyOA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxsIiQfMhyRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RY6b7eu+sVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyVylf1iul6mMWRx5O4BTOwYMrqMIt1KABDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AAK1jbM=</latexit>

QL

<latexit sha1_base64="ry0rDlvamNEC9NHJG1jjM/hcyOA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxsIiQfMhyRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RY6b7eu+sVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyVylf1iul6mMWRx5O4BTOwYMrqMIt1KABDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AAK1jbM=</latexit>

QL

<latexit sha1_base64="ry0rDlvamNEC9NHJG1jjM/hcyOA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxsIiQfMhyRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RY6b7eu+sVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyVylf1iul6mMWRx5O4BTOwYMrqMIt1KABDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AAK1jbM=</latexit>

QL

<latexit sha1_base64="rpruJTvJBUyjDK83FwutFCF9YbY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCGxcuWrAPaceSSTNtaCYZkoxShv6HGxeKuPVf3Pk3ZtpZaOuBwOGce7g3J4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H4+vMbz9SpZkUd2YSUz/CQ8FCRrCx0kNPWjPLpo1p/7ZfrrhVdwa0TLycVCBHvV/+6g0kSSIqDOFY667nxsZPsTKMcDot9RJNY0zGeEi7lgocUe2ns6un6MQqAxRKZZ8waKb+TqQ40noSBXYywmakF71M/M/rJia88lMm4sRQQeaLwoQjI1FWARowRYnhE0swUczeisgIK0yMLapkS/AWv7xMWmdV77x60Tiv1O7zOopwBMdwCh5cQg1uoA5NIKDgGV7hzXlyXpx352M+WnDyzCH8gfP5A+Vcktk=</latexit>

QL

<latexit sha1_base64="rpruJTvJBUyjDK83FwutFCF9YbY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuCGxcuWrAPaceSSTNtaCYZkoxShv6HGxeKuPVf3Pk3ZtpZaOuBwOGce7g3J4g508Z1v53Cyura+kZxs7S1vbO7V94/aGmZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H4+vMbz9SpZkUd2YSUz/CQ8FCRrCx0kNPWjPLpo1p/7ZfrrhVdwa0TLycVCBHvV/+6g0kSSIqDOFY667nxsZPsTKMcDot9RJNY0zGeEi7lgocUe2ns6un6MQqAxRKZZ8waKb+TqQ40noSBXYywmakF71M/M/rJia88lMm4sRQQeaLwoQjI1FWARowRYnhE0swUczeisgIK0yMLapkS/AWv7xMWmdV77x60Tiv1O7zOopwBMdwCh5cQg1uoA5NIKDgGV7hzXlyXpx352M+WnDyzCH8gfP5A+Vcktk=</latexit>

QL

<latexit sha1_base64="ry0rDlvamNEC9NHJG1jjM/hcyOA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxsIiQfMhyRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RY6b7eu+sVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyVylf1iul6mMWRx5O4BTOwYMrqMIt1KABDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AAK1jbM=</latexit>

QL

<latexit sha1_base64="ry0rDlvamNEC9NHJG1jjM/hcyOA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxsIiQfMhyRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RY6b7eu+sVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyVylf1iul6mMWRx5O4BTOwYMrqMIt1KABDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AAK1jbM=</latexit>

Extremal Rays:

M(1,3)P1 +M(1,6)P6 +M(3,3)P3P3 +M(1,6)P3P6 =
✓
|m(1,3)|

2 +
1

6
|m(1,1)|2 �

2

3
|m(1,8)|2 �

1

2
|m(3,1)|2 + 2|m(3,8)|2

◆
P1P3

+

✓
|m(1,6)|2 �

1

6
|m(1,1)|2 �

1

3
|m(1,8)|2 +

1

2
|m(3,1)|2 + |m(3,8)|2

◆
P1P6

+

✓
|m(3,3)|

2 � 1

6
|m(1,1)|2 +

2

3
|m(1,8)|2 �

1

6
|m(3,1)|2 +

2

3
|m(3,8)|2

◆
P3P3

+

✓
|m(3,6)|2 +

1

6
|m(1,1)|2 +

1

3
|m(1,8)|2 +

1

6
|m(3,1)|2 +

1

3
|m(3,8)|2

◆
P3P6

<latexit sha1_base64="7PSPR1ulNJgLnk+HrCsL97t8Emw="></latexit>

{(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0),
(1,�1,�1, 1), (�2,�1, 2, 1), (�3, 3,�1, 1)}

<latexit sha1_base64="LTUEDSSoQiKYgi7Rf661qNLuig8=">AAACMnicbZDLSgMxFIYz9VbrbdSlm8GitDAtM21FlwU3uqtgL9IZSiZN29DMhSQjlKHP5MYnEVzoQhG3PoSZC6KtJwl8/P85JPmdgBIuDONFya2srq1v5DcLW9s7u3vq/kGH+yFDuI186rOeAzmmxMNtQQTFvYBh6DoUd53pZex37zHjxPduxSzAtgvHHhkRBIWUBuq1FZ2WTN2IV1kvGbr5QwmXdcuKGyrJNqVRqcVUS7mu11Pdmg/UolE1ktKWwcygCLJqDdQna+ij0MWeQBRy3jeNQNgRZIIgiucFK+Q4gGgKx7gv0YMu5naUfHmunUhlqI18Jo8ntET9PRFBl/OZ68hOF4oJX/Ri8T+vH4rRhR0RLwgF9lB60SikmvC1OD9tSBhGgs4kQMSIfKuGJpBBJGTKBRmCufjlZejUqmajenbTKDbvsjjy4AgcgxIwwTlogivQAm2AwAN4Bm/gXXlUXpUP5TNtzSnZzCH4U8rXN64PndU=</latexit>

(M(1,3),M(1,6),M(3,3),M(1,6)) 2

<latexit sha1_base64="h+72J6II94ExBw6D1/5i6JIaoNs=">AAACc3icnVHLSsNAFJ3EV62vquCmC4dWoYVaElsfy4IbN0IF+5CmlMl00g6dPJiZCCXkB/w8d/6FG/dO2giauvLCwOGccx9zrx0wKqRhvGv62vrG5lZuO7+zu7d/UDg86go/5Jh0sM983reRIIx6pCOpZKQfcIJcm5GePbtL9N4L4YL63pOcB2TooolHHYqRVNSo8Fp5GEUVy0VyajuRGdcsX9mTatE32YjjalzL2lJ4ndUa/ypRtagapmzUjUXAVWCmoAzSaI8Kb9bYx6FLPIkZEmJgGoEcRohLihmJ81YoSIDwDE3IQEEPuUQMo8XOYniumDF0fK6eJ+GC/ZkRIVeIuWsrZzKnyGoJ+Zc2CKVzO4yoF4SSeHjZyAkZlD5MDgDHlBMs2VwBhDlVs0I8RRxhqc6UV0sws19eBd3LutmsXz02y63ndB05UAQlUAEmuAEtcA/aoAMw+NBOtFMNap96US/pZ0urrqU5x+BX6BdfM3+++Q==</latexit>

h

<latexit sha1_base64="JfaSEIry4kGQ8IGDmmG53aEqBXo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2A9pQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1fl+rNB7zOIpwBudwCR5cQwPuoAktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2Glj64=</latexit>

i

<latexit sha1_base64="Yt5MSuHx7OMywGxUvv07OGW43/4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkRY8FLx4r2A9pQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvVq1fl+rNB7zOIpwBudwCR5cQwPuoAktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2rbj7Q=</latexit>

+

<latexit sha1_base64="yEWU8jF92DXgRUnvTFrc4ckTShY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMePGYgHlIsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rG8N+ME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqj5kceThBE7hHDy4hircQQ0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3sIjM4=</latexit>
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Entanglement

 

M(1,6) +M(3,6) > 0

M(3,6) > 0

M(1,3) +M(1,6) +M(3,3) +M(3,6) > 0

M(3,3) +M(3,6) > 0

4M(1,3) +M(1,6) + 9M(3,6) > 0

M(1,3) + 3M(3,6) > 0

<latexit sha1_base64="UnzhHPwSkieXD6EGLI54u5y2KIM="></latexit>

Remmen, Rodd 
2004.02885 {

<latexit sha1_base64="Qd3IZIEYCF9tw3R/QKDQZreNePc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF49V7Ie0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx038v65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazt8mAK2RGTCyhTHF7K2EjqigzNpySDcFbfnmVtC6qXq16eVer1B/zOIpwAqdwDh5cQR1uoQFNYBDCM7zCmzN2Xpx352PRWnDymWP4A+fzB6UHjYQ=</latexit>

• Find six constraints, two 
of which cannot be found 
from scattering of pure 
states. All pure states 
decompose into linear 
combinations of irreps 
given by the first four 
inequalities. The last two 
are only accessible with 
entangled states.

• Use vertex enumeration to convert extremal rays into linear inequalities 
describing facets:

Crossing matrix (determined here purely by group 
theory) encodes entangled states satisfying positivity. 
Examples of entangled states given by corresponding 
CG coefficients e.g.

1

2
(|2; 1i|2; 2i � |2; 2i|2; 1i) (|3; 1i|3; 2i � |3; 2i|3; 1i)

+
3

2
(|2; 1i|2; 2i+ |2; 2i|2; 1i) (|3; 1i|3; 2i+ |3; 2i|3; 1i)

<latexit sha1_base64="KHrE8QN7y6s9cOjQzaeSMyhU6vc="></latexit>
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Internal Symmetries

P3

<latexit sha1_base64="uL7CbC8+t5cUAUrRh/3Q1uWC3o0=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRmt6LLgxmUF+5DOWDJppg3NJEOSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SECWfauO63s7K6tr6xWdoqb+/s7u1XDg7bWqaK0BaRXKpuiDXlTNCWYYbTbqIojkNOO+H4Jvc7T1RpJsW9mSQ0iPFQsIgRbKzk+zE2ozDMmtPHi36l6tbcGdAy8QpShQLNfuXLH0iSxlQYwrHWPc9NTJBhZRjhdFr2U00TTMZ4SHuWChxTHWSzzFN0apUBiqSyTxg0U39vZDjWehKHdjLPqBe9XPzP66Umug4yJpLUUEHmh6KUIyNRXgAaMEWJ4RNLMFHMZkVkhBUmxtZUtiV4i19eJu3zmlevXd7Vq42Hoo4SHMMJnIEHV9CAW2hCCwgk8Ayv8Oakzovz7nzMR1ecYucI/sD5/AHyG5G0</latexit>

Extremal Rays become 
vertices in projective space:

(1,�1,�1)

<latexit sha1_base64="gEx4S1Uv/Rfj2hqjDt+nq9c9FC0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahgpZEKrosuHFZwT6kCWUynbRDJ5MwcyPUUPwVNy4Ucet/uPNvnLRZaOvhXjiccy9z5/gxZwps+9soLC2vrK4V10sbm1vbO+buXktFiSS0SSIeyY6PFeVM0CYw4LQTS4pDn9O2P7rO/PYDlYpF4g7GMfVCPBAsYASDlnrmgctpABXn9CwrV7LBEE56Ztmu2lNYi8TJSRnlaPTML7cfkSSkAgjHSnUdOwYvxRIY4XRSchNFY0xGeEC7mgocUuWl0+sn1rFW+lYQSd0CrKn6eyPFoVLj0NeTIYahmvcy8T+vm0Bw5aVMxAlQQWYPBQm3ILKyKKw+k5QAH2uCiWT6VosMscQEdGAlHYIz/+VF0jqvOrXqxW2tXL/P4yiiQ3SEKshBl6iOblADNRFBj+gZvaI348l4Md6Nj9lowch39tEfGJ8/5auTqQ==</latexit>

(�2,�1, 2)

<latexit sha1_base64="l9fli5CDsxlAhhD4D1RuF6NL7sA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahQluSUtFlwY3LCvYhTSiT6aQdOpmEmRuhhuKvuHGhiFv/w51/47TNQqsHLhzOuZd77/FjzhTY9peRW1ldW9/Ibxa2tnd298z9g7aKEkloi0Q8kl0fK8qZoC1gwGk3lhSHPqcdf3w18zv3VCoWiVuYxNQL8VCwgBEMWuqbRy6nAZQqtXLFKddcyYYjOOubRbtqz2H9JU5GiihDs29+uoOIJCEVQDhWqufYMXgplsAIp9OCmygaYzLGQ9rTVOCQKi+dXz+1TrUysIJI6hJgzdWfEykOlZqEvu4MMYzUsjcT//N6CQSXXspEnAAVZLEoSLgFkTWLwhowSQnwiSaYSKZvtcgIS0xAB1bQITjLL/8l7VrVqVfPb+rFxl0WRx4doxNUQg66QA10jZqohQh6QE/oBb0aj8az8Wa8L1pzRjZziH7B+PgG6MCTqw==</latexit>

(�3, 3,�1)

<latexit sha1_base64="glbBphKtlORoS7Y3kwyufd6TsRU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahQlsSW9FlwY3LCvYhTSiT6aQdOpmEmRuhhuKvuHGhiFv/w51/4/Sx0NYDFw7n3Mu99/gxZwps+9vIrKyurW9kN3Nb2zu7e+b+QVNFiSS0QSIeybaPFeVM0AYw4LQdS4pDn9OWP7ye+K0HKhWLxB2MYuqFuC9YwAgGLXXNI5fTAAqlSrFSLDmuZP0BnHXNvF22p7CWiTMneTRHvWt+ub2IJCEVQDhWquPYMXgplsAIp+OcmygaYzLEfdrRVOCQKi+dXj+2TrXSs4JI6hJgTdXfEykOlRqFvu4MMQzUojcR//M6CQRXXspEnAAVZLYoSLgFkTWJwuoxSQnwkSaYSKZvtcgAS0xAB5bTITiLLy+T5nnZqZYvbqv52v08jiw6RieogBx0iWroBtVRAxH0iJ7RK3oznowX4934mLVmjPnMIfoD4/MH6+STrQ==</latexit>

Entangled lower bounds on M(1,3)/M(3,6)

<latexit sha1_base64="vCwFEkRd4GgwOVozHdZ35LYMc9U=">AAACK3icbVDLSsNAFJ3UV62vqEs3wSJUkJrY+lgW3bgRKtiHNKFMppN26GQSZiZCCfkfN/6KC134wK3/4aSNUFsvDBzOOffOvccNKRHSND+03MLi0vJKfrWwtr6xuaVv7zRFEHGEGyigAW+7UGBKGG5IIiluhxxD36W45Q6vUr31gLkgAbuToxA7Puwz4hEEpaK6+uVNNy7ZPpQD14ut5MgOlDsdFv+SlSQ5TI6nbRVly+CZ0rp60Syb4zLmgZWBIsiq3tVf7F6AIh8ziSgUomOZoXRiyCVBFCcFOxI4hGgI+7ijIIM+Fk48vjUxDhTTM7yAq8ekMWanO2LoCzHyXeVMdxSzWkr+p3Ui6V04MWFhJDFDk4+8iBoyMNLgjB7hGEk6UgAiTtSuBhpADpFU8RZUCNbsyfOgeVK2quXT22qxdp/FkQd7YB+UgAXOQQ1cgzpoAAQewTN4A+/ak/aqfWpfE2tOy3p2wZ/Svn8AU0mobA==</latexit>

 

M(1,6) +M(3,6) > 0

M(3,6) > 0

M(1,3) +M(1,6) +M(3,3) +M(3,6) > 0

M(3,3) +M(3,6) > 0

4M(1,3) +M(1,6) + 9M(3,6) > 0

M(1,3) + 3M(3,6) > 0

<latexit sha1_base64="UnzhHPwSkieXD6EGLI54u5y2KIM="></latexit>

• Left-handed quarks: (2,3) ⇠ SU(2)⇥ SU(3)

<latexit sha1_base64="wtr4or7cI9TwanUNxkuBr8Z6/Zg=">AAACFnicbZBNS8NAEIY39avWr6hHL4tFaEFL0lb0WPTisaJpC00om+2mXbr5YHcjlJBf4cW/4sWDIl7Fm//GTRtBqwMDD+/MMDOvGzEqpGF8aoWl5ZXVteJ6aWNza3tH393riDDmmFg4ZCHvuUgQRgNiSSoZ6UWcIN9lpOtOLrN6945wQcPgVk4j4vhoFFCPYiSVNNBPKraP5Nj1knp6/I2NtGoL6sMbq1Kv2pL6RGTcqA70slEzZgH/gplDGeTRHugf9jDEsU8CiRkSom8akXQSxCXFjKQlOxYkQniCRqSvMEBqlZPM3krhkVKG0Au5ykDCmfpzIkG+EFPfVZ3Z4WKxlon/1fqx9M6dhAZRLEmA54u8mEEZwswjOKScYMmmChDmVN0K8RhxhKVysqRMMBdf/gudes1s1k6vm+XWRW5HERyAQ1ABJjgDLXAF2sACGNyDR/AMXrQH7Ul71d7mrQUtn9kHv0J7/wJo752d</latexit>

{(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0),
(1,�1,�1, 1), (�2,�1, 2, 1), (�3, 3,�1, 1)}

<latexit sha1_base64="pHnUd8KVVsp397USNS3TZSTWy7Y="></latexit>
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Internal Symmetries
• Left-handed quarks with full flavor symmetry: 

(2,3,3) ⇠ SU(2)⇥ SU(3)⇥ SU(3)

<latexit sha1_base64="+2+eIjYmjaxkK3VyUb8/sYfUGeU=">AAACLXicbZDLSsNAFIYnXmu9RV26GSxCC1KStqLLoi5cVjRtoQllMp20QycXZiZCCX0hN76KCC4q4tbXcNJG6MUfBj7+cw5nzu9GjAppGBNtbX1jc2s7t5Pf3ds/ONSPjpsijDkmFg5ZyNsuEoTRgFiSSkbaESfIdxlpucPbtN56JlzQMHiSo4g4PuoH1KMYSWV19bui7SM5cL2kMr74w+o8lmxBffhoFSslW1KfiJSrC9zVC0bZmAqugplBAWRqdPV3uxfi2CeBxAwJ0TGNSDoJ4pJiRsZ5OxYkQniI+qSjMEBqlZNMrx3Dc+X0oBdy9QIJp+78RIJ8IUa+qzrTI8RyLTX/q3Vi6V07CQ2iWJIAzxZ5MYMyhGl0sEc5wZKNFCDMqforxAPEEZYq4LwKwVw+eRWalbJZK18+1Ar1myyOHDgFZ6AITHAF6uAeNIAFMHgBb2ACPrVX7UP70r5nrWtaNnMCFqT9/AKbVaZy</latexit>

More examples, similar results:  
Parity symmetric W bosons  Zhang, 

Zhou 2005.03047  
Parity symmetric gluons  

Li, Yang, et.al. 2101.01191 

• More degrees of freedom       
many more constraints. 

• 8 constraints from pure state 
scattering, 36 additional from 
entangled states.

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

0 1 0 1 0 1 0 1
1 1 1 1 1 1 1 1
1 3 2 0 2 0 0 6
5 9 8 0 8 0 2 18
11 15 16 0 16 0 0 48
1 0 1 0 0 3 0 3
4 0 4 0 1 9 1 9
8 0 8 0 3 15 0 24
1 1 0 0 0 0 2 2
8 0 4 0 0 12 5 21
0 1 0 0 0 0 0 6
7 0 2 0 2 0 0 36
2 0 0 0 0 0 1 9
4 0 0 0 0 4 5 13
8 0 0 12 4 0 5 21
3 0 0 5 0 5 0 13
8 0 0 4 0 4 7 23
4 0 0 4 0 0 5 13
0 1 0 0 0 0 0 2
0 0 0 0 1 1 1 1
0 0 0 0 0 1 0 1
0 3 1 0 2 1 0 7

1 0 0 3 1 0 0 3
4 0 1 9 4 0 1 9
8 0 3 15 8 0 0 24
0 0 0 0 4 0 1 9
4 0 0 8 4 0 3 11
0 0 0 0 1 0 0 3
1 0 1 0 6 0 0 18
0 3 1 0 5 0 0 15
0 1 0 1 3 0 0 9
0 0 1 1 0 0 1 1
4 0 4 0 0 8 3 11
0 0 4 0 0 0 1 9
0 0 1 0 0 0 0 3
1 0 6 0 1 0 0 18
0 1 3 0 0 1 0 9
0 3 5 0 1 0 0 15
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 1
0 4 8 0 8 0 7 23
0 0 0 1 0 0 0 1
0 3 2 1 1 0 0 7
0 5 3 0 3 0 0 13

<latexit sha1_base64="GMjWKZ7z2wVmOQGfq6YBn0fPN3k="></latexit>

(M(1,3,3),M(3,3,3),M(1,6,3),M(3,6,3),

M(1,3,6),M(3,3,6),M(1,6,6),M(3,6,6))

<latexit sha1_base64="HSdn1YYrb9+O85vgRERzvuLck7w="></latexit>
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Internal Symmetries

Extremal Rays become vertices 
in projective space:

• Quark-gluon scattering: 

P2

<latexit sha1_base64="gY2wrBhdn/I4zbQF5u08sIyWf8E=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclZlS0WXBjcsK9iGdsWTSTBuaSYYkI5Shv+HGhSJu/Rl3/o2ZdhbaeiBwOOde7skJE860cd1vZ219Y3Nru7RT3t3bPzisHB13tEwVoW0iuVS9EGvKmaBtwwynvURRHIecdsPJTe53n6jSTIp7M01oEOORYBEj2FjJ92NsxmGYtWaP9UGl6tbcOdAq8QpShQKtQeXLH0qSxlQYwrHWfc9NTJBhZRjhdFb2U00TTCZ4RPuWChxTHWTzzDN0bpUhiqSyTxg0V39vZDjWehqHdjLPqJe9XPzP66cmug4yJpLUUEEWh6KUIyNRXgAaMkWJ4VNLMFHMZkVkjBUmxtZUtiV4y19eJZ16zWvULu8a1eZDUUcJTuEMLsCDK2jCLbSgDQQSeIZXeHNS58V5dz4Wo2tOsXMCf+B8/gDwl5Gz</latexit>

{(1, 0, 0), (0, 1, 0), (�1,�3, 3), (�3, 3, 1)}

<latexit sha1_base64="pxNpzAJiA0rRDsCkDBc4HDJbB28=">AAACD3icbVDLSsNAFJ34rPUVdekmWJQW0pKxFV0W3LisYB/ShDKZTtqhkwczE6GE/oEbf8WNC0XcunXn3zhJs9DWA8M9nHMvd+5xI0aFtKxvbWV1bX1js7BV3N7Z3dvXDw47Iow5Jm0cspD3XCQIowFpSyoZ6UWcIN9lpOtOrlO/+0C4oGFwJ6cRcXw0CqhHMZJKGuhndlKGpmVaFbNsmTCrVWhW62Y9ZaqYsGLPBnrJqlkZjGUCc1ICOVoD/csehjj2SSAxQ0L0oRVJJ0FcUszIrGjHgkQIT9CI9BUNkE+Ek2T3zIxTpQwNL+TqBdLI1N8TCfKFmPqu6vSRHItFLxX/8/qx9K6chAZRLEmA54u8mBkyNNJwjCHlBEs2VQRhTtVfDTxGHGGpIiyqEODiycukc16DjdrFbaPUvM/jKIBjcALKAIJL0AQ3oAXaAINH8AxewZv2pL1o79rHvHVFy2eOwB9onz9CKJX1</latexit>

 

M3 + 3M15 > 0

3M3 + 2M6 + 3M15 > 0

M15 > 0

M6 +M15 > 0

<latexit sha1_base64="7cWcd/ma8odS3/jTANAHEYum8ZQ="></latexit>

3⌦ 8 = 3� 6� 15

<latexit sha1_base64="VUzluNo+8KdnljNGgjO7o4lqH1w=">AAACO3icbVDLSsNAFJ3UV62vqEs3wSK4Kom22o1QcOOyin1IU8pkOmmHTmbCzEQoIf/lxp9w58aNC0XcunfSplBbDwwczrl37r3HCymRyrZfjdzK6tr6Rn6zsLW9s7tn7h80JY8Ewg3EKRdtD0pMCcMNRRTF7VBgGHgUt7zRdeq3HrGQhLN7NQ5xN4ADRnyCoNJSz7xzA6iGnh+fJy5XJMByJlSTq3kvpJF0uf4qnRTPnItkZmWCU0l6ZtEu2RNYy8TJSBFkqPfMF7fPURRgphCFUnYcO1TdGApFEMVJwY0kDiEawQHuaMqg3rIbT25PrBOt9C2fC/2YsibqfEcMAynHgacr0xXlopeK/3mdSPnVbkxYGCnM0HSQH1FLcSsN0uoTgZGiY00gEkTvaqEhFBApHXdBh+AsnrxMmmclp1yq3JaLtYcsjjw4AsfgFDjgEtTADaiDBkDgCbyBD/BpPBvvxpfxPS3NGVnPIfgD4+cX56yxFg==</latexit>

SU(3)

<latexit sha1_base64="jMKxZdJUQEJ7NftYKkoMCJatKt8=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZjghewqRo8kXjxidAEDG9ItXWjotpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObqZ+64kqzaR4MOOEBjEeCBYxgo2V/Hu/cnHWK5XdqjsDWiZeTsqQo9ErfXX7kqQxFYZwrHXHcxMTZFgZRjidFLuppgkmIzygHUsFjqkOstmxE3RqlT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66Qmug4yJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtP0YbgLb68TJrnVa9WvbyrleuPeRwFOIYTqIAHV1CHW2iADwQYPMMrvDnCeXHenY9564qTzxzBHzifP5cUjfc=</latexit>

QL

<latexit sha1_base64="ry0rDlvamNEC9NHJG1jjM/hcyOA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxsIiQfMhyRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RY6b7eu+sVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyVylf1iul6mMWRx5O4BTOwYMrqMIt1KABDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AAK1jbM=</latexit>

QL

<latexit sha1_base64="ry0rDlvamNEC9NHJG1jjM/hcyOA=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxsIiQfMhyRH2NnPJkr29Y3dPCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0c3Mbz2h0jyWD2acoB/RgeQhZ9RY6b7eu+sVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3VKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnsb9LnCpkRY0soU9zeStiQKsqMTadgQ/CWX14lzYuyVylf1iul6mMWRx5O4BTOwYMrqMIt1KABDAbwDK/w5gjnxXl3PhatOSebOYY/cD5/AAK1jbM=</latexit>

g

<latexit sha1_base64="WOhX6vhiH14xuz42EYaYDWqZgRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVql/pDHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1fiNCg==</latexit>

g

<latexit sha1_base64="WOhX6vhiH14xuz42EYaYDWqZgRg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOl5rBfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVql/pDHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f1fiNCg==</latexit>
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Spin

• Total spin projection along beam axis must be conserved, but otherwise 
this just a conserved          chargeU(1)

<latexit sha1_base64="jDJuP23x/9BqdJZMdXT5o2FutLs=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF48VTFtpQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNq777aytb2xubZd2yrt7+weHlaPjto5TRahPYh6rbog15UxS3zDDaTdRFIuQ0044uc39zhNVmsXywUwTGgg8kixiBJtc8mvexaBSdevuHGiVeAWpQoHWoPLVH8YkFVQawrHWPc9NTJBhZRjhdFbup5ommEzwiPYslVhQHWTzW2fo3CpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpiW6CjMkkNVSSxaIo5cjEKH8cDZmixPCpJZgoZm9FZIwVJsbGU7YheMsvr5L2Zd1r1K/uG9XmYxFHCU7hDGrgwTU04Q5a4AOBMTzDK7w5wnlx3p2PReuaU8ycwB84nz/v+Y2Y</latexit>

h1 � h2

<latexit sha1_base64="/ZIKUQZ3NuGGhS1jjZSrsTcGPOo=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4sSSloseCF48V7Ie0IWy2m2bpZjfsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8MOVMG9f9dtbWNza3tks75d29/YPDytFxR8tMEdomkkvVC7GmnAnaNsxw2ksVxUnIaTcc38787hNVmknxYCYp9RM8EixiBBsrdePAu4yDelCpujV3DrRKvIJUoUArqHwNhpJkCRWGcKx133NT4+dYGUY4nZYHmaYpJmM8on1LBU6o9vP5uVN0bpUhiqSyJQyaq78ncpxoPUlC25lgE+tlbyb+5/UzE934ORNpZqggi0VRxpGRaPY7GjJFieETSzBRzN6KSIwVJsYmVLYheMsvr5JOveY1alf3jWrzsYijBKdwBhfgwTU04Q5a0AYCY3iGV3hzUufFeXc+Fq1rTjFzAn/gfP4AU8uO/Q==</latexit>

• Positivity of simple spinning elastic amplitudes derived in Bellazzini 
1605.06111.

M�+��+�, M + + + +

, M +� +�, M�+ +�+ +

> 0

<latexit sha1_base64="U7g/8soJnndgjXJkwXG3mRHR08s=">AAACZHicbVFbS8MwGE3rZXNO7Rw+CVIcguAYrUz0SQa++CJMcBdZu5Fm2RaWtCVJhVH2J33z0Rd/h2k3x9b5QcLJOd/J5cQLKRHSsr40fWd3bz+XPygcFo+OT4zSaVsEEUe4hQIa8K4HBabExy1JJMXdkGPIPIo73vQp0TsfmAsS+G9yFmKXwbFPRgRBqaiBEb/0Y2cMGYP9GyeckHU8rzrVRA4FSYjsnJGVd4X+pNVmqbCxmj9aA6Ni1ay0zG1gL0EFLKs5MD6dYYAihn2JKBSiZ1uhdGPIJUEUzwtOJHAI0RSOcU9BHzIs3DgNaW5eKWZojgKuhi/NlF13xJAJMWOe6mRQTkRWS8j/tF4kRw9uTPwwkthHi4NGETVlYCaJm0PCMZJ0pgBEnKi7mmgCOURS/UtBhWBnn7wN2rc1u167e61XGu/LOPLgHFyCa2CDe9AAz6AJWgCBby2nGVpJ+9GLelk/W7Tq2tJTBhulX/wCKDW3UQ==</latexit>

h1

<latexit sha1_base64="ALRcsXZzS42Ar+ofkOfTMitLxh8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Ye0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0P+p7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9WvbyrVeqPeRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH8xI2v</latexit>

h2

<latexit sha1_base64="1BZMQJnBP4wIfwfA97n1CIo+rZ4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY8FLx4r2lZpQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqIaAaBZfYMtwIfEgU0igQ2AnG1zO/84RK81jem0mCfkSHkoecUWOlu1G/1i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3r16sVtvdJ4zOMowgmcwjl4cAkNuIEmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/+SI2w</latexit>

P odd spin singlet

• For identical particles, have two degenerate spin singlet configurations. 
Can define parity eigenstates: 

P even spin singlet|Ai

<latexit sha1_base64="WJa2SEhRkM9Smp5YdVTcC/AbUR8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8RLx4jmBfJEmYnnWTI7OwyMyuENV/hxYMiXv0cb/6Nk2QPmljQUFR1090VxIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dJQohnUWiUi1AqpRcIl1w43AVqyQhoHAZjC+nfnNR1SaR/LBTGL0QzqUfMAZNVZqP910FZVDgb1iyS27c5BV4mWkBBlqveJXtx+xJERpmKBadzw3Nn5KleFM4LTQTTTGlI3pEDuWShqi9tP5wVNyZpU+GUTKljRkrv6eSGmo9SQMbGdIzUgvezPxP6+TmMG1n3IZJwYlWywaJIKYiMy+J32ukBkxsYQyxe2thI2ooszYjAo2BG/55VXSuCh7lfLlfaVUbWdx5OEETuEcPLiCKtxBDerAIIRneIU3RzkvzrvzsWjNOdnMMfyB8/kD2OeQhQ==</latexit>

|Bi

<latexit sha1_base64="L4wyeVjfVOhB/8rsX90JWk7jxQ8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmBfJEmYnnWTI7OwyMyuENV/hxYMiXv0cb/6Nk2QPmljQUFR1090VxIJr47rfTm5tfWNzK79d2Nnd2z8oHh41dJQohnUWiUi1AqpRcIl1w43AVqyQhoHAZjC+nfnNR1SaR/LBTGL0QzqUfMAZNVZqP910FZVDgb1iyS27c5BV4mWkBBlqveJXtx+xJERpmKBadzw3Nn5KleFM4LTQTTTGlI3pEDuWShqi9tP5wVNyZpU+GUTKljRkrv6eSGmo9SQMbGdIzUgvezPxP6+TmMG1n3IZJwYlWywaJIKYiMy+J32ukBkxsYQyxe2thI2ooszYjAo2BG/55VXSuCh7lfLlfaVUbWdx5OEETuEcPLiCKtxBDerAIIRneIU3RzkvzrvzsWjNOdnMMfyB8/kD2nKQhg==</latexit>

= |+i|+i+ |�i|�i

<latexit sha1_base64="6TFHKx2IaInuQx4wK1uQfOxnzWU=">AAACD3icbZDLSsNAFIZPvNZ6i7p0EyyKUCyJVHQjFNy4rGAv0oYymU7aoZNJmJkIJe0buPFV3LhQxK1bd76N0zYVbf1h4OM/53Dm/F7EqFS2/WUsLC4tr6xm1rLrG5tb2+bOblWGscCkgkMWirqHJGGUk4qiipF6JAgKPEZqXu9qVK/dEyFpyG9VPyJugDqc+hQjpa2WeXQ5yDcF4h1GfiA/OJlaU2iZObtgj2XNg5NCDlKVW+Znsx3iOCBcYYakbDh2pNwECUUxI8NsM5YkQriHOqShkaOASDcZ3zO0DrXTtvxQ6MeVNXZ/TyQokLIfeLozQKorZ2sj879aI1b+hZtQHsWKcDxZ5MfMUqE1CsdqU0GwYn0NCAuq/2rhLhIIKx1hVofgzJ48D9XTglMsnN0Uc6W7NI4M7MMBHIMD51CCayhDBTA8wBO8wKvxaDwbb8b7pHXBSGf24I+Mj2/Yl5yi</latexit>

= |+i|+i � |�i|�i

<latexit sha1_base64="5wZJJB6roFmpNDBctV8Opx9O23E=">AAACD3icbZDLSsNAFIZPvNZ6i7p0EyyKIC2JVHQjFNy4rGAv0oYymU7aoZNJmJkIJe0buPFV3LhQxK1bd76N0zYVbf1h4OM/53Dm/F7EqFS2/WUsLC4tr6xm1rLrG5tb2+bOblWGscCkgkMWirqHJGGUk4qiipF6JAgKPEZqXu9qVK/dEyFpyG9VPyJugDqc+hQjpa2WeXQ5OGkKxDuM/EB+kJ9aU2iZObtgj2XNg5NCDlKVW+Znsx3iOCBcYYakbDh2pNwECUUxI8NsM5YkQriHOqShkaOASDcZ3zO0DrXTtvxQ6MeVNXZ/TyQokLIfeLozQKorZ2sj879aI1b+hZtQHsWKcDxZ5MfMUqE1CsdqU0GwYn0NCAuq/2rhLhIIKx1hVofgzJ48D9XTglMsnN0Uc6W7NI4M7MMBHIMD51CCayhDBTA8wBO8wKvxaDwbb8b7pHXBSGf24I+Mj2/bw5yk</latexit>

h3

<latexit sha1_base64="NIh5S1NM3D5hCOJzZ0vDSs28rAE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oseCF48V7Ye0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8PfPbj6g0j+W9mSToR3QoecgZNVa6G/XP++WKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14ZWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q16sVtrVJ/yOMowhEcwyl4cAl1uIEGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzf/zI2x</latexit>

h4

<latexit sha1_base64="1btoG92oyIHY9xEk2T1oUXnhIFk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Ye0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3n1BpHssHM0nQj+hQ8pAzaqx0P+rX+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tenlXq9Qf8ziKcAKncA4eXEEdbqEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QMBX42y</latexit>
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Spin

• Complete the constraints on minimal theories of spinning particles, with 
and without parity. Simple inelastic bounds sufficient.

• Can obtain by scattering factorized superpositions of photons and scalars.

 |M� ��+ +

|, |M� +�� �
| 

p
2M� +� +M +�+ +�+

<latexit sha1_base64="ks8nV7GZH1gn/TE1mtKeFV7IQC4="></latexit>

 |M���+�+

|, |M������
|  1

2
M��+��+

+

r
1

2
M����M�+���+��

<latexit sha1_base64="B1L6HlNCvVygyz9qZ2b7rcGeRrQ="></latexit>
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Simple Example: Identical Spinning 
Particles

Simplest example of non-polyhedral cone arising as a result of permitted 
transitions between symmetry-degenerate states. Geometerise the cone of 
allowed amplitudes. Bounds are well-known: 

See e.g. Remmen, 
Rodd 1908.09845 c >

1

2

p
d2 + e2

<latexit sha1_base64="sdlInflUF2fSxWvu5kVC6nBF+Qw=">AAACBHicbVDLSsNAFJ3UV62vqMtuBosgCCUJFV1J0Y3LCvYBbVomk0k7dDKJMxOhhCzc+CtuXCji1o9w5984bbPQ1gMXDufcy733eDGjUlnWt1FYWV1b3yhulra2d3b3zP2DlowSgUkTRywSHQ9JwignTUUVI51YEBR6jLS98fXUbz8QIWnE79QkJm6IhpwGFCOlpYFZxpe9QCCc2lnqZD15L1Tq951T0neygVmxqtYMcJnYOamAHI2B+dXzI5yEhCvMkJRd24qVmyKhKGYkK/USSWKEx2hIuppyFBLpprMnMnisFR8GkdDFFZypvydSFEo5CT3dGSI1koveVPzP6yYquHBTyuNEEY7ni4KEQRXBaSLQp4JgxSaaICyovhXiEdKZKJ1bSYdgL768TFpO1a5Vz25rlfpVHkcRlMEROAE2OAd1cAMaoAkweATP4BW8GU/Gi/FufMxbC0Y+cwj+wPj8AUoll98=</latexit>

c

16⇤4

⇣�
F 2

�2
+ (FF̃ )2

⌘
+

d

32⇤4

⇣�
F 2

�2 � (FF̃ )2
⌘
+

e

16⇤4
F 2

⇣
FF̃

⌘

<latexit sha1_base64="n/zRoi79Gjub6pDLaCVH8nsNPuo="></latexit>

  

 |MAB | <
1

2

p
(3MAA +MBB) (MAA + 3MBB)

<latexit sha1_base64="/ICG+3K3EMC7eEcx8FDbwL2H31Q="></latexit>
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M ijkl =
1

2

�
3|mA|2 � |mB |2

�
P ijkl
AA

+
1

2

�
�|mA|2 + 3|mB |2

�
P ijkl
BB + 2mA ·mB

⇣
P ijkl
AB � P ijkl

BA

⌘

<latexit sha1_base64="xeUZdf1+7u3vH8W6Jm8mX7Kk/6g="></latexit>

(MAA,MBB ,MAB) = (3� r2,�1 + 3r2, 4r)

<latexit sha1_base64="DBdZcLS3EUpLHR8M7YqhMbVPs6Y=">AAACEnicbVDLTsJAFJ3iC/GFunTTSEwgAmkBoxsTwI0bE0zkYaA202GACdNHZqYmpOk3uPFX3LjQGLeu3Pk3TksXit5kck7OuTd37rE8SrjQtC8ltbS8srqWXs9sbG5t72R39zrc9RnCbeRSl/UsyDElDm4LIijueQxD26K4a00vIr97jxknrnMjZh42bDh2yIggKKRkZgv5KzNoNMKihGYzhkYzLJznqyV2VymW9ONqhDVWMLM5razFpf4lekJyIKmWmf0cDF3k29gRiELO+7rmCSOATBBEcZgZ+Bx7EE3hGPcldaCNuRHEJ4XqkVSG6shl8jlCjdWfEwG0OZ/Zluy0oZjwRS8S//P6vhidGQFxPF9gB80XjXyqCleN8lGHhGEk6EwSiBiRf1XRBDKIhEwxI0PQF0/+SzqVsl4rn1zXcvXbJI40OACHIA90cArq4BK0QBsg8ACewAt4VR6VZ+VNeZ+3ppRkZh/8KuXjG1hHmi4=</latexit>

Extremal rays: r = �imBB/mAA

<latexit sha1_base64="38sE8IC3WfThlLPiReRkSpL3IOY=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgxjojFd0Ibd24rGAf0g5DJs20oUlmSDJiGeZX3LhQxK0/4s6/MX0stPXA5R7OuZfcnCBmVGnH+bZyK6tr6xv5zcLW9s7unr1fbKkokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjG4mfvuRSEUjca/HMfE4GggaUoy0kXy7KK9PKeR+Wq9nZ6bVaplvl5yyMwVcJu6clMAcDd/+6vUjnHAiNGZIqa7rxNpLkdQUM5IVeokiMcIjNCBdQwXiRHnp9PYMHhulD8NImhIaTtXfGyniSo15YCY50kO16E3E/7xuosMrL6UiTjQRePZQmDCoIzgJAvapJFizsSEIS2puhXiIJMLaxFUwIbiLX14mrfOyWylf3FVK1Yd5HHlwCI7ACXDBJaiCW9AATYDBE3gGr+DNyqwX6936mI3mrPnOAfgD6/MHpHiToA==</latexit>

Applications to electroweak bosons in  
Yamashita, Zhang, Zhou 2009.04490 



      

See  Liu, You 2011.11299 for 
interpretation with orthogonal 

polynomials

Supersymmetry

• The known (minimal) elastic positivity theorems unify, different 
components of the same constraint:

Mostly established in  
Bellazzini 1605.06111

1

4
��(@2)2(�⇤�⇤)

<latexit sha1_base64="IZOLHPP7+lJ0mACTYcgQQCTi+e8=">AAACGHicbVC7TsMwFHXKq5RXgJHFokJqGUpSFcFYiYWxSPSBmrRyXKe16iSW7SBVUT6DhV9hYQAh1m78DU6bAQpHutbROffq+h6PMyqVZX0ZhbX1jc2t4nZpZ3dv/8A8POrIKBaYtHHEItHzkCSMhqStqGKkxwVBgcdI15veZH73kQhJo/BezThxAzQOqU8xUloamheOLxBO7DRppA6f0KwqDkdCUcQG9eqgXsmkwfnyrQ7NslWzFoB/iZ2TMsjRGppzZxThOCChwgxJ2bctrtwkW4AZSUtOLAlHeIrGpK9piAIi3WRxWArPtDKCfiR0hQou1J8TCQqknAWe7gyQmshVLxP/8/qx8q/dhIY8ViTEy0V+zKCKYJYSHFFBsGIzTRAWVP8V4gnSSSmdZUmHYK+e/Jd06jW7Ubu8a5SbD3kcRXACTkEF2OAKNMEtaIE2wOAJvIA38G48G6/Gh/G5bC0Y+cwx+AVj/g2Fn598</latexit>

1

2
  @2( † †)

<latexit sha1_base64="FRyOj1UwO75MtxFO5S7KTiPnnMI=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0Wom5KUSl0W3LisYB/SpGUymaRDJw9mJkIJ+RQ3/oobF4roTr/GSZtFbT1w4cw593LnHidmVEjD+NZKG5tb2zvl3cre/sHhkX580hNRwjHp4ohFfOAgQRgNSVdSycgg5gQFDiN9Z3qT+/1HwgWNwns5i4kdID+kHsVIKmmstyyPI5yaWdrIrFjQRSEuKWKjRi1/jiwX+T7hy/xyrFeNujEHXCdmQaqgQGesf1luhJOAhBIzJMTQNGJpp/kmzEhWsRJBYoSnyCdDRUMUEGGn8wMzeKEUF3oRVxVKOFeXJ1IUCDELHNUZIDkRq14u/ucNE+ld2ykN40SSEC8WeQmDMoJ5WtClnGDJZoogzKn6K8QTpBKTKtOKCsFcPXmd9Bp1s1m/umtW2w9FHGVwBs5BDZigBdrgFnRAF2DwBF7AG3jXnrVX7UP7XLSWtGLmFPyB9vMLNCekTQ==</latexit>

2i@µ�
†@⌫�@⌫ �

µ †

<latexit sha1_base64="B6xzZDzcycnyLvGUx+LNQj35vLM=">AAACOXicbVDLSgMxFM34rPVVdelmsAiuykyp6LLgxmUF+5BOW+6k6TQ0yQxJRiilv+XGv3AnuHGhiFt/wMx0fLUeCJx77j3c3ONHjCrtOI/W0vLK6tp6biO/ubW9s1vY22+oMJaY1HHIQtnyQRFGBalrqhlpRZIA9xlp+qOLpN+8JVLRUFzrcUQ6HAJBBxSDNlKvUCtTLwKpKbCex2MvGtKu14cgIPJL73oi1X/mklpRT9GAQzd1qW9Xr1B0Sk4Ke5G4GSmiDLVe4cHrhzjmRGjMQKm260S6M0l2YUameS9WJAI8goC0DRXAiepM0sun9rFR+vYglOYJbafqb8cEuFJj7ptJDnqo5nuJ+F+vHevBeWdCRRRrIvBs0SBmtg7tJEa7TyXBmo0NASyp+auNhyABaxN23oTgzp+8SBrlklspnV5VitWbLI4cOkRH6AS56AxV0SWqoTrC6A49oRf0at1bz9ab9T4bXbIyzwH6A+vjE+PPsBM=</latexit>

1

16

⇣
(F 2)2 + (FF̃ )2

⌘

<latexit sha1_base64="WT5rk0HA/h6QuSzOODsjPPIIYbM=">AAACGHicbVDLSsNAFJ34rPUVdekmWIQWoSbF11IQissKVitNWibTm3bo5MHMjVBCPsONv+LGhSJu3fk3TmsXWj1w4cw59zL3Hj8RXKFtfxpz8wuLS8uFleLq2vrGprm1faPiVDJosljEsuVTBYJH0ESOAlqJBBr6Am794cXYv70HqXgcXeMoAS+k/YgHnFHUUtc8dANJWebkmXOSuwICLJfrnVqlUzso113kogdZPddPV/L+ACtds2RX7Qmsv8SZkhKZotE1P9xezNIQImSCKtV27AS9jErkTEBedFMFCWVD2oe2phENQXnZ5LDc2tdKzwpiqStCa6L+nMhoqNQo9HVnSHGgZr2x+J/XTjE48zIeJSlCxL4/ClJhYWyNU7J6XAJDMdKEMsn1rhYbUJ0U6iyLOgRn9uS/5KZWdY6qx1dHpfO7aRwFskv2SJk45JSck0vSIE3CyAN5Ii/k1Xg0no034/27dc6YzuyQXzA+vgAfeZ6n</latexit>

1

2
��@2(�†�†)

<latexit sha1_base64="2vNbjrYKzlAPqtNkh2RDS0PPN8g=">AAACLHicbVDLSsNAFJ3UV62vqks3wSLUTUlKRZeFblxWsA9p0nIzmaRDJw9mJkIJ/SA3/oogLizi1u9w0kbQ1gPDnDn3Hu7c48SMCmkYc62wsbm1vVPcLe3tHxwelY9PuiJKOCYdHLGI9x0QhNGQdCSVjPRjTiBwGOk5k1ZW7z0SLmgU3stpTOwA/JB6FINU0qjcsjwOODVnaX1mMeVz4eeKgUsKbFiv5srQcsH3CV95Xo7KFaNmLKCvEzMnFZSjPSq/Wm6Ek4CEEjMQYmAasbTTbB5mZFayEkFiwBPwyUDREAIi7HSx7Ey/UIqrexFXJ5T6Qv3tSCEQYho4qjMAORartUz8rzZIpHdjpzSME0lCvBzkJUyXkZ4lp7uUEyzZVBHAnKq/6ngMKj2p8i2pEMzVlddJt14zG7Wru0al+ZDHUURn6BxVkYmuURPdojbqIIye0At6R3PtWXvTPrTPZWtByz2n6A+0r2+V6KkZ</latexit>

2i�FL�
µFR@µ�

†

<latexit sha1_base64="o7u+3JyiqkHFI4B2a5Rhs4ylLAE=">AAACH3icbVDLSsNAFJ3UV62vqEs3g0VwVRKpj2VBEBcuqlitNDHcTKZx6EwSZiZCKf0TN/6KGxeKiDv/xknNQqsHBs4991zu3BNmnCntOJ9WZWZ2bn6hulhbWl5ZXbPXN65UmktCOyTlqeyGoChnCe1opjntZpKCCDm9DgfHRf/6nkrF0uRSDzPqC4gT1mcEtJEC+2CPedzYI8AnwZmnWCzg1hO5qS68DKRmwANTl6ZbL4I4pjKw607DmQD/JW5J6qhEO7A/vCgluaCJJhyU6rlOpv1RsYBwOq55uaIZkAHEtGdoAoIqfzS5b4x3jBLhfirNSzSeqD8nRiCUGorQOAXoOzXdK8T/er1c94/8EUuyXNOEfC/q5xzrFBdh4YhJSjQfGgJEMvNXTO5AAtEm0poJwZ0++S+52mu4zcb+ebPeuinjqKIttI12kYsOUQudojbqIIIe0BN6Qa/Wo/VsvVnv39aKVc5sol+wPr8AOtSjNg==</latexit>

�
p
2i@µ �F

µ⌫@⌫�
†

<latexit sha1_base64="kd8Gd2SrsrtBS895/I9a9mFzh7A="></latexit>

N = 1

<latexit sha1_base64="VYEK9r1WZJ2mLX8i5CJ+B2LpgKQ=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0Y1QcONKKtiHtEPJpJk2NJMZk0yhDP0ONy4UcevHuPNvzLSz0NYDgcM593JPjh8Lro3jfKPCyura+kZxs7S1vbO7V94/aOooUZQ1aCQi1faJZoJL1jDcCNaOFSOhL1jLH91kfmvMlOaRfDCTmHkhGUgecEqMlbxuSMyQEpHeTa/dXrniVJ0Z8DJxc1KBHPVe+avbj2gSMmmoIFp3XCc2XkqU4VSwaambaBYTOiID1rFUkpBpL52FnuITq/RxECn7pMEz9fdGSkKtJ6FvJ7OQetHLxP+8TmKCKy/lMk4Mk3R+KEgENhHOGsB9rhg1YmIJoYrbrJgOiSLU2J5KtgR38cvLpHlWdc+rF/fnldpjXkcRjuAYTsGFS6jBLdShARSe4Ble4Q2N0Qt6Rx/z0QLKdw7hD9DnD4eAkgU=</latexit>

} <latexit sha1_base64="rZjV2lMKEb30TIDncYwsZ586vBw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF49V7Ie0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18q5WqT/mcRThBE7hHDy4gjrcQgOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6gPjYY=</latexit>} <latexit sha1_base64="rZjV2lMKEb30TIDncYwsZ586vBw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF49V7Ie0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18q5WqT/mcRThBE7hHDy4gjrcQgOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6gPjYY=</latexit>

2tr (FL�
µFR�

⌫) @µ�
†@⌫�

<latexit sha1_base64="XafO1N2BrOhFQiJfSZrBfvdWx8U="></latexit>

�@µ � †@µ�†

<latexit sha1_base64="SEI3AqwseKhmJSGyJuI7B3anyfM=">AAACKHicbVDLSsNAFJ34rPUVdekmWAQ3lkQqurPgxmUF+5AmDTeTSTt08mBmIpTQz3Hjr7gRUaRbv8RJm4K2Hhg4nHMud+7xEkaFNM2JtrK6tr6xWdoqb+/s7u3rB4ctEacckyaOWcw7HgjCaESakkpGOgknEHqMtL3hbe63nwgXNI4e5CghTgj9iAYUg1SSq9+c2wlwSYG5dpjaiaA2U9M+5LRn+9DvEz6P9PLIzJ5brl4xq+YUxjKxClJBBRqu/m77MU5DEknMQIiuZSbSyfIFmJFx2U4FSQAPoU+6ikYQEuFk00PHxqlSfCOIuXqRNKbq74kMQiFGoaeSIciBWPRy8T+vm8rg2slolKSSRHi2KEiZIWMjb83wKSdYspEigDlVfzXwADhgqbotqxKsxZOXSeuiatWql/e1Sv2xqKOEjtEJOkMWukJ1dIcaqIkwekav6AN9ai/am/alTWbRFa2YOUJ/oH3/ALBSqEo=</latexit>

�2i�†�µ@⌫�@µ�
†@⌫�

<latexit sha1_base64="xofru730NiJ3F8V2+Czdo31z7rI="></latexit>

} <latexit sha1_base64="rZjV2lMKEb30TIDncYwsZ586vBw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF49V7Ie0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18q5WqT/mcRThBE7hHDy4gjrcQgOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6gPjYY=</latexit>}
<latexit sha1_base64="rZjV2lMKEb30TIDncYwsZ586vBw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF49V7Ie0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18q5WqT/mcRThBE7hHDy4gjrcQgOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6gPjYY=</latexit>

N = 2, 4

<latexit sha1_base64="5s9ADM5C1s53p3GIc5LliaS61wA=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkpSKroRCm5cSQX7kDaUyXTSDp1MwsxEqKFf4saFIm79FHf+jZM2C209MHA4517umePHnCntON/Wyura+sZmYau4vbO7V7L3D1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sfXmd9+pFKxSNzrSUy9EA8FCxjB2kh9u9QLsR4RzNPb6VX1rNa3y07FmQEtEzcnZcjR6NtfvUFEkpAKTThWqus6sfZSLDUjnE6LvUTRGJMxHtKuoQKHVHnpLPgUnRhlgIJImic0mqm/N1IcKjUJfTOZxVSLXib+53UTHVx6KRNxoqkg80NBwpGOUNYCGjBJieYTQzCRzGRFZIQlJtp0VTQluItfXiatasWtVc7vauX6Q15HAY7gGE7BhQuoww00oAkEEniGV3iznqwX6936mI+uWPnOIfyB9fkD5kSSqw==</latexit>

c�4

<latexit sha1_base64="nhSliLrHfPUdBzIPpOWUx7OacB4=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fjw4rGC/dA2ls120i7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtJ1Sax/LOjBP0IzqQPOSMGis9sF7WrQ/5Y3XSK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m108IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZvk/6XCEzYmwJZYrbWwkbUkWZsSEVbQje4svLpHle8aqVi9tquXafx1GAYziBM/DgEmpwA3VoAAMJz/AKb452Xpx352PeuuLkM0fwB87nD1SIkMY=</latexit>

cV 4

<latexit sha1_base64="qpSYpoDB0pDpkIW2h4EHFmwprnc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48V7Ie0sWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbG6x0nC/YgOlQgFo2ilNutnrcfatF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzH4nA6E5QzmxhDIt7K2EjaimDG1CJRuCt/zyKmldVL1a9fKuVqk/5HEU4QRO4Rw8uII63EIDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w8dMI+B</latexit>

c�2V 2

<latexit sha1_base64="Cn/4H9bxJPtiWFmk3cdqRXbpq/s=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSjB5JvHjERD4MLKRbutDQdte2S0I2/A4vHjTGqz/Gm//GAntQ8CWTvLw3k5l5QcyZNq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gfDv3WxOqNIvkg5nG1Bd4KFnICDZW8kk/7dZHrFdp9iqzfrHklt0F0DrxMlKCDPV+8as7iEgiqDSEY607nhsbP8XKMMLprNBNNI0xGeMh7VgqsaDaTxdHz9CFVQYojJQtadBC/T2RYqH1VAS2U2Az0qveXPzP6yQmvPFTJuPEUEmWi8KEIxOheQJowBQlhk8twUQxeysiI6wwMTangg3BW315nTQrZa9avrqvlmqPWRx5OINzuAQPrqEGd1CHBhB4gmd4hTdn4rw4787HsjXnZDOn8AfO5w8o6pHI</latexit>
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Supersymmetry

• “Inelastic” operators are less supersymmetric to varying degrees.

}

<latexit sha1_base64="rZjV2lMKEb30TIDncYwsZ586vBw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF49V7Ie0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18q5WqT/mcRThBE7hHDy4gjrcQgOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6gPjYY=</latexit>

N = 0

<latexit sha1_base64="SjN/4UVlVFfPGIUK2mXdh3RcM7M=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWZE0Y1QcONKKtiHtEPJpJk2NJMZk0yhDP0ONy4UcevHuPNvzLSz0NYDgcM593JPjh8Lro3jfKPCyura+kZxs7S1vbO7V94/aOooUZQ1aCQi1faJZoJL1jDcCNaOFSOhL1jLH91kfmvMlOaRfDCTmHkhGUgecEqMlbxuSMyQEpHeTa+dXrniVJ0Z8DJxc1KBHPVe+avbj2gSMmmoIFp3XCc2XkqU4VSwaambaBYTOiID1rFUkpBpL52FnuITq/RxECn7pMEz9fdGSkKtJ6FvJ7OQetHLxP+8TmKCKy/lMk4Mk3R+KEgENhHOGsB9rhg1YmIJoYrbrJgOiSLU2J5KtgR38cvLpHlWdc+rF/fnldpjXkcRjuAYTsGFS6jBLdShARSe4Ble4Q2N0Qt6Rx/z0QLKdw7hD9DnD4X8kgQ=</latexit>

  

  
1

8

⇣
F 2 + iF F̃

⌘
@2�2

<latexit sha1_base64="uSw6QQBNAgYeiQLhmphVkjIFm+g="></latexit>

1

4
  @2 (��)

<latexit sha1_base64="vS9jZknxK5USYJlZOflM2urEOrM=">AAACIXicbVDLSsNAFJ34rPUVdekmWIS6KUmp2GXBjcsK9iFNLJPJpB06eTBzI5SQX3Hjr7hxoUh34s84aSNo64XLHM65j7nHjTmTYJqf2tr6xubWdmmnvLu3f3CoHx13ZZQIQjsk4pHou1hSzkLaAQac9mNBceBy2nMn17nee6RCsii8g2lMnQCPQuYzgkFRQ71p+wKT1MrSRmbHki0SC2CYP9RtTn2o2lzN8/DPI9hoDBdDvWLWzHkYq8AqQAUV0R7qM9uLSBLQEAjHUg4sMwYnzVcRTrOynUgaYzLBIzpQMMQBlU46vzAzzhXjGX4kVIZgzNnfHSkOpJwGrqoMMIzlspaT/2mDBPymk7IwToCGZLHIT7gBkZHbZXhMUAJ8qgAmgqm/GmSMlWWgTC0rE6zlk1dBt16zGrXL20aldV/YUUKn6AxVkYWuUAvdoDbqIIKe0At6Q+/as/aqfWizRemaVvScoD+hfX0DCSukvA==</latexit>

2
p
2i@µ��FL@

µ 

<latexit sha1_base64="5JAwCaH8w3P6NtkgC7unrvHt0O8=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VwVZLSosuCIC5cVLAPaWKYTCbt0MnDmYlQQr/Ejb/ixoUigiv9GydpBG09MHA45z7mHjdmVEjD+NJKS8srq2vl9crG5tb2jr671xVRwjHp4IhFvO8iQRgNSUdSyUg/5gQFLiM9d3yW+b17wgWNwms5iYkdoGFIfYqRVJKjN+uWuOMyrU+pFSMuKWKOFSRWPKIWU2M8BM+dyx/rNrcEdfSqUTNywEViFqQKCrQd/cPyIpwEJJSYISEGphFLO82mYkamFSsRJEZ4jIZkoGiIAiLsND9vCo+U4kE/4uqFEubq744UBUJMAldVBkiOxLyXif95g0T6p3ZKwziRJMSzRX7CoIxglhX0KCdYsokiCHOq/grxCHGEpUq0okIw509eJN16zWzUmleNauumiKMMDsAhOAYmOAEtcAHaoAMweABP4AW8ao/as/amvc9KS1rRsw/+QPv8Bt3Do6U=</latexit>

}

<latexit sha1_base64="rZjV2lMKEb30TIDncYwsZ586vBw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF49V7Ie0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//cS1EbF6wEnC/YgOlQgFo2il+960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqaV1UvVr18q5WqT/mcRThBE7hHDy4gjrcQgOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6gPjYY=</latexit>

N = 1, 2

<latexit sha1_base64="Bou1nUNG3tRBIWuIIqv6Iy5fYz4=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgQkpSKroRCm5cSQX7kDaUyXTSDp1MwsxEqKFf4saFIm79FHf+jZM2C209MHA4517umePHnCntON/Wyura+sZmYau4vbO7V7L3D1oqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sfXmd9+pFKxSNzrSUy9EA8FCxjB2kh9u9QLsR4RzNPb6ZV7Vu3bZafizICWiZuTMuRo9O2v3iAiSUiFJhwr1XWdWHsplpoRTqfFXqJojMkYD2nXUIFDqrx0FnyKTowyQEEkzRMazdTfGykOlZqEvpnMYqpFLxP/87qJDi69lIk40VSQ+aEg4UhHKGsBDZikRPOJIZhIZrIiMsISE226KpoS3MUvL5NWteLWKud3tXL9Ia+jAEdwDKfgwgXU4QYa0AQCCTzDK7xZT9aL9W59zEdXrHznEP7A+vwB4baSqA==</latexit>

6= 4

<latexit sha1_base64="ivnsi1wgRuk4WWk7g/dr8inUHCk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolU9Fjw4rGC/ZA2lM120q7dbOLuRiih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtJ1Sax/LOjBP0IzqQPOSMGis1uxIfSbVXKrsVdwayTLyclCFHvVf66vZjlkYoDRNU647nJsbPqDKcCZwUu6nGhLIRHWDHUkkj1H42u3ZCTq3SJ2GsbElDZurviYxGWo+jwHZG1Az1ojcV//M6qQmv/IzLJDUo2XxRmApiYjJ9nfS5QmbE2BLKFLe3EjakijJjAyraELzFl5dJ87ziVSsXt9Vy7T6PowDHcAJn4MEl1OAG6tAABg/wDK/w5sTOi/PufMxbV5x85gj+wPn8Ae4Wjsk=</latexit>

d�2V 2

<latexit sha1_base64="tk+ta462ZLtRq/7KJy3dqwX6E+g=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKRY8FLx4j2A9p07LZbNqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/IQzpW372ypsbG5t7xR3S3v7B4dH5eOTlopTSWiTxDyWHR8rypmgTc00p51EUhz5nLb98e3cb0+oVCwWD3qaUC/CQ8FCRrA2khcMsp47Yv1aq1+bDcoVu2ovgNaJk5MK5HAH5a9eEJM0okITjpXqOnaivQxLzQins1IvVTTBZIyHtGuowBFVXrY4eoYujBKgMJamhEYL9fdEhiOlppFvOiOsR2rVm4v/ed1UhzdexkSSairIclGYcqRjNE8ABUxSovnUEEwkM7ciMsISE21yKpkQnNWX10mrVnXq1av7eqXxmMdRhDM4h0tw4BoacAcuNIHAEzzDK7xZE+vFerc+lq0FK585hT+wPn8AKnqRyQ==</latexit>

<

<latexit sha1_base64="5ziJ9llBgYTi29CdQyFLDqv03kM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kooVFwMYyAfMhyRH2NnPJmr29Y3dPCCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2h0jyW92acoB/RgeQhZ9RYqX7TK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SvqxXStWHLI48nMApnIMHV1CFO6hBAxggPMMrvDmPzovz7nwsWnNONnMMf+B8/gCUzIzf</latexit>

c�2V 2 +
p
c�4cV 4

<latexit sha1_base64="SGIq+MAicIKY1ahEfFLDOqXIuXo=">AAACD3icbZBPS8MwGMbT+W/Of1WPXoJDEYTRjokeB148TnDdZOtKmqVbWJrWJBVG6Tfw4lfx4kERr169+W3Mtgq6+ULIj+d5X5L38WNGpbKsL6OwtLyyulZcL21sbm3vmLt7jowSgUkTRywSbR9JwignTUUVI+1YEBT6jLT80eXEb90TIWnEb9Q4Jm6IBpwGFCOlJc88xl7abQxpr+r0qtlpV94Jlf5otUyTo6/MM8tWxZoWXAQ7hzLIq+GZn91+hJOQcIUZkrJjW7FyUyQUxYxkpW4iSYzwCA1IRyNHIZFuOt0ng0da6cMgEvpwBafq74kUhVKOQ193hkgN5bw3Ef/zOokKLtyU8jhRhOPZQ0HCoIrgJBzYp4JgxcYaEBZU/xXiIRIIKx1hSYdgz6+8CE61YtcqZ9e1cv02j6MIDsAhOAE2OAd1cAUaoAkweABP4AW8Go/Gs/FmvM9aC0Y+sw/+lPHxDeETnKc=</latexit>

|<,= d�2V 2 |

<latexit sha1_base64="OvTx0sYU5YzAwJPdOvDXKY7n3ek=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgopSkVHRZcKO7KvYhTRomk2k7dCYJMxOhpMWNv+LGhSJu/Qp3/o3TNgttPXDhcM693HuPHzMqlWV9G0vLK6tr67mN/ObW9s6uubffkFEiMKnjiEWi5SNJGA1JXVHFSCsWBHGfkaY/uJz4zQciJI3COzWMictRL6RdipHSkmcejpxbUnSuuVOEgZc6tT7tlBud8njkmQWrZE0BF4mdkQLIUPPMLyeIcMJJqDBDUrZtK1ZuioSimJFx3kkkiREeoB5paxoiTqSbTl8YwxOtBLAbCV2hglP190SKuJRD7utOjlRfznsT8T+vnajuhZvSME4UCfFsUTdhUEVwkgcMqCBYsaEmCAuqb4W4jwTCSqeW1yHY8y8vkka5ZFdKZzeVQvU+iyMHjsAxOAU2OAdVcAVqoA4weATP4BW8GU/Gi/FufMxal4xs5gD8gfH5A6ITlmM=</latexit>

1

32

⇣�
F 2

�2 � (FF̃ )2
⌘

<latexit sha1_base64="u9yPl0aKtPcksfkuru5KloJPN3M=">AAACI3icbVDLSsNAFJ34rPVVdekmWIS6sCRVUVwJQnFZwValiWUyuWmHTh7M3Agl5F/c+CtuXCjFjQv/xekD8XXgXg7n3MvMPV4iuELLejdmZufmFxYLS8XlldW19dLGZkvFqWTQZLGI5Y1HFQgeQRM5CrhJJNDQE3Dt9c9H/vU9SMXj6AoHCbgh7UY84IyiljqlUyeQlGV2nh3UckdAgJVJr9/VHMm7Pdy7q+1X6g5y4UNWz/e+9E6pbFWtMcy/xJ6SMpmi0SkNHT9maQgRMkGVattWgm5GJXImIC86qYKEsj7tQlvTiIag3Gx8Y27uasU3g1jqitAcq983MhoqNQg9PRlS7Knf3kj8z2unGJy4GY+SFCFik4eCVJgYm6PATJ9LYCgGmlAmuf6ryXpUh4Y61qIOwf598l/SqlXtw+rR5WH57HYaR4Fskx1SITY5JmfkgjRIkzDyQJ7IC3k1Ho1nY2i8TUZnjOnOFvkB4+MTbRajlg==</latexit>

1

16
F 2

⇣
FF̃

⌘

<latexit sha1_base64="kd8Vwisz3J8v/G1/H0OLUn2HBDI=">AAACD3icbVDJSgNBEO1xjXGLevQyGJR4CTMhLseAEDxGMItkYujp1CRNeha6a4QwzB948Ve8eFDEq1dv/o2d5aCJDwoe71VRVc+NBFdoWd/G0vLK6tp6ZiO7ubW9s5vb22+oMJYM6iwUoWy5VIHgAdSRo4BWJIH6roCmO7wa+80HkIqHwS2OIuj4tB9wjzOKWurmThxPUpbYaWKfp9X7kiPAw0LVQS56kFRTR/L+AE+7ubxVtCYwF4k9I3kyQ62b+3J6IYt9CJAJqlTbtiLsJFQiZwLSrBMriCgb0j60NQ2oD6qTTP5JzWOt9EwvlLoCNCfq74mE+kqNfFd3+hQHat4bi/957Ri9y07CgyhGCNh0kRcLE0NzHI7Z4xIYipEmlEmubzXZgOqAUEeY1SHY8y8vkkapaJeLZzflfOVuFkeGHJIjUiA2uSAVck1qpE4YeSTP5JW8GU/Gi/FufExbl4zZzAH5A+PzB3JrnGA=</latexit>

1

2
  @2 (  )

<latexit sha1_base64="tktI5Q30jjO9WBJkCBJ9RGulnBk=">AAACG3icbVDLSsNAFJ3UV62vqEs3wSLUTUlCRZcFNy4r2Ic0sUymk3bo5MHMjVBC/sONv+LGhSKuBBf+jZM2iLYeuHA4517uvceLOZNgml9aaWV1bX2jvFnZ2t7Z3dP3DzoySgShbRLxSPQ8LClnIW0DA057saA48DjtepPL3O/eUyFZFN7ANKZugEch8xnBoKSBbju+wCS1stTOnFiyeWEBDPM72+HUh9qPLthoDKcDvWrWzRmMZWIVpIoKtAb6hzOMSBLQEAjHUvYtMwY3zZcQTrOKk0gaYzLBI9pXNMQBlW46+y0zTpQyNPxIqArBmKm/J1IcSDkNPNUZYBjLRS8X//P6CfgXbsrCOAEakvkiP+EGREYelDFkghLgU0UwEUzdapAxVmGBirOiQrAWX14mHbtuNepn141q87aIo4yO0DGqIQudoya6Qi3URgQ9oCf0gl61R+1Ze9Pe560lrZg5RH+gfX4DZDWiVA==</latexit>

1

2
��@2 (��)

<latexit sha1_base64="s0EWTgq6DqzWdigh543nPs+jtFI=">AAACJ3icbVDLSsNAFJ34rPUVdekmWIS6KUmp6EoKblxWsA9pYplMJu3QyYOZG6GE/I0bf8WNoCK69E+ctBG09cIwh3Pu4d573JgzCab5qS0tr6yurZc2yptb2zu7+t5+R0aJILRNIh6Jnosl5SykbWDAaS8WFAcup113fJnr3XsqJIvCG5jE1AnwMGQ+IxgUNdAvbF9gklpZWs9srnwe/vliLIBhfle3OfWhOqcKNhzByUCvmDVzWsYisApQQUW1BvqL7UUkCWgIhGMp+5YZg5PmowinWdlOJI0xGeMh7SsY4oBKJ53emRnHivEMPxLqhWBM2d+OFAdSTgJXdQYYRnJey8n/tH4C/rmTsjBOgIZkNshPuAGRkYdmeExQAnyiACaCqV0NMsIqOFDRllUI1vzJi6BTr1mN2ul1o9K8LeIooUN0hKrIQmeoia5QC7URQQ/oCb2iN+1Re9betY9Z65JWeA7Qn9K+vgGwbqcg</latexit>

  @2
�
�†�†

�

<latexit sha1_base64="jKYQ2cmpveNJhc2UqbpR/lZC3xc=">AAACJnicbVDLSsNAFJ34rPUVdekmWIS6KYkouhEKblxWsFpparmZ3KSDkwczN0Ipfo0bf8WNi4qIOz/F6WOh1QMXzpz7mnuCXApNrvtpzc0vLC4tl1bKq2vrG5v21va1zgrFsckzmalWABqlSLFJgiS2coWQBBJvgvvzUf7mAZUWWXpF/Rw7CcSpiAQHMlLXPvNzLSYBigTIu0NfYkRVX5ohIdz5IcQxqtmnEnGPDrp2xa25Yzh/iTclFTZFo2sP/TDjRYIpcQlatz03p85gtJpLfCz7hcYc+D3E2DY0hQR1ZzA+89HZN0roRJkykZIzVn92DCDRup8EpjIB6unZ3Ej8L9cuKDrtDESaF4QpnyyKCulQ5ow8c0KhkJPsGwJcCfNXh/dAASfjbNmY4M2e/JdcH9a8o9rx5VGlfju1o8R22R6rMo+dsDq7YA3WZJw9sRc2ZG/Ws/VqvVsfk9I5a9qzw37B+voGNZCm6Q==</latexit>

 �@2
�
 †�†

�

<latexit sha1_base64="Ik+llzzNwK23yf8hHLyzdPqCdf4=">AAACJnicbVBNS8NAEN34bf2qevQSLIJeSiIVvQiiF48KVgtNLZPNJF26+WB3IpTir/HiX/HiQRHx5k9xU4No68DCm/fmMTvPz6TQ5Dgf1tT0zOzc/MJiZWl5ZXWtur5xrdNccWzyVKaq5YNGKRJskiCJrUwhxL7EG79/Vug3d6i0SJMrGmTYiSFKRCg4kKG61WMv08KTxhCAl4EiAfJ235MY0m4h3XoBRBGqcuSnVSLq0V63WnPqzqjsSeCWoMbKuuhWX7wg5XmMCXEJWrddJ6POsNjLJd5XvFxjBrwPEbYNTCBG3RmOzry3dwwT2GGqzEvIHrG/HUOItR7EvpmMgXp6XCvI/7R2TuFRZyiSLCdM+PeiMJc2pXaRmR0IhZzkwADgSpi/2rwHCjiZZCsmBHf85ElwvV93G/WDy0bt5LSMY4FtsW22y1x2yE7YObtgTcbZA3tiL+zVerSerTfr/Xt0yio9m+xPWZ9fLTmm0g==</latexit>

 �@2 ( �)

<latexit sha1_base64="P+oj+G0Eve4R5FRtCSNj6MstVmI=">AAACFnicbVDLSsNAFJ34rPUVdekmWIS6sCSlosuiG5cV7AOaWCaTSTt0MgkzN0Ip/Qo3/oobF4q4FXf+jZM2i9p6YOBwzj3cucdPOFNg2z/Gyura+sZmYau4vbO7t28eHLZUnEpCmyTmsez4WFHOBG0CA047iaQ48jlt+8ObzG8/UqlYLO5hlFAvwn3BQkYwaKlnnruJYi7XgQC7CZbAMH+oupyGUJ63JOsP4KxnluyKPYW1TJyclFCORs/8doOYpBEVQDhWquvYCXjjbA/hdFJ0U0UTTIa4T7uaChxR5Y2nZ02sU60EVhhL/QRYU3U+McaRUqPI15MRhoFa9DLxP6+bQnjljZlIUqCCzBaFKbcgtrKOrIBJSoCPNMFEMv1XiwywxAR0k0VdgrN48jJpVStOrXJxVyvVr/M6CugYnaAyctAlqqNb1EBNRNATekFv6N14Nl6ND+NzNrpi5Jkj9AfG1y8JNp/q</latexit>

The existence of these operators raises the lower bounds on the elastic, more 
supersymmetry-compatible operators beyond mere positivity.

Other inelastic 
operators 

bounded in 
usual way.

22/28



  

Loops
Insert at energies above branch cut: See similar formulation in 

Bellazzini, Elias Miro, et.al. 
2011.00037, also 

Arkani-Hamed, Huang, 
Huang 2012.15849

s

<latexit sha1_base64="G3auUpIi7gaWGCSJzAff4jPL9aE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH6CiNFg==</latexit>

�2

<latexit sha1_base64="paUJQo5r63t3538fRCIySeQg4js=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvHisYD+kXUs2zbahSXZNskJZ+ie8eFDEq3/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcj33O09UaRbJOzONqS/wSLKQEWys1O1rNhL4oTYoV9yqmwGtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv00u3eGzqwyRGGkbEmDMvX3RIqF1lMR2E6BzVgve3PxP6+XmPDKT5mME0MlWSwKE45MhObPoyFTlBg+tQQTxeytiIyxwsTYiEo2BG/55VXSrlW9evXitl5p3OdxFOEETuEcPLiEBtxAE1pAgMMzvMKb8+i8OO/Ox6K14OQzx/AHzucPz0eP5g==</latexit>

Deform to 
massless loops

s

<latexit sha1_base64="G3auUpIi7gaWGCSJzAff4jPL9aE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH6CiNFg==</latexit>

�2

<latexit sha1_base64="paUJQo5r63t3538fRCIySeQg4js=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvHisYD+kXUs2zbahSXZNskJZ+ie8eFDEq3/Hm//GdLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcj33O09UaRbJOzONqS/wSLKQEWys1O1rNhL4oTYoV9yqmwGtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv00u3eGzqwyRGGkbEmDMvX3RIqF1lMR2E6BzVgve3PxP6+XmPDKT5mME0MlWSwKE45MhObPoyFTlBg+tQQTxeytiIyxwsTYiEo2BG/55VXSrlW9evXitl5p3OdxFOEETuEcPLiEBtxAE1pAgMMzvMKb8+i8OO/Ox6K14OQzx/AHzucPz0eP5g==</latexit>

�

<latexit sha1_base64="87p802AjPb7Cs/EP/Opj7RaGDGU=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLoxmUF+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTlLVoIhLVDVAzwSVrGW4E66aKYRwI1gnGdzO/88SU5ol8NJOU+TEOJY84RWOlTl/YaIiDas2tu3OQVeIVpAYFmoPqVz9MaBYzaahArXuemxo/R2U4FWxa6WeapUjHOGQ9SyXGTPv5fN0pObNKSKJE2ScNmau/J3KMtZ7EgU3GaEZ62ZuJ/3m9zEQ3fs5lmhkm6eKjKBPEJGR2Owm5YtSIiSVIFbe7EjpChdTYhiq2BG/55FXSvqh7l/Wrh8ta47aoowwncArn4ME1NOAemtACCmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/P12PhQ==</latexit>

⇤

<latexit sha1_base64="cgctV3O7A8A78AVy8lC7bYqYat4=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsS0TJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6R1UfVq1cuHWqV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8OPY9l</latexit>

µ

<latexit sha1_base64="VcocTnj16BNQzs21sCszgk0ZXnI=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKRY9FLx4r2g9ol5JNs21okl2SrFCW/gQvHhTx6i/y5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6tJOEBZIMFY84JdZJDz2Z9ssVr+rNgVeJn5MK5Gj0y1+9QUxTyZSlghjT9b3EBhnRllPBpqVealhC6JgMWddRRSQzQTY/dYrPnDLAUaxdKYvn6u+JjEhjJjJ0nZLYkVn2ZuJ/Xje10XWQcZWklim6WBSlAtsYz/7GA64ZtWLiCKGau1sxHRFNqHXplFwI/vLLq6R1UfVr1cv7WqV+k8dRhBM4hXPw4QrqcAcNaAKFITzDK7whgV7QO/pYtBZQPnMMf4A+fwBf9o3e</latexit>

renormalisation point UV cut-offsliding scale

Move insertion point above 
massless cut in IR range.

Move IR 
segment of 
dispersion 

integral to IR 
side of sum 

rule.

M ijkl(�2,�) =
d2

ds2
A(s)

� 1

⇡

Z �2

0

 
1

(s� �2 � i�)3
X

X2IR

Mij!X
�
Mkl!X

�⇤
+

1

(s+ �2)3
X

X2IR

Mil̄!X
⇣
Mkj̄!X

⌘⇤
!
ds

= mkl ·mij +mkj̄ ·mil̄

<latexit sha1_base64="Ax7zEfqu+y6jfM62g4pXSo8PdBI="></latexit>

� ⌧ µ,� ⌧ ⇤

<latexit sha1_base64="JOOWzY2UC798BAQ8dOQzGMJxMwk=">AAACB3icbVDNS8MwHE3n15xfVY+CBIfgQUYrEz0OvHjwMMF9yFpGmqZbWJKWJBVG2c2L/4oXD4p49V/w5n9j1vWgmw8CL+/9HsnvBQmjSjvOt1VaWl5ZXSuvVzY2t7Z37N29topTiUkLxyyW3QApwqggLU01I91EEsQDRjrB6Grqdx6IVDQWd3qcEJ+jgaARxUgbqW8feooOOPIY83h66jGTDPPbTc76dtWpOTngInELUgUFmn37ywtjnHIiNGZIqZ7rJNrPkNQUMzKpeKkiCcIjNCA9QwXiRPlZvscEHhslhFEszREa5urvRIa4UmMemEmO9FDNe1PxP6+X6ujSz6hIUk0Enj0UpQzqGE5LgSGVBGs2NgRhSc1fIR4iibA21VVMCe78youkfVZz67Xz23q1cV/UUQYH4AicABdcgAa4Bk3QAhg8gmfwCt6sJ+vFerc+ZqMlq8jsgz+wPn8AI3qZjw==</latexit>
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Loops
• Have to address IR divergences (including forward limit). 

• Special subset of IR finite loops: bubbles of higher-dimensional contact 
operators.

• Bubble cuts give RG functions for dim-8 operators (coefficients of logs).

Forward-limit bubble cut is an inner 
product on space of cut amplitudes.

⇠

<latexit sha1_base64="Jt1w0xH3t6+yR80PjtxBgZWnU5I=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseCF48V7Ie0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWLa8Fg92GnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+sX91f1hqPRRxlOIFTOAcfrqEBd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzBykyjmY=</latexit>

Mkl
6 · Mij

6 log

✓
�µ2

s

◆

<latexit sha1_base64="zpFEY0yKG+1z0iUvXzTt5pSw1R8="></latexit>

X

<latexit sha1_base64="4BrChCQJby4zNUaZXD2KvP1xSLM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cW7Ie0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y+pV47JSe8jjKMIJnMI5eHANNbiDOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPvzyM+w==</latexit>

i

<latexit sha1_base64="Y8/gkG/r175x4payIMmxxCsF1/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2QCNDA==</latexit>

j

<latexit sha1_base64="dpztTqH0ifW0KhYDVFv/cMzQxys=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo8kXjxCIg8DGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXju7nfekKleSwfzCRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmldlr1K+rldK1ccsjjycwTlcggc3UIV7qEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANqEjQ0=</latexit>

k

<latexit sha1_base64="f18vMmN2Rdd4yv9wBtg8eF1G60U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVql/pDHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3AiNDg==</latexit>

l

<latexit sha1_base64="fcvAocnODJ0RcuHN9DmJqSBQZ6E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlpuiXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3YyNDw==</latexit>

M6

<latexit sha1_base64="57WVi6HL5x7nGfKJPxRcdxx35OQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiRWu2u4MaNUME+pB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6at4PNA4HDOvdyT48ecKe0471ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yvzWmUrFI3OhJTL0QDwQLGMHaSF43xHpIME+vpr1Kr1hy7KrjVisu+k1c25mhBAvUe8W3bj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0FnqKjozSR0EkzRMazdSvGykOlZqEvpnMQqqfXib+5XUSHZx7KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0VDAlfP4U/U+aJ7Zbtk+vy6Xa7aKOPBzAIRyDC2dQg0uoQwMI3ME9PMKTNbYerGfrZT6asxY7+/AN1usHMj6SeQ==</latexit>

M6

<latexit sha1_base64="57WVi6HL5x7nGfKJPxRcdxx35OQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiRWu2u4MaNUME+pB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6at4PNA4HDOvdyT48ecKe0471ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yvzWmUrFI3OhJTL0QDwQLGMHaSF43xHpIME+vpr1Kr1hy7KrjVisu+k1c25mhBAvUe8W3bj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0FnqKjozSR0EkzRMazdSvGykOlZqEvpnMQqqfXib+5XUSHZx7KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0VDAlfP4U/U+aJ7Zbtk+vy6Xa7aKOPBzAIRyDC2dQg0uoQwMI3ME9PMKTNbYerGfrZT6asxY7+/AN1usHMj6SeQ==</latexit>
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Loops

⇠

<latexit sha1_base64="Jt1w0xH3t6+yR80PjtxBgZWnU5I=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoseCF48V7Ie0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknt7nfeWLa8Fg92GnCAklGikecEptLfcPloFrz6t4ceJX4BalBgeag+tUfxjSVTFkqiDE930tskBFtORVsVumnhiWETsiI9RxVRDITZPNbZ/jMKUMcxdqVsniu/p7IiDRmKkPXKYkdm2UvF//zeqmNboKMqyS1TNHFoigV2MY4fxwPuWbUiqkjhGrubsV0TDSh1sVTcSH4yy+vkvZF3b+sX91f1hqPRRxlOIFTOAcfrqEBd9CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzBykyjmY=</latexit>

Mkl
6 · Mij

6 log

✓
�µ2

s

◆

<latexit sha1_base64="zpFEY0yKG+1z0iUvXzTt5pSw1R8="></latexit>

Mkj̄
6 · Mil̄

6 log

✓
µ2

s

◆

<latexit sha1_base64="P0htNX4cDxfKEPDDpIB7mShLJkk="></latexit>

+

<latexit sha1_base64="yEWU8jF92DXgRUnvTFrc4ckTShY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMePGYgHlIsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rG8N+ME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqj5kceThBE7hHDy4hircQQ0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3sIjM4=</latexit>

i

<latexit sha1_base64="Y8/gkG/r175x4payIMmxxCsF1/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2QCNDA==</latexit>

j

<latexit sha1_base64="dpztTqH0ifW0KhYDVFv/cMzQxys=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo8kXjxCIg8DGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXju7nfekKleSwfzCRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmldlr1K+rldK1ccsjjycwTlcggc3UIV7qEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANqEjQ0=</latexit>

k

<latexit sha1_base64="f18vMmN2Rdd4yv9wBtg8eF1G60U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVql/pDHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3AiNDg==</latexit>

l

<latexit sha1_base64="fcvAocnODJ0RcuHN9DmJqSBQZ6E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlpuiXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3YyNDw==</latexit>

M6

<latexit sha1_base64="57WVi6HL5x7nGfKJPxRcdxx35OQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiRWu2u4MaNUME+pB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6at4PNA4HDOvdyT48ecKe0471ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yvzWmUrFI3OhJTL0QDwQLGMHaSF43xHpIME+vpr1Kr1hy7KrjVisu+k1c25mhBAvUe8W3bj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0FnqKjozSR0EkzRMazdSvGykOlZqEvpnMQqqfXib+5XUSHZx7KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0VDAlfP4U/U+aJ7Zbtk+vy6Xa7aKOPBzAIRyDC2dQg0uoQwMI3ME9PMKTNbYerGfrZT6asxY7+/AN1usHMj6SeQ==</latexit>

M6

<latexit sha1_base64="57WVi6HL5x7nGfKJPxRcdxx35OQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiRWu2u4MaNUME+pB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6at4PNA4HDOvdyT48ecKe0471ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yvzWmUrFI3OhJTL0QDwQLGMHaSF43xHpIME+vpr1Kr1hy7KrjVisu+k1c25mhBAvUe8W3bj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0FnqKjozSR0EkzRMazdSvGykOlZqEvpnMQqqfXib+5XUSHZx7KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0VDAlfP4U/U+aJ7Zbtk+vy6Xa7aKOPBzAIRyDC2dQg0uoQwMI3ME9PMKTNbYerGfrZT6asxY7+/AN1usHMj6SeQ==</latexit>

i

<latexit sha1_base64="Y8/gkG/r175x4payIMmxxCsF1/w=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlJu+XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2QCNDA==</latexit>

j

<latexit sha1_base64="dpztTqH0ifW0KhYDVFv/cMzQxys=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo8kXjxCIg8DGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXju7nfekKleSwfzCRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmldlr1K+rldK1ccsjjycwTlcggc3UIV7qEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANqEjQ0=</latexit>

k

<latexit sha1_base64="f18vMmN2Rdd4yv9wBtg8eF1G60U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOl5rhfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6Lq1aqXzVql/pDHUYQTOIVz8OAK6nALDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f3AiNDg==</latexit>

l

<latexit sha1_base64="fcvAocnODJ0RcuHN9DmJqSBQZ6E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseCF48t2FZpQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnGNzO/84RK81jemUmCfkSHkoecUWOlpuiXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1apP+RxFOEETuEcPLiCOtxCA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH3YyNDw==</latexit>

M6

<latexit sha1_base64="57WVi6HL5x7nGfKJPxRcdxx35OQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiRWu2u4MaNUME+pB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6at4PNA4HDOvdyT48ecKe0471ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yvzWmUrFI3OhJTL0QDwQLGMHaSF43xHpIME+vpr1Kr1hy7KrjVisu+k1c25mhBAvUe8W3bj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0FnqKjozSR0EkzRMazdSvGykOlZqEvpnMQqqfXib+5XUSHZx7KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0VDAlfP4U/U+aJ7Zbtk+vy6Xa7aKOPBzAIRyDC2dQg0uoQwMI3ME9PMKTNbYerGfrZT6asxY7+/AN1usHMj6SeQ==</latexit>

M6

<latexit sha1_base64="57WVi6HL5x7nGfKJPxRcdxx35OQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiRWu2u4MaNUME+pB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6at4PNA4HDOvdyT48ecKe0471ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yvzWmUrFI3OhJTL0QDwQLGMHaSF43xHpIME+vpr1Kr1hy7KrjVisu+k1c25mhBAvUe8W3bj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0FnqKjozSR0EkzRMazdSvGykOlZqEvpnMQqqfXib+5XUSHZx7KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0VDAlfP4U/U+aJ7Zbtk+vy6Xa7aKOPBzAIRyDC2dQg0uoQwMI3ME9PMKTNbYerGfrZT6asxY7+/AN1usHMj6SeQ==</latexit>

+

<latexit sha1_base64="yEWU8jF92DXgRUnvTFrc4ckTShY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMePGYgHlIsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rG8N+ME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqj5kceThBE7hHDy4hircQQ0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3sIjM4=</latexit>

Elastic forward scattering

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

positive coefficient of log 
elastic Wilson coefficients increase 
into the IR. 

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

Inelastic forward scattering

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

coefficient of log bounded by elastic  
coefficients by Schwarz bound
slower variation of  Wilson 
coefficient into the IR. 

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

|Mij
6 |2 + |Mij̄

6 |2 � 0

<latexit sha1_base64="nINbtWvURI96kIoLUkNHybLUEKA=">AAACInicbVDLSsNAFJ34rPUVdelmsAiCUJJSX7uCGzdCBfuQJg2T6bSddvJwZiKUNN/ixl9x40JRV4If46TNQlsPXDiccy/33uOGjAppGF/awuLS8spqbi2/vrG5ta3v7NZFEHFMajhgAW+6SBBGfVKTVDLSDDlBnstIwx1epn7jgXBBA/9WjkJie6jn0y7FSCrJ0S/GlodkHyMWXyfOaTumg2TcLh3PyZaLeDxIUtPqkXtoOHrBKBoTwHliZqQAMlQd/cPqBDjyiC8xQ0K0TCOUdoy4pJiRJG9FgoQID1GPtBT1kUeEHU9eTOChUjqwG3BVvoQT9fdEjDwhRp6rOtPDxayXiv95rUh2z+2Y+mEkiY+ni7oRgzKAaV6wQznBko0UQZhTdSvEfcQRlirVvArBnH15ntRLRbNcPLkpFyp3WRw5sA8OwBEwwRmogCtQBTWAwSN4Bq/gTXvSXrR37XPauqBlM3vgD7TvH9bVpSM=</latexit>

(i, j) = (k, l)

<latexit sha1_base64="c7LvhAX40xoQc1UZQR34RlS5DPA=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahhVISqehFKHjxWMF+SBrKZrtp126yYXcilNCf4cWDIl79Nd78N27bHLT1wcDjvRlm5vmx4Bps+9vKra1vbG7ltws7u3v7B8XDo7aWiaKsRaWQqusTzQSPWAs4CNaNFSOhL1jHH9/M/M4TU5rL6B4mMfNCMox4wCkBI7llXn2sXJfHVVHpF0t2zZ4DrxInIyWUodkvfvUGkiYhi4AKorXr2DF4KVHAqWDTQi/RLCZ0TIbMNTQiIdNeOj95is+MMsCBVKYiwHP190RKQq0noW86QwIjvezNxP88N4Hgykt5FCfAIrpYFCQCg8Sz//GAK0ZBTAwhVHFzK6YjoggFk1LBhOAsv7xK2uc1p167uKuXGg9ZHHl0gk5RGTnoEjXQLWqiFqJIomf0it4ssF6sd+tj0Zqzsplj9AfW5w8Wz4/o</latexit>

  (i, j) 6= (k, l)

<latexit sha1_base64="5YPsU9HmwXpJ7MzkzosQtZ4rYek=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahhVISqeix4MVjBfshbSyb7aZdu9nE3Y1SQv+HFw+KePW/ePPfuG1z0NYHA4/3ZpiZ50WcKW3b31ZmZXVtfSO7mdva3tndy+8fNFUYS0IbJOShbHtYUc4EbWimOW1HkuLA47TljS6nfuuRSsVCcaPHEXUDPBDMZwRrI90VWfm+1BX0oTgq81IvX7Ar9gxomTgpKUCKei//1e2HJA6o0IRjpTqOHWk3wVIzwukk140VjTAZ4QHtGCpwQJWbzK6eoBOj9JEfSlNCo5n6eyLBgVLjwDOdAdZDtehNxf+8Tqz9CzdhIoo1FWS+yI850iGaRoD6TFKi+dgQTCQztyIyxBITbYLKmRCcxZeXSfO04lQrZ9fVQu02jSMLR3AMRXDgHGpwBXVoAAEJz/AKb9aT9WK9Wx/z1oyVzhzCH1ifP60bkWk=</latexit>

|Mkl
6 · Mij

6 +Mkj̄
6 · Mil̄

6 |


q

|Mkl
6 ||Mij

6 |+
q
|Mkj̄

6 ||Mil̄
6 |

<latexit sha1_base64="BkRL1vhSGy9T99fCk/XBxuAiRfs="></latexit>
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EFT of photon and electrically neutral complex scalar: no renormalisable loops.

Simple Example: Scalar Loop for Photon 
Amplitudes

LEFT6 =
a

⇤2
F 2�2 +

b

⇤2
FF̃�2 + conj

+
ã

⇤2
F 2��† +

b̃

⇤2
FF̃��†

<latexit sha1_base64="ExTUYW9kzhJ8K8L5xs2+WiMQsZw="></latexit>

ã, b̃ = 0

<latexit sha1_base64="3OJ0I3tWl4jrh968l111N9znfoU=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8EiuJCSSEU3QsGNywr2Im0ok8lJO3QyCTMToYSAr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78fsKZ0o7zbS0tr6yurZc2yptb2zu79t5+S8WppNCkMY9lxycKOBPQ1Exz6CQSSORzaPujm0m9/QhSsVjc63ECXkQGgoWMEm2svn3Y04wHkJH8rCA/v3b6dsWpOlPhRXALqKBCjb791QtimkYgNOVEqa7rJNrLiNSMcsjLvVRBQuiIDKBrUJAIlJdNz8/xiXECHMbSPKHx1P09kZFIqXHkm86I6KGar03M/2rdVIdXXsZEkmoQdLYoTDnWMZ5kgQMmgWo+NkCoZOZWTIdEEqpNYmUTgjv/5UVonVfdWvXirlapPxRxlNAROkanyEWXqI5uUQM1EUUZekav6M16sl6sd+tj1rpkFTMH6I+szx9HlZXE</latexit>

E/M duality limit: 
Scalars assigned 
helicity charge

)

<latexit sha1_base64="xE8hL2Nk9uemdHbhLLXOl0ZhtzU=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHgxWMV+yFpKJvtpl262Q27E6WU/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmFldW19o7hZ2tre2d0r7x80jco0ZQ2qhNLtiBgmuGQN5ChYO9WMJJFgrWh4PfVbj0wbruQ9jlIWJqQvecwpQSsFnTveHyDRWj11yxWv6s3gLhM/JxXIUe+Wvzo9RbOESaSCGBP4XorhmGjkVLBJqZMZlhI6JH0WWCpJwkw4np08cU+s0nNjpW1JdGfq74kxSYwZJZHtTAgOzKI3Ff/zggzjq3DMZZohk3S+KM6Ei8qd/u/2uGYUxcgSQjW3t7p0QDShaFMq2RD8xZeXSfOs6p9XL27PK7WHPI4iHMExnIIPl1CDG6hDAygoeIZXeHPQeXHenY95a8HJZw7hD5zPH5qekYw=</latexit>

2c+
8

(4⇡)2

⇣
ã2 + b̃2 + 2|a� ib|2 + 2|a+ ib|2

⌘✓
2 + log

✓
µ2

�2

◆◆

>

����d+ ie+
8

(4⇡)2

⇣
(ã� ib̃)2 + 4(a� ib)(a⇤ � ib⇤)

⌘✓
2 + log

✓
µ2

�2

◆◆����

<latexit sha1_base64="bF21QpO3UrxwL7K+9yF1LuNFg3Q="></latexit>

M6

<latexit sha1_base64="57WVi6HL5x7nGfKJPxRcdxx35OQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiRWu2u4MaNUME+pB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6at4PNA4HDOvdyT48ecKe0471ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yvzWmUrFI3OhJTL0QDwQLGMHaSF43xHpIME+vpr1Kr1hy7KrjVisu+k1c25mhBAvUe8W3bj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0FnqKjozSR0EkzRMazdSvGykOlZqEvpnMQqqfXib+5XUSHZx7KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0VDAlfP4U/U+aJ7Zbtk+vy6Xa7aKOPBzAIRyDC2dQg0uoQwMI3ME9PMKTNbYerGfrZT6asxY7+/AN1usHMj6SeQ==</latexit>

M6

<latexit sha1_base64="57WVi6HL5x7nGfKJPxRcdxx35OQ=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgapiRWu2u4MaNUME+pB1KJs20oZnMmGQKZeh3uHGhiFs/xp1/Y6at4PNA4HDOvdyT48ecKe0471ZuaXlldS2/XtjY3NreKe7uNVWUSEIbJOKRbPtYUc4EbWimOW3HkuLQ57Tljy4yvzWmUrFI3OhJTL0QDwQLGMHaSF43xHpIME+vpr1Kr1hy7KrjVisu+k1c25mhBAvUe8W3bj8iSUiFJhwr1XGdWHsplpoRTqeFbqJojMkID2jHUIFDqrx0FnqKjozSR0EkzRMazdSvGykOlZqEvpnMQqqfXib+5XUSHZx7KRNxoqkg80NBwpGOUNYA6jNJieYTQzCRzGRFZIglJtr0VDAlfP4U/U+aJ7Zbtk+vy6Xa7aKOPBzAIRyDC2dQg0uoQwMI3ME9PMKTNbYerGfrZT6asxY7+/AN1usHMj6SeQ==</latexit>

b = ±ia

<latexit sha1_base64="X5NtveiBeZbdn6fzdXDBv1sr4ZI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKohch4MVjBPOQZAmzk9lkyDzWmVkhLPkJLx4U8ervePNvnCR70MSChqKqm+6uKOHMWN//9gorq2vrG8XN0tb2zu5eef+gaVSqCW0QxZVuR9hQziRtWGY5bSeaYhFx2opGN1O/9US1YUre23FCQ4EHksWMYOukdnTdTQRiuFeu+FV/BrRMgpxUIEe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB1HJRbUhNns3gk6cUofxUq7khbN1N8TGRbGjEXkOgW2Q7PoTcX/vE5q46swYzJJLZVkvihOObIKTZ9HfaYpsXzsCCaauVsRGWKNiXURlVwIweLLy6R5Vg3Oqxd355XaQx5HEY7gGE4hgEuowS3UoQEEODzDK7x5j96L9+59zFsLXj5zCH/gff4AdC2Pqw==</latexit>

LEFT8 =
c

16⇤4

⇣�
F 2

�2
+ (FF̃ )2

⌘
+

d

32⇤4

⇣�
F 2

�2 � (FF̃ )2
⌘
+

e

16⇤4
F 2

⇣
FF̃

⌘

<latexit sha1_base64="PkCLwVCIjwI8FcqxstjdiJRM5Fo="></latexit>

+

<latexit sha1_base64="yEWU8jF92DXgRUnvTFrc4ckTShY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMePGYgHlIsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rG8N+ME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqj5kceThBE7hHDy4hircQQ0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3sIjM4=</latexit>

+

<latexit sha1_base64="yEWU8jF92DXgRUnvTFrc4ckTShY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXInoMePGYgHlIsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd+6wmV5rG8N+ME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5XyVb1Sqj5kceThBE7hHDy4hircQQ0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3sIjM4=</latexit>

�

<latexit sha1_base64="q+5XYnAWd3v5YgRnsNNZRS/BQHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvHhMwDwkWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVR+yOPJwAqdwDh5cQxXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A34QjNA=</latexit>

�

<latexit sha1_base64="q+5XYnAWd3v5YgRnsNNZRS/BQHA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbArET0GvHhMwDwkWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81jem3GCfkQHkoecUWOl+kWvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwxp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6WvUr5ql4pVR+yOPJwAqdwDh5cQxXuoAYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A34QjNA=</latexit>
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<latexit sha1_base64="cEeC1bh1SG/JRT0zVybiahMp0fA="></latexit>
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See more in Bellazzini, Elias 
Miro, et.al. 2011.00037 
Arkani-Hamed, Huang, 

Huang 2012.15849• Discussion incomplete, need to include relevant/
marginal loops for realistic theories. 

Schematic RGE

cel8

<latexit sha1_base64="/k6hNWfpt2lqE3r+8LMAx0HJdPs=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyWRij0WvHisYD+kjWGznbZLNx/sTsQa8ku8eFDEqz/Fm//GbZuDtj4YeLw3w8w8PxZcoW1/G4W19Y3NreJ2aWd3b79sHhy2VZRIBi0WiUh2fapA8BBayFFAN5ZAA19Ax59czfzOA0jFo/AWpzG4AR2FfMgZRS15Zpndp32ER0xBZJlX98yKXbXnsFaJk5MKydH0zK/+IGJJACEyQZXqOXaMbkolciYgK/UTBTFlEzqCnqYhDUC56fzwzDrVysAaRlJXiNZc/T2R0kCpaeDrzoDiWC17M/E/r5fgsO6mPIwThJAtFg0TYWFkzVKwBlwCQzHVhDLJ9a0WG1NJGeqsSjoEZ/nlVdI+rzq16sVNrdK4y+MokmNyQs6IQy5Jg1yTJmkRRhLyTF7Jm/FkvBjvxseitWDkM0fkD4zPH1Ofk5o=</latexit>

|cinel8 |

<latexit sha1_base64="4wtpIRJqyVYAT3ID0/WoNZ6JesU=">AAAB/HicbVDLTsJAFJ3iC/FVZelmIjFxRVqDkSWJG5eYyMMANtNhChOmj8zcGptSf8WNC41x64e4828coAsFTzLJyTn33rn3uJHgCizr2yisrW9sbhW3Szu7e/sH5uFRW4WxpKxFQxHKrksUEzxgLeAgWDeSjPiuYB13cjXzOw9MKh4Gt5BEbOCTUcA9TgloyTHLU3qf9oE9QqoniCxz6lPHrFhVaw68SuycVFCOpmN+9YchjX0WABVEqZ5tRTBIiQROBctK/VixiNAJGbGepgHxmRqk8+UzfKqVIfZCqV8AeK7+7kiJr1Tiu7rSJzBWy95M/M/rxeDVB/qqKAYW0MVHXiwwhHiWBB5yySiIRBNCJde7YjomklDQeZV0CPbyyaukfV61a9WLm1qlcZfHUUTH6ASdIRtdoga6Rk3UQhQl6Bm9ojfjyXgx3o2PRWnByHvK6A+Mzx/C/JWR</latexit>

• If causality constraints satisfied in EFT, 
unitarity ensures preservation under RG flow 
into IR. 

• But reversing, if constraints narrowly satisfied 
in deep IR, then cannot flow consistently far 
into UV (not without a higher order term(s) 
kicking-in). 

• More evidence for fundamental inconsistency 
of EFT tuning (suppression of parameters). �

<latexit sha1_base64="ptZcFXejJueGmamtOUXcoMkJ3xM=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLgxmUF+5A2lMlk0g6dTMLMjVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTj25nfeeLaiEQ94CTlfkyHSkSCUbRSpy9tNKSDas2tu3OQVeIVpAYFmoPqVz9MWBZzhUxSY3qem6KfU42CST6t9DPDU8rGdMh7lioac+Pn83Wn5MwqIYkSbZ9CMld/T+Q0NmYSBzYZUxyZZW8m/uf1Moxu/FyoNEOu2OKjKJMEEzK7nYRCc4ZyYgllWthdCRtRTRnahiq2BG/55FXSvqh7l/Wr+8ta47GoowwncArn4ME1NOAOmtACBmN4hld4c1LnxXl3PhbRklPMHMMfOJ8/RkiPnA==</latexit>

Loops
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Open Questions and Directions

• Further extension to loops, full kinematical structure, IR divergences. 

• Systematic method of computing constraints for multiple non-degenerate 
allowed transitions / non-polyhedral cones. Recent advance in Li, Yang, 
et.al. 2101.01191 - reformulate constraints in dual space to amplitude, the 
entire space of scattering states (entangled, polarised). This 
“spectrahedron” is positive semi-definite. Next step is application to 
apply to multi field theories, like SMEFT. 

• Applications to realistic EFTs, particle physics analyses (where relevant). 
Constraints are usually operative at subleading dim-8 order in EFT 
expansion, but lower dim operators still appear in loops. RG flow, 
exploration of UV completions independently of interest as well. 

• Applications to (super)gravity. 

• Higher order, departure from forward limit with spinning polynomials (as 
in Arkani-Hamed, Huang, Huang 2012.15849).
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