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• Beyond the Standard Model: To search for the new physics

• In the present days of indirect searches, non-perturbative strong interaction play a significant role 

• High precision required for hadronic quantities: e.g. HVP of muon g-2
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If s > Λ,

calculableTo be solved

⃗A ( ⃗x ) =
μ0

4π ∫V

⃗J ( ⃗x ′ )eikr

r
dV′ 
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What is the Inverse Problem?

• Dispersion relation: first-class Fredholm integration equation

∫
b

a

f(x)
y − x

dx = g(y), y ∈ [c, d], c > b, a > 0
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What is the Inverse Problem?

• Dispersion relation: first-class Fredholm integration equation

•不适定问题（ill-posed problem）

•解的存在性 ?

•解的唯⼀性 ？?

•解的稳定性 ？？?

∫
b

a

f(x)
y − x

dx = g(y), y ∈ [c, d], c > b, a > 0

上世纪60、70年代才开始发展的数学新分⽀
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Ao-Sheng Xiong, Ting Wei, FSY, in progress
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∫
b

a

f(x)
y − x

dx = g(y), y ∈ [c, d], c > b, a > 0⾊散关系的反问题

1)解的存在性：物理要求

2)解的唯⼀性：证明

已知算⼦

若 都是⽅程 的解，则有 ，即 。

唯⼀性：证明 。只需证明  只有零解。

K : L2(a, b) → L2(c, d)

f1(x), f2(x) K(x, y)f(x) = g(y) Kf1 = Kf2 = g K( f1 − f2) = 0

f1 = f2 Kf = 0

控制收敛定理：

Ao-Sheng Xiong, Ting Wei, FSY, in progress
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∫
b

a

f(x)
y − x

dx = g(y), y ∈ [c, d], c > b, a > 0⾊散关系的反问题

1)解的存在性：物理要求

2)解的唯⼀性：证明  只有零解。Kf = 0

当 ，令 ，d = + ∞ y → + ∞ 。 两边同乘 ，y

由Weierstras定理，存在多项式

由Cauchy不等式
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•⽤⾊散关系的反问题⽅法解决⾮微扰物理量计算问题

Proposal:  mixing

Applications in and tested by: muon g-2, QCD sum rules

D0 − D0



Mixing

• The time evolution 

• Mixing parameters: Mass and Width differences

• Useful to search for new physics, 
• but less understood in the Standard Model
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yPP+PV before 2017

yPP+PV after 2017

• Before 2017, exclusive approach is hopeful

• After 2017, exclusive approach is dying

 Jiang, FSY, Qin, Li, Lü, ’17

 Falk, et al, ’02; Cheng, Chiang, ’10

Inclusive approach 
doesn’t work

No theoretical methods work for D0 mixing
No theoretical predictions for indirect CP violation

HFLAV, ’16

Lenz, et al, ’12

yPP+PV = (3.6 ± 2.6) × 10−3

yexp = (6.1 ± 0.8) × 10−3

yPP+PV = (2.1 ± 0.7) × 10−3

yincl ∼ 10−7
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quark level

Short-distance

Inclusive 
Approach



Π(s)

Dispersion Relation:
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Dispersion Relation 

 M12 =

x(s) =
1
π ∫

∞

0

y(s′ )
s − s′ 

ds′ 

Re[M12(s)] =
1
π ∫

∞

0

Im[M12(s′ )]
s − s′ 

ds′ 

 mixing: D0 − D0
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data of x and y as inputs
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 Inverse Problem 



 mixingD0 − D0
unstable solutions

Predict indirect CPV consistent with data

Additional conditions:

data of x and y as inputs

parametrization:

Li, Umeeda, Xu, FSY, PLB(2020)
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 Inverse Problem 

q/p = 1.0002ei0.006∘
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• Muon g-2: 4.2  deviation from the SMσ
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• Dominate uncertainty of the SM prediction: hadronic vacuum polarization (HVP)

Muon g-2, PRL(2021)

Davier, Hoecker, Malaescu, Zhang, ‘20

Aoyama, et al, Phys.Rept(2020)

• Inverse Problem:

H.n.Li, Umeeda, ’20

Data driven:

• Result: Inverse problem:

Lattice QCD: Della Morte et al, ‘17

Non-perturbative properties can be revealed from asymptotic QCD by solving an inverse problem.
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• Conventional QCD sum rules

Uncertainty sources: quark-hadron duality and Borel transformation
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∫
b

a

f(x)
y − x

dx = g(y), y ∈ [c, d], c > b, a > 0误差分析：正则化⽅法

1)解的存在性

2)解的唯⼀性

3)解的稳定性

⾊散关系的反问题是不适定的

解的稳定性：误差最关键

正则化⽅法 (K + λ)x = y, λ > 0

使得⾊散关系的反问题从不适定的变为适定的，从⽽得到相对稳定的解。

引⼊的正则化参数会带来新的误差，需要通过系统性的数学分析得到最终的理论误差。

构造正则化参数  要与原始数据  的误差⽔平  相匹配，从⽽使得求解的  的误差λ = λ(δy) y δy x δx ≤ f(λ, δy)
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