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A unified picture 
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Zfree SM

<latexit sha1_base64="icEr6pAs2O90qE1pMuLDxx6ofqs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ae0oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7N4ygaRXrnhVbwZ3mfg5qUCOeq/81e0rmsZMIhXEmI7vJRhkRCOngk1K3dSwhNARGbCOpZLEzATZ7NqJe2KVvhspbUuiO1N/T2QkNmYch7YzJjg0i95U/M/rpBhdBRmXSYpM0vmiKBUuKnf6utvnmlEUY0sI1dze6tIh0YSiDahkQ/AXX14mzbOqf1H17s8rtes8jiIcwTGcgg+XUIM7qEMDKDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWIyjwE=</latexit>

�

State operator 
correspondence

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

Harmonics of Stiefel 
Manifold
Henning, TM, Phys Rev D 
016015 (2019); 1902.06747

SM EFT

(deal with field 
redefinition, integration 
by parts redundancies)

On-shell EFT construction methods with spinor helicity 
x2 + y2 + z2 = 1

<latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit>

Shadmi, Weiss (2018); Ma, Shu, Xiao (2019); Christensen, Field 
(2018); Durieux, Kitahara, Shadmi, Weiss (2019); Aoude, 
Machado (2019); Jiang, Shu, Xiao, Zheng (2020); Christensen, 
Field, Moore (2020); Durieux, Machado (2020); Li, Shu, Xiao, Yu 
(2020) … 
Durieux, Kitahara, Machado, Shadmi, Weiss (2020); 
Dong, Ma, Shu (2021) … 
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<latexit sha1_base64="7bfSljny79rlJ03yHeQ7a8TpwU0=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcyIqMegFy9CRLNgEkJPpyZp0rPQXSMJw/yKFw+KePVHvPk3dpaDJj4oeLxXRVU9L5ZCo+N8W7mV1bX1jfxmYWt7Z3fP3i/WdZQoDjUeyUg1PaZBihBqKFBCM1bAAk9CwxteT/zGEygtovABxzF0AtYPhS84QyN17eJjN20jjDD1FQC9v82yrl1yys4UdJm4c1Iic1S79le7F/EkgBC5ZFq3XCfGTsoUCi4hK7QTDTHjQ9aHlqEhC0B30untGT02So/6kTIVIp2qvydSFmg9DjzTGTAc6EVvIv7ntRL0LzupCOMEIeSzRX4iKUZ0EgTtCQUc5dgQxpUwt1I+YIpxNHEVTAju4svLpH5ads/Lzt1ZqXI1jyNPDskROSEuuSAVckOqpEY4GZFn8krerMx6sd6tj1lrzprPHJA/sD5/ADvGlJA=</latexit>

Zfree SM

<latexit sha1_base64="icEr6pAs2O90qE1pMuLDxx6ofqs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ae0oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7N4ygaRXrnhVbwZ3mfg5qUCOeq/81e0rmsZMIhXEmI7vJRhkRCOngk1K3dSwhNARGbCOpZLEzATZ7NqJe2KVvhspbUuiO1N/T2QkNmYch7YzJjg0i95U/M/rpBhdBRmXSYpM0vmiKBUuKnf6utvnmlEUY0sI1dze6tIh0YSiDahkQ/AXX14mzbOqf1H17s8rtes8jiIcwTGcgg+XUIM7qEMDKDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWIyjwE=</latexit>

�

<latexit sha1_base64="FakZRTr6HlGa30Zp7OTRikD6CvY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwABJo2d</latexit>p1

<latexit sha1_base64="7gNKu40NgkePKSBI+vMoIw8cLyY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndZde8vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACqo2e</latexit>p2

<latexit sha1_base64="easApUi7ousQsGoA25QvPBuY0Ro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9I775UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+y6t5fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEELo2f</latexit>p3

<latexit sha1_base64="MYHtpyTVjml7udwLfcV4LGOG+qg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPSS9u1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8tGo26</latexit>pN

<latexit sha1_base64="FjQz/T4kLHJPocBvRzHdtlD2eX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+y6t7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAFso2g</latexit>p4

<latexit sha1_base64="ApiEFTV4HjSYULBcx1HSdsEGCfU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9K76JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+y6t6fV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEHNo2h</latexit>p5

<latexit sha1_base64="hNPLd6hVG8CRulwGyLpuvIJoOs0=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0Eqt3jBSaPqVqlfzZnCXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFLuZYalhI7IgHUtlSRhJshn107cU6tEbqy0LYnuTP09kZPEmHES2s6E4NAselPxP6+bYXwd5FymGTJJ54viTLio3OnrbsQ1oyjGlhCqub3VpUOiCUUbUNmG4C++vExa5zX/subdX1TrN0UcJTiGEzgDH66gDnfQgCZQeIRneIU3RzkvzrvzMW9dcYqZI/gD5/MHt6WPOQ==</latexit> . .
.

<latexit sha1_base64="3pZmAuQCL0uYXYP6sqHZGiu1/cw=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Ktki6kUoevFYwX5Au5Zsmm1Ds9mQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5oRLcWIy/vZXVtfWNzcJWcXtnd2+/dHDYNEmqKWvQRCS6HRLDBJesYbkVrK00I3EoWCsc3U791hPThifywY4VC2IykDzilFgntVSPP1avca9UxhU8A1omfk7KkKPeK311+wlNYyYtFcSYjo+VDTKiLaeCTYrd1DBF6IgMWMdRSWJmgmx27gSdOqWPokS7khbN1N8TGYmNGceh64yJHZpFbyr+53VSG10FGZcqtUzS+aIoFcgmaPo76nPNqBVjRwjV3N2K6JBoQq1LqOhC8BdfXibNasW/qOD783LtJo+jAMdwAmfgwyXU4A7q0AAKI3iGV3jzlPfivXsf89YVL585gj/wPn8Ab9+O+g==</latexit>

p2i = 0
<latexit sha1_base64="SUegrLRMpqKjeBEoqdFWnAUg8H0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBGMC2WWZncwmQ2Zml3kIIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kpwzbXz/2yutrK6tb5Q3K1vbO7t71f2DR51ZRWiLZDxTnQRrypmkLcMMp51cUSwSTtvJ8Hbqt5+o0iyTD2aU00jgvmQpI9g4KQy1FTFDecyu/bha8+v+DGiZBAWpQYFmXP0KexmxgkpDONa6G/i5icZYGUY4nVRCq2mOyRD3addRiQXV0Xh28wSdOKWH0ky5kgbN1N8TYyy0HonEdQpsBnrRm4r/eV1r0qtozGRuDZVkvii1HJkMTQNAPaYoMXzkCCaKuVsRGWCFiXExVVwIweLLy+TxrB5c1P3781rjpoijDEdwDKcQwCU04A6a0AICOTzDK7x51nvx3r2PeWvJK2YO4Q+8zx9QO5E1</latexit>X

i

pi = 0

x2 + y2 + z2 = 1
<latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit>

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...
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<latexit sha1_base64="7bfSljny79rlJ03yHeQ7a8TpwU0=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcyIqMegFy9CRLNgEkJPpyZp0rPQXSMJw/yKFw+KePVHvPk3dpaDJj4oeLxXRVU9L5ZCo+N8W7mV1bX1jfxmYWt7Z3fP3i/WdZQoDjUeyUg1PaZBihBqKFBCM1bAAk9CwxteT/zGEygtovABxzF0AtYPhS84QyN17eJjN20jjDD1FQC9v82yrl1yys4UdJm4c1Iic1S79le7F/EkgBC5ZFq3XCfGTsoUCi4hK7QTDTHjQ9aHlqEhC0B30untGT02So/6kTIVIp2qvydSFmg9DjzTGTAc6EVvIv7ntRL0LzupCOMEIeSzRX4iKUZ0EgTtCQUc5dgQxpUwt1I+YIpxNHEVTAju4svLpH5ads/Lzt1ZqXI1jyNPDskROSEuuSAVckOqpEY4GZFn8krerMx6sd6tj1lrzprPHJA/sD5/ADvGlJA=</latexit>

Zfree SM

<latexit sha1_base64="icEr6pAs2O90qE1pMuLDxx6ofqs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ae0oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7N4ygaRXrnhVbwZ3mfg5qUCOeq/81e0rmsZMIhXEmI7vJRhkRCOngk1K3dSwhNARGbCOpZLEzATZ7NqJe2KVvhspbUuiO1N/T2QkNmYch7YzJjg0i95U/M/rpBhdBRmXSYpM0vmiKBUuKnf6utvnmlEUY0sI1dze6tIh0YSiDahkQ/AXX14mzbOqf1H17s8rtes8jiIcwTGcgg+XUIM7qEMDKDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWIyjwE=</latexit>

�

<latexit sha1_base64="FakZRTr6HlGa30Zp7OTRikD6CvY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwABJo2d</latexit>p1

<latexit sha1_base64="7gNKu40NgkePKSBI+vMoIw8cLyY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndZde8vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACqo2e</latexit>p2

<latexit sha1_base64="easApUi7ousQsGoA25QvPBuY0Ro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9I775UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+y6t5fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEELo2f</latexit>p3

<latexit sha1_base64="MYHtpyTVjml7udwLfcV4LGOG+qg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPSS9u1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8tGo26</latexit>pN

<latexit sha1_base64="FjQz/T4kLHJPocBvRzHdtlD2eX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+y6t7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAFso2g</latexit>p4

<latexit sha1_base64="ApiEFTV4HjSYULBcx1HSdsEGCfU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9K76JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+y6t6fV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEHNo2h</latexit>p5

<latexit sha1_base64="hNPLd6hVG8CRulwGyLpuvIJoOs0=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0Eqt3jBSaPqVqlfzZnCXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFLuZYalhI7IgHUtlSRhJshn107cU6tEbqy0LYnuTP09kZPEmHES2s6E4NAselPxP6+bYXwd5FymGTJJ54viTLio3OnrbsQ1oyjGlhCqub3VpUOiCUUbUNmG4C++vExa5zX/subdX1TrN0UcJTiGEzgDH66gDnfQgCZQeIRneIU3RzkvzrvzMW9dcYqZI/gD5/MHt6WPOQ==</latexit> . .
.

<latexit sha1_base64="3pZmAuQCL0uYXYP6sqHZGiu1/cw=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Ktki6kUoevFYwX5Au5Zsmm1Ds9mQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5oRLcWIy/vZXVtfWNzcJWcXtnd2+/dHDYNEmqKWvQRCS6HRLDBJesYbkVrK00I3EoWCsc3U791hPThifywY4VC2IykDzilFgntVSPP1avca9UxhU8A1omfk7KkKPeK311+wlNYyYtFcSYjo+VDTKiLaeCTYrd1DBF6IgMWMdRSWJmgmx27gSdOqWPokS7khbN1N8TGYmNGceh64yJHZpFbyr+53VSG10FGZcqtUzS+aIoFcgmaPo76nPNqBVjRwjV3N2K6JBoQq1LqOhC8BdfXibNasW/qOD783LtJo+jAMdwAmfgwyXU4A7q0AAKI3iGV3jzlPfivXsf89YVL585gj/wPn8Ab9+O+g==</latexit>

p2i = 0
<latexit sha1_base64="SUegrLRMpqKjeBEoqdFWnAUg8H0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBGMC2WWZncwmQ2Zml3kIIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kpwzbXz/2yutrK6tb5Q3K1vbO7t71f2DR51ZRWiLZDxTnQRrypmkLcMMp51cUSwSTtvJ8Hbqt5+o0iyTD2aU00jgvmQpI9g4KQy1FTFDecyu/bha8+v+DGiZBAWpQYFmXP0KexmxgkpDONa6G/i5icZYGUY4nVRCq2mOyRD3addRiQXV0Xh28wSdOKWH0ky5kgbN1N8TYyy0HonEdQpsBnrRm4r/eV1r0qtozGRuDZVkvii1HJkMTQNAPaYoMXzkCCaKuVsRGWCFiXExVVwIweLLy+TxrB5c1P3781rjpoijDEdwDKcQwCU04A6a0AICOTzDK7x51nvx3r2PeWvJK2YO4Q+8zx9QO5E1</latexit>X

i

pi = 0

x2 + y2 + z2 = 1
<latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit>

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...
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Let me try and make the concept of 
Hilbert series a bit more physical.. 



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a system with 
some energy levels

<latexit sha1_base64="/WvPygfeirVCgR/inXwYm63R9GY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5ZERN0IRTcuK9gHNjFMppN26GSSzkyEErJz46+4caGIW3/BnX/jtM1CqwcuHM65l3vv8WNGpbKsL6MwN7+wuFRcLq2srq1vmJtbTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g8ux37onQtKI36hRTNwQ9TgNKEZKS565e1sZHsBz6MQi6nocOoFAOLWz1D4c3vHMM8tW1ZoA/iV2TsogR90zP51uhJOQcIUZkrJjW7FyUyQUxYxkJSeRJEZ4gHqkoylHIZFuOvkjg/ta6cIgErq4ghP150SKQilHoa87Q6T6ctYbi/95nUQFZ25KeZwowvF0UZAwqCI4DgV2qSBYsZEmCAuqb4W4j3QSSkdX0iHYsy//Jc2jqn1Sta6Py7WLPI4i2AF7oAJscApq4ArUQQNg8ACewAt4NR6NZ+PNeJ+2Fox8Zhv8gvHxDQIEmCc=</latexit>

Z(q) =
Y

n

1

1� qn

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...
<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT
<latexit sha1_base64="scOlWjMpBl9VhEhC2zBYW85cwWc=">AAACGHicbVBNS8NAEN34bf2qevSyWAQ9WBMR9SIURfBYwarQ1LDZTtqlm03YnQgl5Gd48a948aCIV2/+G7cfB78eDDzem2FmXphKYdB1P52Jyanpmdm5+dLC4tLySnl17dokmebQ4IlM9G3IDEihoIECJdymGlgcSrgJe2cD/+YetBGJusJ+Cq2YdZSIBGdopaC850uIcJueUD/VSTtQ1I8047lX5N4u3OXngdrrXRUF9bXodHEnKFfcqjsE/Uu8MamQMepB+cNvJzyLQSGXzJim56bYyplGwSUUJT8zkDLeYx1oWqpYDKaVDx8r6JZV2jRKtC2FdKh+n8hZbEw/Dm1nzLBrfnsD8T+vmWF03MqFSjMExUeLokxSTOggJdoWGjjKviWMa2FvpbzLbDBosyzZELzfL/8l1/tV77DqXh5UaqfjOObIBtkk28QjR6RGLkidNAgnD+SJvJBX59F5dt6c91HrhDOeWSc/4Hx8AQH5nyU=</latexit> 
=
Y

n

1

1� eEn/kT

!

<latexit sha1_base64="fUmhjLRP56byqaOS0VROjrqTspE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQFMFjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwup36rSdUmsfy0YwT9CM6kDzkjBorte56klwT2StX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOyEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJlWwI3uLLy6R5VvUuqu7DeaV2k8dRhCM4hlPw4BJqcA91aACDETzDK7w5ifPivDsf89aCk88cwh84nz8ZUI7C</latexit>

En = n



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a system with 
some energy levels

<latexit sha1_base64="/WvPygfeirVCgR/inXwYm63R9GY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5ZERN0IRTcuK9gHNjFMppN26GSSzkyEErJz46+4caGIW3/BnX/jtM1CqwcuHM65l3vv8WNGpbKsL6MwN7+wuFRcLq2srq1vmJtbTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g8ux37onQtKI36hRTNwQ9TgNKEZKS565e1sZHsBz6MQi6nocOoFAOLWz1D4c3vHMM8tW1ZoA/iV2TsogR90zP51uhJOQcIUZkrJjW7FyUyQUxYxkJSeRJEZ4gHqkoylHIZFuOvkjg/ta6cIgErq4ghP150SKQilHoa87Q6T6ctYbi/95nUQFZ25KeZwowvF0UZAwqCI4DgV2qSBYsZEmCAuqb4W4j3QSSkdX0iHYsy//Jc2jqn1Sta6Py7WLPI4i2AF7oAJscApq4ArUQQNg8ACewAt4NR6NZ+PNeJ+2Fox8Zhv8gvHxDQIEmCc=</latexit>

Z(q) =
Y

n

1

1� qn

e.g. how many configurations have energy = 4? 

<latexit sha1_base64="GJkLD+hUy/sRJ84iCPB+pFMZbA0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh6LXjxWsLbQhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zQHbX3LwuO9GWbmBYkUBl332ymtrK6tb5Q3K1vbO7t71f2DRxOnmvEWi2WsOwE1XArFWyhQ8k6iOY0CydvB+Hbmt5+4NiJWDzhJuB/RoRKhYBSt1PbO8tev1ty6m4MsE68gNSjQ7Fe/eoOYpRFXyCQ1puu5CfoZ1SiY5NNKLzU8oWxMh7xrqaIRN36WrzslJ1YZkDDW9iskufq7I6ORMZMosJURxZFZ9Gbif143xfDaz4RKUuSKzQeFqSQYk9ntZCA0ZygnllCmhd2VsBHVlKFNqGJD8BZPXiaP53Xvsu7eX9QaN0UcZTiCYzgFD66gAXfQhBYwGMMzvMKbkzgvzrvzMS8tOUXPIfyB8/kDAAWOCg==</latexit>

1 + 1 + 1 + 1
<latexit sha1_base64="B4//mkTDXE7wwi0MNmq3OUKBrIo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBKJSkiHosevFYwdRCG8pmO2mXbjZhdyOU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NYW9/Y3Cpul3Z29/YPyodHLZ1kiqHPEpGodkg1Ci7RN9wIbKcKaRwKfAxHtzP/8QmV5ol8MOMUg5gOJI84o8ZKfr3qVb1eueLW3DnIKvFyUoEczV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRdTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0qrXvMuae39RadzkcRThBE7hHDy4ggbcQRN8YMDhGV7hzZHOi/PufCxaC04+cwx/4Hz+ACo3jZs=</latexit>

2 + 1 + 1
<latexit sha1_base64="1gmmqiiB32zLkrt0IPDFnzCEdis=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQklU1GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/naXlldW19cJGcXNre2e3tLff0HGqGNZZLGLVCqhGwSXWDTcCW4lCGgUCm8HwduI3n1BpHstHM0rQj2hf8pAzaqz0cH7qdUtlt+JOQRaJl5My5Kh1S1+dXszSCKVhgmrd9tzE+BlVhjOB42In1ZhQNqR9bFsqaYTaz6anjsmxVXokjJUtachU/T2R0UjrURTYzoiagZ73JuJ/Xjs14bWfcZmkBiWbLQpTQUxMJn+THlfIjBhZQpni9lbCBlRRZmw6RRuCN//yImmcVbzLint/Ua7e5HEU4BCO4AQ8uIIq3EEN6sCgD8/wCm+OcF6cd+dj1rrk5DMH8AfO5w9VJY0s</latexit>

3 + 1
<latexit sha1_base64="oNeVo0W0nklb4/rC5MYlEejr1Yk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSIIQkmKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaHSPJaPZpygH9GB5CFn1FjpoXpe7ZXKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwms/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVrzLint/Ua7d5HEU4BhO4Aw8uIIa3EEdGsBgAM/wCm+OcF6cd+dj3rri5DNH8AfO5w9VI40s</latexit>

2 + 2
<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...
<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a system with 
some energy levels

<latexit sha1_base64="/WvPygfeirVCgR/inXwYm63R9GY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5ZERN0IRTcuK9gHNjFMppN26GSSzkyEErJz46+4caGIW3/BnX/jtM1CqwcuHM65l3vv8WNGpbKsL6MwN7+wuFRcLq2srq1vmJtbTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g8ux37onQtKI36hRTNwQ9TgNKEZKS565e1sZHsBz6MQi6nocOoFAOLWz1D4c3vHMM8tW1ZoA/iV2TsogR90zP51uhJOQcIUZkrJjW7FyUyQUxYxkJSeRJEZ4gHqkoylHIZFuOvkjg/ta6cIgErq4ghP150SKQilHoa87Q6T6ctYbi/95nUQFZ25KeZwowvF0UZAwqCI4DgV2qSBYsZEmCAuqb4W4j3QSSkdX0iHYsy//Jc2jqn1Sta6Py7WLPI4i2AF7oAJscApq4ArUQQNg8ACewAt4NR6NZ+PNeJ+2Fox8Zhv8gvHxDQIEmCc=</latexit>

Z(q) =
Y

n

1

1� qn

<latexit sha1_base64="l8/Z4WwIzafoc0HMwPv1j3EuRTU=">AAAB+3icbVBNS8NAEJ3Ur1q/aj16WSxCBSmJiHoRil48VrAf0MSy2W7apZtN3N2IJfSvePGgiFf/iDf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneJuqamiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3g98VuPVCoWiTs9iqkX4r5gASNYG6lbLF26Kgm7AsUVceQeo4d7I5btqj0FWiRORsqQod4tfrm9iCQhFZpwrFTHsWPtpVhqRjgdF9xE0RiTIe7TjqECh1R56fT2MTo0Sg8FkTQlNJqqvydSHCo1Cn3TGWI9UPPeRPzP6yQ6uPBSJuJEU0Fmi4KEIx2hSRCoxyQlmo8MwUQycysiAywx0SauggnBmX95kTRPqs5Z1b49LdeusjjysA8HUAEHzqEGN1CHBhB4gmd4hTdrbL1Y79bHrDVnZTN78AfW5w9RYJNT</latexit>

=
X

n

p(n) qn

Integer partitions of n

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...
<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a system with 
some energy levels

<latexit sha1_base64="/WvPygfeirVCgR/inXwYm63R9GY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5ZERN0IRTcuK9gHNjFMppN26GSSzkyEErJz46+4caGIW3/BnX/jtM1CqwcuHM65l3vv8WNGpbKsL6MwN7+wuFRcLq2srq1vmJtbTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g8ux37onQtKI36hRTNwQ9TgNKEZKS565e1sZHsBz6MQi6nocOoFAOLWz1D4c3vHMM8tW1ZoA/iV2TsogR90zP51uhJOQcIUZkrJjW7FyUyQUxYxkJSeRJEZ4gHqkoylHIZFuOvkjg/ta6cIgErq4ghP150SKQilHoa87Q6T6ctYbi/95nUQFZ25KeZwowvF0UZAwqCI4DgV2qSBYsZEmCAuqb4W4j3QSSkdX0iHYsy//Jc2jqn1Sta6Py7WLPI4i2AF7oAJscApq4ArUQQNg8ACewAt4NR6NZ+PNeJ+2Fox8Zhv8gvHxDQIEmCc=</latexit>

Z(q) =
Y

n

1

1� qn

<latexit sha1_base64="l8/Z4WwIzafoc0HMwPv1j3EuRTU=">AAAB+3icbVBNS8NAEJ3Ur1q/aj16WSxCBSmJiHoRil48VrAf0MSy2W7apZtN3N2IJfSvePGgiFf/iDf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneJuqamiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3g98VuPVCoWiTs9iqkX4r5gASNYG6lbLF26Kgm7AsUVceQeo4d7I5btqj0FWiRORsqQod4tfrm9iCQhFZpwrFTHsWPtpVhqRjgdF9xE0RiTIe7TjqECh1R56fT2MTo0Sg8FkTQlNJqqvydSHCo1Cn3TGWI9UPPeRPzP6yQ6uPBSJuJEU0Fmi4KEIx2hSRCoxyQlmo8MwUQycysiAywx0SauggnBmX95kTRPqs5Z1b49LdeusjjysA8HUAEHzqEGN1CHBhB4gmd4hTdrbL1Y79bHrDVnZTN78AfW5w9RYJNT</latexit>

=
X

n

p(n) qn

Integer partitions of n

Hardy-Ramanujan (1918)
<latexit sha1_base64="x0xWT/swA4vrabUi7ixnj3wrEk8="></latexit>

p(n) ⇠ 1

4n
p
3
exp

 
⇡

r
2n

3

!

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...
<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a system with 
some energy levels

<latexit sha1_base64="/WvPygfeirVCgR/inXwYm63R9GY=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5ZERN0IRTcuK9gHNjFMppN26GSSzkyEErJz46+4caGIW3/BnX/jtM1CqwcuHM65l3vv8WNGpbKsL6MwN7+wuFRcLq2srq1vmJtbTRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5g8ux37onQtKI36hRTNwQ9TgNKEZKS565e1sZHsBz6MQi6nocOoFAOLWz1D4c3vHMM8tW1ZoA/iV2TsogR90zP51uhJOQcIUZkrJjW7FyUyQUxYxkJSeRJEZ4gHqkoylHIZFuOvkjg/ta6cIgErq4ghP150SKQilHoa87Q6T6ctYbi/95nUQFZ25KeZwowvF0UZAwqCI4DgV2qSBYsZEmCAuqb4W4j3QSSkdX0iHYsy//Jc2jqn1Sta6Py7WLPI4i2AF7oAJscApq4ArUQQNg8ACewAt4NR6NZ+PNeJ+2Fox8Zhv8gvHxDQIEmCc=</latexit>

Z(q) =
Y

n

1

1� qn

<latexit sha1_base64="l8/Z4WwIzafoc0HMwPv1j3EuRTU=">AAAB+3icbVBNS8NAEJ3Ur1q/aj16WSxCBSmJiHoRil48VrAf0MSy2W7apZtN3N2IJfSvePGgiFf/iDf/jds2B219MPB4b4aZeX7MmdK2/W3llpZXVtfy64WNza3tneJuqamiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3g98VuPVCoWiTs9iqkX4r5gASNYG6lbLF26Kgm7AsUVceQeo4d7I5btqj0FWiRORsqQod4tfrm9iCQhFZpwrFTHsWPtpVhqRjgdF9xE0RiTIe7TjqECh1R56fT2MTo0Sg8FkTQlNJqqvydSHCo1Cn3TGWI9UPPeRPzP6yQ6uPBSJuJEU0Fmi4KEIx2hSRCoxyQlmo8MwUQycysiAywx0SauggnBmX95kTRPqs5Z1b49LdeusjjysA8HUAEHzqEGN1CHBhB4gmd4hTdrbL1Y79bHrDVnZTN78AfW5w9RYJNT</latexit>

=
X

n

p(n) qn

Integer partitions of n

Hardy-Ramanujan (1918)
<latexit sha1_base64="x0xWT/swA4vrabUi7ixnj3wrEk8="></latexit>

p(n) ⇠ 1

4n
p
3
exp

 
⇡

r
2n

3

!

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...
<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT

“High temperature behaviour”
<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT
<latexit sha1_base64="ggKEi8qIl67jUkW5rjVzGUKNlOQ=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjxWsB/QxrLZTtqlm03c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YRK81jem1GCfkT7koecUWOl1hU+dAI0tFsquxV3CrJIvJyUIUetW/rq9GKWRigNE1Trtucmxs+oMpwJHBc7qcaEsiHtY9tSSSPUfja9d0yOrdIjYaxsSUOm6u+JjEZaj6LAdkbUDPS8NxH/89qpCS/9jMskNSjZbFGYCmJiMnme9LhCZsTIEsoUt7cSNqCKMmMjKtoQvPmXF0njtOKdV9y7s3L1Oo+jAIdwBCfgwQVU4RZqUAcGAp7hFd6cR+fFeXc+Zq1LTj5zAH/gfP4AvkOPxw==</latexit>

= e�

<latexit sha1_base64="SMPipbF49yHLVWt4SA0GPGQz30Q=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFcCElEVGXRTcuK9gLNKFMppN26GQSZyZiCe2juHGhiFtfxJ1v47TNQlt/GPj4zznMOX+QcKa043xbhZXVtfWN4mZpa3tnd8/eLzdVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQxvpvXWI5WKxeJejxLqR7gvWMgI1sbq2mUvoBp7OkbO6WTyYMDt2hWn6syElsHNoQK56l37y+vFJI2o0IRjpTquk2g/w1Izwum45KWKJpgMcZ92DAocUeVns93H6Ng4PRTG0jyh0cz9PZHhSKlRFJjOCOuBWqxNzf9qnVSHV37GRJJqKsj8ozDlyJw6DQL1mKRE85EBTCQzuyIywBITbeIqmRDcxZOXoXlWdS+qzt15pXadx1GEQziCE3DhEmpwC3VoAIEneIZXeLPG1ov1bn3MWwtWPnMAf2R9/gBJw5P0</latexit>

� ! 0, q ! 1



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a free scalar 
field

@{µ@⌫}�
<latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit>

@µ�
<latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit>

1 + �+ �2 + �3 + . . .
<latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit>

<latexit sha1_base64="7ctk1ILPCiadx5pTZwMgthp7yhw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpF5ZERN0IRTcuK9gHNm2YTCbt0MkknZkIJeQP3Pgrblwo4tatO//G6WOh1QMXDufcy733eDGjUlnWl5FbWFxaXsmvFtbWNza3zO2dhowSgUkdRywSLQ9JwigndUUVI61YEBR6jDS9wdXYb94TIWnEb9UoJp0Q9TgNKEZKS655eFcaluEFdGIR+S6HTiAQTu0sLdlHwy4vd1OtZplrFq2KNQH8S+wZKYIZaq756fgRTkLCFWZIyrZtxaqTIqEoZiQrOIkkMcID1CNtTTkKieykk38yeKAVHwaR0MUVnKg/J1IUSjkKPd0ZItWX895Y/M9rJyo476SUx4kiHE8XBQmDKoLjcKBPBcGKjTRBWFB9K8R9pBNROsKCDsGef/kvaRxX7NOKdXNSrF7O4siDPbAPSsAGZ6AKrkEN1AEGD+AJvIBX49F4Nt6M92lrzpjN7IJfMD6+AdRsm08=</latexit>

Z(q) =
Y

n

1

(1� qn)dn

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

Labelled appealing to state 
operator correspondence

<latexit sha1_base64="hfqesrzhUcB7iMzK/84swKRMWlI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey2CCykzIupGKOrCZQV7gc44ZNJMG5pkxiQjlKFrN76KGxeKuPUJ3Pk2pu0I2vpD4OM/53By/jBhVGnH+bJmZufmFxYLS8XlldW1dXtjs67iVGJSwzGLZTNEijAqSE1TzUgzkQTxkJFG2LsY1hv3RCoaixvdT4jPUUfQiGKkjRXYO2fQUykPvEvCNIL4B7yDu9sxBnbJKTsjwWlwcyiBXNXA/vTaMU45ERozpFTLdRLtZ0hqihkZFL1UkQThHuqQlkGBOFF+NjplAPeM04ZRLM0TGo7c3xMZ4kr1eWg6OdJdNVkbmv/VWqmOTv2MiiTVRODxoihlUMdwmAtsU0mwZn0DCEtq/gpxF0mEtUmvaEJwJ0+ehvph2T0uO9dHpcp5HkcBbINdsA9ccAIq4ApUQQ1g8ACewAt4tR6tZ+vNeh+3zlj5zBb4I+vjG5aGmZI=</latexit>

=
X

�

c� q�

Level degeneracy from 
d derivatives in d-

dimensional spacetime

<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a free scalar 
field

@{µ@⌫}�
<latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit>

@µ�
<latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit>

1 + �+ �2 + �3 + . . .
<latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit>

<latexit sha1_base64="7ctk1ILPCiadx5pTZwMgthp7yhw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpF5ZERN0IRTcuK9gHNm2YTCbt0MkknZkIJeQP3Pgrblwo4tatO//G6WOh1QMXDufcy733eDGjUlnWl5FbWFxaXsmvFtbWNza3zO2dhowSgUkdRywSLQ9JwigndUUVI61YEBR6jDS9wdXYb94TIWnEb9UoJp0Q9TgNKEZKS655eFcaluEFdGIR+S6HTiAQTu0sLdlHwy4vd1OtZplrFq2KNQH8S+wZKYIZaq756fgRTkLCFWZIyrZtxaqTIqEoZiQrOIkkMcID1CNtTTkKieykk38yeKAVHwaR0MUVnKg/J1IUSjkKPd0ZItWX895Y/M9rJyo476SUx4kiHE8XBQmDKoLjcKBPBcGKjTRBWFB9K8R9pBNROsKCDsGef/kvaRxX7NOKdXNSrF7O4siDPbAPSsAGZ6AKrkEN1AEGD+AJvIBX49F4Nt6M92lrzpjN7IJfMD6+AdRsm08=</latexit>

Z(q) =
Y

n

1

(1� qn)dn

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

Labelled appealing to state 
operator correspondence

<latexit sha1_base64="hfqesrzhUcB7iMzK/84swKRMWlI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey2CCykzIupGKOrCZQV7gc44ZNJMG5pkxiQjlKFrN76KGxeKuPUJ3Pk2pu0I2vpD4OM/53By/jBhVGnH+bJmZufmFxYLS8XlldW1dXtjs67iVGJSwzGLZTNEijAqSE1TzUgzkQTxkJFG2LsY1hv3RCoaixvdT4jPUUfQiGKkjRXYO2fQUykPvEvCNIL4B7yDu9sxBnbJKTsjwWlwcyiBXNXA/vTaMU45ERozpFTLdRLtZ0hqihkZFL1UkQThHuqQlkGBOFF+NjplAPeM04ZRLM0TGo7c3xMZ4kr1eWg6OdJdNVkbmv/VWqmOTv2MiiTVRODxoihlUMdwmAtsU0mwZn0DCEtq/gpxF0mEtUmvaEJwJ0+ehvph2T0uO9dHpcp5HkcBbINdsA9ccAIq4ApUQQ1g8ACewAt4tR6tZ+vNeh+3zlj5zBb4I+vjG5aGmZI=</latexit>

=
X

�

c� q�

Level degeneracy from 
d derivatives in d-

dimensional spacetime

<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT

This counts the number of operators at some given 
mass dimension. Essentially a Hilbert series (which 
counts only a subset which are the Lorentz scalars)



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a free scalar 
field

<latexit sha1_base64="7ctk1ILPCiadx5pTZwMgthp7yhw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpF5ZERN0IRTcuK9gHNm2YTCbt0MkknZkIJeQP3Pgrblwo4tatO//G6WOh1QMXDufcy733eDGjUlnWl5FbWFxaXsmvFtbWNza3zO2dhowSgUkdRywSLQ9JwigndUUVI61YEBR6jDS9wdXYb94TIWnEb9UoJp0Q9TgNKEZKS655eFcaluEFdGIR+S6HTiAQTu0sLdlHwy4vd1OtZplrFq2KNQH8S+wZKYIZaq756fgRTkLCFWZIyrZtxaqTIqEoZiQrOIkkMcID1CNtTTkKieykk38yeKAVHwaR0MUVnKg/J1IUSjkKPd0ZItWX895Y/M9rJyo476SUx4kiHE8XBQmDKoLjcKBPBcGKjTRBWFB9K8R9pBNROsKCDsGef/kvaRxX7NOKdXNSrF7O4siDPbAPSsAGZ6AKrkEN1AEGD+AJvIBX49F4Nt6M92lrzpjN7IJfMD6+AdRsm08=</latexit>

Z(q) =
Y

n

1

(1� qn)dn

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

e.g. SM
EFT fields

Level degeneracy from 
d derivatives in d-

dimensional spacetime

<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>

q = e
1

kBT

(After the projection to scalars)

<latexit sha1_base64="CkZdX/EkbQV0fkdy1Vdtw6Z8Kpg="></latexit>

= . . .+ 2 q5 + 84 q6 + 30 q7 + 993 q8 + . . .

Dim 5 Dim 6 Dim 7 Dim 8

<latexit sha1_base64="OoQH+737ibEY7dykyijX7jehIZI=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0EqtnogUmn6l6tW8Gdxl4hekCgUa/cpXL1I0S5hEKogxXd9LMciJRk4Fm5R7mWEpoSMyYF1LJUmYCfLZtRP31CqRGyttS6I7U39P5CQxZpyEtjMhODSL3lT8z+tmGF8HOZdphkzS+aI4Ey4qd/q6G3HNKIqxJYRqbm916ZBoQtEGVLYh+IsvL5PWec2/rHn3F9X6TRFHCY7hBM7Ahyuowx00oAkUHuEZXuHNUc6L8+58zFtXnGLmCP7A+fwBvcWPPQ==</latexit>. . .<latexit sha1_base64="OoQH+737ibEY7dykyijX7jehIZI=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0EqtnogUmn6l6tW8Gdxl4hekCgUa/cpXL1I0S5hEKogxXd9LMciJRk4Fm5R7mWEpoSMyYF1LJUmYCfLZtRP31CqRGyttS6I7U39P5CQxZpyEtjMhODSL3lT8z+tmGF8HOZdphkzS+aI4Ey4qd/q6G3HNKIqxJYRqbm916ZBoQtEGVLYh+IsvL5PWec2/rHn3F9X6TRFHCY7hBM7Ahyuowx00oAkUHuEZXuHNUc6L8+58zFtXnGLmCP7A+fwBvcWPPQ==</latexit>. . .



<latexit sha1_base64="7zOwaJKy3yNEbW3Fmqb3lgB94ic=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyK4LEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0O/VbT6g0j+WDGSfoR3QgecgZNVaq3/VKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pbvyhXb/I4CnAMJ3AGHlxBFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHmpOMzg==</latexit>

E

<latexit sha1_base64="/1EkkavOrhIJ2jmuna8KXZGXNQE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU8Prlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVtXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBfEOMug==</latexit>

1

<latexit sha1_base64="3vOOCNqLqoPzTI/1u44IC0M9R5A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZq1frrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqtu86JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfceMuw==</latexit>

2

<latexit sha1_base64="HFrb2/S0n26qGBrSmL2mJQ0EMB8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDf0uMvA==</latexit>

3

<latexit sha1_base64="swq4TyRqy5joM+VOuu0SNmV+hF8=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIR67HoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva/51zas2boswynAKZ3ABPtShAffQhBYwQHiBN3h3npxX52PZWHKKiRP4A+fzBxZli5M=</latexit>

4

<latexit sha1_base64="gMtvg8Z9jZ+fKPnsfWIPdsVQLow=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVL3ulsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDGz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveVcWtX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDglOMvg==</latexit>

5

<latexit sha1_base64="+bZ99kGDVrFqlTPJbOl+es8iOk4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqVPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiteteI2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBg9eMvw==</latexit>

6

Partition function for a free scalar 
field

@{µ@⌫}�
<latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit><latexit sha1_base64="aFbkrS6UGzd0illOLHMztxyTSA8=">AAACDXicbVC7TsMwFHXKq5RXgJHFoiAxVQlCgrGChbFI9CE1UeS4TmvVdiI/kKqoP8DCr7AwgBArOxt/g9NmgJYjWTr3nHtt3xNnjCrted9OZWV1bX2julnb2t7Z3XP3DzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/FN4XcfiFQ0Ffd6kpGQo6GgCcVIWylyT4IMSU0Ri/IgD7iZ/qqFCaa2HtHIrXsNbwa4TPyS1EGJVuR+BYMUG06Exgwp1fe9TId5cTNmZFoLjCIZwmM0JH1LBeJEhflsmyk8tcoAJqm0R2g4U39P5IgrNeGx7eRIj9SiV4j/eX2jk6swpyIzmgg8fygxDOoUFtHAAZUEazaxBGFJ7V8hHiGJsLYB1mwI/uLKy6Rz3vAtv7uoN6/LOKrgCByDM+CDS9AEt6AF2gCDR/AMXsGb8+S8OO/Ox7y14pQzh+APnM8fjSGdHQ==</latexit>

@µ�
<latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit><latexit sha1_base64="SFLw+O4zvFNmLbxhVE3xjVg0wvw=">AAAB+XicbZDLSgMxFIbP1Futt1GXboJFcFVmRNBl0Y3LCvYCnWHIpGkbmmSGJFMoQ9/EjQtF3Pom7nwbM+0stPVA4OP/z0lO/jjlTBvP+3YqG5tb2zvV3dre/sHhkXt80tFJpghtk4QnqhdjTTmTtG2Y4bSXKopFzGk3ntwXfndKlWaJfDKzlIYCjyQbMoKNlSLXDVKsDMM8CkQWpGMWuXWv4S0KrYNfQh3KakXuVzBISCaoNIRjrfu+l5owL24lnM5rQaZpiskEj2jfosSC6jBfbD5HF1YZoGGi7JEGLdTfEzkWWs9EbDsFNmO96hXif14/M8PbMGcyzQyVZPnQMOPIJKiIAQ2YosTwmQVMFLO7IjLGChNjw6rZEPzVL69D56rhW368rjfvyjiqcAbncAk+3EATHqAFbSAwhWd4hTcnd16cd+dj2VpxyplT+FPO5w/iV5PO</latexit>

1 + �+ �2 + �3 + . . .
<latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit><latexit sha1_base64="r0X1+yQll7ClvagpEGEB81DBF4k=">AAACBHicbVDLSgMxFM34rPU16rKbYBGEQpmpgi6LblxWsA/ojCWTybShmWRIMkIZunDjr7hxoYhbP8Kdf2M6nYW2Hkju4Zx7Se4JEkaVdpxva2V1bX1js7RV3t7Z3du3Dw47SqQSkzYWTMhegBRhlJO2ppqRXiIJigNGusH4euZ3H4hUVPA7PUmIH6MhpxHFSBtpYFfcmpeMaH7dN+blrOaxUGg1sKtO3ckBl4lbkCoo0BrYX14ocBoTrjFDSvVdJ9F+hqSmmJFp2UsVSRAeoyHpG8pRTJSf5UtM4YlRQhgJaQ7XMFd/T2QoVmoSB6YzRnqkFr2Z+J/XT3V06WeUJ6kmHM8filIGtYCzRGBIJcGaTQxBWFLzV4hHSCKsTW5lE4K7uPIy6TTqruG359XmVRFHCVTAMTgFLrgATXADWqANMHgEz+AVvFlP1ov1bn3MW1esYuYI/IH1+QMHwJcQ</latexit>

<latexit sha1_base64="7ctk1ILPCiadx5pTZwMgthp7yhw=">AAACD3icbVDLSsNAFJ3UV62vqEs3g0VpF5ZERN0IRTcuK9gHNm2YTCbt0MkknZkIJeQP3Pgrblwo4tatO//G6WOh1QMXDufcy733eDGjUlnWl5FbWFxaXsmvFtbWNza3zO2dhowSgUkdRywSLQ9JwigndUUVI61YEBR6jDS9wdXYb94TIWnEb9UoJp0Q9TgNKEZKS655eFcaluEFdGIR+S6HTiAQTu0sLdlHwy4vd1OtZplrFq2KNQH8S+wZKYIZaq756fgRTkLCFWZIyrZtxaqTIqEoZiQrOIkkMcID1CNtTTkKieykk38yeKAVHwaR0MUVnKg/J1IUSjkKPd0ZItWX895Y/M9rJyo476SUx4kiHE8XBQmDKoLjcKBPBcGKjTRBWFB9K8R9pBNROsKCDsGef/kvaRxX7NOKdXNSrF7O4siDPbAPSsAGZ6AKrkEN1AEGD+AJvIBX49F4Nt6M92lrzpjN7IJfMD6+AdRsm08=</latexit>

Z(q) =
Y

n

1

(1� qn)dn

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

Labelled appealing to state 
operator correspondence

<latexit sha1_base64="hfqesrzhUcB7iMzK/84swKRMWlI=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey2CCykzIupGKOrCZQV7gc44ZNJMG5pkxiQjlKFrN76KGxeKuPUJ3Pk2pu0I2vpD4OM/53By/jBhVGnH+bJmZufmFxYLS8XlldW1dXtjs67iVGJSwzGLZTNEijAqSE1TzUgzkQTxkJFG2LsY1hv3RCoaixvdT4jPUUfQiGKkjRXYO2fQUykPvEvCNIL4B7yDu9sxBnbJKTsjwWlwcyiBXNXA/vTaMU45ERozpFTLdRLtZ0hqihkZFL1UkQThHuqQlkGBOFF+NjplAPeM04ZRLM0TGo7c3xMZ4kr1eWg6OdJdNVkbmv/VWqmOTv2MiiTVRODxoihlUMdwmAtsU0mwZn0DCEtq/gpxF0mEtUmvaEJwJ0+ehvph2T0uO9dHpcp5HkcBbINdsA9ccAIq4ApUQQ1g8ACewAt4tR6tZ+vNeh+3zlj5zBb4I+vjG5aGmZI=</latexit>

=
X

�

c� q�

Level degeneracy from 
d derivatives in d-

dimensional spacetime

<latexit sha1_base64="MBJKwh0dicxyc7juXj5pGKnV84Y=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8EiuCqJiLoRSt24rNAXtDFMppN26OThzEQoMQt/xY0LRdz6G+78G6dtFtp64MLhnHu59x4v5kwqy/o2CkvLK6trxfXSxubW9o65u9eSUSIIbZKIR6LjYUk5C2lTMcVpJxYUBx6nbW90PfHbD1RIFoUNNY6pE+BByHxGsNKSax7cXyF6l/Z8gUlqZ+nIraFGlrlm2apYU6BFYuekDDnqrvnV60ckCWioCMdSdm0rVk6KhWKE06zUSySNMRnhAe1qGuKASied3p+hY630kR8JXaFCU/X3RIoDKceBpzsDrIZy3puI/3ndRPmXTsrCOFE0JLNFfsKRitAkDNRnghLFx5pgIpi+FZEh1lEoHVlJh2DPv7xIWqcV+7xi3Z6Vq7U8jiIcwhGcgA0XUIUbqEMTCDzCM7zCm/FkvBjvxsestWDkM/vwB8bnD1sTla4=</latexit>
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Cardy ‘91

Leading asymptotic behaviour 
of c for Hardy-Ramanujan-
eqsue formula for the real 
scalar field

“High temperature behaviour”
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Why growth?
S-matrix theory of the 60s
On-shell, unitarity, locality etc. ideas in modern amplitudes

Recent S-matrix bootstrap
M. F. Paulos, J. Penedones, J. Toledo, B. C. van Rees, and P. Vieira, ’16, ‘17

L. Cordova and P. Vieira, ’18; D. Mazac and M. Paulos ’18,’19; Cordova, He, Kruczenski, Vieira, ’19; Karateev, Kuhn, Penedones ’19; Correia, 
Sever, Zhiboedov, ’20; Homrich, Penedones, Toledo, van Rees, Vieira, ’20 … 

Many reviews, e.g. Ellis, Kunszt, Melnikov, Zanderighi ‘11

Asymptotics is a study of the high temperature behaviour of a theory, in 
particular the entropy of high energy states.

Analytic probes of the S-matrix

Famous results in d=2, Cardy ’86 ; much less known d>2 (leading behaviour of scalar theories Cardy ’91)

Positivity constraints
E.g. Adams, Arkani-Hamed, Dubovsky, Nicolis, Rattazzi ’06; Nicolis, Rattazzi, Trincherini ’09; Bellazzini, Cheung, Remmen ’15; de Rham, Melville, 
Tolley, Zhou ’17; Remmen, Rodd ’19,’20; Bellazzini, Miro, Rattazzi, Riembau, Riva ’20 … 

Large charge expansion

…these methods in EFT; soft theorems in EFT
E.g. Cohen, Elvang, Kiermaier ’10; McGady, Rodina ’14; Cheung, Kampf, Novotny, Shen, Trnka ’15,’16; Caron-Huot, Wilhelm ’16; Miro, Ingoldby, 
Riembau ’20; Baratella, Fernandez, Pomarol ’20… 

Hellerman, Orlando, Reffert, Watanabe ’15; Monin, Pirtskhalava, Rattazzi, Seibold ’16; Alvarez-Gaume, Loukas, Orlando, Reffert ’17; Badel, Cuomo, 
Monin, Rattazzi ’19, ’20 … 



Low point amplitudes, 
Positivity bounds, S-matrix 
theory/ Bootstrap

Asymptotic analytic 
understanding of free 
theory

First steps towards 
developing new handle 
for studying EFT

Why growth?
Large charge expansion, 
excitations around ground 
state



Main results
TM, Pal 2010.08560

Asymptotic formula for arbitrary d, 
arbitrary spin particles

Also projections to subsets (Lorentz, 
internal symmetry singlets)

Procedure to fully capture sub-leading 
terms 
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E.g. the application to the SM EFT
TM, Pal 2010.08560

We generalised a theorem of Meinardus 
(1953) to obtain all sub-leading terms
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Hardy-Ramanujan-esque 
formula for the “integer 
partitions of the standard 
model”

TM, Pal 2010.08560

We generalised a theorem of Meinardus 
(1953) to obtain all sub-leading terms

E.g. the application to the SM EFT



in the above example we have qb1 = �qb2 = qb and qf1 = �qf2 = qf and this matches with
Eq. (5.7).

Projecting onto U(1) singlets is done in following way:
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5.2 General lessons

General Lessons in d = 4

We start by presenting the master formula for the asymptotic behaviour of an EFT in d = 4,
including particles up to spin j = 1 and including IBP relations. It follows from results that
appeared above (and in App. B.3 for the spin 1 terms), and application of the saddle point
approximations described in the previous section to project out singlets of general internal
symmetry groups, G. The formula reads,

H(�) '
�!0

h
K�

3
2dim g

i "91125�15

32⇡13

✓
dimB +

7

8
dimf

◆�3
#
⇥
�4
⇤

⇥ exp


A��3 + B��1 + C⇣ 0(�2) + D log

✓
�

2⇡

◆
+ higher spin>1

�
,

(5.13)

where
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✓
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360
dimf

◆
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48
dim1/2 +

⇡2

6
dim1

◆
,

C = dimB ,

D = �1

2
dim1 .

(5.14)

Here dimB counts bosonic degrees of freedom (dof), dimf counts fermionic dof, dim1/2

counts spin-1/2 dof, dim1 counts spin-1 dof, and dim g counts the dimension of the internal
symmetry group G. The exact value of K can be determined case by case; it depends on
the symmetry group at hand, and also on the representations of the fields transforming
under the symmetry. If dimf = 0, the result should be multiplied by a factor of two (see
following section)

Let us discuss each of the terms in Eq. (5.13), working backwards, from right to left.

• The leading piece (exponential term) comes from the counting of all degrees of freedom
in the EFT, turning off fugacities characterizing spin and internal symmetry.

• Imposing IBP provides a suppression of �4.

• Projecting onto Lorentz scalars provides a suppression of �15, and an order one mul-
tiplicative piece that depends on the number of bosonic and fermionic dof.

– 25 –

Suppression by Internal 
symmetry group G singlets

Suppression by projecting to 
Lorentz scalars

Suppression keeping only 
primary operators
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<latexit sha1_base64="easApUi7ousQsGoA25QvPBuY0Ro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9I775UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+y6t5fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEELo2f</latexit>p3

<latexit sha1_base64="MYHtpyTVjml7udwLfcV4LGOG+qg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPSS9u1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8tGo26</latexit>pN

<latexit sha1_base64="FjQz/T4kLHJPocBvRzHdtlD2eX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+y6t7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAFso2g</latexit>p4

<latexit sha1_base64="ApiEFTV4HjSYULBcx1HSdsEGCfU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9K76JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+y6t6fV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEHNo2h</latexit>p5

<latexit sha1_base64="hNPLd6hVG8CRulwGyLpuvIJoOs0=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0Eqt3jBSaPqVqlfzZnCXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFLuZYalhI7IgHUtlSRhJshn107cU6tEbqy0LYnuTP09kZPEmHES2s6E4NAselPxP6+bYXwd5FymGTJJ54viTLio3OnrbsQ1oyjGlhCqub3VpUOiCUUbUNmG4C++vExa5zX/subdX1TrN0UcJTiGEzgDH66gDnfQgCZQeIRneIU3RzkvzrvzMW9dcYqZI/gD5/MHt6WPOQ==</latexit> . .
.

<latexit sha1_base64="3pZmAuQCL0uYXYP6sqHZGiu1/cw=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Ktki6kUoevFYwX5Au5Zsmm1Ds9mQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5oRLcWIy/vZXVtfWNzcJWcXtnd2+/dHDYNEmqKWvQRCS6HRLDBJesYbkVrK00I3EoWCsc3U791hPThifywY4VC2IykDzilFgntVSPP1avca9UxhU8A1omfk7KkKPeK311+wlNYyYtFcSYjo+VDTKiLaeCTYrd1DBF6IgMWMdRSWJmgmx27gSdOqWPokS7khbN1N8TGYmNGceh64yJHZpFbyr+53VSG10FGZcqtUzS+aIoFcgmaPo76nPNqBVjRwjV3N2K6JBoQq1LqOhC8BdfXibNasW/qOD783LtJo+jAMdwAmfgwyXU4A7q0AAKI3iGV3jzlPfivXsf89YVL585gj/wPn8Ab9+O+g==</latexit>

p2i = 0
<latexit sha1_base64="SUegrLRMpqKjeBEoqdFWnAUg8H0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBGMC2WWZncwmQ2Zml3kIIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kpwzbXz/2yutrK6tb5Q3K1vbO7t71f2DR51ZRWiLZDxTnQRrypmkLcMMp51cUSwSTtvJ8Hbqt5+o0iyTD2aU00jgvmQpI9g4KQy1FTFDecyu/bha8+v+DGiZBAWpQYFmXP0KexmxgkpDONa6G/i5icZYGUY4nVRCq2mOyRD3addRiQXV0Xh28wSdOKWH0ky5kgbN1N8TYyy0HonEdQpsBnrRm4r/eV1r0qtozGRuDZVkvii1HJkMTQNAPaYoMXzkCCaKuVsRGWCFiXExVVwIweLLy+TxrB5c1P3781rjpoijDEdwDKcQwCU04A6a0AICOTzDK7x51nvx3r2PeWvJK2YO4Q+8zx9QO5E1</latexit>X

i

pi = 0

x2 + y2 + z2 = 1
<latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit>

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

1. Asymptotic 
growth of the 

partitions of the 
Standard Model 

2. Hilbert series for loop 
calculations in EFT

3. Hilbert series for Chiral 
Lagrangians



Hilbert series & polynomial rings for enumeration 
and construction of the elements of the S-matrix

One can work with a physical 
basis of operators & assured to 
capture all independent effects

On-shell 

(Or turn the logic around to 
find independent operators)

<latexit sha1_base64="166XU/cHGZUyINvsX+pQyRUyoAI="></latexit>

R[{p2i , pi · pj}]/hp2i = 0, pi ·
X

j

pji ⇠ R[{ pi · pj}]/hpi ·
X

j 6=i

pji

Construction (scalars)

On-shell Mom. con.



There are other scenarios where one relaxes the 
on-shell or momentum conservation 

requirements, typical for loops/renormalization

off-shell 

e.g. off-shell Green’s function

<latexit sha1_base64="y3tlC66SXObYIlKc4L6sR16tuOA="></latexit>

R[{p2i , pi · pj}]/hpi ·
X

j

pji ⇠ R[{ pi · pj}]

e.g. form factor
on-shell 

<latexit sha1_base64="OQFeXc4svr6XZvoaU7cCvXIJpjo="></latexit>

R[{p2i , pi · pj}]/hp2i i ⇠ R[{ pi · pj}]

<latexit sha1_base64="+cQkpLHW1xUxd2XfVd+Bkgk4Li4=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqV6EohePFewHtOuSTbNtaJJdkqxSlv4PLx4U8ep/8ea/MW33oK0PBh7vzTAzL0w408Z1v53Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm6mfvuRKs1ieW/GCfUFHkgWMYKNlR4a6Ar1dCoChpKABeWKW3VnQMvEy0kFcjSC8levH5NUUGkIx1p3PTcxfoaVYYTTSamXappgMsID2rVUYkG1n82unqATq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif101NdOlnTCapoZLMF0UpRyZG0whQnylKDB9bgoli9lZEhlhhYmxQJRuCt/jyMmmdVb1a1b07r9Sv8ziKcATHcAoeXEAdbqEBTSCg4Ble4c15cl6cd+dj3lpw8plD+APn8wctUJGp</latexit>

P =
X

i

pi

On-shell Mom. con.



All the required knobs and switches were developed in “S-
matrices, operator bases..” Henning, Lu, TM, Murayama 2017

Bottom line: all ideas for physical basis carry through 
to systematically enumerate, construct and relate 

bases useful for EFT loops

on

off

On-shellness Mom. Cons. Parity Spacetime dim

S
on

off

on

off



Hilbert series valuable in pushing in the “EFT” direction in 
precision calculations, along with “loops” and “legs”

EFT expansion

Loops

Legs

Hilbert series

(See Jasper’s talk tomorrow; Cao, Herzog, TM, Roosmale-Nepveu, to appear)

Metric of difficulty
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<latexit sha1_base64="7bfSljny79rlJ03yHeQ7a8TpwU0=">AAAB+3icbVDJSgNBEO2JW4zbGI9eGoPgKcyIqMegFy9CRLNgEkJPpyZp0rPQXSMJw/yKFw+KePVHvPk3dpaDJj4oeLxXRVU9L5ZCo+N8W7mV1bX1jfxmYWt7Z3fP3i/WdZQoDjUeyUg1PaZBihBqKFBCM1bAAk9CwxteT/zGEygtovABxzF0AtYPhS84QyN17eJjN20jjDD1FQC9v82yrl1yys4UdJm4c1Iic1S79le7F/EkgBC5ZFq3XCfGTsoUCi4hK7QTDTHjQ9aHlqEhC0B30untGT02So/6kTIVIp2qvydSFmg9DjzTGTAc6EVvIv7ntRL0LzupCOMEIeSzRX4iKUZ0EgTtCQUc5dgQxpUwt1I+YIpxNHEVTAju4svLpH5ads/Lzt1ZqXI1jyNPDskROSEuuSAVckOqpEY4GZFn8krerMx6sd6tj1lrzprPHJA/sD5/ADvGlJA=</latexit>

Zfree SM

<latexit sha1_base64="icEr6pAs2O90qE1pMuLDxx6ofqs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGoB48V7Ae0oWy2m3btZjfsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8MBHcoOd9O4WV1bX1jeJmaWt7Z3evvH/QNCrVlDWoEkq3Q2KY4JI1kKNg7UQzEoeCtcLRzdRvPTFtuJIPOE5YEJOB5BGnBK3U7N4ygaRXrnhVbwZ3mfg5qUCOeq/81e0rmsZMIhXEmI7vJRhkRCOngk1K3dSwhNARGbCOpZLEzATZ7NqJe2KVvhspbUuiO1N/T2QkNmYch7YzJjg0i95U/M/rpBhdBRmXSYpM0vmiKBUuKnf6utvnmlEUY0sI1dze6tIh0YSiDahkQ/AXX14mzbOqf1H17s8rtes8jiIcwTGcgg+XUIM7qEMDKDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWIyjwE=</latexit>

�

<latexit sha1_base64="FakZRTr6HlGa30Zp7OTRikD6CvY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh6Tv9csVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOiVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwABJo2d</latexit>p1

<latexit sha1_base64="7gNKu40NgkePKSBI+vMoIw8cLyY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndZde8vKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gACqo2e</latexit>p2

<latexit sha1_base64="easApUi7ousQsGoA25QvPBuY0Ro=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9I775UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+y6t5fVGo3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEELo2f</latexit>p3

<latexit sha1_base64="MYHtpyTVjml7udwLfcV4LGOG+qg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPSS9u1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8tGo26</latexit>pN
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Figure 1. The number of independent operators in the C-even P -even chiral Lagrangian as a function of
chiral dimension, up to p16. Red dashed line, through points numbered 2, 10, 61, . . ., corresponds to all
operators in the case of two light quark flavours, Nf = 2. Orange solid line, through points numbered
2, 12, 117, . . ., corresponds to all operators in the case of three light quark flavours, Nf = 3. The green
dot-dashed and cyan dotted lines (without numbered dots) are, respectively, the cases Nf = 4 and Nf = 5
(the enumeration is provided in Appendix E).

knowledge, new.
Finally, in Fig. 1 we look at the growth of C-even and P -even operators for Nf = 2, 3 as the

chiral dimension grows large, up to p16. As expected on general grounds (see e.g. the discussion
in [10]) the number of independent operators grows exponentially. Similar growth was observed
in the SM EFT [9]; for the mesonic QCD chiral Lagrangian we see that the growth of operators is
smoother as all building blocks are bosonic, so the variations evident in moving between even and
odd mass dimensions in the SM EFT are not present. We also plot curves which show the growth
of operators for the unphysical cases of Nf = 4, 5 for comparison (with enumeration provided in
Appendix E); at fixed chiral dimension we observe the number of operators converging to a fixed
value with increasing Nf , as seen in the rows of Table 8.

5 Discussion

In summary, we have adapted the Hilbert series technology so as to apply it to the enumeration
of operators in the mesonic QCD chiral Lagrangian. This provides a systematic way to determine
operator content at a given chiral dimension. We confirmed existing results in the literature; new
results presented include the C-even and P -even operator content of the anomalous chiral La-
grangian at chiral dimension p8, and the C-even, P -even, and CP -even operator content at chiral
dimension p6 and p8. We augmented aspects of the Hilbert series method, most notably through
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Figure 1. The number of independent operators in the C-even P -even chiral Lagrangian as a function of
chiral dimension, up to p16. Red dashed line, through points numbered 2, 10, 61, . . ., corresponds to all
operators in the case of two light quark flavours, Nf = 2. Orange solid line, through points numbered
2, 12, 117, . . ., corresponds to all operators in the case of three light quark flavours, Nf = 3. The green
dot-dashed and cyan dotted lines (without numbered dots) are, respectively, the cases Nf = 4 and Nf = 5
(the enumeration is provided in Appendix E).
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Finally, in Fig. 1 we look at the growth of C-even and P -even operators for Nf = 2, 3 as the

chiral dimension grows large, up to p16. As expected on general grounds (see e.g. the discussion
in [10]) the number of independent operators grows exponentially. Similar growth was observed
in the SM EFT [9]; for the mesonic QCD chiral Lagrangian we see that the growth of operators is
smoother as all building blocks are bosonic, so the variations evident in moving between even and
odd mass dimensions in the SM EFT are not present. We also plot curves which show the growth
of operators for the unphysical cases of Nf = 4, 5 for comparison (with enumeration provided in
Appendix E); at fixed chiral dimension we observe the number of operators converging to a fixed
value with increasing Nf , as seen in the rows of Table 8.

5 Discussion

In summary, we have adapted the Hilbert series technology so as to apply it to the enumeration
of operators in the mesonic QCD chiral Lagrangian. This provides a systematic way to determine
operator content at a given chiral dimension. We confirmed existing results in the literature; new
results presented include the C-even and P -even operator content of the anomalous chiral La-
grangian at chiral dimension p8, and the C-even, P -even, and CP -even operator content at chiral
dimension p6 and p8. We augmented aspects of the Hilbert series method, most notably through
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<latexit sha1_base64="MYHtpyTVjml7udwLfcV4LGOG+qg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiyepaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rSeujYjVI44T7kd0oEQoGEUrPSS9u1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuqu79eaV2ncdRhCM4hlPw4BJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8tGo26</latexit>pN

<latexit sha1_base64="FjQz/T4kLHJPocBvRzHdtlD2eX4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRr/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVe+y6t7XKvWbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAFso2g</latexit>p4

<latexit sha1_base64="ApiEFTV4HjSYULBcx1HSdsEGCfU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ9K76JUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+y6t6fV2o3eRxFOIJjOAUPrqAGd1CHBjAYwDO8wpsjnRfn3fmYtxacfOYQ/sD5/AEHNo2h</latexit>p5

<latexit sha1_base64="hNPLd6hVG8CRulwGyLpuvIJoOs0=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPRa9eKxgP6ANZbPZtGs3u2F3IpTQ/+DFgyJe/T/e/Ddu2xy09cHA470ZZuaFqeAGPe/bWVldW9/YLG2Vt3d29/YrB4ctozJNWZMqoXQnJIYJLlkTOQrWSTUjSShYOxzdTv32E9OGK/mA45QFCRlIHnNK0Eqt3jBSaPqVqlfzZnCXiV+QKhRo9CtfvUjRLGESqSDGdH0vxSAnGjkVbFLuZYalhI7IgHUtlSRhJshn107cU6tEbqy0LYnuTP09kZPEmHES2s6E4NAselPxP6+bYXwd5FymGTJJ54viTLio3OnrbsQ1oyjGlhCqub3VpUOiCUUbUNmG4C++vExa5zX/subdX1TrN0UcJTiGEzgDH66gDnfQgCZQeIRneIU3RzkvzrvzMW9dcYqZI/gD5/MHt6WPOQ==</latexit> . .
.

<latexit sha1_base64="3pZmAuQCL0uYXYP6sqHZGiu1/cw=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJ4Ktki6kUoevFYwX5Au5Zsmm1Ds9mQZIWy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5oRLcWIy/vZXVtfWNzcJWcXtnd2+/dHDYNEmqKWvQRCS6HRLDBJesYbkVrK00I3EoWCsc3U791hPThifywY4VC2IykDzilFgntVSPP1avca9UxhU8A1omfk7KkKPeK311+wlNYyYtFcSYjo+VDTKiLaeCTYrd1DBF6IgMWMdRSWJmgmx27gSdOqWPokS7khbN1N8TGYmNGceh64yJHZpFbyr+53VSG10FGZcqtUzS+aIoFcgmaPo76nPNqBVjRwjV3N2K6JBoQq1LqOhC8BdfXibNasW/qOD783LtJo+jAMdwAmfgwyXU4A7q0AAKI3iGV3jzlPfivXsf89YVL585gj/wPn8Ab9+O+g==</latexit>

p2i = 0
<latexit sha1_base64="SUegrLRMpqKjeBEoqdFWnAUg8H0=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6MVjBGMC2WWZncwmQ2Zml3kIIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7kpwzbXz/2yutrK6tb5Q3K1vbO7t71f2DR51ZRWiLZDxTnQRrypmkLcMMp51cUSwSTtvJ8Hbqt5+o0iyTD2aU00jgvmQpI9g4KQy1FTFDecyu/bha8+v+DGiZBAWpQYFmXP0KexmxgkpDONa6G/i5icZYGUY4nVRCq2mOyRD3addRiQXV0Xh28wSdOKWH0ky5kgbN1N8TYyy0HonEdQpsBnrRm4r/eV1r0qtozGRuDZVkvii1HJkMTQNAPaYoMXzkCCaKuVsRGWCFiXExVVwIweLLy+TxrB5c1P3781rjpoijDEdwDKcQwCU04A6a0AICOTzDK7x51nvx3r2PeWvJK2YO4Q+8zx9QO5E1</latexit>X

i

pi = 0

x2 + y2 + z2 = 1
<latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit><latexit sha1_base64="fborbgXvc642f6ZJR62LXNZqdPk=">AAAB9HicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJiqAboejGZQV7gTYtk+mkHTqZxJlJMYY+hxsXirj1Ydz5Nk7bLLT1hwMf/zmHOfN7EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFcaS0DoJeShbHlaUM0HrmmlOW5GkOPA4bXqjm2m/OaZSsVDc6ySiboAHgvmMYG0s97FbOUtMPXUrV06vWLLL9kxoGZwMSpCp1it+dfohiQMqNOFYqbZjR9pNsdSMcDopdGJFI0xGeEDbBgUOqHLT2dETdGKcPvJDaUpoNHN/b6Q4UCoJPDMZYD1Ui72p+V+vHWv/0k2ZiGJNBZk/5Mcc6RBNE0B9JinRPDGAiWTmVkSGWGKiTU4FE4Kz+OVlaFTKjuG781L1OosjD0dwDKfgwAVU4RZqUAcCD/AMr/Bmja0X6936mI/mrGznEP7I+vwB4xWQ2w==</latexit>

<latexit sha1_base64="wYqOiQ1Z/hp8jzwzxyXSRaXB5yo=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMF+wFtKJvNpl272Q27k0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGpVpyhpUCaXbITFMcMkayFGwdqoZSULBWuHwbua3RkwbruQjjlMWJKQvecwpQSs1u6NIoemVK17Vm8NdJX5OKpCj3it/dSNFs4RJpIIY0/G9FIMJ0cipYNNSNzMsJXRI+qxjqSQJM8Fkfu3UPbNK5MZK25LoztXfExOSGDNOQtuZEByYZW8m/ud1MoxvggmXaYZM0sWiOBMuKnf2uhtxzSiKsSWEam5vdemAaELRBlSyIfjLL6+S5kXVv6p6D5eV2m0eRxFO4BTOwYdrqME91KEBFJ7gGV7hzVHOi/PufCxaC04+cwx/4Hz+AM0Vj0c=</latexit>...

Thanks for listening!

Asymptotics, 
analytic probe

Precision, with loops, legs

Chiral Lagrangians

Ideas in the Hilbert series for EFT program are very 
general and can be widely utilised 


