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Outline

@ A brief review of partial waves.

@ Construct the generalized partial wave basis.

@ The j-basis amplitudes/operators.

o Applications: selection rules and UV origins.

@ Summary & Outlook



A Review of Partial Wave Analysis |

Partial Wave Analysis: solving scattering problems by
decomposing the multi-particle wave functions |¥) = |¢)1,9, .. .)
into its constituent angular momentum components |P, J, M, ...).

Group C-G coefficients
SO@3)  (j1,ma; g2, mal|J, M)

Poincaré <p1,81,0’1;p2,82,0’2;...‘P,J,M,...>

S-matrix is block diagonal = a;(s = P?) = (P,J, M|S|P, J, M)
@ Perturbative Unitarity Bound Rea; < %

e coupled channel analysis

o Phase Space Integration ~ > ;(2J + 1)|ay|*.



A Review of Partial Wave Analysis Il

Well known partial waves for 2-particle states (h; = 5; - p;):

Wigner-D matrix

2J-|— 1 ’_/\—
(W, hiy; 0, ¢lh1, ho; J, M) = \/ 5h1,h Ohay b, DMa((;sae —9).

Jacob-Wick expansion:

1 . /
(h3, ha; 0, ¢|S|hy, ho; 0,0) = — >~ (2 + Day(s)d . (0)e @)%,
47 7 '
Inspirations:

@ Defined in CoM frame (requires boosts for non-CoM frame).
Lorentz invariant form?

@ Generalization to more particles? (3-particle phase space)

@ Implication by amplitude-operator correspondence?



Helicity Amplitudes as Partial Wave Basis

Lorentz invariant form of amplitudes: A(|i)(D, |i](/)).
o Helicity spinor variables: p;,of, = |i)alila.
o Massive version: p;, ot = |i)4[ilar (arxiv:1700.04801)

Correspondence with d-matrices, e.g.

[13][23] h=—-1/2
dio(0) ~ A(h,h —1,0) = ¢ (12)[13][23] h=0

11 1 1\/=0
dgo(0) ~ A (2, 37 Ty —2> = (12)(34).

dgo(0) ~ A (; % — —%, —é)JZl = (13)(24) + (14)(23).

Q: How to construct amplitude basis with given J 7



Intuitive Construction

A1l: Auxiliary spinors for total momentum Puaga = )Exlar

o Generalize: (U|P,J, M) = fi(|3), |i];|x), |x])Tr-T20).
© Lorentz invariance
@ Little group



Intuitive Construction

Al: Auxiliary spinors for total momentum P,oh., = [X).[x|ar1
o Generalize: (U|P,.J, M) = fg(Ji), |i];[x). [x])"1-"2).

f;;] = [12]J+h1+h2 <<1X>J7h1+h2 <2X>J+h1,h2>(11,...,I2J)
1,h2

(arXiv:1709.04891)



Intuitive Construction

A1l: Auxiliary spinors for total momentum Puaga = )Exlar
o Generalize: (U|P,.J, M) = f([3),|i]; [x), [x])oT20).

f}{ by = [12]J+h1+h2 (<1X>J—h1+h2 <2X>J+h1_h2)(117.“7]2‘])
1,h2

Jx

o Generalized partial wave amplitude basis B/ = ff{nal e

J Y Jx
dhs—h4,h2—h1 - fh3,h4 *Jhi,ho v



Intuitive Construction

A1l: Auxiliary spinors for total momentum Puaga = )Exlar
o Generalize: (U|P,.J, M) = f(|3), |i];|x), |x])LT20).

£y = (12070002 (1)t () o —h ) ()
1,2

J*

o Generalized partial wave amplitude basis B/ = fJ - filx._ .

J — fJ J
dh3—h4,h2—h1 - fh3vh4 " Jhihe v

@ A quick criterion: 2J "“bridges” among same type spinors.

‘X>h ... |X>I2J Xl X, = (—\/E)QJE'Q']

B7=0 = (12)(34), B/=! = (13)(24) + (14)(23) v



Intuitive Construction

Al: Auxiliary spinors for total momentum P,oh., = [X).[x|ar1
o Generalize: (U|P,.J, M) = fg(]i), |i]; ). [x])1-"2).

fﬁ] = [12]J+h1+h2 (<1X>J_h1+h2 <2X>J+h1_h2>(11,...,12J)
1,h2

o Generalized partial wave amplitude basis B/ = f - flx._ .

J J
dh3*h4,h2*h1 = fh37h4 fhhhz v
@ A quick criterion: 2J “bridges” among same type spinors.

‘X>h - |X>IZJ . <X’I1 .. <X‘12.] = (—\/§)2J€'2J

B7=0 = (12)[12], BIT' = (13)[13] — (14)[14] ?



Intuitive Construction

Al: Auxiliary spinors for total momentum P,oh., = [X).[x|ar1
o Generalize: (U|P,.J, M) = fi([3),|i]; |x), [x])ToT2).

Fi o = 2712 (1t (g e (oo
1,2

o Generalized partial wave amplitude basis B/ = f - flx._ .

J J
dh3*h4,h2*h1 = fh37h4 fhhhz v
@ A quick criterion: 2J “bridges” among same type spinors.

‘X>h - |X>IZJ . <X’I1 .. <X‘12.] = (—\/§)2J€'2J

B/ = (12)[12], B/7 = [12]((13)(24)+(14)(23))/(34) v



Intuitive Construction

Al: Auxiliary spinors for total momentum P,oh., = [X).[x|ar1
o Generalize: (U|P,.J, M) = f([3),|i]; [x), [x])oT20).

f}{ by = [12]J+h1+h2 (<1X>J—h1+h2 <2X>J+h1_h2)(117.“7]2‘])
1,h2

o Generalized partial wave amplitude basis BY = fJ - filx. .
J _ £J Jx
Dy —ha sy = Thgna T ¥

@ A quick criterion: 2J “bridges” among same type spinors.
O™ )™ X Dy = (V) e

o fJ not available (yet) for general N > 2 states;

tricky to get complete basis at given dimension |x] = P\I/?.




Poincaré Algebra

A2: Analogy with SO(3) algebra:
e SO(3) — J2|J,M) = J(J + 1)|J, M):
1 0 0 1 0
L2 — ol — -
(6, 91t m) [sme 56" t 20 86
=11+1)Y;"(6,9)

[vim.0)



Poincaré Algebra

A2: Analogy with SO(3) algebra: (W/ = J¢/77P,J )
e Poincaré — W?2|P,J, M) = —P?J(J +1)|P,J, M):

W2(U|P, J,M) =7 f = —P2J(J+1)fg



Poincaré Algebra

A2: Analogy with SO(3) algebra: (W/ = J¢/77P,J )
e Poincaré — W?2|P,J, M) = —P?J(J +1)|P,J, M):

W2(U|P, J,M) =7 f = —P2J(J+1)fg

Spinor representation for N-particle wave functions

;
1 N N

P,= 52@'\%\@'], Jw = ((ilouw|0i) + [i]5,|0:))

i=1 =1



Poincaré Algebra

A2: Analogy with SO(3) algebra: (W/ = J¢/77P,J )
e Poincaré — W?2|P,J, M) = —P?J(J +1)|P,J, M):

W2(U|P, J,M) =7 f = —P2J(J+1)fg

Spinor representation for N-particle wave functions

N

W2 = g > (6,060 + [1,9,15, 0 —% > 6410, k) (ks D[ 0))

1,j=1 0,5,k

Eigenvalue equation: W? B/ = —sJ(J+1)B’ v

initial/final

W2BY = —sW.BY,  KW.K ! = diag{J(J + 1)}



Poincaré Algebra

A2: Analogy with SO(3) algebra: (W/ = J¢/77P,J )
e Poincaré — W?2|P,J, M) = —P?J(J +1)|P,J, M):

W2(U|P, J,M) =7 f = —P2J(J+1)fg

Spinor representation for N-particle wave functions

N
W2 = g > (6,060 + [1,9,15, 0 —% > i, 410, k) (k, DL, O]
ij=1 1,5,k

Eigenvalue equation: Wlmtlal/ﬁnaIB =—sJ(J+1)B’ v
W2BY = —sW.BY,  KW.K ! = diag{J(J + 1)}

Complete Partial Wave Amplitude Basis: B = K.BY



@ 4-fermion (¢4):

o {125 ot )



o 4-fermion (y*):

b= { ﬁ?,igii o Wi 'B = s (_O 0) B



o 4-fermion (y*):

o= {5 worw =t )
[ a2 J=0
=B = { (13)(24) + (14)(23) J =1



@ 4-fermion (¢4):

o {125 ot )
i) (12)(34) I—0
= B = { (13)(24) + (14)(23) J=1

@ 4-scalar (¢4D2);

BY = { 512 , W(173>2By — s ((2) (1)> .

513



@ 4-fermion (¢4):

o {125 ot )
i) (12)(34) I—0
= B = { (13)(24) + (14)(23) J=1

@ 4-scalar (¢4D2);
BY = { 512 , W(173>2By — s ((2) (1)> .

513
j_ ) S13 J =
o P {2812+313 J=1



@ 4-fermion (¢4):

o {125 ot )

i) (12)(34) o
T { (13)(24) + (14)(23) J =1
o 4-scalar (¢*D?):
v { 2; ’ W (328 = —s13 ((2) (1)) B

i) S13 J =
7 {312_814 J=1



Amplitude/Operator j-Basis

Construct the j-basis by adding gauge tensor factors, e.g.

A (Hy i, HYY — Hyj, HY)

— Z CJ,rBJTr
Jr

Lorentz j-basis (partial waves)

Gauge j-basis

B‘]:O = 813/A2
B‘]Zl = (512 — 814)/A2

=t = 570l

78 = (e,

)




Amplitude/Operator j-Basis

Construct the j-basis by adding gauge tensor factors, e.g.
AOHy ;, HY — Hyj, HY =3 0P BIT™,
Jr
with coefficients /' — 0{72’374.

O.CY = OP.CP
—_—

alternative basis



Amplitude/Operator j-Basis

Construct the j-basis by adding gauge tensor factors, e.g.

AOHy ;, HY — Hyj, HY =3 0P BIT™,
Jr

with coefficients /' — 0{72’374.
OL.CV = OP.CP = OV (KP)T.CP

basis conversion




Amplitude/Operator j-Basis

Construct the j-basis by adding gauge tensor factors, e.g.

AO(Hy;, HYY — Hy j, HY) = Y /BT,

Jr
with coefficients C/* — CJ = (KPHT.CP.
cot 3 0
00’3 o —1 1 CHEI
Cl’l -1 =1 CHD
01,3 1 0 ———
\ , CP in the Warsaw basis
Ci (ICPj)T

j-basis is an alternative flavor-blind operator/amplitude basis,
NOT independent after considering repeated field issue!



Relation with other basis

Remember we can expand any operators onto the y-basis

OP = kPO



Relation with other basis

Remember we can expand any operators onto the y-basis

KPY.0Y = OP = KPLOV = [CPLKCY.0Y



Relation with other basis

Remember we can expand any operators onto the y-basis

Pl = CPY (KOv) 1

Conversion matrix KW = K @ KF.



Relation with other basis

Remember we can expand any operators onto the y-basis

Pl = CPY (KOv) 1

Conversion matrix KW = K @ KF.

Using package AmplitudeBasisCalculator.m
GetJBasisForType[Model, "H"? "H{"? "D"%, ((1, 3}, (2, 4)}] // PrintIBasis
{1,3r-1{1,1,3 > (1 -2 i 1)

41,3} 51,1, 13> > (2@ -1 8)

<{1,3}-+4{0,1,3}>~> (0 8 i 1)

41,31 =108, 1,11> > (8 @ -1 @)



Relation with other basis

Remember we can expand any operators onto the y-basis

Pl = CPY (KOv) 1

Conversion matrix KW = K @ KF.

Using package AmplitudeBasisCalculator.m
GetBasisFurType[Mudel, "H2 gy n? "D"Z] // PrintBasis

11

2 2
[ -

< H-=[C1J, Ht = 11> =

_1
2

(u-H, w=Hp» - .

L 2

4]
1
\ >
L 8
2
%) 1
2

M o MR




Selection Rules for Loop Integrals |

o Corresponding operators annihilate states with mismatch
quantum numbers (when Wick contraction is unique)

o7 | Jr)y =0, ifJ#Jorr#r

@ Non-trivial when the quantum number is inferred by the other
side (conservation laws)

(JxlM @O W)y =0, ifJ#Jorr#T1

Valid to all orders of M and rational terms also vanish!




Selection Rules for Loop Integrals Il

Two cases when (J,r) are constrained:

@ Rule A: J > |hy — hg| for two massless particle state |hy, ha).
Ex. type H*D? contribute to A(H, HT,eR,eTR) through the
combination

C'' ~ Cyo + Crp

@ Rule B: Permutation symmetry of gauge sector (—1)7 for two
identical particles.
Ex. type H2ynpD do not contribute to A(H, H',v/g,~/9),
but may contribute to

A(H;, HY W Wy ~ Crype K (75)]

)



UV Origins of Effective Operators

UV ansatz with particular heavy resonances directly produces
j-basis effective operators

Resonance with J,r = O/ = (KM)~1.0OP,



UV Origins of Effective Operators

UV ansatz with particular heavy resonances directly produces
j-basis effective operators

Resonance with J,r = O/ = (KM)~1.0OP,

Ex. n-n oscillation from effective operators dRuR :

i d}

oy = eace cbdf (dradrp)(dRredRa)(UReURS),

(J3,13)
aq O = el (dp,dry)(dRreure) (draury)-

uf

df uf



n-n Operator Landscape

The (KP)~! information (part):

(rs, J5) (1,1,1) (0,1,1) (1,0,1) (1,1,0) (0,0,0)
(6,6,6) 0 301 + 80, 0 0

(6,3,3) 0 Os 0 0 0o
(3,6,3) | 301 +80, 0 301 + 80 0
(3,3,6) | 301 +80, 0 301 4+ 802 0
(3,3,3) | —30; 4 805 0 301 + 802 301 + 80, 0

Target subspaces on the landscape:
Ol T
\ 02




Seesaw Model from Landscape Analysis

@ p-basis:
O% = (HL)(HL), O*=(HH)(LL)

OA requires anti-symmetric flavors for Higgs, ruled out in SM!

@ j-basis:

Topology j-basis Model

\ / OgLilI){L =0%+0" | type

s oUEY = 05301 | type Il

: 0.1 .
'\ < O%H)—ML =04 N/A

0,3
O;IH)_)LL =0° type Il




Summary & Outlook

o Partial wave basis is generalized to arbitrary number of
external particles, massive or massless alike.

@ Systematic j-basis analysis, realized by code.

@ Selection rules in loop integrals, partial wave phase space
integration.

@ Landscape analysis, UV resonance, positivity bound,
perturbative unitarity bound.



Thtont D



Backup — spinor values

With momentum p;, = (E, psin 6; cos ¢;, psin 0; sin ¢;, p cos 0;)
. 0; . _ —gin Yip—idi

o= [0 =VE(_ 02| W =la=VE( "2,

sin 5 e COS 5

When m? = E? — p? # 0, expand the massive spinors in a basis ¢*,

i) = l¢" + Zlnet, il =1ie + Flic.

with orthonormal condition C“(j = 1. The choice

SRS

represents spin components along the momentum direction p.



