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Motivation: Problems in HEP

» Within the Standard Model:  To calculate the non-perturbative quantities
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* Beyond the Standard Model: To search for the new physics
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* Beyond the Standard Model: To search for the new physics

* In the present days of indirect searches, non-perturbative strong interaction play a significant role

* High precision required for hadronic quantities: e.g. Hadronic Vacuum Polarization of muon g-2
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Muon g-2: SM contributions

@” = a,(QED) + a,,(Weak) + a#,(Ha,dronicﬂ

116584 718.9 (1) x 10~

+... 153.6 (1.0) x 10~

Hadronic...
...Vacuum Polarization (HVP) . »
6845 (40))x 10
AN A“ . + -
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What is the Inverse Problem?
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DY — D’ Mixing

The time evolution
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- Mixing parameters: Mass and Width differences

AT T, —T,

Yy =

21 21

- Useful to search for new physics,

- but less understood in the Standard Model
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Inclusive
Approach

NLO QCD Golowich and Petrov 2005

Theory / Exp. comparison (for inclusive)

Hagelin 1981, Cheng 1982
Buras, Slominski and Steger 1984

u C _7 :
r~6x10
SM - :
¢ “ y~6x10" .
Suppressed by GIM E
quark level 5
Short-distance HFLAV at Moriond201 E
r=(3.9717)
Exp.

0.63
Y = (6‘51i().69) ‘

SM

Exp.

B.meson

Artuso, Borissov and Lenz, 2016

AM, = (18.3 + 2.7)ps "
AT, = (0.088 + 0.020)ps~*

AM,
Al

HFLAV

(17.757 £ 0.021) ps~"
(0.082 + 0.006) ps

SM

Bjmeson

Artuso, Borissov and Lenz, 2016

AM,; = (0.528 £ 0.078) ps~!
AI“, _ (2.61 £0.59) - |()—3 p!\'_l

Exp.

1

HFLAV

AMa = (0.5055 + 0.0020) ps~!
Al'y = 066(1+10)-107 ps—!

e For B, B, mesons, the data are reproduced within lo.

e For D meson, the order of magnitude 1s not reproduced within leading-power.
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Dispersion Relation

Dispersion Relation:
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Inverse Problem

D" — DY mixing » g g D0

f

\_

A

ds’ y(s) _ mx(s) — /OO ds’ y(s) = w(s)

s — s A s— 8’

parametrization:

Ns[bg + bi(s — m?) + ba(s — m?)?]

~

y(s) — [(S _ m2)2 n d2]2

J

Li, Umeeda, Xu, FSY, PLB(2020)
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Inverse Problem

D" — DY mixing 1 g g D

f

\_

A

s — s’

parametrization:

ds’ y(s) — nz(s) — /Oo ds’ y(s)

~

A s— s

= w(s)

— NS[bO + b1 (3 — m2) + bg(s — m2)2]

y(s)

(s — m2)2 + d2)?

/

Li, Umeeda, Xu, FSY, PLB(2020)
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Inverse Problem 4 A

unstable solutions

D°~D’mixing » § v N ) Y
0 m21[GeV2] 2

/A / o0 / \ /1.00 S
/ dsl y(S ), — 7T33(3) . / dsl y(s ), — UJ(S) 0.75F. Y HFLAV 1o
0 §—S A S— 38§ o Additional conditions:

| i 1 dataof x and y as inputs

—
—
ey

B \ //’ 7
025 | 7 B

parametrization: 0s0f- :

= \ / —
C AP .
[ 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 .
1.5 1.6 1.7 1.8 1.9
s[GeV?]

— NS[bO + b1 (3 — m2) + bz(s — m2)2]

y(s) s — 1m2)2 212
\ ( )? + d?] /

Li, Umeeda, Xu, FSY, PLB(2020)
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Inverse Problem o

S — P,my =109.9MeV, A = 12GeV?
:{ ‘ i 7 18

E K unstable solutions

D’ —D°’mixing »_§ § v \m [

0 1 2 :
m?(GeV?]

/A / o0 / \ /1.00 S
/ dsl y(S ), — 7T33(S) . / dsl y(S ), — w(s) 0'75 y HFLAV 1o
0 §—S A S— 38§ o Additional conditions:

| i 1 dataof x and y as inputs

—
—
ey

N \ g ]
025 | 7 -

parametrization: 0s0f- :

= \ / —
C AP .
[ 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 .
1.5 1.6 1.7 1.8 1.9
s[GeV?]

— NS[bO + b1 (3 — m2) + bQ(S — m2)2]

y(s) s—m22 212
\ ( )? + d?] /

Li, Umeeda, Xu, FSY, PLB(2020)

Predict indirect CPV consistent with data
q/p — 100026100060 q/p — (0969t882g)62(—39i22)o
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Applications of the Inverse Problem: muon g-2

- Muon g-2: 4.20 deviation from the SM Muon g-2, PRL(2021)

- Dominate uncertainty of the SM prediction: hadronic vacuum polarization (HVP)

Aoyama, et al, Phys.Rept(2020)
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Applications of the Inverse Problem: muon g-2

- Muon g-2: 4.20 deviation from the SM Muon g-2, PRL(2021)

- Dominate uncertainty of the SM prediction: hadronic vacuum polarization (HVP)

Aoyama, et al, Phys.Rept(2020)

 Inverse Problem: / B /
ds,ImHT(s) WHT(O) _ WHT( s) dS,ImHT(s)

S’(S’—I—S) S S SI(S/_|_S) r = p? w? ¢
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Applications of the Inverse Problem: muon g-2

Y
- Muon g-2: 4.20 deviation from the SM Muon g-2, PRL(2021)
u
- Dominate uncertainty of the SM prediction: hadronic vacuum polarization (HVP)
Aoyama, et al, Phys.Rept(2020)
* Inverse Problem: ImHT(s’) HT(O) Hr(—s) ImHT(s’)
ds’ s = —7 ds’ r=p, w ¢
s'(s" + s) S S s'(s' + s) » ¥

*Result:  Inverse problem: aEVP = (6411“22) x 1071V H.n.Li, Umeeda, ’20

Data driven: CLII;IVP — (693.9 4.0) x 10~ 1Y Davier, Hoecker, Malaescu, Zhang, ‘20

Lattice QCD: CLEVP = (654 + 324__%) x 10710 Della Morte et al, ‘17
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Applications of the Inverse Problem: QCD sum rules

- Conventional QCD sum rules  11,,,(¢°) = z’/d4xeiq'w(0|T[JM(m)Ju(0)]|0> /\
1 H(S) B l /dS Im H(S) k/
2 T

Dispersion relation: H(qz) — 2—m ygds . s— a2 —ic

tmin

ImIl(¢*) = nfi;6(q> — mi,) + mp"(¢*)0(q” — s)
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Applications of the Inverse Problem: QCD sum rules

- Conventional QCD sum rules  11,,,(¢°) = z’/d4xeiq'w(0|T[JM(m)Ju(0)]|0> /\

1 }zéds H(s)2 _% 7d8 Im TI(s) K/

Dispersion relation: ] 2y — ;
i (@) 21 S —(q s —q° — i€

tmin

ImlIl(¢°) = 7 fy6(¢> — my,) +7p"(¢°)0(q° — sn)

1
Quark-hadron duality: p"(s) = —ImIIP®"*(5)f(s — sg)
T

o0 h o0 pert
/ g Ps) 1 / 7, TP (s)
Sh S

s—q?® s — q?

O
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Applications of the Inverse Problem: QCD sum rules

- Conventional QCD sum rules  11,,,(¢°) = z’/d4xeiq'w<0|T[Ju(£B)Ju(0)]|0> /\

L fq, 10 1 [ astm16) |/

Quark-hadron duality: p"(s) = —ImIIP®"*(s)d(s —9

o0 h o0 pert
/ g Prs) 1 7, ImIIP(s)
s—q?® s — q?

Uncertainty sources: quark-hadron duality and Borel transformation
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Applications of the Inverse Problem: QCD sum rules

 Inverse-Problem QCD sum rules

pert pert
L. s I1(s) _1 SImH(s) 1 SImH (s) 1 | / dsH (s)
271 s—qg? s—qg? T s — q? 2mi Jo 8 —q°

13 H.n.Li, Umeeda, '20



Applications of the Inverse Problem: QCD sum rules

 Inverse-Problem QCD sum rules

1
— @ ds = — ds ds
T

1 I1(s) ImIl(s) 1 ImITPe ™t (s) 1 / s [IPert(s)
271 s — q? s—q? T s — q? 271 Jo

s — g2

Involving excited states and parameterization:

ImII(g%) = 7Tf§5(q2 — mi) + Wfp2(1450)5(q2 — mi(mso)) + wf3(1700)5(q2 — mi(1700))

+mfo6(q> — my) + mp"(g?),

13 H.n.Li, Umeeda, '20



Applications of the Inverse Problem: QCD sum rules

 Inverse-Problem QCD sum rules

pert 1 Hpert
i. s I1(s) _1 SImH(s) 1 SImH (s) | / e (s)
271 s—qg? s—qg? T s — q? 2mi Jo 8 —q°

Involving excited states and parameterization:

ImII(g%) = 7Tf§5(q2 — mi) + Wfp2(1450)5(q2 — mi(mso)) + wf3(1700)5(q2 — mi(1700))

+mfo6(q> — my) + mp"(g?),

p"(y) =boPo(2y — 1) + b1 P1(2y — 1) + boPo(2y — 1) + b3 P3(2y — 1) + - - -

13 H.n.Li, Umeeda, '20



Applications of the Inverse Problem: QCD sum rules

 Inverse-Problem QCD sum rules

pert [ypert
L. s I1(s) _1 SImH(s) 1 SImH (s) 1 | / e (s)
271 s—qg? s—qg? T s — q? 2mi Jo 8 —q°

Involving excited states and parameterization:

ImII(g%) = 7rf§5(q2 — mi) + 7rfpz(1450)5(€l2 — mi(mso)) + Wf§(1700)5(q2 — m2(1700))

+mfo6(q> — my) + mp"(g?),

p"(y) =boPo(2y — 1) + b1 P1(2y — 1) + boPo(2y — 1) + b3 P3(2y — 1) + - - -

- )
mp(770) (mp(1450), mp(1700), mp(lgoo)) ~ 0.78 (].46, 170, 190) GeV

\fp(m)(fp(mo), fo(1700)s fo(1900)) = 0.22 (0.19, 0.14, 0.14) GeV )

13 H.n.Li, Umeeda, '20




Non-perturbative properties can be revealed from perturbative QCD

by solving an inverse problem.

It deserves to develop this novel method from mathematics
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BFK . X — Y, REIXEY, XFYIH

* AETE K (ill-posedness): FIA=TFREZEDT—TNEEHRE
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BFK . X — Y, REIXEY, XFYIH
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gzxmE, Kx=y, x€X, ye€eY

Fla8: BAKHx, Ky, REE: BEKHMy, K.

* AETE K (ill-posedness): FIA=TFREZEDT—TNEEHRE

1) BFEEE: VyeY, FrrExe XmehE Kx=y (@5)
2) RRIE—TE: vy, # v, BNBR x| £ X, (BFEX, X, ZEYHIEE, Nx, =x,) (——HR5Y)
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A
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a¥ X

1) BERUF RS PPEREK

2) FERYIE—1%: uEEH

EBHEFK : L (a,b) - L*(c,d)
B0, HOOERHEK (x, y)f(x) = g()H9EE, WHE Kfy = K, =g, BIK(f; —f) =0,
W—it: SEBA £, = fro REBIEMA Kf = 0 RE SR,

be) B bl 00 { k
. y—xdx_/a ykgf)(y) f(x)dx,y € [c,d],c > b,a>0,

1
vk

b 00 b
1= HIN S ETE y i ){(_xidx = Z /a XX f(x)dx = 0,Yy € [c,d].

k=0

Ao-Sheng Xiong, Ting Wei, FSY, in progress
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1) BERUF RS PPEREK

2) fERIE—1%: 1ERR Kf = 0 R BF#E,

1
vk

bf o0
i y(_xidx: Z

k=0

IIS

B (£l 2y < €+ VB —ae.

<| / " x|
T e KIfF

2 4

| () Pn<x>12dx}

=F.

W

d=+00, ¥y > +00, [?f(x)dx=0 . F

Jb £(x)

dx=g(y), y€lc,dl, ¢>b, a>0

aY A

/ bxk f(x)dx =0,Yy € [c,d|.

b
WeierstrasEIE, FEZINT, / f(x)PB,(x)dx = 0.

t

:, e 0,
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V—X

| b

2
3

a b 1 . 12
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b

1
2 —a 1
sin” (wx)dx} = \/ b—a sinw(b —a)cosw(b+a),
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Ao-Sheng Xiong, Ting Wei, FSY, in progress
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Inclusive approach
doesn’t work

Yincl ™ 10_7

Lenz, et al, ’12
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Inclusive approach
doesn’t work
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Lenz, et al, ’12

Falk, et al, '02; Cheng, Chiang, '10
Yppapy = (3.6 £2.6) X 107

*

- Before 2017, exclusive approach is hopeful
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- After 2017, exclusive approach is dying
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- Before 2017, exclusive approach is hopeful

Falk, et al, '02; Cheng, Chiang, '10
yppipy = (3.6 £2.6) X 1077

Inclusive approach -
doesn’t work

Yincl ™ 10_7

Lenz, et al, ’12

*
| EXxp
yppopy efore 2017
YD
1 Verp=(6.1£0.8)x 107

v

- After 2017, exclusive approach is dying

yppapy = (2.1 £0.7) X 1072
Jiang, FSY, Qin, Li, LG, 17

No theoretical methods work for DO mixing
No theoretical predictions for indirect CP violation
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