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Why is Triangle Singularity interesting ?

1.It happens at a pure kinematic point     

->   Model independent

2.The effect of Loop                

->   Understand hadronic Loop contribution

3.Provide a peak structure          

->   May mixing with resonance

4.To extract the nature of hadron   

->   Study the coupling in the special point

5. …… 



Why Triangle Singularity interesting ?

Personally, the most important thing is that we can extract 

the information of 2 → 2 scattering process.

∼ 𝐥𝐧 𝑆𝐶𝐷 −𝑚𝑇𝑆
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From Triangle Singularity to Box Singularity

∼ 1/( 𝑆𝐶𝐷 −𝑚𝑇𝑆)
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∼ 𝐥𝐧 𝑆𝐶𝐷 −𝑚𝑇𝑆



Triangle Singularity

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

If Integral Divergence, 
it should require the pole at

Singularity
End point

Two poles pinch



The condition for six particles.

with

Actually Happened Process
（1）All particles are on mass-shell;
（2）Particle 3 catch up particle 2.

Triangle Singularity: Physics & Math



How about Box Singularity
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How about Box Singularity
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How about Box Singularity

TS

TS

Convergence!!!
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How about Box Singularity

As distinguished by rely on 𝜙 or not, we can divide our discussion into two cases:

𝜽𝟏 = 𝟎/𝝅 : nothing about 𝜙, ony 𝑞 and cos 𝜃 are considered.

𝟎 < 𝜽𝟏 < 𝝅 : 𝝓 = 𝟎 𝐨𝐫 𝝅 all momenta are on one plane.

The discussion of three integrated variables：
1.𝑞: one singularity is on 𝑞𝑜𝑛 + 𝑖𝜖. Since the range of q is 0,∞ , thus it requires for another pinch 

singularity, i.e., 𝑞𝑜𝑛 − 𝑖𝜖, which is similar as Triangle Singularity.

2. cos 𝜃 will have two singularity cases: end point & pinch

3. For 𝜙, actually it is only depend on cos𝜙, and it is a 1st singularity. Thus, after integration, its 

divergences only happen at the end point, i.e., 𝜙 = 0 or 𝜋, which means that box singularity only 

happens when all momenta on the same plane. Correspondingly, in Triangle Singularity case,  all 

momenta are on the on line.

preliminary



How about Box Singularity
If 𝜽𝟏 = 𝟎/𝝅, it will be independent on 𝝓

a cb

Pinch point for 𝒒, 𝒒𝒐𝒏 − 𝒊𝜺 should be a singularity pole of terms related to 𝑿 𝒒 and 𝒀(𝒒).

preliminary
Singularity

End point

pinch

Find pole 
of 𝐜𝐨𝐬𝜽



How about Box Singularity
If 𝜽𝟏 = 𝟎/𝝅, it will be independent on 𝝓

a cb

Pinch point for 𝒒, 𝒒𝒐𝒏 − 𝒊𝜺 should be a singularity pole of terms related to 𝑿 𝒒 and 𝒀(𝒒).

preliminary
Singularity

End point

pinch

Find pole 
of 𝐜𝐨𝐬𝜽

𝜽𝟏 = 𝟎

(1) cos 𝜃 = +1 ⟺ 𝑋 𝑞𝑜𝑛 = 𝑌 𝑞𝑜𝑛 = +1 (For real part) & (𝑣4 > 𝑣1 𝑜𝑟 𝑣3 > 𝑣1) (For imagery part)

(2) cos 𝜃 = −1 ⟺ 𝑋 𝑞𝑜𝑛 = 𝑌 𝑞𝑜𝑛 = −1 (For real part) 𝑏𝑢𝑡 imagery part can not be satisfied

cos 𝜃 − 𝑌 𝑞𝑜𝑛 − 𝑖𝜀′ − 𝑖𝜀 = 0 and cos 𝜃 − 𝑋 𝑞𝑜𝑛 − 𝑖𝜀′ − 𝑖𝜀 = 0 only end point divergent



How about Box Singularity
If 𝜽𝟏 = 𝟎/𝝅, it will be independent on 𝝓

a cb

Pinch point for 𝒒, 𝒒𝒐𝒏 − 𝒊𝜺 should be a singularity pole of terms related to 𝑿 𝒒 and 𝒀(𝒒).

preliminary
Singularity

End point

pinch

Find pole 
of 𝐜𝐨𝐬𝜽

𝜽𝟏 = 𝟎

(1) cos 𝜃 = +1 ⟺ 𝑋 𝑞𝑜𝑛 = 𝑌 𝑞𝑜𝑛 = +1 (For real part) & (𝑣4 > 𝑣1 𝑜𝑟 𝑣3 > 𝑣1) (For imagery part)

(2) cos 𝜃 = −1 ⟺ 𝑋 𝑞𝑜𝑛 = 𝑌 𝑞𝑜𝑛 = −1 (For real part) 𝑏𝑢𝑡 imagery part can not be satisfied

cos 𝜃 − 𝑌 𝑞𝑜𝑛 − 𝑖𝜀′ − 𝑖𝜀 = 0 and cos 𝜃 − 𝑋 𝑞𝑜𝑛 − 𝑖𝜀′ − 𝑖𝜀 = 0 only end point diversion

(1) cos 𝜃 = +1 ⟺ 𝑋 𝑞𝑜𝑛 = −𝑌 𝑞𝑜𝑛 = +1 (For real part) & (𝑣4 > 𝑣1) (For imagery part)

(2) cos 𝜃 = −1 ⟺ 𝑋 𝑞𝑜𝑛 = −𝑌 𝑞𝑜𝑛 = −1 (For real part) & (𝑣3 > 𝑣1) (For imagery part)

𝜽𝟏 = 𝝅 cos 𝜃 + 𝑌 𝑞𝑜𝑛 − 𝑖𝜀′ − 𝑖𝜀 = 0 and cos 𝜃 − 𝑋 𝑞𝑜𝑛 − 𝑖𝜀′ − 𝑖𝜀 = 0 end point and pinch divergent



How about Box Singularity
If 𝜽𝟏 = 𝟎/𝝅, it will be independent on 𝝓

a cb

preliminary
Singularity
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pinch

𝜃1 = 𝜋 => Pinch point

Finite Value
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How about Box Singularity
If 𝜽𝟏 = 𝟎/𝝅, it will be independent on 𝝓

TS + On shell

𝜃1 = 0 => End point Only cos 𝜃 = 1, physically, ෠Ԧ𝑣1 =
෠Ԧ𝑣𝐶.

A C
12 3 and 4 

both can 

catch with 1

only 4 catch  

with 1
only 3 catch  

with 1

𝜃1 = 𝜋 => End point

cos 𝜃 = 1 𝑣4 > 𝑣1

1 = −𝑌 𝑞𝑜𝑛 = 𝑋(𝑞𝑜𝑛)

A

C

12
3

4B

cos 𝜃 = −1

1 = 𝑌 𝑞𝑜𝑛 = −𝑋(𝑞𝑜𝑛)
A

C

21
3

4B

𝑣3 > 𝑣1

only 4 catch  with 1 only 3 catch  with 1

a cb

preliminary
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How about Box Singularity
For 𝜽𝟏 = 𝟎, some examples 

𝑣4 > 𝑣1

𝑣3 > 𝑣1

𝑣3 > 𝑣1 𝑣4 < 𝑣1 𝑣4 > 𝑣1 𝑣3 < 𝑣1

1002

800

201

150

50 5

35

???

preliminary



How about Box Singularity
For 𝜽𝟏 = 𝝅, two examples 

a cb

1002

700

301

100

150 20

10

721.45

a cb

1002

500

501

250

200 100

10

546.942

A

C

21
3

4B
only 3 catch  with 1

A

C

12
3

4B

only 4 catch  with 1

𝑣4 > 𝑣1
𝑣3 < 𝑣1

𝑣4 < 𝑣1
𝑣3 > 𝑣1

preliminary
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How about Box Singularity
If 𝟎 < 𝜽𝟏 < 𝝅, it will be dependent on 𝝓

For 𝝓, it is only dependent on the 𝐜𝐨𝐬𝝓, only end point diversion need to consider, thus, we take 

𝝓 = 𝟎 or 𝝅. In physically, it means that all momenta of the particles are in the one plane, while the 

Triangle Singularity happen that all momenta are in the one line !

Pinch / End divergent of 𝐜𝐨𝐬 𝛉 At 𝒒𝒐𝒏 − 𝒊𝜺

End point 

of 𝐜𝐨𝐬 𝝓

∼ න
0

∞ 𝑑𝑞

𝑞 − 𝑞𝑜𝑛 − 𝑖𝜀
න
-1

1 𝑑 cos 𝜃

cos 𝜃 − 𝑋 𝑞 − 𝑖𝜀

1

cos 𝜃1 ∓ 𝜃 − 𝑌 𝑞 − 𝑖𝜀
𝐟𝐨𝐫 𝝓 = 𝟎 or 𝝅

preliminary
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How about Box Singularity
If 𝟎 < 𝜽𝟏 < 𝝅, it will be dependent on 𝝓

Pinch/End divergent of 𝐜𝐨𝐬 𝛉 At 𝒒𝒐𝒏 − 𝒊𝜺

End point 

of 𝐜𝐨𝐬 𝝓

∼ න
0

∞ 𝑑𝑞

𝑞 − 𝑞𝑜𝑛 − 𝑖𝜀
න
-1

1 𝑑 cos 𝜃

cos 𝜃 − 𝑋 𝑞 − 𝑖𝜀

1

cos 𝜃1 ∓ 𝜃 − 𝑌 𝑞 − 𝑖𝜀
𝐟𝐨𝐫 𝝓 = 𝟎 or 𝝅

1. 𝜃 = 0 → 𝑋 𝑞 = +1 & 𝑌 𝑞 = +cos𝜃1 &  ( 𝑣4 > 𝑣1 or 𝑣3∥1 > 𝑣1) 

3. 𝜙 = 0 𝜃 = 𝜃1 → 𝑋 𝑞 = +cos𝜃1 & 𝑌 𝑞 = +1 &  (𝑣3 > 𝑣1 or 𝑣4∥1 > 𝑣1 )

2.  𝜃 = 𝜋 → 𝑋 𝑞 = −1 & 𝑌 𝑞 = −cos 𝜃1 &  ( 𝑣3∥1 > 𝑣1) 

4. 𝜙 = 𝜋 𝜃 = 𝜋 − 𝜃1 → 𝑋 𝑞 = −cos 𝜃1 & 𝑌 𝑞 = −1 &  (𝑣4∥1 > 𝑣1 )
When 𝒄𝒐𝒔 𝜽𝟏 ∓ 𝜽 = 𝟏 or 
− 𝟏 , it similar as 𝜽
has two poles with 𝜽𝟏±𝜺

These two cases can be combined 
with three cases in 𝜽𝟏 = 𝟎/𝝅 .

𝜽𝟏 = 𝟎/𝝅

𝜽𝟏 = 𝝅

preliminary



a cb

How about Box Singularity
If 𝟎 < 𝜽𝟏 < 𝝅, it will be dependent on 𝝓

End point 

of 𝐜𝐨𝐬 𝝓

∼ න
0

∞ 𝑑𝑞

𝑞 − 𝑞𝑜𝑛 − 𝑖𝜀
න
-1

1 𝑑 cos 𝜃

cos 𝜃 − 𝑋 𝑞 − 𝑖𝜀

1

cos 𝜃1 ∓ 𝜃 − 𝑌 𝑞 − 𝑖𝜀
𝐟𝐨𝐫 𝝓 = 𝟎 or 𝝅

𝝓 = 𝟎

𝝓 = 𝝅

Physics Condition
cos 𝜃 = 𝑌 𝑞 cos 𝜃1 + 1 − 𝑌2(𝑞) sin 𝜃1 + 𝑖𝜀 ≡ ෨𝑌+ 𝑞 + 𝑖𝜀 𝜃 − 𝜃1 < 0

cos 𝜃 = 𝑌 𝑞 cos 𝜃1 − 1 − 𝑌2 𝑞 sin 𝜃1 + 𝑖𝜀 ≡ ෨𝑌− 𝑞 + 𝑖𝜀 𝜃 + 𝜃1 > 𝜋 𝑣4⊥1 ⋅ 𝑣3⊥1 < 0

cos 𝜃1 ∓ 𝜃 = 𝑌 𝑞 − 𝑖𝜀
cos 𝜃 = cos( 𝜃 ∓ 𝜃1 ± 𝜃1)

cos 𝜃 = 𝑌 𝑞 cos 𝜃1 ∓ sin(𝜃 ∓ 𝜃1) sin 𝜃1 −
sin 𝜃

sin 𝜃 ∓ 𝜃1
𝑖𝜀

sin(𝜃 ∓ 𝜃1) = ቐ
+ 1 − 𝑌2(𝑞) 𝜃 − 𝜃1 > 0 𝜃 + 𝜃1 < 𝜋

− 1 − 𝑌2 𝑞 𝜃 − 𝜃1 < 0 𝜃 + 𝜃1 > 𝜋

3 leave 4 back

Pinch/End divergent of 𝐜𝐨𝐬 𝛉 At 𝒒𝒐𝒏 − 𝒊𝜺

preliminary
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How about Box Singularity
If 𝟎 < 𝜽𝟏 < 𝝅, it will be dependent on 𝝓

𝝓 = 𝟎

𝝓 = 𝝅

cos 𝜃 = ෨𝑌+(𝑞) + 𝑖𝜀 𝜃 − 𝜃1 < 0

cos 𝜃 = ෨𝑌−(𝑞) + 𝑖𝜀 𝜃 + 𝜃1 > 𝜋

Finite Value

𝑋 𝑞𝑜𝑛 − 𝑖𝜀′ − ෨𝑌 𝑞𝑜𝑛 − 𝑖𝜀′ − 𝑖𝜀 = 0

𝑋 𝑞𝑜𝑛 = ෨𝑌 𝑞𝑜𝑛

ቤ
d𝑋 𝑞

𝑑𝑞
𝑞=𝑞𝑜𝑛

− อ
d ෨𝑌 𝑞

𝑑𝑞
𝑞=𝑞𝑜𝑛

< 0

On-shell

𝑣1 − 𝑣4∥1
|𝑣4⊥1|

+
𝑣1 − 𝑣3∥1
|𝑣3⊥1|

< 0

Real 

Collision 

between 4 

and 1

𝑣2𝑡0 + 𝑣3∥1𝑡 + 𝑣4∥1𝑡
′ = 𝑣1(𝑡0 + 𝑡 + 𝑡′)

ℎ = |𝑣3⊥1|𝑡 = |𝑣4⊥1|𝑡
′

𝑣1 − 𝑣2 𝑡0 = 𝑣3∥1 − 𝑣1 𝑡 + 𝑣4∥1 − 𝑣1 𝑡′

= −
𝑣1 − 𝑣4∥1
|𝑣4⊥1|

+
𝑣1 − 𝑣3∥1
|𝑣3⊥1|

ℎ > 0

Pinch/End divergent of 𝐜𝐨𝐬 𝛉 At 𝒒𝒐𝒏 − 𝒊𝜺

Real

Imagery

preliminary

Hard
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How about Box Singularity

5000 2800

200

500

100

1500

2400

2500

preliminary

𝑣1 − 𝑣4∥1
|𝑣4⊥1|

+
𝑣1 − 𝑣3∥1
|𝑣3⊥1|

< 0

𝑣4⊥1 ⋅ 𝑣3⊥1 < 0
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How about Box Singularity
Summary of 

(1) it satisfies that all inter particles are on-shell with all 
momenta are in the one plane, i.e., 𝜙 = 0 or 𝜋.

𝑘2
0 − 𝜔1 𝑞𝑜𝑛 − 𝑞𝑜𝑛

2 + 𝑘2
2 +𝑚4

2 − 2𝑞𝑜𝑛𝑘2 cos 𝜃 = 0

𝑘1
0 − 𝜔1 𝑞𝑜𝑛 − 𝑞𝑜𝑛

2 + 𝑘1
2 +𝑚3

2 − 2𝑞𝑜𝑛𝑘1 cos(𝜃1 ± 𝜃) = 0

𝑞𝑜𝑛 =
𝑚

2
1 −

𝑚1+𝑚2

𝑚

2
1 −

𝑚1−𝑚2

𝑚

2
, 𝜔1 𝑞𝑜𝑛 = 𝑞𝑜𝑛

2 +𝑚1
2

𝑘2
0 = 𝐸𝐶 =

𝑚2−𝑚𝑐
2+𝑚𝐴𝐵

2

𝑚
, 𝑘2 = Ԧ𝑝𝐶 = 𝑘2

0 2
−𝑚𝐶

2

𝑘1
0 = 𝑚 − 𝐸𝐴 = 𝑚 −

𝑚2−𝑚𝐴
2+𝑚𝐵𝐶

2

𝑚
, 𝑘1 = Ԧ𝑝𝐴 =

𝑚

2
1 −

𝑚𝐴+𝑚𝐵𝐶

𝑚

2
1 −

𝑚𝐴−𝑚𝐵𝐶

𝑚

2

cos 𝜃1 = −
2𝐸𝑐𝐸𝐴−(𝑚

2+𝑚𝐵
2−𝑚𝐴𝐵

2 −𝑚𝐵𝐶
2 )

2 Ԧ𝑝𝐶 Ԧ𝑝𝐴
.

Give a curve of 𝑚𝐴𝐵 −𝑚𝐵𝐶 Dalitz 
plot of on-shell condition !

(2) Additional physics condition: 

𝟎 < 𝜽 < 𝝅 𝑣4⊥1 ⋅ 𝑣3⊥1 < 0
1. 𝜃 = 0 :  ( 𝑣4 > 𝑣1 or 𝑣3∥1 > 𝑣1) 

2.  𝜃 = 𝜋 : ( 𝑣3∥1 > 𝑣1) 

4.  𝜙 = 𝜋 𝜃 = 𝜋 − 𝜃1 ∶ (𝑣4∥1 > 𝑣1 )
3.  𝜙 = 0 𝜃 = 𝜃1 :  (𝑣3 > 𝑣1 or 𝑣4∥1 > 𝑣1 )

preliminary

𝒗𝟒⊥𝟏=0

𝒗𝟑⊥𝟏=0
𝑣1 − 𝑣4∥1
|𝑣4⊥1|

+
𝑣1 − 𝑣3∥1
|𝑣3⊥1|

< 0

All vertices 

real happen

TS+on-shell & Special case

Not necessary real happen



Summary

• We discuss the box singularity condition.

a cb
𝑣4⊥1 ⋅ 𝑣3⊥1 < 0

𝑣1 − 𝑣4∥1
|𝑣4⊥1|

+
𝑣1 − 𝑣3∥1
|𝑣3⊥1|

< 0

All particles 
on-shell at 
one plane. 

a db c

𝑣4⊥1 ⋅ 𝑣3⊥1 > 0

𝑣1−𝑣4∥1

|𝑣4⊥1|
+

𝑣1−𝑣3∥1

|𝑣3⊥1|
< 0 or 

𝑣2−𝑣4∥1

|𝑣4⊥1|
+

𝑣2−𝑣3∥1

|𝑣3⊥1|
< 0

preliminary

……

……

𝑣4⊥1 > |𝑣3⊥1| 𝑣3⊥1 > |𝑣4⊥1|

Some cases are divergent 
but not means the collide 
or decay really happen.



Backup



If Integral Divergence, 
it should require the pole at

1. In the complex plane, the integral routine will be fixed 
between two singularity. 

2.For 𝑐𝑜𝑠𝜃， it is a one order singularity, thus, it will be 
convergence except at the edge. 



How about Box Singularity
ቤ

d𝑋 𝑞

𝑑𝑞
𝑞=𝑞𝑜𝑛

− อ
d ෨𝑌 𝑞

𝑑𝑞
𝑞=𝑞𝑜𝑛

< 0
𝑣1 − 𝑣4∥1
𝑣4⊥1

+
𝑣1 − 𝑣3∥1
𝑣3⊥1

< 0

ቤ
d𝑋 𝑞

𝑑𝑞
𝑞=𝑞𝑜𝑛

− อ
d ෨𝑌 𝑞

𝑑𝑞
𝑞=𝑞𝑜𝑛

= ቤ
d𝑋 𝑞

𝑑𝑞
𝑞=𝑞𝑜𝑛

−
d ෨𝑌

𝑑𝑌
ቤ

d𝑌 𝑞

𝑑𝑞
𝑞=𝑞𝑜𝑛

=
𝑘2
0

𝑘2𝑞𝑜𝑛

𝑞𝑜𝑛
𝜔1

−
𝑘2

𝑘2
0 cos 𝜃 +

sin 𝜃

𝑞𝑜𝑛 sin 𝜃1 ∓ 𝜃

𝑞𝑜𝑛
𝜔1

𝑘1
0

𝑘1
− cos 𝜃1 ∓ 𝜃

=
sin 𝜃

𝑞𝑜𝑛

𝑘2
0

𝑘2 sin 𝜃

𝑞𝑜𝑛
𝜔1

−
𝑘2 cos 𝜃

𝑘2
0 +

𝑘1
0

𝑘1 sin 𝜃1 ∓ 𝜃

𝑞𝑜𝑛
𝜔1

−
𝑘1 cos 𝜃1 ∓ 𝜃

𝑘1
0

=
sin 𝜃

𝑞𝑜𝑛

𝜔1 + 𝜔4

𝜔4 |𝑣4⊥1|

𝑞𝑜𝑛
𝜔1

−
𝑘2 cos 𝜃

𝜔1 + 𝜔4
+
𝜔1 + 𝜔3

𝜔3|𝑣3⊥1|

𝑞𝑜𝑛
𝜔1

−
𝑘1 cos 𝜃1 ∓ 𝜃

𝜔1 + 𝜔3

=
sin 𝜃

𝑞𝑜𝑛

1

|𝑣4⊥1|

𝑞𝑜𝑛
𝜔1

−
𝑘2 cos 𝜃 − 𝑞𝑜𝑛

𝜔4
+

1

|𝑣3⊥1|

𝑞𝑜𝑛
𝜔1

−
𝑘1 cos 𝜃1 ∓ 𝜃 − 𝑞𝑜𝑛

𝜔3

=
sin 𝜃

𝑞𝑜𝑛

𝑣1 − 𝑣4∥1
|𝑣4⊥1|

+
𝑣1 − 𝑣3∥1
|𝑣3⊥1|

𝑘1
0 = 𝜔1 + 𝜔3

𝑘2
0 = 𝜔1 + 𝜔4

|𝑣3⊥1| = 𝑘1 sin 𝜃1 ∓ 𝜃 /𝜔3

|𝑣4⊥1| = 𝑘2 sin 𝜃 /𝜔4

𝑣3∥1 = (𝑘1 cos 𝜃1 ∓ 𝜃 − 𝑞𝑜𝑛)/𝜔3

𝑣4∥1 = (𝑘2 cos 𝜃 − 𝑞𝑜𝑛)/𝜔4

B(k1-k2)

A(P-k1)

C(k2)
1

2
3

4

P
q

z

x

𝑞𝐶
𝑞1

𝑞4

𝜃
𝑘1

𝑞𝐴

𝜽𝟏

𝑞2𝑞3 𝜋 − 𝜃

𝑞1

𝑞4

𝑞2

𝑞3

preliminary


