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Structures Processes Loops I/F  Refs.
2.1 GeV [141] yp' — N*(2030) — K ' A(1405) K'Sr I 42
2.1 GeV o pt — KUA(1405), pp — pKtA(1405) K'Ex I [143]
1.88 GeV Al = a7 K*NK I [144, 145]*
N(1700) [10] N(1700) — 7A pNT I [146)
N(1875) [10] N(1875) — nN(1535) KA 147
A(L700) [148-150]  p — A(1700) — 7N (1535) — pr'n Anp 1 [151]
2.2 GeV [152] Al a¢p KA Fo[153]
1.66 GeV [154, 155] Al »a'Kp aghn, E*'gA F [156]
P.(4450) [35) A} = K- Jjyp A(1890)xp F  [157-160]"
N(1900)xap F  [159]

peaks relevant for P, A} — K J/up DA DM p [36, 158]
Structures Processes Loops I/F Refs.
p(1480) (78, 79] T p— pnn K'RK 80, 81]
7(1405/1475) [82 86]  n(1405/1475) — =f, K'RK 87 91
£1(1420) [92) KKK 89, 93 9]
(1420} [96, 97) K'KK [o7 99]
1.4 GeV [100] KKK [101)
1.42 GeV o), T Jolw) KKK 102, 103]

DY =t folag), B = J/im fylag) KKK (104, 105]

[2(1640) = mrp K'E*K [106]

7 v [1(1285) KKK [107]

Jip = KYK~ fi (ap) oK [108]

B o K DK 7 Dy KODI0K [109, 110]

B} - w'w BY KB i [11]
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Why is Triangle Singularity interesting ?

1.1t happens at a pure kinematic point

-> Model independent
2.The effect of Loop

-> Understand hadronic Loop contribution
3.Provide a peak structure

-> May mixing with resonance
4.To extract the nature of hadron

-> Study the coupling in the special point
5. ......
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Why Triangle Singularity interesting ?

Personally, the most important thing Is that we can extract
the information of 2 — 2 scattering process.




From Triangle Singularity to Box Singularity




Triangle Singularity

, i /d4 1 1 1
AV TP =92 —m2 +icq® — m3 +ic (po— q)2 — m2 + ic
A
BETans ~ /dscj’[Resl(mA + w1(q) — i€) + Res2(wsa(q) — i€) + Res3(E. + ws(pe — §) — i€)]
. [ @+ @)
~ 7 q) + h(q
ﬁ.‘l/\z‘.ﬁ. le(f)—wQ@ —wgdj—wgpc—(ﬂ+é
®o— —
/ \ >c c da = qon ‘I' 1€ - .
- o= Ec—\/q2+m§—\/1390+q2+m§—2|pc|q0089+ze:0
Actually Happened Process If Integral Divergence, Qb = Qon—1i€
(1) All particles are on mass—shell; it should require the pole at | cosf = _Aor1
(2) Particle 3 catch up particle 2.
o — /@2, +m3 — /5% + a2, +m3 — 2 |gon (A or 1) =0
: : End point 1
ingulari do pc or
S gU a ty 1 h ( w; ‘ ‘(% )) @6 —+ 1€ = O - — VI = (my + m2)?) (m3 — (my — my)%)
Two poles pinc ama
: : ’ v (v —ws3) <0
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Triangle Singularity: Physics & Math
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Actually Happened Process

(1) All particles are on mass—shell;

ZWQ%
\The condition for six particles.

(2) Particle 3 catch up particle 2.
(v —w3) <0
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preliminary

How about Box Singularity

1 1 1 1
—m?2 +ie(P—q)2—m2+ie(P—pa—q)2—m2+ie(q—pc)? —m?2+ie

Oz @0 = —w 4 1e(P — wo +i€IkY — ws + i kY — wy + i€

pa=P—k | P0+w2—z’e k) + wz —de k9 + wg — ie

ki =(P —FEA,pasinf;,0,p4 cosby) i 4
q = (qo, ¢sin 0 cos ¢, gsin O sin ¢, q cos H) ‘*’1—V§2+m?,wz—\/qﬂ+m§?w3—\/(kl—@2+m§,w4_\/((f_kQ)ngmi_
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. _ preliminary
How about Box Singularity

/ / a =P’ —w —ws +ie

q, 0,9

q,0

> 1
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I c:kg—wl—w4+7je
>

I

q

a = P% — w; — wy +ic
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. _ preliminary
How about Box Singularity

. Ioa v
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. _ preliminary
How about Box Slngularlty

ay C| [ &
1 0 — V@ +m3 — \/q + m32 + ic)
| 1
dS / dcosf

b _ (K9 — /% + m? — \/q% + k2 + m2 — 2qkacosf + ic)

a’ C 27 1

do
> > > ,/ O — /@2 +m? — \/k? + q2 + m?2 — 2k1q (sin 0 sin 0 cos ¢ + cos B cos ) + ic)

The discussion of three integrated variables:

1.g: one singularity is on q,,, + ie. Since the range of g is [0, ), thus it requires for another pinch
singularity, i.e., q,,, — i€, which is similar as Triangle Singularity.

2. cos 6 will have two singularity cases: end point & pinch

3. For ¢, actually it is only depend on cos ¢, and it is a 15t singularity. Thus, after integration, its
divergences only happen at the end point, i.e., ¢ = 0 or , which means that box singularity only
happens when all momenta on the same plane. Correspondingly, in Triangle Singularity case, all
momenta are on the on line.

As distinguished by rely on ¢ or not, we can divide our discussion into two cases:
6, = 0/m : nothing about ¢, ony g and cos @ are considered.
0 <60, <m:¢ = 0ormallmomenta are on one plane.

@ tanwemry
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preliminary __End point
Singularity

How about Box Singularity pinch

If @, = 0/m, it will be independent on ¢

ay Cp I &
o (P'— V¢ +mi— V¢ +m3+ie)
3 1 1 1
| d / dcosﬁ — i o 7 )
1 q% +m? — + ¢% + m3 F 2k1qcosd + ic
abe 1
P P> D (kS — v/q%2 + m? — \/q® + k2 + m3 — 2qkacos0 + ic)
. (%) 1
Flnd pOle / dq / dcos 1 1 X(g) = m3 —m} — m + 2k3\/q% + m? Y(q) = mj —mi — mhe + 20/ ¢ +mi
of cos@ 0 4= Gon — %€ J_1 cos@ F (Y(q) —ic) cos — (X (q) — ig) v 2kaq 2k1q

Pinch point for q, q,,, — i€ should be a singularity pole of terms related to X(q) and Y(q).
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preliminary __End point
Singularity

How about Box Singularity pinch

If @, = 0/m, it will be independent on ¢

ay Cp I &
0 (P°—/q>+mi— /¢ +mj+ic)
3 1 1 1
| d / dcosﬁ — i o 7 )
1 q% +m? — + ¢% + m3 F 2k1qcosd + ic
abe 1
D> P = (kS — v/q%2 + m? — \/q® + k2 + m3 — 2qkacos0 + ic)
. o0 1
Flnd pOle / dq / dcos 1 1 X(g) = m3 —m} — m + 2k3\/q% + m? Y(q) = mj —mi — mhe + 20/ ¢ +mi
of cos@ 0 44— qon —1€ J 4 cosf F (Y(q) —ic) cosf — (X (q) — ic) v= 2haq 2k1q

Pinch point for q, q,,, — i€ should be a singularity pole of terms related to X(q) and Y(q).
0, =0 cosO — (Y(qp, —ic") —ic) =0 and cos@ — (X(qyn, — i) —ic) =0 only end point divergent

(1) cosd =+1 o X(q,,) =Y(qy,) = +1 (For real part) & (v, > vy o0r v >v,;) (For imagery part)
(2) cosf = -1 X(qun) =Y(qyn) = —1 (For real part) but imagery part can not be satisfied

@ tessmxs ()
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preliminary __End point
Singularity

How about Box Singularity pinch

If @, = 0/m, it will be independent on ¢

ay Cp I &
o (P'— V¢ +mi— V¢ +m3+ie)
3 1 1 1
| d / dcosﬁ — i o 7 )
1 q% +m? — + ¢% + m3 F 2k1qcosd + ic
abe 1
P P> D (kS — v/q%2 + m? — \/q® + k2 + m3 — 2qkacos0 + ic)
. (%) 1
Flnd pOle / dq / dcos 1 1 X(g) = m3 —m} — m? + 2k3\/¢? + m? Y(q) = mj —mi — mhe + 20/ ¢ +mi
of cos@ 0 4= Gon — %€ J_1 cos@ F (Y(q) —ic) cos — (X (q) — ig) v 2kaq 2k1q

Pinch point for q, q,,, — i€ should be a singularity pole of terms related to X(q) and Y(q).
0, =0 cosO — (Y(qp, —ic") —ic) =0 and cosO — (X(qyn, — i) —ic) =0 only end point diversion

(1) cosd =+1 o X(q,,) =Y(qy,) = +1 (For real part) & (v, > vy o0r v >v,;) (For imagery part)

(2) cosf = -1 X(q,,) =Y(qy,) = —1 (For real part) but imagery part can not be satisfied
0, =m cosB + (Y(q,n, —i€) —ic) =0 and cosO — (X(q,, — i) —ic) =0 end point and pinch divergent

(1) cos =+1 o X(q,,) = -Y(qy,) = +1 (For real part) & (v, > v,;) (For imagery part)

(2) cosf = -1 X(q,,) = —-Y(qy,) = —1 (For real part) & (v3 >wv,) (For imagery part)

niversity of Chinese Academy of Sciences



preliminary Sty < PO

How about Box Singularity pinch

If ; = 0/m, it will be independent on ¢

al O’ 1 fo (PY — /g% + m? — \/q® + m2 + i€)
! 1
| d3 / dcos@
1 q? +m? k? + q% + m3 F 2k1qcosd + ic)
a b C \/ 1 \/ 1 3
- > - (kS — v/q%2 + m? — \/q® + k2 + m3 — 2qkacos0 + ic)
1 ~mi —mi —m& + 2k8\/¢® + m3
6, = m => Pinch point / / dcosd 1 1 *@) = g
— 1€ 1 cos 6 + - ?’E cos ) — X(q) o ZE) Y(q) mg —m? — mQB(« + Qk?\/m
v= Qiflq
[ [ =
/ 1 0 49— qon —1ic =Y (q ) + ie 0059 + (  cost — (X(q) =i Finite Value
43/ —PH A <_k1> _Y(Q(m - iE’) — X(qon — i€ ) +ie=0 & - Y(Qon) = X(Qon) = cost
/ (k,) d(Y (g) + X(q))
2 4 d=don 9=qon . .
d(Y(q) + X(q)) B ky  cosf KD _|_cos(9_ 1 (k‘_g_i_k_?) - SI”gUIarlty
dq 4=on B kQWI(QOn) don k1w (QOn) Qon wh (Q'on) ko k1

) FRATRRE
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. _ preliminary
How about Box Singularity

If ; = 0/m, it will be independent on ¢

a‘ O’ 1 fol — /@2 +m? — /g% +m3 +ic)
| ~ d3 /1 dcosﬁ !

— V@ +m? — \/k? + q2 + m2 F 2k1qcosh + ie)
abc VR

P > > \/q —I—m —\/q —|—k2—|-m4—2qucosé)—|—ze

0, = 0 => End point Only cos@ =1, physically, 51 = 56. 1 =Y (qon) = X(qon) %
> 1

Vg4 — V1 > 0 3and4 Vg4 — V1 > 0 onlydcatch Vg4 — V1 < 0 only 3 catch

both can with 1 with 1
v3 — V1 >0 cyehwin1s v3 —v1 <0 vz —v1 >0 f
M

A A

2
A —»C

0, = m => End point
_ < > 1 — _ Vs > v ] < 9 ﬁv/
cosf =1 wvy>v; 2] ! cos 6 1 vs iy L .:
- 4 1=Y(Ge) = ~X(@on) P ——
1 =-Y(qon) = X(qon) c on on > C
only 4 catch with 1 only 3 catch with 1 TS + On shell




preliminary

85

How about Box Singularity

For 81 = 0, some examples ; S —7
] 4 ] 850.-"'"- Vg > vy
150
a | O’ aug| 848@ —> >
5 845£
201
1002 _ aﬂ .
> 844 '\T\ A _’ ’ ’
Q‘?Q \\_

800 T N

B tanvemxsy (o . o 4
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For 8; = m, two examples

1 150 20

301 10
1002
> >
700 721. 45

2 < > 1
3 < S |
B <

only 4 catch with 1

ay of 250
100
501
1002
>
500 546. 942
1 < > 2
3 < A
B <« — >4

only 3 catch with 1 —

8401

7801

760+

740k

7201

B30

7401

700F

BE0

360
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. _ preliminary
How about Box Singularity

If 0 < 04 <m, it will be dependent on ¢

al C’ /OO dq
o (P°—+/@®+mi—/q*+m3 +ic)
| oo 1 E
d f dcosf ! :
a be /- — V@2 +m? — /¢ + k2 + m3 — 2gkacosl + ic) End point
P P = 27 . of cos ¢
d
/ qb — V@2 +m? — /E? + g2 + m2 — 2k1q (sin 0; sin @ cos ¢+ cos O cos §) + ie)

For ¢, it is only dependent on the cos ¢, only end point diversion need to consider, thus, we take
¢ = 0 or . In physically, it means that all momenta of the particles are in the one plane, while the
Triangle Singularity happen that all momenta are in the one line !

[o'e) d 1
~f q : Leest _ for¢p =0orm
o 4 — Gon — i€ )4 COS HW) — ic)

Pinch / End divergent of cos 8 At q,,, — i€

University of Chinese Academy of Sci



. _ preliminary
How about Box Singularity

If 0 < 04 <m, it will be dependent on ¢

al C’ /OO dq
1 1 0 (P°—+\/q2+m3?—+/q2 +m3 +ic)
~ <fa——-/u 0 !
abec /- o8 (k9 — /@2 + m2 — \/q% + k2 + m3 — 2qkacosf + ic) End point
> > - o 1 of cos ¢
/ dqb — V@2 +m? — /E? + g2 + m2 — 2k1q (sin 0; sin @ cos ¢+ cos O cos §) + ie)
J"o dq Jl d cos @ 1 for & = 0
~ : ; — ; orep =vorrm
0 4~ qon—1€) cos0 (X(q) — ie) cos(6, +0) — (Y(q) — ie) End divergent of cos ® At q,, — i
. 0=0-X(q)=+1 & Y(q) = +cos 819 &_(6]7*7: V1 O V31 > 1) These two cases can be combined
2. O0=m - X(q)=-1 & Y(q) =—cosb; & (773||1 > v,) with three cases in 68y =0/m .
0, =
3. =0 6=06, — X(q) = +cosf; & Y(q)=+1 & (V3> vy OF Va1 > V1)  When cos(0; T0) =1 or
4. = O=m—06; - X(@) =—cosb; & Y(q)=—1 & (vg1 >vy1) —1, it similar as @

has two poles with 8;t¢

University of Chinese Academy of Sci
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. _ preliminary
How about Box Singularity

If 0 < 04 <m, it will be dependent on ¢

a | C’ /OO dq
1 1 0o (PY—+/¢®>+m%—\/¢®>+m3+ie)
- 1
i dgq_ f dcost ! :
abec /- (k9 — /@ + m2 — \/q® + k2 + m2 — 2qkocosf + ic) ~ End point

P P = 27 . of cos ¢

/0 (k) — /@? + m? — /E? + g% + m2 — 2k1q (sin 0; sin @ cos ¢+ cos 0 cos §) + ie)
J"o dq jl d cos @ 1 for & = 0
~ : ; — ; orep =vorrm

o 47~ Qon = &4 COS 0 — (X(q) - lg) COS(Ql T 6) B (Y(q) B lg) Pinch divergent of cos @ At q,, — i€

COS(Q1 + 0) = Y(q) — l& 1=V 0-6,>0 o+6,<n

— . — ] sinf ; Sin(@ %6 {—m 0-6,<0 6+6,>n
c0sd = cos((0 F 6,) + 91):> cos8 =Y(q)cos B, +sin(6 + 0;) sin6; — Sn(@ T 6.) ie

3 Physics Condition
$ =0 cos@ =Y(q)cosO; ++/1—Y2(q)sinb; +ic=7V*(q) + ie 9—01<O: \ Dai1-Pat1 <O

¢d =1 cos® =Y(q)cosO; —/1—-Y2(q)sinB; +ie=YV"(q) +ic O+6,>n Vgiq - V3p1 <0

@tonsaxs

3 leave 4 back
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. _ preliminary
How about Box Singularity

If 0 < 04 <m, it will be dependent on ¢

Pinch divergent of cos 8 At q,, — i€
a9 G’ o dg ! 1 1
| 1 /0 q — Qon — 1€ /_1 deost cos — (X (q) — ig) cos(0; F0) — (Y(q) — ie)
3 = -
N/d D =0 cosf@=Y*(g)+ic 6-6,<0
aocC -
> > > =1 cosO=Y(q)+ic 6+6,>n

—

> d ! 1
/ __da f deost
0 q — Gon — € J_ >

/v Finite Value
[ e S
~ = cos —
cosf — (X(q) —i€) ¢og0 — (f/(q) + is) 0 94— Gon —1€ X(q) — Y(q) —ic J= l\cos@ — (X(q) —ig)  cosh — ({/\w =
> X(qon — i) — Y(Qon —ig')—ie=0 r
eal - » vzto + v3||1t + v4||1t’ = vl(to +t+ t,)
— X =Y — On-shell "
(or) (qmi) > ——— h = vz 1|t = |vg 4|t
Imagery dX(q) dY(q) < O Real vatn i lin )
d - Collision _
= Hard ! la=ton 4=Aon between 4 (w1 = v2)to = (vayr — V1)t + (Vags — v1)t’
vV, =V V=V
& ) U1 — W41 V1 — V31 i) 1 = — 1 41 als 1 301 h>0
‘ ’ i = |V414] |v314]
§ |Vg11] U314

o~ N

7V v T 1_

) FRNTRRE
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preliminary

) . How about Box Singularity
|

\ OO
‘ 1500 /d3 —}L a, bj C = 0 !
q
)/2; \ abc —
5000 2800

/

2400

Var1 V311 <0
1. — UV V1 — VD
41 "1 3L _
‘U%l1‘ V311
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. _ preliminary
How about Box Singularity

Summary of (1) it satisfies that all inter particles are on—shell with all
al c’ momenta are in the one plane, i.e., ¢ =0 or m.
| kg - wl(qon) - \/qgn + k% + mézl — 2qonk,ycos6 =0
P > P k? - wl(CIon) _ \/qgn + k% + m% — ZQOnkl COS(QI + 8) =0
Qon = ?J(l - (%)2) (1 - (%)2>’ wl(qon) =+ qgn +m%
) = Eg = "Iy = [l = (k)" —m? Give a curve of myug —mpg. Dalitz
k?zm—EAzm—%, ky = B4l = \/(1—(%)2)@—(%)2) plot of on—shell condition !
cos 6, = — 2EcEa—(m*+mE—mjp—mpc)
2pcllBal
(2) Additional physics condition: Da11=0 . 0=0: (v,>vy0r vgy>vy)
0<0<m Vai1 Va1 < 0 All vertices 2. O0=m : (v3"1 > vl) TS+on-shell & Special case
real happen Not necessary real happen
UV — U Vg — VU
L B, L Bl o v4,1=0 3. ¢=0 0=0;: (vz>v; or vy >vy)

4. ¢p=m O=m—01 : (Vg1 >7v1)

@ ranemry o . s A
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preliminary
Summary

« \We discuss the box singularity condition. -
All particles

Vg1 V351 <0 on—-shell at

a I G’
vy — Uy Vi — Vs one plane.
‘ + <0
| V411 |U311]
> > > Some cases are divergent
...... but not means the collide
or decay really happen.
: >
Vgy1° V331 >0
V1—Vy41 _I_v1—173||1 <0 or V2—=Vy41 +V2—V3||1 <0
'\ > |V411] |v311] |V411] |v311]
I : V4111 > [V314] V31| > Va4
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Backup




~ [ @] 1 @+ (@]
Q @—W2®@w2@—wspc—(f)+z,
4o = Qon T 1€ - |
EC_\/Q2+m§—\/]7%+q2+m§—2|pc|qcosf9+@ezo
If Integral Divergence, Qb = Qon—1€
it should require the pole at cosf = —1orl -

1. In the complex plane, the integral routine will be fixed
between two singularity.

dx dx ,
CERAE — Convergence (@ 1 ic)(x — ie) — Divergence

b — Qon —

2.For cos@, it is a one order singularity, thus, it will be
convergence except at the edge.

cosf=—1orl

L //_\v/\v/ﬁ\\ L T
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T ’ Box Si ari pteliminary
% v, — v v, — v c
dX(q) B dY(q) . , 1— Ve Y1 31t _ qﬂ
dq =q dq Va11 V311 a] o
—ton d=don >
dq d=don dq q=qon dq d=don ay dq d=don
kS k sin @ kY _ A (P-k
== (Clon ——2 cos 0) + : — (CIon -~ —cos(6; T 9)) (Pky)
kaoGqon \ @1 k5 Qon SIN(0; + 0) \ w1 k4 — B (k,—k.)
: 0 0 — 1Ky
_sin® k, qQonn, Kk, cOsB N k1 Qon  kqicos(6; +6) 3
" Qon \kpsinf \ wq k9 kysin(6; F 0) \ w; Kk !
_sinf [ w; + w, (qon k, cos 0) L O + w5 (%n k,cos(6; F 9)) p—> ?q p—C (k)
Qon \ W4 |Var1|\ w1 w1+t wy) w3lvzig|\wy Wy + W3 0
: _ ki = w1 + w3
_ S 0 1 <QOn _ ky cos 0 — qon ) n 1 <CI0n _ kicos(6; +0) — CIon> kY = w; + w,
don |v4-J_1| W1 ) |v3J_1| W1 w3 |U3J_1| = kl Siﬂ(@l + 9) /(1)3
_ sin 6 (Ul — U4||1 V1 — U3"1> |U4J_1| - k2 Sin(e) /(1)4,
Gon \ [Vaial V3 4] V311 = (k1 cos(0; + 0) — qon)/ w3

Va1 = (ky cos(8) — Qon)/ W4

& TafeTmxy
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