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Motivation 

 



Heavy Vector Quarkonium Leptonic Widths 

 Decay rate of a nS quarkonium dilepton annihilation 

 

 

     where     is the decay constant, now in literature 

 

                                  

          is the result from NRQCD,     is the correction 
from QCD. 

 We use the relativistic Bethe-Slapeter method to 
provide a relativistic result 
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Wave function 
 A  non-relativistic wave function for a vector meson 

 

 A relativistic one with instantaneous approximation 

 

 

 

 

If we delete the relativistic terms (q dependent), then 
only two terms remained, if set                then the 
wave function become to the non-relativistic one.  

     The radial wave functions can be obtained by 
solving the instantaneous Bethe-Salpeter equation. 
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Solve the full Salpeter equation 

 The wave function for vector quarkonium 

 

 

 

 The last two equations in Salpeter equations result in 

 

 

 We obtained 4 coupled equation from the first two 
equations, and the unknown numbers of radial wave 
functions are also 4:  

 

 



Decay constant 

• Definition of the vector decay constant 

 

 

 

• In this realtivistic method 

 

 

• Non-relativistic method 

 

 

 

 

 

      

 

 

 

 

 

 

 

 

 

 

 



粲偶素衰变到双轻子结果 

 



底偶素结果 

 



结果分析 

• 粲偶素的结果与实验值差别大 

• 底偶素情况与实验值符合很好 

• 虽然考虑了相对论效应，但是没有完整考虑
QCD修正 

• 大的QCD修正同时也意味着大的相对论修正 

• 为了验证，计算夸克速率及其幂次 



Average speed of quark and its powers in 
charmonium and bottomonium 

 
Wave Fuctions 

 

• In our method the relativistic wave function for a                    

pseudoscalar         meson  

 

 
• Wave function for               scalar meson 
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Wave functions 

• Wave function for           meson 

 

 

• Wave function for            meson 

 

 

• Wave function for                   meson 

 

 

 

 

1

1P 1

3

1P 1



动量幂次的平均值 

 



结果 



结果 

 



 



 



 



 



结果分析 

• 有关系 

 

 

• 粲偶素展开法，收敛很慢。相对论修正和QCD

修正大，特别是高激发态，相对论效应很大。 

 

• 底偶素展开法，收敛快。相对论修正和QCD修
正小。 



Relativistic effects in Semileptonic Bc 

decays to charmonium 

 



Hadronic transition amplitude  

• 表示为初末态介子相对论波函数重叠积分 

 

 

 

计算过程中，采用两种方法分离出相对论修正
Relativistic corrections Method I and 

Method II 



Expansion Method I 

• Relativistic wave function of pseudoscalar 

 

 

     where 

 

 

      and   

• Expansion on                                              , when q is 

small, these quantities are small, when q is large, these 

contribution will be suppressed by wave functions. 

•    relate to relative velocity between quarks 



Expansion Method II 

• Expansion according to the wave functions 

 

where 

 

 

• Without expansion about     on q, if   

 

 

then the difference is leave to the q^2 
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Expansion Method II 
• So we have  



Expansion Method II 

• Then  



Branching ratios in Method I 

 



Branching ratios in Method II 

 





Relativistic effects 



Summary 
 • Relativistic corrections (RC) in the semileptonic 

Bc decays to charmonium are large. 

• RC of 1S are about 19~22% 

• RC of 2S are about 38~50%  

• RC of 3S are about 51~62%  

• RC of 1P are about 34~64%  

• RC of 2P are about 43~79%  

• RC of 3P are about 55~85%  

• Relativistic corrections are very important 
for excited heavy mesons. 

 

 



Thank you! 



 



Mass spectra 

• Parameters: 

 

 

 

   for  charmonium  

 

   for  bottomonium 








