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1 Introduction

2 Family Gauge Symmetry
SO(3)
SU(3)

3 Summary
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Introduction

SU(3)× SU(2)L × U(1)

R/G/B
2/3

1/2

2.3MeV

up

u

R/G/B
−1/3

1/2

4.8MeV

down

d
−1

1/2

511 keV

electron

e

1/2

< 2 eV

e neutrino

νe

R/G/B
2/3

1/2

1.28 GeV

charm

c

R/G/B
−1/3

1/2

95MeV

strange

s

−1

1/2

105.7MeV

muon

µ

1/2

< 190 keV

µ neutrino

νµ

R/G/B
2/3

1/2

173.2 GeV

top

t

R/G/B
−1/3

1/2

4.7 GeV

bottom

b
−1

1/2

1.777 GeV

tau

τ

1/2

< 18.2MeV

τ neutrino

ντ
±1

1

80.4 GeV

W±
1

91.2 GeV

Z

1
photon

γ

color

1
gluon

g

0

125.1 GeV

Higgs

H
粒
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物
理
标
准
模
型
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Introduction

sin2(θ12) = 0.307± 0.013, sin2(θ23) = 0.539± 0.02,

sin2(θ13) = (2.20± 0.07)× 10−2 PDG(2020)

VTB =


√

2
3

√
1
3 0

−
√

1
6

√
1
3

√
1
2√

1
6 −

√
1
3

√
1
2

 : Tri-Bimaximal mixing: H. P. S. (2002)

(1)

Vν =


2√
6
cν

1√
3

2√
6
sν

− 1√
6
cν − 1√

2
sν

1√
3

1√
2
cν − 1√

6
sν

− 1√
6
cν + 1√

2
sν

1√
3

− 1√
2
cν − 1√

6
sν

 (2)

≡ VTB

 cν 0 sν
0 1 0

−sν 0 cν

 SO(3) YLWu(2008) (3)
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Family Gauge Symmetry: SO(3)

Representations

ΨU =

 u
c
t

 ,

 νe
νµ
ντ

 , ΨD =

 d
s
b

 ,

 e
µ
τ

 , (4)

T a/2 : (T a)bc = −iϵabc. and Aa
µ, (a, b, c = 1, 2, 3) (5)

L ⊃ −igf
2
ϵabcΨ̄

U
a γ

µΨU
b A

c
µ + (U → D) (6)

=
gf
2
Ψ̄UV c

Uγ
µAc

µΨ
U + (U → D) (7)

VCKM = V †
UVD (8)
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Family Gauge Symmetry: SO(3)

Representations

ΨU =

 u
c
t

 ,

 νe
νµ
ντ

 , ΨD =

 d
s
b

 ,

 e
µ
τ

 , (4)

T a/2 : (T a)bc = −iϵabc. and Aa
µ, (a, b, c = 1, 2, 3) (5)

L ⊃ −igf
2
ϵabcΨ̄

U
a γ

µΨU
b A

c
µ + (U → D) (6)

=
gf
2
Ψ̄UV c

Uγ
µAc

µΨ
U + (U → D) (7)

VCKM = V †
UVD (8)

In SM, Vu and Vd are not detectable. Only VCKM is physical.
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Family Gauge Symmetry: SO(3)

FCNC Coupling

u c

A3

b s

A1

b d

A2

s d

A3

∆F = 2 Process: P − P̄ Mixing

c u

cu

c u

cu

,
(c→ b, u→ d/s),
(c→ s, u→ d)

(9)

∆F = 1 processes are suppressed by mixing.
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Family Gauge Symmetry : SO(3)
The effective Hamiltonian for the ∆F = 2 processes,

Heff(∆F = 2) = HSM
eff(∆F = 2) +HNP

eff(∆F = 2). (10)
The HSM

eff is from the box diagrams in SM, while the HNP
eff is from the new gauge

interactions,
HNP

eff(∆F = 2) = CD−D̄
1 (ūc)V (ūc)V + CD−D̄

2 (ūαcβ)V (ūβcα)V

+CK−K̄
1 (d̄s)V (d̄s)V + CK−K̄

2 (d̄αsβ)V (d̄βsα)V

+CB−B̄
1 (d̄b)V (d̄b)V + CB−B̄

2 (d̄αbβ)V (d̄βbα)V

+CBs−B̄s
1 (s̄b)V (s̄b)V + CBs−B̄s

2 (s̄αbβ)V (s̄βbα)V . (11)
At tree level, the Wilson coefficients are

CD−D̄
1 = g2

(
3∑

i=1

U i
12

2

4M2
i

)
, CK−K̄

1 = g2

(
3∑

i=1

V i
12

2

4M2
i

)
,

CB−B̄
1 = g2

(
3∑

i=1

V i
13

2

4M2
i

)
, CBs−B̄s

1 = g2

(
3∑

i=1

V i
23

2

4M2
i

)
. (12)

CK−K̄
2 = CB−B̄

2 = CBs−B̄s
2 = CD−D̄

2 = 0 at tree level.
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Master Formulas

P − P̄ Mixing

H = H0 +HW (13)
|ψ⟩ = a(t)|P ⟩+ b(t)|P̄ ⟩+

∑
i

ci(t)|ni⟩ (14)

Weisskopf-Wigner Approximation:

i
d

dt

(
a(t)
b(t)

)
= H

(
a(t)
b(t)

)
(15)

H =M − iΓ/2 (16)

Hij = m0δij + ⟨i|HW |j⟩+
∑
n

P

{
⟨i|HW |n⟩⟨n|HW |j⟩

m0 − En

}
(17)

− iπ
∑

δ(m0 − En)⟨i|HW |n⟩⟨n|HW |j⟩ (18)

∆M =MH −ML = 2Re
√
H12H21 (19)

∆MP =MH −ML =
(
⟨P |Heff|P̄ ⟩+ ⟨P̄ |Heff|P ⟩

)
(20)

Shoushan Bao ssbao@sdu.edu.cn (SDU) Low-energy Phenomenology of Family Gauge Symmetry November 6, 2021 8 / 24



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Master Formulas

H12 = ⟨P |Heff|P̄ ⟩ (21)

The factorizations of the hadron matrix elements

⟨P̄ |(V −A)(V −A)|P ⟩ =
4

3
mP f

2
PB

P
1 (µ), (22)

⟨P̄ |(V −A)(V +A)|P ⟩ = −2

3
R(µ)mP f

2
PB

P
2 (µ), (23)

where the factor R =M2/(mq +m′
q)

2 and the M is the average mass of the P
and P̄ . mq and mq′ are the mass of the quarks which are the components of the
meson. fP is the decay constant and Bis are the bag parameters which are unit in
naive factorization.
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Input Parameters

K D B Bs

MP 0.498GeV 1.86 GeV 5.28GeV 5.37GeV
fP 156± 0.8MeV 191± 23MeV 220± 40MeV 205± 10MeV
B1 0.571± 0.048 0.87± 0.03 0.87± 0.04 0.86± 0.02
B2 0.562± 0.039 1.46± 0.09 1.91± 0.04 1.94± 0.03

SM with above input (Refs. can be found in the paper)

∆MK = (3.483± 0.006)× 10−15GeV.
∆MB = (3.337± 0.033)× 10−13GeV
∆MBs = (1.170± 0.008)× 10−11GeV

∆MD = (1.4± 0.5)× 10−14GeV.

∆MK = 2.312+0.024+0.466
−0.024−0.462 × 10−15GeV

∆MBd
= 3.483+0.991+0.161

−0.789−0.159 × 10−13GeV

∆MBs
= 1.20+0.47+0.03

−0.77−0.03 × 10−11GeV

∆MD = 3.84+0.38+0.12
−0.36−0.14 × 10−18GeV
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Results

Result I

g2f
M2

1

≤ 1.4× 10−10GeV−2 M1 ≥ 27TeV (24)

g2f
M2

2

≤ 4.2× 10−12GeV−2 M2 ≥ 160TeV (25)

g2f
M2

3

≤ 1.0× 10−13GeV−2 M3 ≥ 103TeV (26)

Result II
∆MD = 0.85+0.08+0.04+0.12

−0.08−0.03−0.11 × 10−14GeV (27)

Li,Bao,Si (2012)
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Family Gauge Symmetry: SU(3)

Fµ = F a
µ

λa

2
=


1
2

(
F3 +

F8√
3

)
1
2 (F1 − iF2)

1
2 (F4 − iF5)

1
2 (F1 + iF2)

1
2

(
F8√
3
− F3

)
1
2 (F6 − iF7)

1
2 (F4 + iF5)

1
2 (F6 + iF7) − F8√

3


µ

. (28)

L ⊃ g2F tr
(
FµΦνFµ

∗Φ∗
ν + FµΦνΦ

∗
νFµ

† +ΦνFµ
TFµ∗Φ∗

ν +ΦνFµ
TΦ∗

νF
µ†
)
. (29)

⟨Φν⟩ = V0 +

 V1 V2 V2
V2 V2 V1
V2 V1 V2

 (30)

Bao, Liu, Wu(2016)
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Family Gauge Symmetry: SU(3)

The masses of the five heavy gauge bosons are

M1 = 2gFV0, M2 = 2gF (V
2
0 + 2V1V0 + V2V0)

1/2,

M3 = 2gF (V
2
0 + 3V2V0)

1/2,

M4 =
2
√
3

3
gFV

1/2
0

(
2V0 + 2V1 + 4V2 + 2

√
4V 2

1 − 2V1V2 + 7V 2
2

)1/2

,

M5 =
2
√
3

3
gFV

1/2
0

(
2V0 + 2V1 + 4V2 − 2

√
4V 2

1 − 2V1V2 + 7V 2
2

)1/2

.(31)

And the masses of the three light gauge bosons, which are related to the SO(3)F
symmetry, are

M6 = 2gF |V2 − V1|, M7 = 3gF |V2|, M8 = gF |2V1 + V2|. (32)

V0 > V2 > V1 : V1, r1 ≡ V1
V0

≃ λ, r2 ≡ V2 − V1
V0

≃ 2λ (33)
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Family Gauge Symmetry: SU(3)

The Interactions

Lint ⊃ gF

[
uLγ

µ(Uu†
L FµU

u
L)uL + uRγ

µ(Uu†
R FµU

u
R)uR

]
+ gF

[
dLγ

µ(Ud†
L FµU

d
L)dL + dRγ

µ(Ud†
R FµU

d
R)dR

]
+ gF

[
eLγ

µ(Ue†
L FµU

e
L)eL + eRγ

µ(Ue†
R FµU

e
R)eR

]
+ gF νLγ

µ(Uν†
L FµU

ν
L)νL, (34)

Mixing Matrix Parameterization

Uu
L = Uu

R = Uu, Ud
L = Ud

R = Ud,

Ue
L = Ue

R = Ue, Uν
L = Uν = UTB , (35)

UCKM = Uu†Ud, UPMNS = U†
eUTB , (36)
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Family Gauge Symmetry: SU(3)

Mixing Matrix Parameterization
We can also assume that Uu, Ud and Ue have the same hierarchy structures as
UCKM and can be parameterized via Wolfenstein method.

UCKM ∼

 1− λ2

2 λ Aλ3ρe−iδ

−λ 1 Aλ2

Aλ3(1− ρeiδ) −Aλ2 1

+O(λ4). (37)

For the mixing matrix in up(down) quark sectors, we have mixing matrix Uu(Ud)
with the parameters A, λ, ρ, δ replaced by Au, λu, ρu, δu (Ad, λd, ρd, δd).
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∆F = 2: K − K̄ mixing

HNew
K = CK(s̄γµd)⊗ (s̄γµd) +H.c.. (38)

Here we treat λd as a small parameter and get the coefficient in Eq.(38) to the
order of λ2d. At higher order the heavy family gauge bosons’ effects should be take
into consideration. The coefficient CK is

CK =
1

16
[FK(V1, V2) +GK(V1, V2)Adλ

2
d] +O(λ3d), (39)

where

FK(V1, V2) =
1

6 (V2 − V1) 2
+

1

3 (2V1 + V2) 2
+

1

9V 2
2

.

GK(V1, V2) =
1

3 (V2 − V1) 2
+

2

3 (2V1 + V2) 2
− 2

9V 2
2

. (40)
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Family Gauge Symmetry: SU(3)

⟨K̄0|HNP
eff|K0⟩ =

FK(V1, V2)f
2
KMK

96

[
1 + 2R(µ)

]
. (41)

1

FK(V1, V2)
=

f2KMK

48∆mNew

[
1 + 2R(µ)

]
≥ f2KMK

48∆mK
. (42)

Results I:
P 0 − P̄ 0 [∆mmeson]

PDG Mmeson fmeson V1 ≥
K − K̄ (3.483± 0.006)× 10−12 497.6 156± 1.2 7.0× 107

D − D̄ (1.57+0.39
−0.41)× 10−11 1864.86± 0.13 206± 11 8.4× 107

Bd − B̄d (3.337± 0.033)× 10−10 5279.58± 0.17 195± 11 2.9× 107

Bs − B̄s (116.4± 0.5)× 10−10 5366.77± 0.24 243± 11 0.7× 107

V1 ≥ 69.8TeV, V2 ≥ 209TeV, V0 ≥ 317TeV. (43)
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Family Gauge Symmetry: SU(3)

Result II. ∆F = 1

Br(K+ → π+νν̄)|NP ≈ Br(KL → π0νν̄)|NP ≤ 4.6× 10−16. (44)
Br(K+ → π+νν̄)|SM = (1.5+3.4

−1.2)× 10−10, (45)
Br(KL → π0 νν̄)|SM = (2.6± 1.2)× 10−11. (46)

Br(µ→ e−e+e−) ≤ 4.1× 10−16. (47)
Br(µ→ 3e)|SM ∼ 10−56. (48)
Br(µ− → 3e)|Exp < 1.0× 10−12. (49)

Refs. can be found in the paper.
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Family Gauge Symmetry

Something missed: Lepton flavor violation process

c

u e

µ
c u

e

µ

Favored (50)

c

c̄ e

µ c

u e/µ

e/µ Not Favored (51)
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Summary
Introduce a new gauge symmetry or interaction
∆F = 2 at tree-level
SO(3):

▶ New Physics scale ΛFamily ∼ 100TeV in addition to ΛQCD ∼ 100MeV and
ΛEW ∼ 100GeV.

M1 ≥ 27TeV, M2 ≥ 160TeV, M3 ≥ 103TeV. (52)

▶ Consistent result for ∆MD

∆MD = 3.84+0.38+0.12
−0.36−0.14 × 10−18GeV (53)

SU(3):
▶ ∆F = 2 gives constrains to the vev

v1 ≥ 69.8, v2 ≥ 209, v0 ≥ 317 (54)

▶ ∆F = 1

Lepton number violating channels to be considered.
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Summary
Introduce a new gauge symmetry or interaction
∆F = 2 at tree-level
SO(3):

▶ New Physics scale ΛFamily ∼ 100TeV in addition to ΛQCD ∼ 100MeV and
ΛEW ∼ 100GeV.

M1 ≥ 27TeV, M2 ≥ 160TeV, M3 ≥ 103TeV. (52)
▶ Consistent result for ∆MD

∆MD = 3.84+0.38+0.12
−0.36−0.14 × 10−18GeV (53)

SU(3):
▶ ∆F = 2 gives constrains to the vev

v1 ≥ 69.8, v2 ≥ 209, v0 ≥ 317 (54)
▶ ∆F = 1

Lepton number violating channels to be considered.

Thanks for your attention
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Buckups
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The particles in the model

Fields Representation

SM fermions

(
u, c, t

d, s, b

)
L

(3F , 3C , 2L, (1/6)Y )

(u, c, t)R (3F , 3C , 1L, (2/3)Y )

(d, s, b)R (3F , 3C , 1L, (−1/3)Y )(
e, µ, τ

νe, νµ, ντ

)
L

(3F , 1C , 2L, (−1/2)Y )

(e, µ, τ)R (3F , 1C , 1L, (−1)Y )

SM Higgs H (1F , 1C , 2L, (1/2)Y )

New fermions

U (3F , 3C , 1L, (2/3)Y )

D (3F , 3C , 1L, (−1/3)Y )

E (3F , 1C , 1L, (−1)Y )

NR (3F , 1C , 1L, 0Y )

New Higgs
Φ1,Φ2 (8F , 1C , 1L, 0Y )

Φν (6F , 1C , 1L, 0Y )

ϕs (1F , 1C , 1L, 0Y )
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The Lagrangian of the model

The field strengths of all gauge fields, including the SU(3) family symmetry, are
defined as

F a
µν = ∂µA

a
F,ν − ∂νA

a
F,µ + gF f

abcAb
F,µA

c
F,ν ,

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gsf

abcGb
µG

c
ν ,

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gwϵ

abcW b
µW

c
ν ,

Bµν = ∂µBν − ∂νBµ. (55)

We define the covariant derivative as

Dµ = ∂µ − igFA
a
F,µT

a − igsGµ − gwWµ + ig′wY Bµ

= DSM
µ − igFA

a
F,µT

a. (56)

The full Lagrangian is

L = LG + Lk + LH + LY + LN , (57)
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The Lagrangian

LG = −1

4

(
F a
µνF

aµν +Gb
µνG

bµν +W c
µνW

cµν +BµνB
µν
)

Lk = uL,Riγ
µDµuL,R + dL,Riγ

µDµdL,R + eL,Riγ
µDµeL,R + νLiγ

µDµνL,

LH = LDH − V [H,Φ1,Φ2,Φν , ϕs]

=
(
DSM

µ H
)† (

Dµ,SMH
)
+ Tr

(
DµΦ1(D

µΦ1)
†)+ Tr

(
DµΦ2(D

µΦ2)
†)

+Tr (DµΦν(D
µΦν)

∗) + ∂µϕs∂
µϕs − V (H,Φ1,Φ2,Φν , ϕs) .

LY = yuL l̄HU + yuRuRϕsU +
1

2
U(∆U

1 Φ1 +∆U
2 Φ2)U

+ydL l̄H̃D + ydRdRϕsD +
1

2
D(∆D

1 Φ1 +∆D
2 Φ2)D

+yeL l̄HE + yeReRϕsE +
1

2
E(∆E

1 Φ1 +∆E
2 Φ2)E

+yνL l̄H̃NR +
1

2
ξνNRΦνN

c
R +H.C..

LN = iUγµ(∂µ − igsGµ − igFA
a
F,µT

a)U + iDγµ(∂µ − igsGµ − igFA
a
F,µT

a)D

+iEγµ(∂µ − igFA
a
F,µT

a)E + iNRγ
µ(∂µ − igFA

a
F,µT

a)NR.
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