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Background & motivation

•Baryons containing two heavy quark in ChPT

•Properties of doubly heavy baryons new states
mass, magnetic moments, electromagnetic form factors, ...

•Too many LECs
Heavy diquark limits: MQ → ∞
Heavy diquark-antiquark symmetry: Related to heavy-light mesons

•Lagrangian for spin-1/2 doubly charmed baryons up to O(p4)

P.C. Qiu and D.L. Yao, PRD 103, 034006 (2021)



Purpose & requirements

•Construct the Lagrangians: Relativity/heavy diquark limits

•Relations between LECs
• Relations between relativity and heavy diquark limits

• Constraints of relativistic LECs

• Heavy diquark-antiquark symmetry limit

•Requirements
• Building blocks and their properties

• All linear relations



LR-basis in CHPT

•QCD Lagrangian
L = L 0

QCD + q̄(/v + /aγ5 − s + ipγ5)q
⟨aµ⟩ = 0, ⟨vµ⟩ ̸= 0, ⟨· · ·⟩ means tracing over the flavour space

•Chiral Lagrangians contains all possible terms order by order

•LR-basis
U, O(p0)

Fµν
R = ∂µrν − ∂νrµ − i[rµ, rν ], O(p2), rµ = vµ + aµ

Fµν
L = ∂µlν − ∂ν lµ − i[lµ, lν ], O(p2), lµ = vµ − aµ

χ = 2B0(s + ip), χ†, O(p2)



Building blocks in CHPT

•Building blocks
uµ = i{u†(∂µ − irµ)u − u(∂µ − ilµ)u†},
χ± = u†χu† ± uχ†u,
hµν = ∇µuν +∇νuµ,

fµν+ = uFµν
L u† + u†Fµν

R u,
fµν− = uFµν

L u† − u†Fµν
R u = −∇µuν +∇νuµ,

•Covariant derivative
∇µX ≡ ∂µX + [Γµ,X], Γµ =

1

2
{u†(∂µ − irµ)u + u(∂µ − ilµ)u†}



Doubly charmed baryons I

•Two triplets (ccq)

s = 1

2
: B =

Ξ++
cc
Ξ+

cc
Ω+

cc

 , s = 3

2
: Tµ =

Ξ∗++
cc
Ξ∗+

cc
Ω∗+

cc


•Covariant derivatives B̃ = B or Tµ

DµB̃ = (∂µ + Γµ) B̃

Dµν···ρ ≡ 1

n! (D
µDν · · ·Dρ︸ ︷︷ ︸

n

+all permutation of D′s)

•Chiral rotations
B̃ R−→ B̃′ = hB̃



Doubly charmed baryons II

•Heavy diquark limit: introducing a superfield ψµ

ψµ ∼ ulAµ
h

vµAµ
h = 0 , /vul = ul

ψµ = Tµ +

√
1

3
(γµ + vµ) γ5B,

ψ̄µ = T̄µ −
√

1

3
B̄γ5 (γµ + vµ)

Defining relative phase
v2 = 1

Only considering heavy diquark spin symmetry

L. Meng, S.L. Zhu, PRD100, 014006 (2019)



Structures of Lagrangians
•Relativity

L = LBB + LTT + LBT

=
∑

n
EnB̄ · · ·ΓDB +

∑
m

EmT̄ · · ·ΓDT

+
∑

p
Ep

(
B̄ · · ·ΓDT + h.c.

)
Γ: Clifford algebra, En,Em,Ep: LECs. Ignoring Lorentz indexes

•Heavy diquark symmetry
L =

∑
n

Fnψ̄
µ · · ·ψµ

The same indexes

All the building blocks’ properties are in these structures



Properties of LR-basis
LR-basis Chiral rotation C P

U gRUg†L UT U†

∇λ1
· · ·∇λnU gR∇λ1

· · ·∇λnUg†L (∇λ1
· · ·∇λnU)T (∇λ1 · · · ∇λnU)†

χ gRχg†L χT χ†

∇λ1
· · ·∇λnχ gR∇λ1

· · · ∇λnχg†L (∇λ1
· · ·∇λnχ)

T (∇λ1 · · ·∇λnχ)†

FR
µν gRFR

µνg†R −(FL
µν)

T Fµν
L

FL
µν gLFL

µνg†L −(FR
µν)

T Fµν
R

Covariant derivations

A → gRAg†L : DµA = ∂µA − irµA + iAlµ,
B → gLBg†R : DµB = ∂µB − ilµB + iBrµ,
C → gRCg†R : DµC = ∂µC − irµC + iCrµ,
D → gLDg†L : DµD = ∂µD − ilµD + iDlµ,

E → E : DµE = ∂µE

H.W. Fearing, S. Scherer, PRD 53, 315 (1996)



Properties of the building blocks I
•Chiral rotation (R):

u R−→ gLuh† = hug†R, u2 = U,
X R−→ X′ = hXh† (X are building blocks in CHPT)

B̃ R−→ B̃′ = hB̃ B̃ = B or Tµ

•Chiral dimension (Dim), P, C and h.c. (building blocks)

Dim P C h.c.
uµ 1 −uµ (uµ)T uµ

hµν 2 −hµν (hµν)T hµν

χ± 2 ±χ± (χ±)
T ±χ±

fµν± 2 ±f±µν ∓(fµν± )T fµν±



Properties of the building blocks II

•Chiral dimension (Dim), P, C and h.c. (γ matrices)
Dim PBB(TT) CBB(TT) H.c.BB(TT) PBT CBT H.c.BT

1 0 + + + − + +

γ5 1 − + − + + −
γµ 0 + − + − − +

γ5γ
µ 0 − + + + + +

σµν 0 + − + − − +

vµ 0 + − + + − +

ϵµνλρ 0 − + + + + +

DµB̃ 0 + − − + + +



Linear relations I
•Partial integration P̃ = P or P∗

0
.
= ˜̄B

↼

DµO···B̃′ + ˜̄BO···DµB̃′

“ .=” means that both sides are equal if high order terms are ignored

• Schouten identity
εµνλρAσ − εσνλρAµ − εµσλρAν − εµνσρAλ − εµνλσAρ = 0

•Covariant derivatives and Bianchi identity

0 = ∇µ∇νO −∇ν∇µO − 1

4
uµuνO +

1

4
uνuµO +

i
2

fµν+ O

+
1

4
Ouµuν − 1

4
Ouνuµ − i

2
Ofµν+

0 = ∇µfνλ+ +∇ν fλµ+ +∇λfµν+ +
i
2
[uµ, fνλ− ] +

i
2
[uν , fλµ− ] +

i
2
[uλ, fµν− ]



Linear relations II

•Equations of motion:

∇µuµ .
=

i
2

(
χ− − 1

Nf
⟨χ−⟩

)
,(

i /D − mB
)

B .
= 0,(

i /D − mT
)

Tµ .
= 0,

DµTµ .
= 0, γµTµ .

= 0,

vµψµ = 0 (Heavy diquark limit)

Constraining Γ, ϵ and covariant derivations

ϵµνλρΓDαβ···

N. Fettes, U.G. Meißner, M. Mojžiš, S. Steininger, Ann. Phys. 283, 273 (2000)

S.Z. Jiang, Y.R. Liu, H.Q. Wang, PRD 97, 014002 (2018)



Linear relations III
•All possible structures of Γ, ε and covariant derivations

O(p1)BB,BT :1,

O(p1)TT,O(p2)BB,BT :Dµ, γ5γ
µ,

O(p2)TT,O(p3)BB,BT :1,Dµν , γ5γ
µDν , σµν , ϵµνλρ,

O(p3)TT,O(p4)BB,BT :Dµ,Dµνλ, γ5γ
µ, γ5γ

µDνλ, σµνDλ, ϵµνλρDρ, ϵ
µνλρDσ,

O(p4)TT :1,Dµν ,Dµνλρ, γ5γ
µDν , γ5γ

µDνλρ, σµν , σµνDλρ,

ϵµνλρ, ϵµνλρDρ
σ
, ϵµνλρDσδ.



Linear relations IV
•Cayley-Hamilton relations:

p(λ) = det(A − λIn) = 0, p(A) = 0,

2× 2 : det(A) =
1

2
(⟨A⟩2 − ⟨A2⟩),

3× 3 : det(A) =
1

6
(⟨A⟩3 − 3⟨A⟩⟨A2⟩+ 2⟨A3⟩)

0 = AB + BA − A⟨B⟩ − B⟨A⟩ − ⟨AB⟩+ ⟨A⟩⟨B⟩ Nf = 2

0 = ABC + ACB + BAC + BCA + CAB + CBA − AB⟨C⟩ − AC⟨B⟩
− BA⟨C⟩ − BC⟨A⟩ − CA⟨B⟩ − CB⟨A⟩ − A⟨BC⟩ − B⟨AC⟩ − C⟨AB⟩
− ⟨ABC⟩ − ⟨ACB⟩+ A⟨B⟩⟨C⟩+ B⟨A⟩⟨C⟩+ C⟨A⟩⟨B⟩
+ ⟨A⟩⟨BC⟩+ ⟨B⟩⟨AC⟩+ ⟨C⟩⟨AB⟩ − ⟨A⟩⟨B⟩⟨C⟩ Nf = 3

H.W. Fearing, S. Scherer, PRD 53, 315 (1996)

J. Bijnens, G. Colangelo, G. Ecker, JHEP 9902, 020 (1999)



Linear relations V

•Contact terms: Only in the p4 order
Relativity

B̄⟨Fµν
L FLµν⟩B + h.c. B̄⟨Fµν

L FLµ
λ⟩DνλB + h.c.

B̄⟨Fµν
L ⟩⟨FLµν⟩B + h.c. B̄⟨Fµν

L ⟩⟨FLµ
λ⟩DνλB + h.c.

· · · · · ·
B̄⟨χχ†⟩B B̄ detχB + h.c. Nf = 2

Tµ⟨χχ†⟩Tµ Tµ detχTµ + h.c. Nf = 2

Heavy diquark symmetry

ψ̄µ⟨Fνλ
L FLν

λ⟩ψµ + H.c. ψ̄µ⟨Fνλ
L FLν

ρ⟩vλvρψµ + H.c.
· · · · · ·
ψ̄µ⟨χχ†⟩ψµ ⟨ψ̄µ detχψµ⟩+ H.c. Nf = 2



Constructing chiral Lagrangian

•Piling building blocks (all terms)

•C and Hermitian conjugate is invariant

•Picking out contact terms

•Removing linear dependent terms

•By computer

S.Z. Jiang, F.J. Ge, Q. Wang, PRD 89, 074048 (2014)
S.Z. Jiang, Q.S. Chen, Y.R. Liu, PRD 95, 014012 (2017)
S.Z. Jiang, Q.S. Chen, Y.R. Liu, Q.H. Yang, PRD 97, 054031 (2018)



LEC relations in the heavy diquark limit I

•Heavy diquark masses: MB → ∞, MT → ∞, M → ∞

•Redefine the independent terms Õn and LECs C̃n

Õn = On/Mr, C̃n = CnMr,
r is the number of covariant derivative acting on baryons
The dimensions of the relativistic LECs in O(pn) order are all the same

•Two methods

•Method I: B, T ⇒ ψ

too difficult to do



LEC relations in the heavy diquark limit II

•Method II: ψ ⇒ B, T We choose this one

ψ̄µψµ → T̄µTµ − B̄B

ψ̄µγ5γ
λψµ → T̄µγ5γλTµ +

1

3
B̄γ5γλB +

√
4

3
T̄λB +

√
4

3
B̄Tλ

ψ̄µσλρψµ → T̄µσλρTµ +
1

3
BσλρB −

√
4

3
iB̄γ5γρTλ

+

√
4

3
iB̄γ5γλTρ +

√
4

3
iT̄λγ5γρB −

√
4

3
iT̄ργ5γλB

The same as finding the independent terms



Check

•C symmetry in the calculation

•Redundant computation∑
k

RjkOk = 0, and independent O ′
k

⇒Dj =
∑

k

A′
jkO′

k ⇒ independent Dj

•By computer, unittest

•Compare with other references
nucleons, ∆, decuplets, spin-1/2 double charmed baryons, ...



Results

The forms of the results
L (m) =

∑
n

E(m)
n O(m)

n =
∑

n
Ẽ(m)

n Õ(m)
n , Nf = 3

L (m) =
∑

n
e(m)

n o(m)
n =

∑
n

ẽ(m)
n õ(m)

n , Nf = 2

L (m)
HD =

∑
n

F(m)
n P(m)

n , Nf = 3

L (m)
HD =

∑
n

f(m)
n p(m)

n , Nf = 2.

m: chiral dimension.



O(p1) order

•Relativity

L(1) = B̄(i /D − mB)B + T̄µ[gµν(i /D − mT) + iA(γµDν + γνDµ)

+
i
2
(3A2 + 2A + 1)γµ /Dγν + m2(3A2 + 3A + 1)γµγν ]Tν

+
E1

2
B̄uµγ5γ

µB +
E2

2
T̄µuλγ5γ

λTµ +
E3

2
(B̄uµTµ + H.c.). A ̸= 1

2

Ignoring A below

•Heavy diquark symmetry

L(1)
HQ = ψ̄ivµDµψ − 1

2
gψ̄uλγ5γ

λψ.

E1 =
1

3
E2 =

1

2
√
3

E3 = −1

3
g.



O(p2) order: Relativity
On SU(2) ẽ(2)n ẽ(2)n SU(3) Ẽ(3)

n Ẽ(3)
n

B̄uµuµB 1 −f(2)1 I 1 −F(2)
1 I

B̄uµuνDµνB 2 f(2)2 I 2 F(2)
2 I

iB̄uµuνσµνB 3 1
3

f(2)3 I 3 1
3

F(2)
3 I

B̄⟨uµuµ⟩B 4 −F(2)
4 I

B̄⟨uµuν⟩DµνB 5 F(2)
5 I

B̄f+
µνσµνB 4 1

3
f(2)4 I 6 1

3
F(2)
6 I

B̄⟨f+
µν⟩σµνB 5 1

3
f(2)5 I 7 1

3
F(2)
7 I

B̄χ+B 6 −f(2)6 I 8 −F(2)
8 I

B̄⟨χ+⟩B 7 −f(2)7 I 9 −F(2)
9 I

TµuµuνTν 8 −f(2)3 −3ẽ(2)3 10 −F(2)
3 −3Ẽ(2)

3

TµuνuµTν 9 f(2)3 3ẽ(2)3 11 F(2)
3 3Ẽ(2)

3

TµuνuνTµ 10 f(2)1 −ẽ(2)1 12 F(2)
1 −Ẽ(2)

1

TµuνuλDνλTµ 11 −f(2)2 −ẽ(2)2 13 −F(2)
2 −Ẽ(2)

2
Tµ⟨uµuν⟩Tν 14 0 0

Tµ⟨uνuν⟩Tµ 15 F(2)
4 −Ẽ(2)

4

Tµ⟨uνuλ⟩DνλTµ 16 −F(2)
5 −Ẽ(2)

5

iTµf+µ
νTν 12 2f(2)4 6ẽ(2)4 17 2F(2)

6 6Ẽ(2)
6

iTµ⟨f+µ
ν⟩Tν 13 2f(2)5 6ẽ(2)5 18 2F(2)

7 6Ẽ(2)
7

Tµχ+Tµ 14 f(2)6 −ẽ(2)6 19 F(2)
8 −Ẽ(2)

8

Tµ⟨χ+⟩Tµ 15 f(2)7 −ẽ(2)7 20 F(2)
9 −Ẽ(2)

9

B̄uµuνγ5γµTν + H.c. 16 − 2
√

3
3

f(2)3 −2
√

3ẽ(2)3 21 − 2
√

3
3

F(2)
3 −2

√
3Ẽ(2)

3

B̄uµuνγ5γνTµ + H.c. 17 2
√

3
3

f(2)3 2
√

3ẽ(2)3 22 2
√

3
3

F(2)
3 2

√
3Ẽ(2)

3
B̄⟨uµuν⟩γ5γµTν + H.c. 23 0 0

iB̄f+
µνγ5γµTν + H.c. 18 4

√
3

3
f(2)4 4

√
3ẽ(2)4 24 4

√
3

3
F(2)
6 4

√
3Ẽ(2)

6

iB̄⟨f+
µν⟩γ5γµTν + H.c. 19 4

√
3

3
f(2)5 4

√
3ẽ(2)5 25 4

√
3

3
F(2)
7 4

√
3Ẽ(2)

7



O(p2) order: Heavy diquark symmetry

Pn SU(2) SU(3)

ψ̄µuνuνψµ 1 1
ψ̄µuνuλvνvλψµ 2 2
iψ̄µuνuλσνλψµ 3 3
ψ̄µ⟨uνuν⟩ψµ 4
ψ̄µ⟨uνuλ⟩vνvλψµ 5
ψ̄µf+νλσνλψµ 4 6
ψ̄µ⟨f+νλ⟩σνλψµ 5 7
ψ̄µχ+ψµ 6 8
ψ̄µ⟨χ+⟩ψµ 7 9



O(p3) order: Relativity I
On SU(2) c̃(3)n c̃(3)n SU(3) C̃(3)

n C̃(3)
n

B̄uµuµuνγ5γνB + H.c. 1 1
3

f(3)1 I 1 1
3

F(3)
1 I

B̄uµuνuµγ5γνB 2 1
3

f(3)2 I 2 1
3

F(3)
2 I

B̄uµuνuλγ5γµDνλB + H.c. 3 − 1
3

f(3)3 I 3 − 1
3

F(3)
3 I

B̄uµuνuλγ5γνDµλB 4 − 1
3

f(3)4 I 4 − 1
3

F(3)
4 I

B̄⟨uµuµ⟩uνγ5γνB 5 1
3

F(3)
5 I

B̄⟨uµuµuν⟩γ5γνB 6 1
3

F(3)
6 I

B̄⟨uµuν⟩uλγ5γµDνλB 7 − 1
3

F(3)
7 I

B̄⟨uµuνuλ⟩γ5γµDνλB 8 − 1
3

F(3)
8 I

εµνλρB̄uµuνuλDρB 5 f(3)5 I 9 F(3)
9 I

εµνλρB̄⟨uµuνuλ⟩DρB 10 F(3)
10 I

B̄uµf−µ
νDνB + H.c. 6 f(3)6 I 11 F(3)

11 I

iB̄uµf−
νλσµνDλB + H.c. 7 1

3
f(3)7 I 12 1

3
F(3)
12 I

iB̄uµf−
νλσνλDµB + H.c. 8 1

3
f(3)8 I 13 1

3
F(3)
13 I

B̄uµhµνDνB + H.c. 9 f(3)9 I 14 F(3)
14 I

B̄uµhνλDµνλB + H.c. 10 −f(3)10 I 15 −F(3)
15 I

iB̄uµhνλσµνDλB + H.c. 11 1
3

f(3)11 I 16 1
3

F(3)
16 I

iB̄⟨uµf−
νλ⟩σµνDλB 17 1

3
F(3)
17 I

iB̄⟨uµf−
νλ⟩σνλDµB 18 1

3
F(3)
18 I

iB̄⟨uµhνλ⟩σµνDλB 19 1
3

F(3)
19 I

B̄∇µf−µ
νγ5γνB 12 1

3
f(3)12 I 20 1

3
F(3)
20 I

iB̄f+
µνuµγ5γνB + H.c. 13 1

3
f(3)13 I 21 1

3
F(3)
21 I

iεµνλρB̄f+µνuλDρB + H.c. 14 −f(3)14 I 22 −F(3)
22 I

iεµνλρB̄⟨f+µν⟩uλDρB 15 −f(3)15 I 23 −F(3)
23 I

iεµνλρB̄⟨f+µνuλ⟩DρB 24 −F(3)
24 I



O(p3) order: Relativity II
iB̄∇µf+µ

νDνB 16 −f(3)16 I 25 −F(3)
25 I

iB̄⟨∇µf+µ
ν⟩DνB 17 −f(3)17 I 26 −F(3)

26 I

B̄uµχ+γ5γµB + H.c. 18 1
3

f(3)18 I 27 1
3

F(3)
27 I

B̄⟨uµχ+⟩γ5γµB 19 1
3

f(3)19 I 28 1
3

F(3)
28 I

B̄⟨χ+⟩uµγ5γµB 29 1
3

F(3)
29 I

iB̄uµχ−DµB + H.c. 20 −f(3)20 I 30 −F(3)
30 I

iB̄∇µχ−γ5γµB 21 1
3

f(3)21 I 31 1
3

F(3)
31 I

iB̄⟨∇µχ−⟩γ5γµB 22 1
3

f(3)22 I 32 1
3

F(3)
32 I

Tµuµuνuλγ5γνTλ 23 −4f(3)14 4ẽ(3)14 33 ∗ ∗

Tµuµuνuλγ5γλTν + H.c. 24 3
2

f(3)5
3
2

ẽ(3)5 34 ∗ ∗
Tµuνuµuλγ5γλTν + H.c. 25 ∗ ∗ 35 ∗ ∗
Tµuνuνuλγ5γλTµ + H.c. 26 ∗ ∗ 36 ∗ ∗
Tµuνuλuµγ5γλTν 37 ∗ ∗
Tµuνuλuνγ5γλTµ 27 ∗ ∗ 38 ∗ ∗

Tµuνuλuργ5γνDλρTµ + H.c. 28 −f(3)3 3ẽ(3)3 39 −F(3)
3 3Ẽ(3)

3

Tµuνuλuργ5γλDνρTµ 29 −f(3)4 3ẽ(3)4 40 −F(3)
4 3Ẽ(3)

4

Tµ⟨uµuν⟩uλγ5γνTλ + H.c. 41 −3F(3)
10 −3Ẽ(3)

10

Tµ⟨uµuνuλ⟩γ5γνTλ 42 −6F(3)
10 −6Ẽ(3)

10

Tµ⟨uµuν⟩uλγ5γλTν 43 −3F(3)
10 −3Ẽ(3)

10

Tµ⟨uνuν⟩uλγ5γλTµ 44 F(3)
5 3Ẽ(3)

5

Tµ⟨uνuνuλ⟩γ5γλTµ 45 F(3)
6 3Ẽ(3)

6

Tµ⟨uνuλ⟩uργ5γνDλρTµ 46 −F(3)
7 3Ẽ(3)

7

Tµ⟨uνuλuρ⟩γ5γνDλρTµ 47 −F(3)
8 3Ẽ(3)

8
Tµuµf−

νλDνTλ + H.c. 30 ∗ ∗ 48 ∗ ∗



O(p3) order: Relativity III
Tµuν f−µ

λDνTλ + H.c. 31 ∗ ∗ 49 ∗ ∗
Tµuν f−µ

λDλTν + H.c. 32 ∗ ∗ 50 ∗ ∗

Tµuν f−ν
λDλTµ + H.c. 33 −f(3)6 −ẽ(3)6 51 −F(3)

11 −Ẽ(3)
11

TµuµhνλDνTλ + H.c. 34 0 0 52 0 0

TµuνhνλDλTµ + H.c. 35 −f(3)9 −ẽ(3)9 53 −F(3)
14 −Ẽ(3)

14

TµuνhλρDνλρTµ + H.c. 36 f(3)10 −ẽ(3)10 54 F(3)
15 −Ẽ(3)

15
Tµ⟨uµf−

νλ⟩DνTλ + H.c. 55 ∗ ∗
Tµ⟨uν f−µ

λ⟩DνTλ 56 ∗ ∗

iTµf+µ
νuλγ5γνTλ + H.c. 37 4f(3)14 −4ẽ(3)14 57 4F(3)

22 −4Ẽ(3)
22

iTµf+µ
νuλγ5γλTν + H.c. 38 −2f(3)14 2ẽ(3)14 58 −2F(3)

22 2Ẽ(3)
22

iTµ⟨f+µ
ν⟩uλγ5γνTλ + H.c. 39 2f(3)15 −2ẽ(3)15 59 2F(3)

23 −2Ẽ(3)
23

iTµ⟨f+µ
νuλ⟩γ5γνTλ + H.c. 60 2F(3)

24 −2Ẽ(3)
24

iTµ⟨f+µ
ν⟩uλγ5γλTν 40 −2f(3)15 2ẽ(3)15 61 −2F(3)

23 2Ẽ(3)
23

iTµ⟨f+µ
νuλ⟩γ5γλTν 62 −2F(3)

24 2Ẽ(3)
24

iTµ∇ν f+ν
λDλTµ 41 f(3)16 −ẽ(3)16 63 F(3)

25 −Ẽ(3)
25

iTµ⟨∇ν f+ν
λ⟩DλTµ 42 f(3)17 −ẽ(3)17 64 F(3)

26 −Ẽ(3)
26

Tµuνχ+γ5γνTµ + H.c. 43 f(3)18 3ẽ(3)18 65 F(3)
27 3Ẽ(3)

27

Tµ⟨uνχ+⟩γ5γνTµ 44 f(3)19 3ẽ(3)19 66 F(3)
28 3Ẽ(3)

28

Tµ⟨χ+⟩uνγ5γνTµ 67 F(3)
29 3Ẽ(3)

29

iTµuνχ−DνTµ + H.c. 45 f(3)20 −ẽ(3)20 68 F(3)
30 −Ẽ(3)

30

iTµ∇νχ−γ5γνTµ 46 f(3)21 3ẽ(3)21 69 F(3)
31 3Ẽ(3)

31

iTµ⟨∇νχ−⟩γ5γνTµ 47 f(3)22 3ẽ(3)22 70 F(3)
32 3Ẽ(3)

32

B̄uµuµuνTν + H.c. 48 4
√

3
3

f(3)1 4
√

3ẽ(3)1 71 2
√

3
3

F(3)
1 2

√
3Ẽ(3)

1

B̄uµuνuµTν + H.c. 49 2
√

3
3

f(3)2 2
√

3ẽ(3)2 72 2
√

3
3

F(3)
2 2

√
3Ẽ(3)

2



O(p3) order: Relativity IV
B̄uµuνuνTµ + H.c. 73 2

√
3

3
F(3)
1 2

√
3Ẽ(3)

1

B̄uµuνuλDµνTλ + H.c. 50 − 4
√

3
3

f(3)3 4
√

3ẽ(3)3 74 ∗ ∗

B̄uµuνuλDµλTν + H.c. 51 − 2
√

3
3

f(3)4 2
√

3ẽ(3)4 75 ∗ ∗
B̄uµuνuλDνλTµ + H.c. 76 ∗ ∗
iB̄uµuνuλσµνTλ + H.c. 52 0 0 77 0 0

iB̄uµuνuλσµλTν + H.c. 78 0 0

B̄⟨uµuµ⟩uνTν + H.c. 79 2
√

3
3

F(3)
5 2

√
3Ẽ(3)

5

B̄⟨uµuµuν⟩Tν + H.c. 80 2
√

3
3

F(3)
6 2

√
3Ẽ(3)

6

B̄⟨uµuν⟩uλDµνTλ + H.c. 81
√

3
3

F(3)
8 −

√
3Ẽ(3)

8
B̄⟨uµuν⟩uλDµλTν + H.c. 82 ∗ ∗
iB̄⟨uµuν⟩uλσµλTν + H.c. 83 0 0

B̄uµf−
νλγ5γµDνTλ + H.c. 53 ∗ ∗ 84 ∗ ∗

B̄uµf−
νλγ5γνDµTλ + H.c. 54 ∗ ∗ 85 ∗ ∗

B̄uµf−
νλγ5γνDλTµ + H.c. 55 ∗ ∗ 86 ∗ ∗

B̄f−
µνuλγ5γµDνTλ + H.c. 56 ∗ ∗ 87 ∗ ∗

B̄f−
µνuλγ5γµDλTν + H.c. 57 − 4

√
3

3
f(3)8 −4

√
3ẽ(3)8 88 − 4

√
3

3
F(3)
13 −4

√
3Ẽ(3)

13
B̄f−

µνuλγ5γλDµTν + H.c. 58 ∗ ∗ 89 ∗ ∗
εµνλρB̄uµf−νλTρ + H.c. 59 0 0 90 0 0

εµνλρB̄f−µνuλTρ + H.c. 60 0 0 91 0 0

B̄uµhνλγ5γµDνTλ + H.c. 61 − 4
√

3
3

f(3)11 −4
√

3ẽ(3)11 92 − 4
√

3
3

F(3)
16 −4

√
3Ẽ(3)

16

B̄uµhνλγ5γνDµTλ + H.c. 62 4
√

3
3

f(3)11 4
√

3ẽ(3)11 93 4
√

3
3

F(3)
16 4

√
3Ẽ(3)

16
B̄⟨uµf−

νλ⟩γ5γµDνTλ + H.c. 94 ∗ ∗

B̄⟨uµf−
νλ⟩γ5γνDµTλ + H.c. 95 − 4

√
3

3
F(3)
18 −4

√
3Ẽ(3)

18
B̄⟨uµf−

νλ⟩γ5γνDλTµ + H.c. 96 ∗ ∗
εµνλρB̄⟨uµf−νλ⟩Tρ + H.c. 97 0 0



O(p3) order: Relativity V

B̄⟨uµhνλ⟩γ5γµDνTλ + H.c. 98 − 4
√

3
3

F(3)
19 −4

√
3Ẽ(3)

19

B̄∇µf−µ
νTν + H.c. 63 2

√
3

3
f(3)12 2

√
3ẽ(3)12 99 2

√
3

3
F(3)
20 2

√
3Ẽ(3)

20

iB̄f+
µνuµTν + H.c. 64 2

√
3

3
f(3)13 2

√
3ẽ(3)13 100 2

√
3

3
F(3)
21 2

√
3Ẽ(3)

21

iB̄uµf+µ
νTν + H.c. 65 − 2

√
3

3
f(3)13 −2

√
3ẽ(3)13 101 − 2

√
3

3
F(3)
21 −2

√
3Ẽ(3)

21
iB̄f+

µνuλDµλTν + H.c. 66 0 0 102 0 0

B̄f+
µνuλσµνTλ + H.c. 67 0 0 103 0 0

B̄uµf+
νλσµνTλ + H.c. 68 0 0 104 0 0

iB̄⟨f+
µν⟩uµTν + H.c. 69 0 0 105 0 0

iB̄⟨f+
µνuµ⟩Tν + H.c. 106 0 0

iB̄⟨f+
µν⟩uλDµλTν + H.c. 70 0 0 107 0 0

iB̄⟨f+
µνuλ⟩DµλTν + H.c. 108 0 0

B̄⟨f+
µν⟩uλσµνTλ + H.c. 71 0 0 109 0 0

B̄⟨f+
µνuλ⟩σµνTλ + H.c. 110 0 0

B̄uµχ+Tµ + H.c. 72 2
√

3
3

f(3)18 2
√

3ẽ(3)18 111 2
√

3
3

F(3)
27 2

√
3Ẽ(3)

27

B̄χ+uµTµ + H.c. 73 2
√

3
3

f(3)18 2
√

3ẽ(3)18 112 2
√

3
3

F(3)
27 2

√
3Ẽ(3)

27

B̄⟨uµχ+⟩Tµ + H.c. 74 2
√

3
3

f(3)19 2
√

3ẽ(3)19 113 2
√

3
3

F(3)
28 2

√
3Ẽ(3)

28

B̄⟨χ+⟩uµTµ + H.c. 114 2
√

3
3

F(3)
29 2

√
3Ẽ(3)

29



O(p3) order: Relativity VI
The long relations in the third column

ẽ(3)25 = −
3

2
f(3)5 + 2f(3)14 , ẽ(3)26 = f(3)1 −

1

2
f(3)13 , ẽ(3)27 = f(3)2 + f(3)13 , ẽ(3)30 = f(3)7 + f(3)11 , ẽ(3)31 = −2f(3)8 + 2f(3)11 ,

ẽ(3)32 = f(3)7 + f(3)11 , ẽ(3)53 =
2
√

3

3
f(3)7 +

2
√
3

3
f(3)11 , ẽ(3)54 = −

4
√
3

3
f(3)8 +

4
√
3

3
f(3)11 , ẽ(3)55 =

2
√
3

3
f(3)7 −

2
√
3

3
f(3)11 ,

ẽ(3)56 =
2
√
3

3
f(3)7 −

2
√
3

3
f(3)11 , ẽ(3)58 =

2
√

3

3
f(3)7 + 2

√
3f(3)11 .

The long relations in the fourth column

ẽ(3)25 = −
3

2
ẽ(3)5 − 2ẽ(3)14 , ẽ(3)26 = 3ẽ(3)1 −

3

2
ẽ(3)13 , ẽ(3)27 = 3ẽ(3)2 + 3ẽ(3)13 , ẽ(3)30 = 3ẽ(3)7 + 3ẽ(3)11 ,

ẽ(3)31 = −6ẽ(3)8 + 6ẽ(3)11 , ẽ(3)32 = 3ẽ(3)7 + 3ẽ(3)11 , ẽ(3)53 = 2
√
3ẽ(3)7 + 2

√
3ẽ(3)11 , ẽ(3)54 = −4

√
3ẽ(3)8 + 4

√
3ẽ(3)11 ,

ẽ(3)55 = 2
√
3ẽ(3)7 − 2

√
3ẽ(3)11 , ẽ(3)56 = 2

√
3ẽ(3)7 − 2

√
3ẽ(3)11 , ẽ(3)58 = 2

√
3ẽ(3)7 + 6

√
3ẽ(3)11 .

The long relations in the sixth column

Ẽ(3)
33 = −F(3)

9 + 3F(3)
10 − 2F(3)

22 , Ẽ(3)
34 = F(3)

9 + 3F(3)
10 + F(3)

22 , Ẽ(3)
35 = −F(3)

9 + 3F(3)
10 + F(3)

22 ,

Ẽ(3)
36 = F(3)

1 −
1

2
F(3)
21 , Ẽ(3)

37 = F(3)
9 + 3F(3)

10 − 2F(3)
22 , Ẽ(3)

38 = F(3)
2 + F(3)

21 ,

Ẽ(3)
48 = F(3)

12 + F(3)
16 , Ẽ(3)

49 = −2F(3)
13 + 2F(3)

16 , Ẽ(3)
50 = F(3)

12 + F(3)
16 ,

Ẽ(3)
55 = F(3)

17 + F(3)
19 , Ẽ(3)

56 = −2F(3)
18 + 2F(3)

19 , Ẽ(3)
74 = −

2
√
3

3
F(3)
3 −

2
√
3

3
F(3)
8 ,

Ẽ(3)
75 = −

2
√
3

3
F(3)
4 −

2
√
3

3
F(3)
8 , Ẽ(3)

76 = −
2
√
3

3
F(3)
3 −

2
√
3

3
F(3)
8 , Ẽ(3)

82 = −
2
√
3

3
F(3)
7 +

2
√
3

3
F(3)
8 ,



O(p3) order: Relativity VII

Ẽ(3)
84 =

2
√
3

3
F(3)
12 +

2
√
3

3
F(3)
16 , Ẽ(3)

85 = −
4
√
3

3
F(3)
13 +

4
√
3

3
F(3)
16 , Ẽ(3)

86 =
2
√
3

3
F(3)
12 −

2
√
3

3
F(3)
16 ,

Ẽ(3)
87 =

2
√
3

3
F(3)
12 −

2
√
3

3
F(3)
16 , Ẽ(3)

89 =
2
√
3

3
F(3)
12 + 2

√
3F(3)

16 , Ẽ(3)
94 =

2
√
3

3
F(3)
17 +

2
√

3

3
F(3)
19 ,

Ẽ(3)
96 =

2
√
3

3
F(3)
17 −

2
√
3

3
F(3)
19 .

The long relations in the seventh column

Ẽ(3)
33 = −Ẽ(3)

9 + 3Ẽ(3)
10 + 2Ẽ(3)

22 , Ẽ(3)
34 = Ẽ(3)

9 + 3Ẽ(3)
10 − Ẽ(3)

22 , Ẽ(3)
35 = −Ẽ(3)

9 + 3Ẽ(3)
10 − Ẽ(3)

22 ,

Ẽ(3)
36 = 3Ẽ(3)

1 −
3

2
Ẽ(3)
21 , Ẽ(3)

37 = Ẽ(3)
9 + 3Ẽ(3)

10 + 2Ẽ(3)
22 , Ẽ(3)

38 = 3Ẽ(3)
2 + 3Ẽ(3)

21 ,

Ẽ(3)
48 = 3Ẽ(3)

12 + 3Ẽ(3)
16 , Ẽ(3)

49 = −6Ẽ(3)
13 + 6Ẽ(3)

16 , Ẽ(3)
50 = 3Ẽ(3)

12 + 3Ẽ(3)
16 ,

Ẽ(3)
55 = 3Ẽ(3)

17 + 3Ẽ(3)
19 , Ẽ(3)

56 = −6Ẽ(3)
18 + 6Ẽ(3)

19 , Ẽ(3)
74 = 2

√
3Ẽ(3)

3 + 2
√
3Ẽ(3)

8 ,

Ẽ(3)
75 = 2

√
3Ẽ(3)

4 + 2
√

3Ẽ(3)
8 , Ẽ(3)

76 = 2
√
3Ẽ(3)

3 + 2
√
3Ẽ(3)

8 , Ẽ(3)
82 = 2

√
3Ẽ(3)

7 − 2
√
3Ẽ(3)

8 ,

Ẽ(3)
84 = 2

√
3Ẽ(3)

12 + 2
√

3Ẽ(3)
16 , Ẽ(3)

85 = −4
√
3Ẽ(3)

13 + 4
√
3Ẽ(3)

16 , Ẽ(3)
86 = 2

√
3Ẽ(3)

12 − 2
√
3Ẽ(3)

16 ,

Ẽ(3)
87 = 2

√
3Ẽ(3)

12 − 2
√
3Ẽ(3)

16 , Ẽ(3)
89 = 2

√
3Ẽ(3)

12 + 6
√
3Ẽ(3)

16 , Ẽ(3)
94 = 2

√
3Ẽ(3)

17 + 2
√
3Ẽ(3)

19 ,

Ẽ(3)
96 = 2

√
3Ẽ(3)

17 − 2
√
3Ẽ(3)

19 .



O(p3) order: Heavy quark symmetry

Pn SU(2)SU(3) Pn SU(2)SU(3)

ψ̄µuνuνuλγ5γλψµ + H.c. 1 1 ψ̄µ⟨uν f−λρ⟩σνλvρψµ 17
ψ̄µuνuλuνγ5γλψµ 2 2 ψ̄µ⟨uν f−λρ⟩σλρvνψµ 18
ψ̄µuνuλuργ5γνvλvρψµ + H.c. 3 3 ψ̄µ⟨uνhλρ⟩σνλvρψµ 19
ψ̄µuνuλuργ5γλvνvρψµ 4 4 ψ̄µ∇ν f−ν

λγ5γλψµ 12 20
ψ̄µ⟨uνuν⟩uλγ5γλψµ 5 iψ̄µf+νλuνγ5γλψµ + H.c. 13 21
ψ̄µ⟨uνuνuλ⟩γ5γλψµ 6 εµνλρψ̄σ f+µνuλvρψσ + H.c. 14 22
ψ̄µ⟨uνuλ⟩uργ5γνvλvρψµ 7 εµνλρψ̄σ⟨f+µν⟩uλvρψσ 15 23
ψ̄µ⟨uνuλuρ⟩γ5γνvλvρψµ 8 εµνλρψ̄σ⟨f+µνuλ⟩vρψσ 24
iεµνλρψ̄σuµuνuλvρψσ 5 9 ψ̄µ∇ν f+ν

λvλψµ 16 25
iεµνλρψ̄σ⟨uµuνuλ⟩vρψσ 10 ψ̄µ⟨∇ν f+ν

λ⟩vλψµ 17 26
iψ̄µuν f−ν

λvλψµ + H.c. 6 11 ψ̄µuνχ+γ5γνψµ + H.c. 18 27
ψ̄µuν f−λρσνλvρψµ + H.c. 7 12 ψ̄µ⟨uνχ+⟩γ5γνψµ 19 28
ψ̄µuν f−λρσλρvνψµ + H.c. 8 13 ψ̄µ⟨χ+⟩uνγ5γνψµ 29
iψ̄µuνhν

λvλψµ + H.c. 9 14 ψ̄µuνχ−vνψµ + H.c. 20 30
iψ̄µuνhλρvνvλvρψµ + H.c. 10 15 iψ̄µ∇νχ−γ5γνψµ 21 31
ψ̄µuνhλρσνλvρψµ + H.c. 11 16 iψ̄µ⟨∇νχ−⟩γ5γνψµ 22 32



O(p4) order

Relativity

L (4) =
876∑

m=1

C(4)
m O(4)

m , Nf = 3

L (4) =
446∑

m=1

c(4)m o(4)
m , Nf = 2

Heavy diquark symmetry

L (4) =
208∑

m=1

D(4)
m P(4)

m , Nf = 3

L (4) =
112∑

m=1

d(4)
m p(4)

m , Nf = 2



Heavy diquark-antiquark symmetry

Related to heavy-light mesons
An example

d(2)
1 ⟨HuµuµH̄⟩ ∼ f(2)1 ψ̄µuνuνψµ

ẽ(2)1 ∼ −f(2)1 ∼ −d(2)
1 ∼ 1

2
c̃(2)1 ∼ −1

2
c̃(2)7

c̃ and d are defined in S.Z. Jiang, Y.R. Liu, Q.H. Yang, PRD, 99, 074018 (2019)



Summary

•Giving the doubly charmed baryons chiral Lagrangian up to O(p4)

order

•Giving the relations between the relativistic and the heavy diquark
symmetry LECs to O(p3) order

•Related to heavy-light mesons



Thank you!
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