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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

nØµe

Ì�?Öµ

B ≡ 〈M ′′(p′′)|q̄′′1 (k ′′1 )Γq′1(k ′1)|M ′(p′)〉 , Γ = σµν , σµνγ5, ... (1)

The SLF QM :

Ý
�µ

BSLF =
∑

h′1,h
′′
1 ,h2

∫
dx d2k′⊥
(2π)3 2x

ψ′′
∗
(x , k′′⊥)ψ′(x , k′⊥)S ′′†h′′1 ,h2

(x , k′′⊥)

×Ch′′1 ,h
′
1
(x , k′⊥, k

′′
⊥)S ′h′1,h2

(x , k′⊥) , (2)

Ù¥§Ch′′1 ,h
′
1
(x , k′⊥, k

′′
⊥) ≡ ūh′′1 (x , k′′⊥)Γuh′1 (x , k′⊥)¶
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

nØµe

»�Å¼êψ(x , k⊥)µ

ψs(x , k⊥) =4
π

3
4

β
3
2

√
∂kz
∂x

exp

[
−k2

z + k2
⊥

2β2

]
, (3)

ψp(x , k⊥) =

√
2

β
ψs(x , k⊥) , (4)

g^;�Å¼êSh1,h2 (x , k⊥)µ Phys. Rev. D 41 (1990) 3405;Phys. Rev. D 69 (2004) 074025;

Sh1,h2 =
ū(k1, h1)ΓMv(k2, h2)√

2M̂0

, (5)

Ù¥§M̂2
0 = M2

0 − (m1 −m2)2¶P§S§VÚA0f�º��ÎΓMµ

ΓP = γ5 , ΓS =
M̂2

0

2
√

3M0
, ΓV = − 6 ε̂+ ε̂·(k1−k2)

DV ,LF
,

Γ1A = − 1
D1,LF

ε̂ · (k1 − k2)γ5 , Γ3A = − M̂2
0

2
√

2M0

[
6 ε̂+ ε̂·(k1−k2)

D3,LF

]
γ5 , (6)

Ù¥§DV ,LF = M0 + m1 + m2§D1,LF = 2§D3,LF = M̂2
0/(m1 −m2)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

nØµe

The CLF QM :

Figure: Ý
�B¤ùã

Ý
�µ

BCLF = Nc

∫
d4k ′1
(2π)4

HM′HM′′

N ′1 N
′′
1 N2

iS · (EM′ E
∗
M′′) , (7)

Ù¥§EP,S = 1§EV ,A = εµ§

S = Tr
[
Γ ( 6k ′1 + m′1) (iΓM′ ) (−6k2 + m2) (iγ0Γ†

M′′γ
0)( 6k ′′1 + m′′1 )

]
(8)

iΓP = −iγ5 , ΓS = −i , iΓV = i
[
γµ − (k1−k2)µ

DV ,con

]
, iΓ1A = i (k1−k2)µ

D1,con
γ5 ,

iΓ3A = i
[
γµ + (k1−k2)µ

D3,con

]
γ5 , D(V ,1,3).con = M + m1 + m2, 2,M2/(m1 −m2) (9)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

nØµe

Manifestly covariant expression
integrating out k−−−−−−−−−−−−−−−→ LF expression

ék ′−1 È©�§Ý
�B�LF/ªµ

B̂CLF = Nc

∫
dxd2k′⊥
2(2π)3

hM′hM′′

x̄ N̂ ′1 N̂
′′
1

Ŝ · (EM′E
∗
M′′) . (10)

A^type-I§-IIµ

N1 → N̂1 = x(M2 −M2
0 ) , S → Ŝ , (11)

χM = HM/N1 → hM/N̂1 , Dcon → DLF (type-I)

χM = HM/N1 → hM/N̂1 , M → M0 (type-II) . (12)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

nØµe

P§S§V§A0fº��LF/ªµ

hP/N̂ = hV /N̂ =
1√
2Nc

√
x̄

x

ψs

M̂0

, (13)

hS/N̂ =
1√
2Nc

√
x̄

x

M̂ ′20

2
√

3M ′0

ψp

M̂0

, (14)

h1A/N̂ =
1√
2Nc

√
x̄

x

ψp

M̂0

, (15)

h3A/N̂ =
1√
2Nc

√
x̄

x

M̂ ′20

2
√

2M ′0

ψp

M̂0

. (16)

?n§��TraceI����µ Jaus, Phys. Rev. D 60 (1999) 054026;

H. Y. Cheng, Phys. Rev. D 69 (2004) 074025

k̂ ′µ1 → PµA
(1)
1 + qµA

(1)
2 + ...(ω,C(j)

i ) ,

k ′µ1 N̂2 → qµ
[
A

(1)
2 Z2 +

q · P
q2

A
(2)
1

]
, (17)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

nØµe

k̂ ′µ1 k̂ ′ν1 → gµνA
(2)
1 + PµPνA

(2)
2 + (Pµqν + qµPν)A

(2)
3 + qµqνA

(2)
4

+
Pµων + ωµPν

ω · P B
(2)
1 + ...(ω,C(j)

i ) ,

k̂ ′µ1 k̂ ′ν1 N̂2 → gµνA
(2)
1 Z2 + qµqν

(
A

(2)
4 Z2 + 2

q · P
q2

A
(1)
2 A

(2)
1

)
+

Pµων + ωµPν

ω · P B
(3)
3 + ...(ω,C(j)

i ) ,

· · · · ··
Ù¥§P = p′ + p′′§q = p′ − p′′§AÚBµ

A
(1)
1 =

x

2
, A

(1)
2 =

x

2
−

k′1⊥ · q⊥
q2

,

A
(2)
1 = −k′21⊥ −

(k′1⊥ · q⊥)2

q2
, A

(2)
2 = (A

(1)
1 )2

A
(2)
3 = A

(1)
1 A

(1)
2 , A

(2)
4 = (A

(1)
2 )2 −

1

q2
A

(2)
1 , B

(2)
1 =

x

2
Z2 +

k2
⊥
2
,

Z2 = N̂′1 + m′21 −m2
2 + (x̄ − x)M′2 + (q2 + q · P)

k′1⊥ · q⊥
q2

, (18)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

P→ P,S:

P → P, SL§Üþ/GÏf�½Âµ

〈P ′′(p′′)|q̄′′1 σµνq′1|P ′(p′)〉 =i(Pµqν − Pνqµ)
FT (q2)

M ′ + M ′′
, (19)

〈S ′′(p′′)|q̄′′1 σµνγ5q
′
1|P ′(p′)〉 =i(Pµqν − Pνqµ)

UT (q2)

M ′ + M ′′
, (20)

nØ(Jµ

F̃SLF
T =− 2(M ′ + M ′′)(m′1k′′⊥ · q⊥ −m′′1 k′⊥ · q⊥ − xm2q2

⊥)

q2
⊥

, (21)

F̃CLF
T =2(M ′ + M ′′)

[
m′1 − (m′1 + m′′1 − 2m2)A

(1)
1 − (m′1 −m′′1 )A

(1)
2

]
, (22)

F̃ val.
T =F̃CLF

T , (23)

ŨSLF
T =

M̂ ′′20

2
√

3M ′′0
F̃SLF
T [m′′1 → −m′′1 ] , (24)

ŨCLF
T =F̃CLF

T [m′′1 → −m′′1 ] , (25)

Ũval.
T =ŨCLF

T . (26)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

éuP → P,SL§�Üþ/GÏfO = FT (q2)§UT (q2):

vkgU5¯K¶

vkzero-mode�A¶

[O]SLF = [O]val. = [O]CLF = [O]full"
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

P→ V,A:

P → VL§Üþ/GÏf�½Âµ

〈V (p′′, ε)|q̄′′1 σµνqν q′1|P(p′)〉 =εµναβε∗νPαqβT1(q2) , (27)

〈V (p′′, ε)|q̄′′1 σµνγ5qν q′1|P(p′)〉 =− i
[
(M ′2 −M ′′2)εµ∗ − ε∗ · qPµ

]
T2(q2)

− iε∗ · q
[
qµ − q2

M ′2 −M ′′2
Pµ
]
T3(q2) ,

(28)

P → AL§Üþ/GÏf�½Âµ

〈 iA(p′′, ε)|q̄′′1 σµνγ5qν q′1|P(p′)〉 =− εµναβε∗νPαqβT
(i)
1 (q2) , (29)

〈 iA(p′′, ε)|q̄′′1 σµνqν q′1|P(p′)〉 =i
[
(M ′2 −M ′′2)εµ∗ − ε∗ · qPµ

]
T

(i)
2 (q2)

+ iε∗ · q
[
qµ − q2

M ′2 −M ′′2
Pµ
]
T

(i)
3 (q2) ,

(30)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

P → VL§Üþ/GÏf�nØ(JµT̃1,2,3

T̃SLF
1 =

1

(M ′2 −M ′′2 + q2
⊥)

1

xx̄

{
2x(xm2 + x̄m′1)(xm2 + x̄m′′1 )(M ′2 −M ′′2)

+ 2x2(M ′2 −M ′′2)k′⊥ · k′′⊥ + (xm2 + x̄m′1)
[
xm2 + x̄(x − x̄)m′1 + 2xx̄m′′1

]
q2
⊥

− [2x2m2
2 + x̄(x − x̄)m′21 − x̄m′′21 ]k′⊥ · q⊥

+ 2(x̄ − x)k′′⊥ · q⊥k′⊥ · k′′⊥ + (1− 2xx̄)k′⊥ · k′′⊥q2
⊥

+
2

D ′′V

[
xx̄(M ′2 −M ′′2)

[
(m′1 + m′′1 )k′⊥ · k′′⊥ − (xm2 + x̄m′1)k′′⊥ · q⊥

]
− (m′1 + m′′1 )(x̄m′1 + xm2)(x̄m′′1 − xm2)k′′⊥ · q⊥

+ x̄(xm2 + x̄m′1)(k′′⊥ · q⊥)2 − xx̄
(
m′1 + m′′1

)
(k′⊥ · q⊥)2 + xx̄

(
m′1 + m′′1

)
k′2⊥q2

⊥

+ (x − x̄)(m′1 + m′′1 )k′′⊥ · q⊥k′⊥ · k′′⊥ − x̄(x̄m′′1 − xm2)k′⊥ · q⊥k′′⊥ · q⊥
]}

,

T̃SLF
2 =T̃ SLF

1 +
q2

(M ′2 −M ′′2) (M ′2 −M ′′2 + q2
⊥)

1

x2x̄

{
· · ·
}
,

T̃SLF
3 =

M ′2 −M ′′2

q2

[
T̃ SLF

1 − T̃ SLF
2

]
+

2
(
M ′2 −M ′′2

)
xx̄ (M ′2 −M ′′2 + q2

⊥) q2
⊥

{
· · ·
}
,

(31)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

T̃ val.
1 =

1

x̄ (M ′2 −M ′′2 + q2
⊥)

{
− 2k′⊥ · q⊥k′′2⊥ + k′⊥ · k′′⊥q2

⊥ − x̄(2x − 1)k′′⊥ · q⊥M ′2

+ 2x̄
[
m′1m

′′
1 − x(m′1 −m2)(m′′1 −m2)

]
(M ′2 −M ′′2 + q2

⊥) + m2
2q2
⊥

+ 2x(M ′2 −M ′′2)(k′⊥ · k′′⊥ + m2
2) + k′⊥ · q⊥(x̄M ′′2 − 2m2

2)

+
2

D ′′V ,con

(m′1 + m′′1 )
[
k′⊥ · q⊥k′′2⊥ + k′′⊥ · q⊥(m2

2 − x̄2M ′2)

+ x̄k′⊥ · k′′⊥(M ′2 −M ′′2)
]}

,

T̃ val.
2 =T̃ val.

1 − q2

(M ′2 −M ′′2) (M ′2 −M ′′2 + q2
⊥)

1

x̄

{
· · ·
}
,

T̃ val.
3 =

M ′2 −M ′′2

q2

[
T̃ val.

1 − T̃ val.
2

]
+

2
(
M ′2 −M ′′2

)
x̄ (M ′2 −M ′′2 + q2

⊥) q2
⊥

{
· · ·
}
, (32)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

T̃CLF
1 = (2x̄ − 1)

(
m′21 + N̂ ′1

)
+ m′′21 + N̂ ′′1 + q2

⊥

+ 2
(
x̄m′1m

′′
1 + xm′1m2 + xm′′1 m2

)
− 8A

(2)
1 + 2

(
M ′2 −M ′′2

)(
A

(1)
1 + 2A

(2)
2 − 2A

(2)
3

)
+ 2q2

⊥

(
A

(1)
1 − 2A

(1)
2 − 2A

(2)
3 + 2A

(2)
4

)
− 4

D ′′V ,con

(m′1 + m′′1 )A
(2)
1 ,

T̃CLF
2 = · ·· ,

T̃CLF
3 = · · · .

(33)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

P →1AL§Üþ/GÏf�nØ(JµT̃
(1)
1,2,3

T̃
(1) ,SLF
1,2,3 =T̃ SLF

1,2,3 [D ′′-terms only ,D ′′V → D ′′1 ,m
′′
1 → −m′′1 ] ,

T̃
(1) ,val.
1,2,3 =T̃ val.

1,2,3[D ′′-terms only ,D ′′V ,con → D ′′1,con,m
′′
1 → −m′′1 ] ,

T̃
(1) ,CLF
1,2,3 =T̃CLF

1,2,3 [D ′′-terms only ,D ′′V ,con → D ′′1,con ,m
′′
1 → −m′′1 ] . (34)

P →3AL§Üþ/GÏf�nØ(JµT̃
(3)
1,2,3

T̃
(3) ,SLF
1,2,3 =

M̂ ′′20

2
√

2M ′′0
T̃ SLF

1,2,3 [D ′′V → D ′′3 ,m
′′
1 → −m′′1 ] ,

T̃
(3) ,Val.
1,2,3 =T̃Val.

1,2,3

[
D ′′V ,con → D ′′3,con ,m

′′
1 → −m′′1

]
,

T̃
(3) ,CLF
1,2,3 =T̃CLF

1,2,3

[
D ′′V ,con → D ′′3,con ,m

′′
1 → −m′′1

]
. (35)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

CLF QM�gU5µ

P → VÜþ/GÏfT1�B¼ê�'�zµ

B̃µB(Γ = σµνqν) =4
B

(2)
1

ω · P

[
− εδναβPδqνωαε∗βP

µ+εµναβPνωαε
∗
β

(
M′2 −M′′2

)
+εµναβqνωαε

∗
β

(
M′2 −M′′2

)
−εµναβPνqαωβ(q · ε∗)

m′1 + m′′1
D′′V ,con

]
,

(36)

T̃B
1 =



[
− 2(M′2 −M′′2) + (M′2 −M′′2 + q2

⊥)
m′1+m′′1
D′′
V ,con

]
1

M′′2
B

(2)
1 , λ = 0[

2(M′2 −M′′2)− q2
⊥

m′1+m′′1
D′′
V ,con

]
2

M′2−M′′2+q2
⊥
B

(2)
1 , λ = +[

1 +
m′1+m′′1
D′′
V ,con

] 2q2
⊥

M′2−M′′2+q2
⊥
B

(2)
1 . λ = −

(37)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

Table: Bc → D∗L§�Üþ/GÏfT1(q2
⊥) 3q2

⊥�ØÓ���ê�(J

Bc → D∗ [T1]SLF [T1]val. [T1]CLF [T1]fullλ=0 [T1]fullλ=+ [T1]fullλ=−

q2
⊥ = 0GeV2

type-I 0.106 0.106 0.094 0.118 0.081 0.094

type-II 0.106 0.106 0.106 0.106 0.106 0.106

q2
⊥ = 4GeV2

type-I 0.072 0.072 0.063 0.079 0.055 0.062

type-II 0.073 0.073 0.073 0.073 0.073 0.073

q2
⊥ = 9GeV2

type-I 0.046 0.045 0.040 0.049 0.035 0.038

type-II 0.047 0.047 0.047 0.047 0.047 0.047
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

λ=0

λ=+
λ=-

: type-I
: type-II

q⊥
2=0GeV2

0.0 0.2 0.4 0.6 0.8 1.0
-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

x

Δ
BB
c
→
D

*

(x
)

(a)

λ=0

λ=+
λ=-

: type-I
: type-II

q⊥
2=9GeV2

0.0 0.2 0.4 0.6 0.8 1.0
-0.15

-0.10

-0.05

0.00

0.05

0.10

0.15

x

Δ
BB
c
→
D

*

(x
)

(b)

Figure: Bc → D∗�[L§�∆B(x)-x'Xã

½Âµ∆B(x) ≡ d[F ]Bλ
dx = Nc

∫ d2k′⊥
2(2π)3

χ′Vχ
′′
V

x̄ F̃
B
λ
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

éuP → V ,AL§Üþ/GÏfO = T1,2,3(q2)§T
(1,2)
1,2,3 (q2):

3type-I�Y¥µNc

∫ dxd2k′⊥
2(2π)3

χ′Vχ
′′
V

x̄ B̃B 6= 0

=⇒[Q]fullλ=0 6= [Q]fullλ=+ 6= [Q]fullλ=− , (type-I) (38)

3type-II�Y¥µNc

∫ dxd2k′⊥
2(2π)3

χ′Vχ
′′
V

x̄ B̃B = 0

=⇒[Q]fullλ=0=̇[Q]fullλ=+=̇[Q]fullλ=− (type-II) (39)
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Outline

IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

CLF QM��C5µ

P → VÜþ/GÏfT2,3�B¼ê�'�zµ

B̃µB(Γ = σµνγ5qν) =4i
B

(2)
1

ω · P

{
− Pµ(ω · ε∗)q2

(
1 +

m′1 −m′′1 − 2m2

D′′V ,con

)

+ qµ(ω · ε∗)
(
M′2 −M′′2

)(
1 +

m′1 −m′′1 − 2m2

D′′V ,con

)

−ωµ(q · ε∗)
[
q2

(
1 +

m′1 −m′′1 − 2m2

D′′V ,con

)

+
(
M′2 −M′′2

)(
1 +

m′1 −m′′1
D′′V ,con

)]}
. (40)

type-IµÜþ�ÎÝ
���C5�»�"

type-IIµ�C5¯K�±)û"
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IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

zero-mode�zµ

P → V ,AL§�Üþ/GÏfÉ�zero-mode�z�K�µ

[F ]CLF = [F ]val. + [F ]z.m. (41)

Type-II

Type-I

:q⊥
2=0GeV2

:q⊥
2=4GeV2

:q⊥
2=9GeV2

0.0 0.2 0.4 0.6 0.8 1.0

-0.10

-0.05

0.00

0.05

x

d[
T
1B
c
→
D

*

(q
⊥2
)]

.m
./d
x

[Q]z.m. 6= 0 (type-I) , [Q]z.m.=̇0 (type-II) (42)
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IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

CLF QM/#0�gU5¯Kµ
H. Y Cheng and C. K. Chua, Phys. Rev. D 81 (2010) 114006;

P → VL§Üþ/GÏfµT our
1 = TCC

1 §T our
2,3 6= TCC

2,3 (type-I)

�ÏµéÝ
�BP→V
CLF [Γ = σµνγ5]¥�§��¦,Ü©Sµνλ�?n�ªØÓ"

±Ù¥���~µ[Sµνλ ]last term = −2iεµνρσεσλαβ k
′
1ρk
′α
1 (P + q)β

ð�ªµ

εµνρσεσλαβ = [gµλ (gναg
ρ
β − gραg

ν
β ) + gνλ (gραg

µ
β − gµαg

ρ
β ) + gρλ(gµαg

ν
β − gναg

µ
β )] ,

[Ŝµνλ ]CC
last term = 2igνλg

µ
αg

ρ
β [gαρ A

(2)
1 + PαPρA

(2)
2 + (Pρq

α + qρP
α)A

(2)
3

+ qαqρA
(2)
4 ](P + q)β + ... (43)

[Sµνλ ]ourslast term = −2igνλk
′µ
1 k ′1 · (P + q) + ...

= −2igνλk
′µ
1

(
M ′2 + m′21 + m′21 −m2

2 − N2 + N ′1
)

+ ... ,

(44)
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IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

[Ŝµνλ ]CC
last term =2igνλ

{
Pµ
[
A

(2)
1 + (3M ′2 −M ′′2 − q2)A

(2)
2 + (M ′2 −M ′′2 + q2)A

(2)
3

]
+ qµ

[
A

(2)
1 +

(
3M ′2 −M ′′2 − q2

)
A

(2)
3 +

(
M ′2 −M ′′2 + q2

)
A

(2)
4

]}
+ ... , (45)

[Ŝµνλ ]ours
last term =2igνλ

{
Pµ
(
M ′2 + m′21 −m2

2+N̂ ′1

)
A

(1)
1

+ qµ
[(

M ′2 + m′21 −m2
2+N̂ ′1 − Z2

)
A

(1)
2 −

M ′2 −M ′′2

q2
A

(2)
1

]}
+ ... .

(46)
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IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

½Âµ∆FCLF(x ,q2
⊥) ≡ d[F ]CLF

ours

dx − d[F ]CLF
CC

dx , F = T2 and T3

type-I

type-II

q⊥
2  0GeV2

:T2
:T3

0.0 0.2 0.4 0.6 0.8 1.0

-0.4

-0.2

0.0

0.2

0.4

x

Δ
C
LF

B
c
→
D
*

(x
)

(a)

type-I

type-II

q⊥
2  9GeV2

:T2
:T3

0.0 0.2 0.4 0.6 0.8 1.0

-0.2

-0.1

0.0

0.1

0.2

x

Δ
C
LF

B
c
→
D
*

(x
)

(b)

Figure: Bc → D∗L§�∆
T2,3

CLF(x)-x'Xã
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IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

ê�(J�©Û

[T2,3]CLF
ours − [T2,3]CLF

CC =
∫ 1

0 dx ∆
T2,3

CLF(x) 6= 0 (type-I)

=⇒ [T2,3]CLF
ours 6= [T2,3]CLF

CC /#0�gU5¯K

[T2,3]CLF
ours − [T2,3]CLF

CC =
∫ 1

0 dx ∆
T2,3

CLF(x) = 0 (type-II)

=⇒ [T2,3]CLF
ours =̇[T2,3]CLF

CC ê�(JgU

P → A�[�Üþ/GÏf��3��aq�/#0�gU

5¯K"
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IOÚ�C1c�{eP → P, S, V , AL§Üþ/GÏf�ïÄ

�(

�(µ

DÚCLF QM�gU5Ú�C5¯Kk�Ó�
§þ�±Ï

Ltype-II�Y�±)û"

3type-II�Y¥§zero-modeé0fPC�Üþ/GÏf�ê�(

Jvk�z"

[Q]SLF=[Q]val.=̇[Q]CLF (type-II)¶

3DÚCLF QM¥§éuB(σµνγ5)§3O�¥?n§��trace�

�YØÓ�¬����/#�0gU5¯K"T¯KÓ��±Ï

Ltype-II�±)û"
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ïÄÄÅ

B∗0f�5�µ

Table: BÚB∗0f��þ(GeV)

0f �þ 0f �þ

B− 5.279 B∗− 5.325

B0 5.280 B∗0 5.325

B0
s 5.367 B∗0s 5.415

B−c 6.275 B∗−c 5.332

B∗u,d ,s,c�þfêµ

n2s+1LJ = 13S1ÚJP =

1−¶

B∗qÚBq�§�|©��

�Ó¶

4m = mB∗q −mBq .

50MeV < mπ

B∗q0fPC

±B∗q → BqγL§�Ì
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ïÄÄÅ

Υ(nS)0f�5�µ

Υ(nS)0f´ uBB̄K�e�.§�ó�âf"

Υ(nS)0f�þfêµIGJPC = 0−1−−"

Υ(nS)0fÌ�´ÏLr�p�^Ú>^�p�^�L§u

)PC"

B(Υ(1S)→ ggg) = (81.7± 0.7)%

29 / 46



Outline

b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ïÄÄÅ

Belle-II

1 cÈ©�Ý�8I∼
13ab−1"

2 )¤�¡µσ(e+e− →
Υ(5S)) = 0.301nb"

3 zcò¬

k4× 109(B∗u,d + B̄∗u,d)§

2× 109(B∗s + B̄∗s )"

Figure: Bell-II �$1G�
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ïÄÄÅ

LHC

Figure: LHC �$1G�

�'ue+e−�éE§pp�éE�¡��éõ§�A/§

3LHCþÂ8��bb̄êâ���"
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

nØµe�(J

Figure: ¤ùã

3SM¥§ÏLb → c`−ν̄`L§Úå�V ′ → V ′′`−ν̄` �$Uk�M�îþ�µ

Heff(b → c`−ν̄`) =
GF√

2
Vcb[c̄γµ(1− γ5)b][¯̀γµ(1− γ5)ν`] , (47)

V ′ → V ′′`−ν̄`��PC�Ì���µ

| M(V ′ → V ′′`−ν̄`) |2 =
G 2

F | Vcb |2

2
| 〈V ′′ | c̄γµ(1− γ5)b | V ′〉¯̀γµ(1− γ5)ν` |2

≡ G 2
F | Vcb |2

2
LµνH

µν , (48)
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

nØµe�(J

�\��5'Xµ ∑
m,n

ε̄µ(m)ε̄∗ν(n)gmn = gµν , (49)

�Ì����±?�ÚL«�µ

| M(V ′ → V ′′`−ν̄`) |2=
G 2
FV

2
cb

2

∑
m,m′,n,n′

L(m, n)H(m′, n′)gmm′gnn′ , (50)

Ú^ÝÐm��{

3Ð�¥þ0f��%X¥érfÜ©�¤O�

3"��f`− ν̄`��%X¥é�fÜ©�¤O�

æ^Wigner’s dJ¼êÜ¿rfÜ©Ú�fÜ©�Ú^Ý�Ì§�

ª��LµνH
µν
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

nØµe�(J

rfÚ^Ý�Ìµ

V ′ → V ′′`−ν̄`��PC�rfÚ^Ý�ÌHλW∗λV ′λV ′′§Ù½ÂXeµ

HλW∗λV ′λV ′′ = Hµ(λV ′λV ′′)ε̄
∗µ(λW∗) (51)

Ù¥§V ′ → V ′′�rfÝ
��±�ëêz�µ

〈V ′′(ε2, pV ′′)|c̄γµb|V̄ ′(ε1, pV ′)〉 = (ε1 · ε∗2 )[−PµV1(q2) + qµV2(q2)]

+
(ε1 · q)(ε∗2 · q)

m2
V ′ −m2

V ′′
[PµV3(q2)− qµV4(q2)]

− (ε1 · q)ε∗2µV5(q2) + (ε∗2 · q)ε1µV6(q2) , (52)

〈V ′′(ε2, pV ′′)|c̄γµγ5b|V̄ ′(ε1, pV ′)〉 = − iεµναβε
α
1 ε
∗β
2 [PνA1(q2)− qνA2(q2)]

− iε∗2 · q
m2

V ′ −m2
V ′′
εµναβε

ν
1P

αqβA3(q2)

+
iε1 · q

m2
V ′ −m2

V ′′
εµναβε

∗ν
2 PαqβA4(q2) , (53)
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

nØµe�(J

·��±��10��"�rfÚ^Ý�ÌHλW∗λV ′λV ′′ �µ

H0++(q2) = −m2
V ′ −m2

V ′′√
q2

A1(q2) +
√

q2A2(q2) +
2mV ′ |~p|√

q2
V1(q2),

Ht++(q2) = −2mV ′ |~p|√
q2

A1(q2) +
m2

V ′ −m2
V ′′√

q2
V1(q2)−

√
q2V2(q2),

H−+0(q2) = −m2
V ′ + 3m2

V ′′ − q2

2mV ′′
A1(q2) +

m2
V ′ −m2

V ′′ − q2

2mV ′′
A2(q2) + ...

...

...

Ht00(q2) =
(m2

V ′ + m2
V ′′ − q2)(m2

V ′ −m2
V ′′)

2mV ′′mV ′′
√
q2

V1(q2)− ... (54)

¯¢þ§¦+HλW∗λV ′λV ′′k4× 3× 3 = 36«ØÓ�|Ü�§���=

�λV ′ = λV ′′ − λW ∗ �§rfÚ^Ý�ÌØ�"
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

nØµe�(J

LµνH
µν:

ò�fÜþUìWigner’s dJ¼êÐm§V ′ → V ′′`−ν̄`��PC

¥LµνH
µν�±��µ

LµνH
µν =

1

8

∑
λ`,λν̄` ,J,J

′

λW∗ ,λ
′
W∗

(−1)J+J′ | hλ`,λν̄` |
2δλV ′ ,λV ′′−λW∗ δλV ′ ,λV ′′−λ′W∗

×dJ
λW∗ ,λ`− 1

2
dJ′

λ′
W∗ ,λ`−

1
2
HλW∗λV ′λV ′′Hλ′W∗λV ′λV ′′

, (55)

1 Ì�Äþ�IJÚJ ′H�1Ú0"

2 λ′W∗,V ′,V ′′H�+1,−1Ú0"

3 λ`�IH�+ 1
2
Ú− 1

2
"

4 λν̄`�I=k+ 1
2
"

1 ½Âµ

hλ`,λν̄` = ū`(λ`)γ
µ(1−

γ5)vν̄( 1
2 )ε̄µ(λW ∗)

2 | h− 1
2 ,

1
2
|2= 8(q2 −m2

`)

3 | h 1
2 ,

1
2
|2= 8

m2
`

2q2 (q2 −m2
`)
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

nØµe�(J

V­�©°Ý:

ØÓ�fÚ^�(λ` = ± 1
2 )�V ′ → V ′′`−ν̄` ��PC�V­�©°Ýµ

d2Γ[λ` = −1/2]

dq2d cos θ
=

G 2
F | Vcb |2| ~p |
256π3m2

V ′

1

3
q2(1− m2

`

q2
)2

×[(1− cos θ)2(H2
+0+ + H2

+−0) + (1 + cos θ)2(H2
−0− + H2

−+0)

+2 sin2 θ(H2
0++ + H2

0−− + H2
000)] ,

d2Γ[λ` = 1/2]

dq2d cos θ
=

G 2
F | Vcb |2| ~p |
256π3m2

V ′

1

3
q2(1− m2

`

q2
)2 m

2
`

q2

×[sin2 θ(H2
+0+ + H2

+−0 + H2
−0− + H2

−+0)

+2(Ht++ − cos θH0++)2 + 2(Ht−− − cos θH0−−)2

+2(Ht00 − cos θH000)2] , (56)

ª¥ 1
3Ïf´éÐ�¥þ0f�g^¦²þÚ\�"
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ê�(J�©Û

(I) B̄∗ → V `ν̄`

Γtot(B∗)µ

31c§��.¥§B∗ → BγPCL§�°Ý�±��µ

Γ(B∗ → Bγ) =
α

3
[e1I (m1,m2, 0) + e2I (m2,m1, 0)]2 κ3

γ ,

I (m1,m2, q
2) =

∫ 1

0

dx

8π3

∫
d2k⊥

ψ(x , k′⊥)ψ(x , k⊥)

xM̃0M̃ ′0

×
{
A+

2

M0

[
k2
⊥ −

(k⊥ · q⊥)2

q2
⊥

]}
, (57)

Ù¥α´°[(�~ê§κγ = (m2
B∗ −m2

B)2/2mB∗ ´u�1f�Uþ"

Γtot(B∗+) ' Γ(B∗+ → B+γ) = (349± 18)eV ,

Γtot(B∗0) ' Γ(B∗0 → B0γ) = (116± 6)eV ,

Γtot(B∗0
s ) ' Γ(B∗0

s → B0
s γ) = (84+11

−9 )eV ,

Γtot(B∗+
c ) ' Γ(B∗+

c → B+
c γ) = (49+28

−21)eV . (58)
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ê�(J�©Û

/GÏfµ

A1

A2

A3
A4

-10 -5 0 5 10
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F
B*
Æ
D
*
Hq2
L

(a)

V1

V2
V3
V4

V5

V6

-10 -5 0 5 10
0.0

0.5

1.0

1.5

2.0

q2

F
B*
Æ
D
*
Hq2
L

(b)

Fi (q
2) =

Fi (0)

1− a(q2/M2
B∗) + b(q2/M2

B∗)
2
, (59)

þª¥§FiL«�´/GÏfA1−4ÚV1−6
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ê�(J�©Û

B(B̄∗ → V `−ν̄`)µ

Decay mode This Work BS[1] HQS[2]

B̄∗− → D∗0`′−ν̄`′ 8.42+0.23+0.11+0.45
−0.24−0.24−0.42 × 10−8 1.26× 10−7 6.41× 10−8

B̄∗− → D∗0τ−ν̄τ 2.26+0.08+0.03+0.12
−0.08−0.06−0.11 × 10−8 2.74× 10−8 1.29× 10−8

B̄∗0 → D∗+`′−ν̄`′ 2.51+0.08+0.03+0.13
−0.07−0.07−0.12 × 10−7 − 1.92× 10−7

B̄∗0 → D∗+τ−ν̄τ 6.73+0.24+0.09+0.35
−0.25−0.19−0.32 × 10−8 − 3.88× 10−8

B̄∗0
s → D∗+

s `′−ν̄`′ 3.46+0.17+0.05+0.41
−0.17−0.10−0.41 × 10−7 4.63× 10−7 2.53× 10−7

B̄∗0
s → D∗+

s τ−ν̄τ 9.10+0.60+0.12+1.07
−0.59−0.26−1.07 × 10−8 1.05× 10−7 5.05× 10−8

B̄∗−c → J/ψ`′−ν̄`′ 5.44+0.33+0.07+4.06
−0.33−0.16−2.00 × 10−7 5.37× 10−7 2.91× 10−7

B̄∗−c → J/ψτ−ν̄τ 1.43+0.13+0.02+1.07
−0.12−0.04−0.52 × 10−7 1.49× 10−7 5.65× 10−8

[1].semi-leptonic decays of B∗, B∗s , B∗c with the Bethe-Salpeter method

J. Phys. G 45 (2018) 11, 115001;

[2].Semileptonic decays of B(∗), D(∗) into ν` and pseudoscalar or vector mesons

Phys. Rev. D 98 (2018) 3, 036004
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ê�(J�©Û

Ôn�*ÿþR∗VÚF ∗VL µ

Observable Prediction Observable Prediction

R∗D∗ 0.269+0.003
−0.003 F ∗D

∗

L 0.304+0.003
−0.004

R∗D∗s 0.263+0.005
−0.005 F

∗D∗s
L 0.306+0.005

−0.006

R∗J/ψ 0.262+0.009
−0.007 F

∗J/ψ
L 0.303+0.006

−0.007

R∗D∗ = 0.217 , R∗D∗s = 0.227 , R∗J/ψ = 0.277 , BS method

R∗D∗ = 0.202 , R∗D∗s = 0.200 , R∗J/ψ = 0.194 , HQS (60)

B̄∗ → V `−ν̄`��PC�p�4z©êF
∗(V )
L µ

F ∗VL =
ΓλV =0(B̄∗ → V τ−ν̄τ )

Γ(B̄∗ → V τ−ν̄τ )
, (61)
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ê�(J�©Û

:V=D*

:V=Ds
*

:V=J/ψ

4 6 8 10
0.0

0.2

0.4

0.6

0.8

q2[GeV2]

R
V*

R∗VµR∗D∗ ' R∗D∗s ' R∗J/ψ

F ∗D
∗

L µF ∗D
∗

L ' F
∗D∗s
L ' F

∗J/ψ
L ' 30%§

=⇒ B̄∗ → V τ−ν̄τ��PC´±î�4z��Ì�"w,Ù

�B̄ → V τ−ν̄τ���PCL§ØÓ§�ö´±p�4z��Ì"
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

ê�(J�©Û

(II)Υ(1S , 2S)→ B∗c `ν̄`

B(Υ(nS)→ B∗c `ν̄`):

PCL§ ©|'

Υ(1S)→ B∗c `
′
ν̄`′ 5.48+0.07+0.13+0.59

−0.16−0.12−0.62 × 10−10

Υ(1S)→ B∗c τ ν̄τ 1.17+0.02+0.03+0.15
−0.03−0.03−0.13 × 10−10

Υ(2S)→ B∗c `
′
ν̄`′ 1.86+0.03+0.17+0.17

−0.05−0.14−0.21 × 10−9

Υ(2S)→ B∗c τ ν̄τ 6.60+0.09+0.59+0.59
−0.19−0.50−0.90 × 10−10
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b → c`−ν̄`Úå�¥þ0f��PC�ïÄ

�(

�(µ

¤kÏLb → c`−ν̄`L§�B̄∗ → V `−ν̄`��PC�©|'þ

O > 10−9§3LHCÚBell-II�¢�&ÿ��S"

Υ(1S , 2S)→ B∗c `
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