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Exotic states

 Exotic hadrons are composed of quarks and gluons beyond the 
conventional meson and baryon pictures
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Pictures in courtesy to Qiang Zhao



Exotic multi-quark states 

See Xiang Liu’s talk

 Since 2003, there has been continuous and 
unexpected progress in the field.

 Many charmonium-like XYZ states are observed.

 How to interpret all of these states unambigously?
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(Unexpected) discovery of X(6900) in 

summer of 2020
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Invariant mass spectrum of J/ψ-pair candidates (LHCb, 2020)

LHCb discovered a narrow structure 

near 6.9 GeV in the di-J/ψ invariant

mass spectrum:X(6900).

Strong candidate for compact fully-

charmed tetraquark

There’s also a board structure above 

threshold ranging from 6.2 to 6.8 GeV

An additional vague structure near 7.2 

GeV      



What X(6900) deserves being studied
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 Why is X(6900) important?

 X(6900) is just above di-J/  threshold, likely to be comprised of four 

charm quarks

 With no light valance quarks, we could have approximate charm/anti-

charm quark number conservation, thus a meaningful              Fock

component

 Many phenomenological studies about fully-heavy tetraquark: 

potential models



Interpretation of nature of the X(6900) meson
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 P-wave tetraquark (M.-S. Liu et al., 2020; H.-X. Chen et al., 2020, R. Zhu 

2020).

 Radial excitation of 0++ (Z.-G. Wang, 2020; Lüet al., 2020; Giron, Lebed, 

2020; Karliner & Rosner, 2020; J. Zhao et al., 2020; R. Zhu, 2020; B.-C. Yang et 

al., 2020; Z. Zhao, 2020; H.-W. Ke et al., 2020 ),

 Ground state S-wave tetraquark (Gordillo et al., 2020).

 or            molecular state (Albuquerque et al., 2020)

 0++ hybrid  (B.-D. Wan, C.-F.Qiao, 2020), 

 Resonance formed in charmonium-charmonium scattering (G. Yang et 

al., 2020; X. Jin et al., 2020), or the kinematic cusp arising from final-state 

interaction(J.-Z.Wang et al., 2020; X.-K. Dong et al., 2020; Z.-H. Guo 2021; C. 

Gong et al. 2020).

 Beyond Standard Model scenario (J.-W.Zhu et al., 2020; Dosch et al., 2020)



Early day studies of fully-heavy 

tetraquark states

 Earliest papers regarding T4c: (Ader et al., 1982; Chao, 1981; 
Iwasaki, 1976)
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Popular phenomenological tools handling fully-

heavy tetraquark

9

 Theoretical investigations on the fully heavy tetraquarks dateback to late 

1970s (Iwasaki, 1976; Chao, 1981).

 Potential models studying T4c spectra and decay properties: (Badalian et 

al., 1987; Barnea et al., 2006; Liu et al., 2019; Wu et al., 2018), etc.

 QCD sum rule: (H.-X. Chen et al., 2020; W. Chen et al., 2017, 2018; 

Wang, 2017, 2020; Wang & Di, 2019)

 Search for the fully-bottom tetraquark on Lattice NRQCD: found no 

indication of any states below 2ηb threshold in the 0++,1+− and 2++ channels 

(Hugheset al., 2018).



T4c production mechanisms in the market
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 In contrast to mass spectra and decay channels, there is relatively sparse 

studies for T4c production in various enviorment.

 Duality relation model: comparing di-J/psi  production cross section 

with (Berezhnoy et al., 2011; Berezhnoy et al., 2012) and without resonance, 

rough estimate was achieved (Karliner et al., 2017)

 Treat hadronization within color evaporation model: (Carvalho et al., 

2016; Maciuła et al., 2020)

 NRQCD-inspired factorization: F. Feng, Y.-S. Huang, YJ, W.-L.Sang, 

X.-N. Xiong, J.-Y.Zhang and D.-S. Yang, 2020-2021

Also see Y.-Q. Ma, Zhang, 2020; R.-L. Zhu, 2020.



Nonrelativistic QCD (NRQCD): Paradigm of EFT, 

tailored for describing heavy quarkonium

dynamics: exploiting NR nature of quarkonium
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Caswell, Lepage (1986);  Bodwin, Braaten, Lepage (1995)

This scale separation is 

usually referred to as

NRQCD factorization.

The NRQCD short-dist. 

coefficients can be computed in 

perturbation theory, order by 

order

NRQCD factorization is viewed as 
being first principle of QCD



NRQCD Lagrangian (characterized 
by velocity expansion)
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Identical to HQET, but with different power  counting



NRQCD is the mainstream tool in studying   
quarkonium (see Brambilla et al. EPJC 2011 for a review)

Nowadays, NRQCD becomes standard approach to tackle various 

quarkonium production and decay processes:

Charmonium:                                   not truly non-relativistic to some extent

Bottomonium:                                  a better “non-relativistic” system

Intuitively, one expects that NRQCD works better for bottomonium than 

charmonium

However, the data for charmonium production is much more copious than 

bottomonium!
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QCD Factorization Theorem
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 Asymptotic freedom

 Scale separation: UV ~ Q (pT 

for production), IR~ 𝛬QCD

 QCD Collinear Factorization:

 This allows perturbative 

calculation to produce sensible 

phenomenological results



QCD factorization theorem for the identified 

hadron inclusive production at large Pt
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Collins, Soper, Sterman (1982)

The inclusive production of 

high-transverse-momentum 

hadrons in the high-energy 

hadron collision experiments is 

dominated by the fragmentation 

mechanism.



Collin-Soper definition of fragmentation function

16

Gauge-invariant operator definition for the gluon fragmentation 

function(Collins, Soper, 1982):

Fragmentation function obeys Dokshitzer-Gribov-Lipatov-

Altarelli-Parisi (DGLAP) evolution equation:



Feynman Diagrams for the 

fragmentation function of gluon into 

fully-heavy tetraquark
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Using self-written program HepLib, 

which uses Qgraf and GiNaC to 

generate Feynman diagram and 

amplitudes

About 100 diagrams for amplitude in 

one side of the cut line

Key insight: to create a T4c state, one has to first produce four 

charm quarks with small velocity before hadronization. Therefore, 

one can invoke perturbation theory to compute the hard partonic

process owing to asymptotic freedom of QCD



NRQCD Factorization for the gluon-to-0++ (2++) T4c 

fragmentation function

For the gluon-to-tetraquark fragmentation function:
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Lowest order in v; 
Vacuum saturation approximation invoked 



Local NRQCD production operators (using diquark-

antidiquark color-spin basis)

We construct the NRQCD local operators for the S-wave tetraquark 

with all possible quantum numbers:
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NRQCD Operators

The operators manifest the correct C-parity under the charge 

conjugation transformations.

We use the basis in which the quark and anti-quark pairs in the color-

triplet and color-sexet, respectively. The operators can also be 

constructed from quark-antiquark pairs in the color-singlet and 

color-octet.

These NRQCD operators in can also be inferred by performing the 

Foldy-Wouthuysen-Tani transformation from the QCD 

interpolating currents (H.-X. Chen et al.,2020).
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Determine short-distance coefficients 

(SDC): Perturbative Matching

The SDCs are state-independent quantities, insensitive to non-

perturbative (long-distance) physics

Use free quark states instead of hadron (tetraquark) state in both FF 

and LDMEs

Perturbatively calculate both FF and LDMEs; solve the matching 

equation and deduce the SDCs

Adopt angular momentum eigenstates and project perturbative FF to 

specific color state in order to deduce each SDCs in question
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Free tetraquark States

For convenience, we use the eigenstates of the angular momentum, 

manifesting the same quantum numbers as the physical tetraquark 

states.
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Determine the SDCs
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To project the 𝑄𝑄  𝑄  𝑄 into correct spin/color quantum number oftetraquark, we 

use the following projector

C is the charge conjugate operator, Πμ(Π0) is thespin-triplet(singlet) projector of 

quarks (Petrelliet al., 1997),            are the spin projectors of quark and anti-

quark pairs(Braaten, Lee, 2003).



SDCs
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SDCs
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Long-Distance Matrix 
Elements(LDMEs)
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• The NRQCD LDMEs should be calculated in lattice QCD in principle 

since they are non-perturbative.

• We use the diquark model to calculate the LDMEs, resulting in the product 

of wave functions at the origin.

• The fock component of              is neglected for simplicity while there are 

some results in literature(Lü,et al., 2020; Zhao,etal., 2020).

• The phenomenological results we use (GeV3/2)(Kiselevetal., 2002; 

Debastiani, Navarra, 



Evolution of Fragmentation 
Function under DGLAP
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• Since the process is gluon dominance, the leading order splitting kernels 

read (nf: number of active light quark flavors):



Phenomenology at LHC
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•

• CTEQ14PDF sets

• Factorization scale 

Phenomenology at LHC
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NRQCD Factorization for inclusive production of 

1+− tetraquark at B factory

For the Inclusive production of fully-charmed 1+− tetraquark at B 

factory
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Vacuum-saturation approximation



Inclusive production of fully-charmed 1+−

tetraquark at B factory
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There are roughly 400 Feynman diagrams in total.

C -parity conservation requires that two additional gluons emitted 

accompanied with C-odd T4c



Kinematics
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To deduce the SDC with the differential production rate,
we need further integrate over the phase space 
integration of the gluons recoiling against tetraquark. 
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Differential cross section   (asymptotic)

The full analytical expression is too lengthy to be presented here.  We 

choose to present its limiting value near the upper endpoint:
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Integrated cross section (asymptotic)



• Unfortunately, this cross section is extreme tiny. Pessimistic 
to observe at Belle 2

• Nevertheless, it should be cautioned that nonperturbative
factors using diquark-antidiqaurk model, very crude 
approximation)

Phenomenology at B Factory
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Summary and outlook
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 We develop a model-independent approach to study production of 

fully heavy tetraquark based on NRQCD factorization.

 The production rates appears to be significant on the LHC due to 

the huge luminosity.    

 The production rates appear to be too small to be observed at 

Belle 2 experiment; numerics very sensitive to LDME

 Nevertheless,  NRQCD matrix elements are poorly known to date;  

more reliable phenomenological estimate beyond the naïve 

diquark model will be useful

 P-wave fully-charmed tetraquark production 



Thanks for your attention!
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