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Landau equation and QCD sum rules for the
tetraquark molecular states
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XJ��[C�§�±rV§�-�V§�.�o§�6C�¤Ú
ü�-Úü�.½0f-0f.�o§�6µÞ~§JPC = 1+−¶¥
o§�6

Jµ =
εijkεimn√

2

{
uTj Cγ5ckd̄mγµCc̄

T
n − uTj Cγµckd̄mγ5Cc̄Tn

}
,

=
1

2
√

2

{
ic̄iγ5c d̄γµu− ic̄γµc d̄iγ5u+ c̄u d̄γµγ5c− c̄γµγ5u d̄c

−ic̄γνγ5c d̄σµνu+ ic̄σµνc d̄γ
νγ5u− ic̄σµνγ5u d̄γνc+ ic̄γνu d̄σµνγ5c

}
, (1)

where the i, j, k, m, n are color indices.
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s =

√
p2 = 2m̂c = 3.34± 0.14 GeV > mηc and mJ/ψ¶√

s =
√
p2 = 2m̂b = 9.56± 0.12 GeV > mηb and mΥ"
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s =

√
p2 = 2m̂c"

Figure 2: The nonfactorizable Feynman diagrams contribute to the vacuum condensates ⟨q̄gsσGq⟩2
for the color-singlet-color-singlet type currents, where the solid lines and dashed lines denote the
light quarks and heavy quarks, respectively.

at the hadron side are meaningless, where the T 2 is the Borel parameter. The tiny widths of the
ηc, J/ψ, ηb and Υ valuate the zero-width approximation, the hadronic spectral densities are of the

form δ
(
s−m2

ηc/J/ψ/ηb/Υ

)
.

Thirdly, the nonfactorizable Feynman diagrams which have the Landau singularities begin
to appear at the order O(α0

s/α
1
s) rather than at the order O(α2

s), and make contributions to the
tetraquark molecular states, if the assertion (the nonfactorizable Feynman diagrams which have
Landau singularities make contributions to the tetraquark molecular states) of Lucha, Melikhov
and Sazdjian is right.

The nonperturbative contributions play an important role and serve as a hallmark for the
nonperturbative nature of the QCD sum rules, the nonfactorizable contributions appear at the
order O(αs) due to the operators q̄gsGqq̄gsGq, which come from the Feynman diagrams shown in
Fig.2. Such Feynman diagrams can be taken as annihilation diagrams, which play an important
role in the tetraquark molecular states [17]. If we insist on applying the landau equation to study
the Feynman diagrams shown in Fig.2 and choose the pole mass of the c-quark, we obtain a
sub-leading Landau singularity at the s-channel s = p2 = (m̂c + m̂c)

2, which indicates that it
contributes to the tetraquark molecular states. From the operators q̄gsGqq̄gsGq, we can obtain
the vacuum condensate ⟨q̄gsσGq⟩2, where the g2

s = 4παs is absorbed into the vacuum condensate,
so the Feynman diagrams in Fig.2 can be counted as of the order O(α0

s). The nonfactorizable
Feynman diagrams appear at the order O(α0

s) or O(α1
s) (based on how to account for the g2

s in
the vacuum condensates), not at the order O(α2

s) asserted in Ref.[13].
Fourthly, the Landau equation servers as a kinematical equation in the momentum space, and

is independent on the factorizable and nonfactorizable properties of the Feynman diagrams in the
color space. Without taking it for granted that the factorizable Feynman diagrams in the color
space only make contributions to the two-meson scattering states, the Landau equation cannot
exclude the factorizable Feynman diagrams in the color space, those diagrams can also have the
Landau singularities.

In the leading order, the factorizable Feynman diagrams shown in Fig.3 can be divided into
or separated into two color-neutral clusters, each cluster corresponds to a trace both in the color
space and in the Dirac spinor space. However, in the momentum space, they are nonfactorizable
diagrams, the basic integrals are of the form,

∫
d4qd4kd4l

1

(p+ q − k + l)
2 −m2

c

1

q2 −m2
q

1

k2 −m2
q

1

l2 −m2
c

. (6)

If we choose the pole masses, there exists a Landau singularity or an s-channel singularity at
s = p2 = (m̂u + m̂d + m̂c + m̂c)

2, which is just a signal of a four-quark intermediate state.
We cannot assert that it is a signal of a meson-meson scattering state or a tetraquark molecular

4
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Figure 3: The Feynman diagrams for the lowest order contributions, where the solid lines and
dashed lines represent the light quarks and heavy quarks, respectively.

state, because the meson-meson scattering state and tetraquark molecular state both have four
valence quarks, q, q̄, c and c̄, which form two color-neutral clusters. The Landau singularity is
just a kinematical singularity, not a dynamical singularity [18], it is useless in distinguishing the
contributions to the meson-meson scattering state and tetraquark molecular state. If we switch off
the assertion that the factorizable Feynman diagrams shown in Fig.3 make contributions to the
meson-meson scattering states alone, the s-channel singularity at s = p2 = (m̂u + m̂d + m̂c + m̂c)

2

supports that they also contribute to the tetraquark molecular states.
Fifthly, only formal QCD sum rules for the tetraquark states or tetraquark molecular states

are obtained based on the assertion of Lucha, Melikhov and Simula in Ref.[13], no feasible QCD
sum rules with predictions can be confronted to the experimental data are obtained up to now.

Sixthly, in the QCD sum rules, we carry out the operator product expansion in the deep
Euclidean space, −p2 → ∞, then obtain the physical spectral densities at the quark-gluon level
through dispersion relation [19, 20, 21],

ρQCD(s) =
1

π
Im Π(s+ iϵ) |ϵ→0 , (7)

where the Π(s) denotes the correlation functions. The Landau singularities require that the squared
momentum p2 = (m̂u + m̂d + m̂c + m̂c)

2 in the Feynman diagrams, see Fig.3 and Eq.(6), it is
questionable to perform the operator product expansion.

3 QCD sum rules with color-singlet-color-singlet type cur-
rents

Now let us assume that the assertion of Lucha, Melikhov and Sazdjian is right, the tetraquark
molecular states begin to receive contributions at the order O(α2

s), the contributions at the order
O(αks ) with k ≤ 1 are exactly canceled out by the meson-meson scattering states. We saturate
the QCD sum rules with the meson-meson scattering states and examine whether or not we can
obtain feasible QCD sum rules.

In the following, we write down the two-point correlation functions Πµν(p) and Πµναβ(p) in the

5
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∫
d4qd4kd4l

1

(p + q − k + l)2 −m2
c

1

q2 −m2
q

1

k2 −m2
q

1

l2 −m2
c

. (2)

k s�K�Û:s = p2 = (m̂u + m̂d + m̂c + m̂c)
2"¯küØù
ã

��z§ÀJ5/A^K��§��ÒØé"
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F.K. Guo, X.H. Liu, S. Sakai, Prog.Part.Nucl.Phys. 112 (2020) 103757.
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•3��Î¦ÈÐm�§·���Ýî¼�mP 2 = −p2 → ∞½
ö� Λ2

QCD§,�ÏLÚÑ'X��ÔnÌ�Ý"K�ÛÉ5�
¦p2 = (m̂u + m̂d + m̂c + m̂c)
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þã*:�µZ.G.Wang, Phys.Rev.D101 (2020) 074011 [arX-
iv:2001.04095]
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In the following, we write down the two-point correlation functions Πµν(p) and Πµναβ(p) in
the QCD sum rules,

Πµν(p) = i

∫
d4xeip·x〈0|T

{
Jµ(x)J†ν(0)

}
|0〉 , (3)

Πµναβ(p) = i

∫
d4xeip·x〈0|T

{
Jµν(x)J†αβ(0)

}
|0〉 , (4)

where

Jµ(x) =
1√
2

[
ū(x)iγ5c(x)c̄(x)γµd(x) + ū(x)γµc(x)c̄(x)iγ5d(x)

]
, (5)

Jµν(x) =
1√
2

[
s̄(x)γµc(x)c̄(x)γνγ5s(x)− s̄(x)γνγ5c(x)c̄(x)γµs(x)

]
. (6)
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Πµν(p) = Π(p2)

(
−gµν +

pµpν
p2

)
+ · · · , (7)

Πµναβ(p) = Π−(p2)

(
gµαgνβ − gµβgνα − gµα

pνpβ
p2
− gνβ

pµpα
p2

+ gµβ
pνpα
p2

+ gνα
pµpβ
p2

)

+Π+(p2)

(
−gµα

pνpβ
p2
− gνβ

pµpα
p2

+ gµβ
pνpα
p2

+ gνα
pµpβ
p2

)
, (8)

where

Π(p2) =
λ2Z

M2
Z − p2

+ ΠTW (p2) + · · · ,

Π−(p2) =
λ2X−

M2
X− − p2

+ Π−TW (p2) + · · · ,

Π+(p2) =
λ2X+

M2
X+ − p2

+ · · · , (9)

·�ïÄΠ(p2)ÚΠ−(p2)§©OéAJPC = 1+−�1−+o§�©f
�½0f-0fÑ��"�[O��µZ.G.Wang, Phys.Rev.D101
(2020) 074011 [arXiv:2001.04095]"
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ΠTW (T 2) = κ

∫ s0

4m2
c

ds ρZ,QCD(s) exp
(
− s

T 2

)
, (10)

Π−TW (T 2) = κ

∫ s0

4m2
c

ds ρX,QCD(s) exp
(
− s

T 2

)
, (11)

− dΠTW (T 2)

d(1/T 2)
= −κ d

d(1/T 2)

∫ s0

4m2
c

ds ρZ,QCD(s) exp
(
− s

T 2

)
, (12)

− dΠ−TW (T 2)

d(1/T 2)
= −κ d

d(1/T 2)

∫ s0

4m2
c

ds ρX,QCD(s) exp
(
− s

T 2

)
. (13)

Ú?ëêκ§κ l1§I�XÑ��ØU÷v¦Ú5K"
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JPC T 2(GeV2)

√
s0(GeV) µ(GeV) pole κI κII

1+− (ūcc̄d) 2.7− 3.1 4.40± 0.10 1.3 (40− 63)% 1.55± 0.40 1.37± 0.40
1−+ (s̄cc̄s) 3.7− 4.1 5.15± 0.10 2.9 (42− 60)% 0.50± 0.09 0.46± 0.09

eI I(II)�LQCD¦Ú5Kl�§12!13(10,11)¼
�"

Ñ��ØU÷v¦Ú5K"
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λ2Z exp

(
−M

2
Z

T 2

)
=

∫ s0

4m2
c

ds ρZ,QCD(s) exp
(
− s

T 2

)
, (14)

λ2X exp

(
−M

2
X

T 2

)
=

∫ s0

4m2
c

ds ρX,QCD(s) exp
(
− s

T 2

)
. (15)

M2
Z =

− d
d(1/T 2)

∫ s0
4m2

c
ds ρZ,QCD(s) exp

(
− s
T 2

)
∫ s0
4m2

c
ds ρZ,QCD(s) exp

(
− s
T 2

) , (16)

M2
X =

− d
d(1/T 2)

∫ s0
4m2

c
ds ρX,QCD(s) exp

(
− s
T 2

)
∫ s0
4m2

c
ds ρX,QCD(s) exp

(
− s
T 2

) . (17)
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JPC T 2(GeV2)

√
s0(GeV) µ(GeV) pole M(GeV) λ(10−2GeV5)

1+− (ūcc̄d) 2.7− 3.1 4.40± 0.10 1.3 (40− 63)% 3.89± 0.09 1.72± 0.30
1−+ (s̄cc̄s) 3.7− 4.1 5.15± 0.10 2.9 (42− 60)% 4.67± 0.08 6.87± 0.84

©f�U÷v¦Ú5K"3©f�Ä:þ§
\\©f��°Ý§�±rÑ���A�
)?5§?�4:3ê§ØK�©f��
þ"1−+ (s̄cc̄s)�LHCbuy�X(4630)ÎÜ�~
Ð"
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√
〈r2〉 = 0.41 fm (0.42 fm) for the J/ψ,

√
〈r2〉 = 0.63 fm for the

φ(1020).

Tetraquark states have the average spatial sizes 〈r〉 = 0.5 ∼ 0.7 fm.

The J/ψ, φ(1020), X(4140) and X(4685) have average spatial sizes
of the same order, the couplings to the continuum states J/ψφ et al
can be neglected, as the overlappings of the wave-functions are small
enough.
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