Relativistic effect of double heavy mesons
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Motivation

Since v2~0.1 — 0.3 for b and ¢, so we believed that relativistic
correction for double heavy meson is small. Is this true?

The annihilations of heavy vector quarkonium are studied in Bethe-
Salpeter method, the Bottomnium cases are consistent with EX, but not
the Charmonium.

We have used a relativistic method, the possible reason of the
deviation for Charmonium case is that the QCD corrections are
ignored. Since in Coulomb potential a;~v, or numerically as~v?,
both means large QCD corrections equivalent to large relativistic

effects.



Heavy Vector Quarkonium Leptonic Widths

= Decay rate of a nS quarkonium dilepton annihilation

471'01 € F2 frn2 fm?
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where £, is the decay constant, now in literature

12
F=R"-p "= Wy (0)

£ is the result from NRQCD, g, is the correction
from QCD.

= We use the relativistic Bethe-Slapeter method to
provide a relativistic result P s "



Wave function

= A non-relativistic wave function for a vector meson

Up(q) = (P + M)¢uv(q)

= A relativistic one with instantaneous approximation

W () = a1 en |nla0) + Arnlan) + (o) + E a1 + MeLustan)

1 Posa) + (1) — a0 e0)r(an) + 37 (Poudy — Par - e0)s(a)

If we delete the relativistic terms (g dependent), then
only two terms remained, if set y.=—y. =y then the
wave function become to the non-relativistic one.

The radial wave functions can be obtained by
solving the instantaneous Bethe-Salpeter equation.



Solve the full Salpeter equation

The wave function for vector quarkonium

V() = au e [dn(an) + B + 2

F M s(q0) 4 Poo(an) + 57 (Pouds — Pase0)ds(an)

The last two equations in Salpeter equations result in

Va(q1)

2 + M3y b6 (g ) M
(L) = q13(q.1) : 1/5(%)7 Ps(qL) = ~ Yelqu)
Mmy m

We obtained 4 coupled equation from the first two
equations, and the unknown numbers of radial wave
functions are also 4: ¥3(q1), Ya(qL), ¥s(qL), velqL)



Decay constant

« Definition of the vector decay constant

¥ Me, = /N, / (;ﬂc‘;ﬂr[xp(qm] = iv/N. / (;irq;g

e |In this realtivistic method
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« Non-relativistic method
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RANR RPN T 4551

modes NR Re NIERE Exp
I/ — ete 10.95+2-20 8.95+131 2234279 5.55+0.16
W(2S) — e*e” 5.92+103 4434090 33.6%39% 2.33+0.04
W(Q2S) — Tt 23134} 1737123 33,@;1;%% 0.91x0.14
W(3S) — ete 4.3070:69 304032 41.4+560, 0.86+0.07
W(3S) -t 2.87+041 203048 414759 -
W(4S) — ete” 353700 2324028 522411 éﬂo 0.48+0.22
W(A4S) = T 27054 L7803 522+ 1340, -
U(5S) > ete 3.054033 1.88%018 62.2+ 1430, 0.58+0.07
U(5S)— 2.49i8:gg l.54i8::::} 62.232-‘]1 % -
Table 5. Ratio ['(/(nS) — e*e™)/T(J/r— eTe™).
L'/ L(J/¢) /) L/ y)
Ours 0.49540019 03400018 0.259*5012 0.210%0013
Exp [50] 0.42+0.02 0.15£0.02 0.086=0.042 0.10£0.02




JRAB RS

N
modes NR Re % Exp
T(1S) - ete” 1.47+023 1.29+019 1407099 1.3400.018 (1.29+0.09)
T(1S) —» 77 1467022 1287018 14.0*!1og 1.40+0.09
T2S) —ere” 0.771%- 123 0.629+0 198 22.6*39% 0.612£0.011
TQ2S) -4 0.766+0:120 0.625+0101 22.6+099 0.64+0.12
T3S)—ete 0_5414:8:833 0_450i8:822 20.23:?% 0.443+0.008
T3S) - tHr~ 0_533i8:8§? 0-443f8j32§, 20_23:%% 0.47+0.10
T4S) —ete” 0.429+0083 0.355+0.038 20.8+690, 0.272+0.029 (0.322+0.056)
T@AS) » 0.42770.081 0.35370.0% 20.8+63% B
T(58) —ete” 0.380+0:048 0.296+0:038 28.411: 1% 0.31+0.07
1(5S) —» 7™ 0.378+0-047 0.295+0.047 28.4+1994 -
I(r(28)) I'(Tr(38)) [(T48)) [(T(58)
I'(r(Ls)) I'(r(Ls)) (T(1S)) (r(s)
Ours 0.48870-008 0.34979:003 0.275+9:008 022970008
Expl [50] 0.457+0.014 0.33%0.01 0.203%0.024 (0.240+0.045) 0.23+0.06
Exp2 [50] 0.47+0.04 0.34%0.03 0.21:£0.04(0.25%0.06) 0.24+0.07
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Average speed of quark and its powers in
charmonium and bottomonium

Wave Fuctions

 In our method the relativistic wave function for a
pseudoscalar 0" meson

q-vy
0613(‘1)

o+ (q) = M |yoa,(q) + a>(q) + 0 Ys

« \Wave function for °P, 0™ scalar meson

o+ (q) = —q-vf1(q) +q-vrof2(q) + Mf5(q)



Wave functions

« \Wave function for ‘P, 1~ meson

q-Y7o
M

p1+-(q) = q-€|h(q) +roha(q) + ha(q)|7s

« Wave function for °p, 1" meson
o1+ (q) = iouapqe” 1" 91 (@) + 77" 92(q)
+ig4(q)e%°q,y 575/ M.
 Wave function for 2°°(°P2) meson

o @) = entt {10 - 2L i) + L2 0|

+ My Ljs(a) + 1je(q)] - feoﬂﬂ?qﬁmsjg(q>}
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4+ Ef

= 7\

Mass q e q° q* v v? 3 vt
2980.3 0.728 0.653 0.706 0.915 0.449 0.249 0.166 0.133
3576.4 0.796 0.885 1.17 1.72 0.491 0.337 0.274 0.249
3948.8 0.877 1.06 1.52 241 0.541 0.405 0.357 0.350
4224.6 0.939 1.21 1.82 3.03 0.579 0.460 0.428 0.440
3096.9 0.743 0.679 0.744 0.970 0.459 0.259 0.175 0.141
3688.1 0.810 0914 1.22 1.81 0.500 0.348 0.286 0.262
4056.8 0.894 1.10 1.59 2.54 0.552 0.419 0.374 0.369
43294 0.956 1.25 1.90 3.19 0.590 0.476 0.447 0.463

Mass g 7 7 4 » 2 23 S

3414.7 (0.838 0.796 0.850 1.02 0.517 0.303 0.200 0.148

3836.8 0.882 0.992 1.30 1.87 0.544 0.378 0.305 0.271

4140.1 0.937 1.15 1.64 2.58 0.579 0.439 0.387 0.375

4376.9 0.985 1.28 1.94 3.21 0.608 0.489 0.455 0.466

3510.3 0.849 0.814 0.874 1.05 0.524 0.310 0.205 0.152

3928.7 0.896 1.02 1.34 1.93 0.553 0.388 0.315 0.280

4228.8 0.953 1.18 1.70 2.68 0.588 0.451 0.401 0.389

4463.1 1.00 1.32 2.01 3.34 0.619 0.503 0.473 0.485

3555.6 0.839 0.791 0.829 0.959 0.518 0.301 0.195 0.139

3971.0 0.896 1.01 1.30 1.84 0.553 0.385 0.307 0.267

4269.3 0.957 1.18 1.68 2.60 0.590 0.451 0.396 0.378

4502.0 1.01 1.33 2.00 3.28 0.622 0.505 0.471 0.476

3526.0 0.844 0.802 0.851 1.00 0.521 0.306 0.200 0.146

3943.0 0.896 1.01 1.32 1.89 0.553 0.387 0.311 0.274

4242 .4 0.955 1.18 1.69 2.64 0.589 0.451 0.398 0.384

4476.2 1.00 1.32 2.01 3.31 0.620 0.504 0.472 0.481




s

State v v v v

n.(1S)  0.449 0.249 0.166 0.133
n.(28)  0.491 0.337 0.274 0.249
n.(35)  0.541 0.405 0.357 0.350
n.(4S)  0.579 0.460 0.428 0.440
Jlw 0459 0.259 0.175 0.141
w(2S)  0.500 0.348 0.286 0.262
w(3S) 0.552 0.419 0.374 0.369
w(4S)  0.590 0.476 0.447 0.463
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State Mass q q* 7 qt v v? 3 vt
np(18) 9390.2 1.19 1.74 3.02 6.00 0.240 0.0708 0.0247 0.00991
np(25) 9950.0 1.18 2.00 4.04 9.00 0.237 0.0811 0.0331 0.0149
1np(39) 10311.4 1.21 2.11 443 10.3 0.244 0.0860 0.0363 0.0170
TEN) 10554.0 1.30 241 5.32 13.0 0.262 0.0981 0.0436 0.0214
T(1S) 9460.5 1.20 1.76 3.05 6.10 0.241 0.0715 0.0250 0.0101
T(25) 10023.1 1.16 1.96 3.95 8.79 0.234 0.0797 0.0324 0.0145
T(3S) 10368.9 1.25 222 4.74 11.1 0.251 0.0904 0.0388 0.0184
Y(45) 10635.8 1.34 2.52 5.61 13.7 0.270 0.103 0.0460 0.0226
State Mass q q? 7 qt v v? v’ vt
2po(1P) 9859.0 1.29 1.88 3.08 5.62 0.259 0.0764 0.0253 0.00929
Yro(2P) 10240.6 1.29 2.15 4.22 9.07 0.259 0.0875 0.0346 0.0150
xp0(3P) 10524.7 1.35 2.44 5.20 12.1 0.271 0.0993 0.0426 0.0200
Yho(4P) 10757.0 1.39 2.65 5.92 14.5 0.280 0.108 0.0485 0.0239
xp1(1P) 9892.2 1.28 1.88 3.08 5.60 0.259 0.0763 0.0252 0.00925
xp1(2P) 10272.7 1.29 2.16 4.25 9.13 0.260 0.0880 0.0348 0.0151
Y (3P) 10556.2 1.35 2.45 5.22 12.2 0.271 0.0994 0.0427 0.0201
xp1(4P) 10787.8 1.38 2.61 5.83 14.2 0.278 0.106 0.0477 0.0235
Yn(1P) 9913.3 1.26 1.80 2.88 5.13 0.254 0.0731 0.0236 0.00847
Y52 (2P) 10284.0 1.24 2.04 3.94 8.35 0.251 0.0830 0.0323 0.0138
12 (3P) 10591.6 1.36 2.49 5.32 12.4 0.275 0.101 0.0436 0.0205
Y (4P) 10786.9 1.43 2.76 6.17 15.0 0.289 0.112 0.0506 0.0248
hy,(1P) 9900.2 1.27 1.84 2.97 532 0.257 0.0747 0.0243 0.00879
hyp(2P) 10280.4 1.25 2.05 3.93 8.30 0.252 0.0832 0.0322 0.0137
h,(3P) 10562.0 1.34 242 5.11 11.8 0.270 0.0983 0.0419 0.0195
hy(4P) 10793.8 1.39 2.65 5.90 14.4 0.281 0.108 0.0484 0.0237
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Relativistic effects in Semileptonic Bc
decays to charmonium

ma
b C
+ _
B c CC
oy
my c my

FIG. 1. Feynman diagram corresponding to the semileptonic
decays B — (cc)f v,.



Hadronic transition amplitude
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Expansion Method |

e Relativistic wave function of pseudoscalar

P Py
po- (qu) = [AilqL) + 27 (a0) + ?\}As(qﬂ + M§A4(QL) 7,
M [ w +w ] M(w; — w
Where Alz_ ! 2f +f2 ; A(S:_ ( ! 2) A17
2 m1 + Mo miws + Mowi
M [ mq +m M(imqy +m
A2:7 f1+ ! 2f2 ; Ay =— ( ! 2)141,
I Wi+ Wy MiWso + Mown

and wi = /m; —qi = /m] +¢* (i =1,2)

« Expansionon|q|/M or |¢]/m;i=1, 2 ,whenqis
small, these quantities are small, when q is large, these
contribution will be suppressed by wave functions.

¢ relate to relative velocity between quarks g = —™22-¢

mi1+mo



Expansion Method 11

 EXxpansion according to the wave functions
po- (q1) = o (q1) + ¢ T (qu),

et (a1) = [Aila) + HAa(a1) | 77
piH(a0) = [ As(a) + S Aulan)] 7°
»  Without expansion about @, on q, if w; = m; + ¢2/2m,;

2 2
and fi = fo, then SD(J)FJF(QL) = M fi [(1 T 4mq1—mz) + % (1 B 4mq1m2)} 75

where

then the difference is leave to the g2



Expansion Method 11

« So we have
(Neley (1 — “/S)b’BD =Ty + 17 + 15

g TP 5
- [ oL 9$ﬁaw%1—vn$wa]

2m)3 | M
dq_; I P ! ! 5
= / orp | 2P0 PN AT 99?*)]

dCT - P —/ 5 .
= / (2%)3Tr M(@Jﬂﬂ/’“(l — )(cpéﬁ)] & the leading order (LO)

dq . J}b—’++ A H ~ASY (AT i = ) A H BN (ATt
[ T | T =)+ @ =)

& the first order of relativistic correction (1stRC)

i / (zchﬂ [%Wﬁ)“/”(l - “/5)(@*)]

& the second order of relativistic correction (2ndRC)



Expansion Method 11

Then
T]? = (Tp + Ty + To) (T + T +17)
= |Ty|* & LO
+ ToT7 + 13Ty < 1stRC
+ | T )° + (ToTy + TyTs) < 2ndRC
+ Vs + 13T, < 3rdRC

+ |Ty]* < 4thRC.



Branching ratios in Method |

VMode 70 71 72 7° 7 70 7
Ne 47.4 11.0 4.10 -3.49 -0.390 -0.135 0.0811
J /1) 157 20.2 18.8 0.517 0.150 -0.00270 0.0203
ne(2.5) 3.66 2.29 1.43 -0.294 -0.122 -0.0951 0.0284
) (2S) 6.88 1.87 2.74 0.362 0.185 0.0247 0.00849
Ne(35) 0.408 0.339 0.293 -0.0100 -0.0133 -0.0287 0.00675
(39 0.652 0.241 0.510 0.108 0.0809 0.0138 0.00282
Mode (FQ (FS qﬁél CTE (TG (?T 58
h 15.4 11.0 4.20 -0.420 -0.142 0.00354 0.0100
Xc0 5.13 7.90 1.85 -1.12 -0.0765 0.0224 0.00224
Yel 7.82 1.50 2.30 0.218 -0.480 -0.0189 0.0278
he(2P) 1.75 1.86 1.11 -0.0110 -0.0810 -0.0168 0.00575
Xco(2P) 0.508 1.16 0.635 -0.0776 -0.0531 0.00158 0.00121
Xe1(2P) 0.666 0.104 0.444 0.0265 -0.157 -0.00197 0.0159
he(3P) 0.173 0.249 0.207 0.0205 -0.0136 -0.00470 0.00103
Xeco(3P) 0.0731 0.220 0.170 -0.00436 -0.0183 -0.000377 0.000541
Xe1(3P) 0.0580 0.00784 0.0758 0.00580 -0.0379 -0.000542 0.00539
Table 1. The branch ratios of Bl — (¢¢) + ¢™ + v in Method T according to the power ¢ " (in

1074).




Branching ratios in Method 11

Mode LO Ist 2nd 3rd 4th Total(BS)
Ne 44.1 8.24 7.32 0.650 0.279 60.7
J /1 158 18.2 15.2 1.94 0.219 193
N-(25) 3.24 1.81 1.71 0.420 0.166 7.34
¥(28) 6.96 1.66 2.00 0.353 0.108 11.1
Ne(35) 0.355 0.272 0.311 0.101 0.0475 1.09
(35 0.651 0.201 0.365 0.0834 0.0388 1.34
h. 14.7 10.2 5.21 0.688 0.0822 30.9
X0 5.20 7.88 2.03 -0.736 0.0453 14.4
Xel 7.75 1.35 2.31 0.307 0.0292 11.8
he(2P) 1.61 1.67 1.27 0.288 0.0448 1.88
Xe0(2P) 0.523 1.16 0.664 0.0211 0.000490 2.37
Xel1(2P) 0.650 0.0804 0.406 0.0353 0.00421 1.18
he(3P) 0.159 0.228 0.222 0.0614 0.0111 0.682
Yo (3P) 0.0760 0.221 0.175 0.0208 0.000717 0.493
Xel (3P) 0.0562 0.00589 0.0615 0.00427 0.000765 0.129




Mode g" sum BS NR %
e 47 4 58.6 60.7 56.7 3.4%
I/ 157 197 193 188 -1.8%
ne(29) 3.66 6.90 7.34 4.48 6.0%
1(2S5) 6.88 12.1 11.1 8.40 -8.8%
ne(39) 0.408 0.995 1.09 0.509 8.7%
¥(39) 0.652 1.61 1.34 0.806 -20%
Mode 7* sum BS NR %
h.. 15.4 30.0 30.9 18.8 2.9%
X0 5.13 13.7 14.4 6.28 4.8%
Yel 7.82 11.4 11.8 9.60 2.8%
h.(2P) 1.75 4.62 4.88 2.18 5.3%
xX0(2P) 0.508 2.17 2.37 0.633 8.4%
Xc1(2P) 0.666 1.10 1.18 0.853 7.2%
he(3P) 0.173 0.633 0.682 0.220 7.1%
Xc0(3P) 0.0731 0.440 0.493 0.0923 11%
Xel(3P) 0.0580 0.114 0.129 0.0735 11%

Table 3. Comparisons of the branch ratios of Bf — (¢€) + ¢* + v, obtained by different ways,
where ¢ © means the leading order result; sum means the sum of all of expansion orders; BS means
the result by BS method without expansion, and NR means the result by the non-relativistic wave
function and the leading order expansion of the amplitude (in 10~* except the last column).



Relativistic effects

Method Ne J /¢ n.(25) P(25) n.(35) (3.9)
| 21.9 18.8 50.2 38.0 62.5 5H1.3
I1 27.3 18.5 55.8 37.2 67.3 51.5
Table 4. The relativistic effects of B — (ce)eTv.: 222LE from two methods (in %).

Method hc Xc0 Xel h((QP) Xc[)(QP) Xel (QP) h((gp) XcO(gP) Xel (Bp)
| 50.2 644 33.7 641 78.5 43.3 74.6 85.2 54.9
1T 52.5 639 340  67.0 779 447 76.7 84.6 56.3
Table 5. The relativistic effects of B — (cc)e v £22E2 from two methods (in %).




Summary

Relativistic corrections (RC) in the semileptonic
Bc decays to charmonium are large.

RC of 1S are about 19~22%
RC of 2S are about 38~50%
RC of 3S are about 51~62%
RC of 1P are about 34~64%
RC of 2P are about 43~79%
RC of 3P are about 55~85%

Relativistic corrections are very important
for excited heavy mesons.




Thank you!






Mass spectra

 Parameters:

a=e=27183, a=0.06GeV, \=0.21 GeV~,
and m. = 1.62 GeV, my =4.96 GeV .

for charmonium N, =3, Agep = 0.27 GeV
ag(me) = 0.38
for bottomonium Ny =4, Ayep = 0.20 GeV

as(my) = 0.23



n JF¢ ((QSH)L]) Th(cc) Ex(cc) Th(bb) Ex(bb)
1 07T('Sy)  [2980.3(input)| 2980.3 [9390.2(input)| 9388.9
2 0~ (1Sp) 3576.4 3637 9950.0
307 (1Sy) 3948.8 10311.4
113 3096.9(input)|3096.916|9460.5(input) | 9460.30
21 (3 3688.1 3686.09 |  10023.1  [10023.26
31 (° 3778.9 3772.92 | 10129.5
41~ 4056.8 4039 10368.9 | 10355.2
51 (3 4110.7 4153 10434.7
61 (35 4329.4 4421 10635.8 | 10579.4
7135 4545.9 10852.1 10865




n JPCESHUL; Th(ce) Ex(ce) | Th(bb) | Ex(bb)
1 07T (3Py) |3414.7(input)|3414.75| 9859.0 | 9859.44
2 07T (P Ry) 3836.8 10240.6| 10232.5
307T(°R) 4140.1 10524.7
1 17T(3P) |3510.3(input)|3510.66| 9892.2 | 9892.78
2 1T (3P)) 3928.7 10272.7]10255.46
3173 P) 4228.8 10556.2




n JPCESHUL, Th(ce) Ex(ce) | Th(bb) | Ex(bb)
1 27T (3Py) |3556.1(input)|3556.20| 9914.4 | 9912.21
2 27T (3 Py) 3972.4 10293.6{10268.65
32703 R) 4037.9 10374.4
4 27T (3 P) 4271.0 10561.5
1 17=('"Py) [3526.0(input)|3525.93| 9900.2
2 1= (1P)) 3943.0 10280.4
317 ('P) 42424 10562.0




