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Large Momentum Effective Theory Introduction

�Äþk�nØ(LaMET)

LaMET Ïfzúª

f̃i/H(y , pz) =

∫ 1

−1

dx

|x |
[
Cij

(y
x
,
|x |pz
µ

)
fj/H(x , µ)

]
+O

(
m2

h

pz2
,

Λ2
QCD

pz2

)

x ∈ [−1, 1], y ∈ [−∞,∞]
X. Ji, PRL110,262002 (2013), ...
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Large Momentum Effective Theory Introduction

�6ØO�C
(0)
ij , C

(1)
ij , C

(2)
ij , ...

Cij = C
(0)
ij + αs

2πC
(1)
ij +

(
αs
2π

)2
C

(2)
ij + ...

+Þ�(LO): C
(0)
ij (y) = δ(1− y)

p���§�z�Y�6

g+Þ�(NLO) C
(1)
ij (y , p

z

µ )
MS: Izubuchi,Ji,Jin,Stewart,Zhao,1801.03917;

MMS: Alexandrou,Cichy,Constantinou,Jansen,Scapellato,Steffens, 1803.02685;

RI/MOM: Stewart,Zhao,1709.04933; Wang,Zhang,Zhao,Zhu,1904.00978;

Others: Ji,Xiong,Zhang,Zhao,1310.7471; Ma,Qiu,1404.6860, ...

ykn�«mµ[−∞, 0], [0, 1], [1,+∞]§ÚÏfµCF

gg+Þ�(NNLO)C
(2)
ij

QCD¥�p�?�é�
µ = 2GeV , αs(µ = 2GeV ) ∼ 0.3§éu°(ýÿ§α2

s�?�ØU�Ñ
NNLOÏfzy²nontrivial
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes

ü�¤ùãÚ¤ù�Ì

p�?��)�þ¤ùã(79+ at NNLO)

·�rWilson�?n�9Ï§�|(with linear propagator)

¦^FeynRules ÚFeynArtsgÄ)¤ü�¤ùãÚ¤ù�Ì
Christensen et al,1310.1921, T. Hahn,0012260
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes

Feynman5�e���~f(I)

p p

p + k2

k2

k2 + p+ px−k1 + p+ px

k1 + k2

p+ px

k1

l9Ï|£�Wilson��p�^I����(cut). éucut1, ·�
kpx = −p − k2

M|cut1 =µ4ε
∫ ∫

d4−2εk1

(2π)4−2ε

d4−2εk2

(2π)4−2ε
ampcut1× δ

(
kz2 + pz − ypz

)
,

éucut2, ·�kpx = −p + k1¶üö�Ñ¢�z

M|cut2 =µ4ε
∫ ∫

d4−2εk1

(2π)4−2ε

d4−2εk2

(2π)4−2ε
ampcut2× δ

(
−kz1 + pz − ypz

)
,

éucut3, ·�kpx = −p§�ÑJ�z
M|cut3 =µ4ε

∫ ∫
d4−2εk1

(2π)4−2ε

d4−2εk2

(2π)4−2ε
ampcut3× δ (1− y) ,
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes

Feynman5�e���~f(II)

p p

p + k2

k2

k2 + p+ px−k1 + p+ px

k1 + k2

p+ px

k1

ð�ª
1

k1 · nk2 · n
=

1

(k1 · n + k2 · n)k2 · n
+

1

k1 · n(k1 · n + k2 · n)
,

ÏLÄþ²£§��

M|cut1+cut2+cut3 =

[
µ4ε

∫ ∫
d3−2εk1

(2π)4−2ε

d4−2εk2

(2π)4−2ε
ampcut1′|kz

1 =ypz

]
+

+

[
µ4ε

∫ ∫
d3−2εk1

(2π)4−2ε

d4−2εk2

(2π)4−2ε
ampcut2′|kz

1 =ypz

]
+

Q�¹¢ã�z§��)
Jã�z
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes

Cutkosky �ª

Cutkosky �ª, J.Math.Phys.1,429(1960)

δ(kz − xpz) =
1

2πi

(
1

kz − xpz − i0
− 1

kz − xpz + i0

)
.

¤k�¢ãÈ©C¤
�CÈ©

¢ãÈ©�¢Ü⇒ �CÈ©�JÜ

µ4ε

∫ ∫
d3−2εk1

(2π)4−2ε

d4−2εk2

(2π)4−2ε
ampcut1|kz

1 =ypz

⇒ Im

[
µ4ε

∫ ∫
d4−2εk1

(2π)4−2ε

d4−2εk2

(2π)4−2ε

ampcut1

4π(kz
1 − ypz)

]
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes

©ÜÈ©(IBP) �z

z{¤ù�Ì�IþÈ©

ò¤kIþÈ©�z�ÌÈ
©(MIs)

∫
dd k1

(2π)d
. . .

dd kL

(2π)d

∂

∂k
µ
i

[
k
µ
i I (ki , L, pi )

]
= 0

∫
dd k1

(2π)d
. . .

dd kL

(2π)d

∂

∂k
µ
i

[
p
µ
i I (ki , L, pi )

]
= 0

Chetyrkin,Tkachov,NPB192,159(1981)

3m>�~f¥§F (1) �Ì
È©§Ù§È©Ñ�±=z�
ÌÈ©
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Two Loop Calculation of Quark Quasi PDF Calculation of Master Integrals by Differential Equations
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Two Loop Calculation of Quark Quasi PDF Calculation of Master Integrals by Differential Equations

�©�§O�ÌÈ©

éÌÈ©fiUì,��âÔ[ØCþz¦�§ïá�©�§, 'X�
±��z = p0

pz

�Õá�ÌÈ©êþ�u1, XêA ´��n × n Ý
§�6uâÔ
[ØCþz Ú�5zëêε

d

dz

 f1(z , ε)
...

fn(z , ε)

 =

 A11(z , ε) . . . A1n(z , ε)
...

...
An1(z , ε) . . . Ann(z , ε)


 f1(z , ε)

...
fn(z , ε)


A.V.Kotikov, PLB254,158(1991); PLB267,123(1991)

,éufiõ��g�©�§§>.^�Ø�N´(½
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Two Loop Calculation of Quark Quasi PDF Calculation of Master Integrals by Differential Equations

�aAÏ�ÌÈ©Äµ�KÄ

d

dz

 g1(z ; ε)
...

gn(z ; ε)

 = ε

 B11(z) . . . B1n(z)
...

...
Bn1(z) . . . Bnn(z)


 g1(z ; ε)

...
gn(z ; ε)


Ù¥

~g = T−1~f
B = T−1AT − T−1∂zT

·^u�ê�5z�YD = 4− 2ε

?�ÌÈ©Ä�±ÏL�5C��ÌÈ©Ä

XêÝ
Bò��6uâÔ[ØCþz
J.M.Henn,PRL110,251601(2013)
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Two Loop Calculation of Quark Quasi PDF Calculation of Master Integrals by Differential Equations

O�¥æ^�ÌÈ©Ä

éu§�PDFs§I�O�n|ÌÈ©Ä

'X1�|ÌÈ©Ä

I 1
ni =

∫ ∫ DDk1DDk2

(k2
1 )n1 (k2

2 )n2 ((k2 − p)2)n3 ((k1 + k2)2)n4

1

((k1 + k2 − p)2)n5

× (
1

(P1 + i0)n6
− 1

(P1 − i0)n6
)

1

4πi
(

1

(Q1 + i0)n7
+

1

(Q1 − i0)n7
),

Ù¥�5DÂf�

P1 = n · k1 + yn · p, Q1 = n · k2,

È©ÿÝ�

DDki =
1

iπD/2e−
4−D

2 γE

(
p2
z

µ2

)( 4−D
2 )

dDki ,
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Two Loop Calculation of Quark Quasi PDF Calculation of Master Integrals by Differential Equations

(½>.^�

��O�(Feynman/Alpha ëêz�{, 3ê½n, ...)
Xg1

3 = ε(y − 1)pz I
1
0,2,0,0,2,1,0,

g1
3 =Sgn(y − 1)

(
− 2 + ε

[
4 ln(4(y − 1)2)]

− 1

3
ε2[12 ln((y − 1)2) ln(16(y − 1)2) + 5π2 + 12 ln2(4)

]
+O(ε3)

)
.

�5^�

∂g1
7

∂z
=
ε

4

[
8g1

7

z
− 6g1

7 − g1
8

z − 2y + 1
− 6g1

7 + g1
8

z + 2y − 1

+
2g1

3 − 6g1
7 + g1

8

z − 1
− 2g1

3 + 6g1
7 + g1

8

z + 1

]
.

éuy u?�«m§k�5:z = p0
pz

= 0 (p2 = −pz2)§l�

�g1
7 |z=0 = 0. d	·��kÙ§aq��5:§Xz = 2y − 1

(0 < y < 1)§z = 1 (y > 1 or y < 0)
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Two Loop Calculation of Quark Quasi PDF Calculation of Master Integrals by Differential Equations

ÌÈ©�ê�u�

$^FIESTA§S�§�±é)ÛO��ÌÈ©?1ê�u�
A.V.Smirnov,1511.03614

p2

p2
z

= −1

2
, y =

1

3
,

pz
µ

= 1
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NNLO Results Renormalization and Factorization

�z

�z�§

f̃ (y ,
pz

µ
, εIR) =

∫
dy1

|y1|

[
ZqZ̃

(
y

y1

)][
Z−1
q f̃

(
y1,

pz

µ
, ε

)]
.

ùpZq ´§��z~ê, Z̃ ´O©Ù¼ê�z~ê

Z̃ (ξ) = δ(1− ξ)

(
1 +

αs

2π

Z̃ (1)

εUV
+
(αs

2π

)2 Z̃ (2)

ε2
UV

)
,

Z̃ (1) = −3CFSε
2

, Z̃ (2) = S2
ε

(
a + 9C 2

F

4
+

b

4
ε

)
X. Ji and J.H. Zhang,1505.07699;

Braun, Chetyrkin and Kniehl,2004.01043
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NNLO Results Renormalization and Factorization

O©Ù¼ê�ù	1�

^uÑî���

�e���uÑ©ü«§�«´“Reducible”

f̃
(2)
q/q(y ,

pz

µ
, εIR)|div .part.1 = C (1)

qq

(
y

x
,
|x |pz
µ

)
⊗
[
− (1 + x2)

(1− x)

]
+

1

εIR
.

,�«´“Irreducible”

�1I©Ù¼êî���, �¹k 1
εIR
Ú
(

1
εIR

)2
uÑ

f̃
(2)
i/j (y ,

pz

µ
, εIR)|div .part.2 = f

(2)
i/j (x , εIR).

f
(2)
i/j (x) =

1

2ε2
IR

[∑
k

P
(0)
ik (z)⊗ P

(0)
kj (x) + β0P

(0)
ij (z)

]
−

P
(1)
ij (x)

εIR

RLZ (NJNU) NNLO matching May 1-3, 2021 23 / 28



NNLO Results Renormalization and Factorization

ü�Y²eÏfzúª

ò�z��O©Ù¼ê§�����~Ø�Ye�1I©Ù¼
ê:

f̃
(0)
i/k (y ,

pz

µ
) =C

(0)
ij

(
y

x
,
|x |pz
µ

)
⊗ f

(0)
j/k (x),

f̃
(1)
i/k (y ,

pz

µ
, εIR) =C

(1)
ij

(
y

x
,
|x |pz
µ

)
⊗ f

(0)
j/k (x)

+ C
(0)
ij

(
y

x
,
|x |pz
µ

)
⊗ f

(1)
j/k (x , εIR),

f̃
(2)
i/k (y ,

pz

µ
, εIR) =C

(2)
ij

(
y

x
,
|x |pz
µ

)
⊗ f

(0)
j/k (x)

+ C
(1)
ij

(
y

x
,
|x |pz
µ

)
⊗ f

(1)
j/k (x , εIR)

+ C
(0)
ij

(
y

x
,
|x |pz
µ

)
⊗ f

(2)
j/k (x , εIR).
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NNLO Results Extraction of PDF with NNLO Matching Coefficients
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NNLO Results Extraction of PDF with NNLO Matching Coefficients

NNLO���XêC
(2)
qq

�Li-Ma-Qiu3MS�YeO��(J��
Phys.Rev.Lett.126,072001(2021)

Ó�·����
RI/MOMÚMMS�Ye�NNLO���X

êC
(2)
qq (y , p

z

µ )

éuO©ÙÄþ©êy§·�ko�«m§Ú(�kn«(CF , CA,
nf TF )CF

3Äþ©êyªuÃ¡��1��C
(2),MMS
qq |y→∞ ∝ 1

y2

C (2),MMS
qq (y ,

pz

µ
)

=[C (2),MMS
qq (y ,

pz

µ
)|y>1]+ + [C (2),MMS

qq (y ,
pz

µ
)|0<y<1]+

+ [C (2),MMS
qq (y ,

pz

µ
)|−1<y<0]+ + [C (2),MMS

qq (y ,
pz

µ
)|y<−1]+
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NNLO Results Extraction of PDF with NNLO Matching Coefficients

NNLO���§Ä�PDFs
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Summary
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NNLOO�ÃØ3/ªnØ�´¢�A^þÑ'��

3NNLO§·�|^�:êâ§�.Ã'/��
�ü�§��1
I©Ù¼ê§NNLO�z�½§Ý�)PDFs��1�

ù	uÑ����
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úª

Ð"
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Summary

Back up

Canonical bases for family-1 MIs, here only list 10 of them
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Summary

Back up

NLO matching coefficient in MS scheme

NLO matching coefficient in MMS scheme
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Summary

Back up

One loop quasi pdf in RI/MOM scheme

f̃
(1)
q/q,ξ

(y, pz )/CF

=



−

(
(ξ−2)ρ+2y2−(ξ+1)ρy+2

)
log

( √
1−ρ+2y−1

−
√

1−ρ+2y−1

)
2(1−ρ)3/2(y−1)

+
ξρ
(
ρ(ρ+1)+16y4−40y3+4(ρ+8)y2−2(3ρ+4)y

)
2(ρ−1)(y−1)

(
ρ+4y2−4y

)2

+
y
(

(4−5ρ)ρ−16y4+8(ρ+3)y3−24ρy2+4
(
ρ2+3ρ−2

)
y
)

(ρ−1)(y−1)
(
ρ+4y2−4y

)2 + 3
2−2y

, y > 1

− ξρ+ξ−3ρ+4y2−2(ξ+1)y+3
2(ρ−1)(y−1)

−
log

( √
1−ρ+1

1−
√

1−ρ

)(
(ξ−2)ρ+2y2−(ξ+1)ρy+2

)
2(1−ρ)3/2(y−1)

, 0 < y < 1,(
(ξ−2)ρ+2y2−(ξ+1)ρy+2

)
log

( √
1−ρ+2y−1

−
√

1−ρ+2y−1

)
2(1−ρ)3/2(y−1)

−
ξρ
(
ρ(ρ+1)+16y4−40y3+4(ρ+8)y2−2(3ρ+4)y

)
2(ρ−1)(y−1)

(
ρ+4y2−4y

)2

−
y
(

(4−5ρ)ρ−16y4+8(ρ+3)y3−24ρy2+4
(
ρ2+3ρ−2

)
y
)

(ρ−1)(y−1)
(
ρ+4y2−4y

)2 − 3
2−2y

), y < 0.

(1)

log

(√
1− ρ + 1

1−
√

1− ρ

)
= − log

(
1−
√

z2√
2− z2 + 1

)
, log

( √
1− ρ + 2y − 1

−
√

1− ρ + 2y − 1

)
= − log

(
2y −

√
z2 − 1

2y +
√

2− z2 − 1

)
∫

dy [h(y)]+g(y) =

∫
dyh(y)[g(y)− g(1)]

iD
µν
ξ

(k) = −
i

k2

[
gµν − (1− ξ)

kµkν

k2

]
.
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Summary

Back up

NNLO matching coefficients

The complete analytic expression can be found in our paper.
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