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Outline 

Analytic Feynman integral: an overview    
   
Recent development in Uniformally transcendental (UT) integrals 

To simplify analytic IBP reduction coefficients
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Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia  

“All master integrals for three-jet production at NNLO”, PhysRevLett. 123 (2019), no. 4 041603 

Based on 
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Boehm, Wittmann, Xu, Wu and YZ 

“IBP reduction coefficients made simple ”  JHEP 12 (2020) 054      

Dlapa, Li, YZ,  

“Leading singularities in Baikov representation and Feynman integrals with uniform transcendental weight” 
2103.04638 

Bendle, Boehm, Heymann, Ma, Rahn, Wittman, Ristau, Wu,  YZ 

“Two-loop five-point integration-by-parts relations in a usable form” 2104.06866         
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Feynman integrals

Basis computational tool in quantum field theory
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Feynman integrals, new developments

It is still a basic tool in quantum field theory; 
Crucially for precision high-energy physics, formal theories, 

Feynman  
integrals

Differential 
equation

Transcendental 
Function

Algebraic 
Structure  

Computer  
Science 

The main focus is on multi-loop Feynman Integrals computations 
                 Significant progress after 2010
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Feynman  
integrals

Applications of new analytic results on Feynman integrals

precision  
physics

formal 
theory 

N=8 supergravity 
is UV-finite until 
five loop 

Gravitational wave 
template computations



Why analytic Feynman integrals?

• Once the analytic expression is obtained, the phase point generation is extremely fast 
• Avoid unstable numeric phase points 
• Understand the deep structure and hidden symmetry in quantum field theory

• and yes, we can. 
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The State of Art

recent analytic results

• 2-loop qqbar  →  ttbar nonplanar integrals  
                 (Di Vita, Gehrmann, Laporta, Mastrolia, Pierpaolo; Primo, Schubert, Ulrich, 2019 ) 
• 4-loop form factor planar integrals 

(von Manteuffel, Schabinger, 2019) 
• 2-loop Higgs + one jet production (with t quark mass dep.) nonplanar integrals (almost all) 

                 (Bonciani, Del Duca, Frellesvig, Henn, Hidding, Maestri, Moriello, Salvatori, Smirnov, 2019) 
• 2-loop five-point massless planar and nonplanar integrals 

                 (Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, 2019) 
                                             …. 
and there would be many more in the near future

uncharted territory 
Feynman integral with elliptic polylogarithms,  
usually in multi-loop nonplanar diagrams with “large” massive internal loop

new transcendental functions (new, even for mathematicians)  

see, eg, Broedel, Duhr, Dulat, Tancredi, 2018 

 

one example in this talk

9



Mainstream Analytic Methods

• Canonical differential equation (Henn 2013), in terms of polylagarithm 
• Partial fraction + recursive integration (Panzer 2015), package: HyperInt, in terms of polylagarithm 

                                    very useful for dual conformally invariant Feynman integrals 
• Elliptic Canonical Differetial Equation (Broedel, Duhr, Dulat, Tancredi, 2018), in terms of elliptic polylagarithm

Most used

Sometimes magic 

• Mellin-Barnes 
• Dimension Recursion Relations (Lee, Smirnov 2012),  

usually numeric, but sometimes provide analytic result for complicated integrals 
• Integral Bootstrap (Chicherin, Henn, Mitev 2017) 

               can easily get the “nice” integrals, eg. conformal, in an integral family  
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Recent development in UT integrals 
（and solving canonical differential equation)
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Canonical Differential Equation for Analytic Feynman integrals

UT Feynman integrals

Canonical Differential Equation Construction

Solve Differential Equation with boundary values

Analytic Feynman Integrals

Baikov representation 
Computational Algebraic geometry 

Finite fields  
Large-scale parallelization

New Ideas

D-dimensional cuts 
Module lift 

INITIAL algorithm 

Alphabet searching 
Differential equation reconstruction

Determine boundary values 
from the singularity of Feynman integrals
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Differential Equation for Feynman Integrals

d = 4� 2✏ I(x̄, ✏) master integrals as a column vector

∂

∂xi
I(x̄, ε) = Ai(x̄, ε)I(x̄, ε) (Kotikov 1991)

Can be used both numerically and analytically  
eg. Gehrmann, Remiddi 1999, Papadopoulos 2014, Liu, Ma, Wang, 2018  …

Different choices of the master integrals change the DE dramatically. The simplest choice is 
the integrals with uniform transcendental (UT) weights, which gives 

Canonical Differential Equation
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Canonical Differential Equation Henn 2013

@

@xi
Ĩ(x̄, ✏) = ✏Ãi(x̄)̃I(x̄, ✏)

= ✏

✓X

l=1

@ log(Wl)

@xi
ml

◆
Ĩ(x̄, ✏)

Symbol letters

Constant rational  
number matrix

Proportional to 𝝐

The first line ensures that the equation can be solved perturbatively in 𝝐 
The second line ensures that the solution is the polylogarithm function in symbol letters 

Analogy of the interaction pictures in quantum mechanics 

∂

∂xi
I(x̄, ε) = Ai(x̄, ε)I(x̄, ε)

@

@xi
Ĩ(x̄, ✏) = ✏Ãi(x̄)̃I(x̄, ✏)

Ĩ(x̄, ✏) = T(x̄, ✏)I(x̄, ✏)

i~ @
@t
| i = (H0 + ✏H1)| i

i~ @
@t
| iI = ✏HI(t)| iI

|ψ〉I = eiH0t|ψ〉
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Uniformly transcendental (UT) integrals
T (log) = 1, T (π) = 1, T (ζn) = n, T (Lin) = n, . . . , T (f1f2) = T (f1) + T (f2)

I = (overall normalization)×
∞∑

k=0

εkfk, T (fk) = k
1

2

3

4

1

2

3

4

(
1
4ε

+
13
8

+
1
48

(
345− 2π2

)
ε+

1
96

(
−256ζ(3) + 2595− 26π2

)
ε2 + O

(
ε3
))

(s12)1−2ε

(s12)−1−2ε
(
− 1

ε2
+

π2

6
+
32ζ(3)ε
3

+
19π4ε2

120
+ O

(
ε3
))

UT

not UT

UT basis is also good for numeric computations 
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also require the 1st derivative has the  transcendental weight n-1



UT Integral ⇒ Canonical DE

Feynman integrals are the iterated integration of rational functions ⇒ polylogarithm functions

Chen’s (陈国才) iterated integrals, homotopically invariant 

Ĩ(x) = P exp

(
ε

∫

C
dA

)
Ĩ(x0)

I = (overall normalization)×
∞∑

k=0

εkfk, T (fk) = k

@

@xi
Ĩ(x̄, ✏) = ✏Ãi(x̄)̃I(x̄, ✏)

~ 

path-ordered 
Analogy of perturbation theory of QFT 
(Dyson series) 

For finite UT integrals, iterated integration is further truncated and simplified.  
(Caron-Huot, Henn 2014) 
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UT integrals are like small islands in an ocean



To find UT integrals

st

UT

18

=

But we want to “guess" UT integrals before we get the analytic result 



To find UT integrals: 4D integrand analysis

Arkani-Hamed, Bourjaily, Cachazo, Trnka  2010

st
∫

d4l
1

D1D2D3D4
=

∫
d log

(
F
D1

)
∧d log

(
F
D2

)
∧d log

(
F
D3

)
∧d log

(
F
D4

)

st

UT

Integrals may be UT if 
•  4D residues (leading singularity) are rational constants 
•  or 4D integrand can be written as a “dlog” product

Res

(
st

D1 . . .D4

)
= ±1

Wasser algorithm for dlog (master thesis 2017) 

Consider the partial fraction in x1,

X

i

dx
x1 � ai

^ ⌦i =
X

i

d log(x1 � ai) ^ ⌦i
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Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, Phys.Rev.Lett. 123 (2019), no. 4 041603 

Integrand with simple residues construction 

• Require that the integral numerators are “almost” polynomials in Mandelstam variables and 
irreducible scalar product, except for a pseudo scalar as a divisor

N =
X

f↵(sij)⇥ (scalar product)↵

easily solved by Singular codes（computational algebraic geometry software) 
systematic analysis and public code on the way!

∑

α

fa × Res

(
(Scalar Product)α

D1 . . .Dn

)
= (1, 0, . . . , 0, . . . 0)

to be solved for

Module Lift  
Method
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Other methods to find UT integrals 

Chiral Numerator
Arkani-Hamed, Bourjaily, Cachazo, Trnka (2012) 
Bourjaily, Trnka (2015)

1

2 3

4

(l − [34]
[13]41̃)

2 chiral numerator vanishes 
in the region the integral becomes IR div.

Integrals with chiral numerators are usually UT 

Lee’s algorithm (2015)

• First reduce the high-multiplicity poles in DE to get a Fuchsian form 

• Use matrix transformation to make the DE proportional to 𝝐 

Mostly for one-variable cases, heavy computation

Fuchsia (Gituliar, Magerya, 2016), epsilon  (Prausa 2016)
21



Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia, Phys.Rev.Lett. 123 (2019), no. 4 041603 
Chen, Jiang, Xu, Yang, Phys.Lett.B 814 (2021) 136085 
Dlapa, Li, YZ, 2103.04638

Advanced D-dimensional leading singularity
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• Baikov representation 

∫
dDl1
iπD/2

. . .

∫
dDlL
iπD/2

1

Dα1
1 . . . Dαk

k

= C(sij , L, E,D)

∫
dz1 . . . dzk

F
D−L−E−1

2

zα1
1 . . . zαk

k

• Consider residue/dlog in Baikov representation 

Keeps the d-dimensional information 
It usually contains more poles for the residues analysis
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Examples: 2-loop 4-point with 3 external mass
Dlapa, Li, YZ, 2103.04638

Most difficult part for the UT searching 
Baikov Leading Singularity + 
Super-sector backtrace

easy part for the UT searching 
with Baikov Leading Singularity  

easy part for the UT searching 
with Baikov Leading Singularity  
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Examples: 2-loop 4-point with 3 external mass

All UT integrals found 
with four square roots 

Dlapa, Li, YZ, 2103.04638



Examples: 2-loop 6-point UT

Npentabox
1 = s12

✓
s16 +

h26i[23][61]
[13]

◆
s56(l1 � w1)2

Npentabox
2 = s12

✓
s16 +

[26]h23ih61i
h13i

◆
s56(l1 � w2)2

Npentabox
3 = 2s12s56l1 · (w1 � w2)(l1 + p6)2

w1 = �Q456 · �̃3�̃1
[13]

, w2 = w⇤
1 .

chiral numerators 
other factors fixed by  
D-dimensional integrand 
analysis 

3 MIs

 Henn, Peraro, Xu, YZ, to appear 
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@

@xi
Ĩ(x̄, ✏) = ✏Ãi(x̄)̃I(x̄, ✏)

= ✏

✓X

l=1

@ log(Wl)

@xi
ml

◆
Ĩ(x̄, ✏)

Symbol letters to full DE 
Symbol letters

Constant rational  
number matrix

If all the symbol lettersWl are known, then the DE (constant matrix ml) can
be fitted easily by numeric IBPs instead of using analytic IBPs

to find symbol letters:

• Compute DE analytic on the top sector with maximal cut and then permute 
• Include the known sub-topology integral symbol letters, lower-loop order symbol letters 
• Algorithm to find odd letters in term of even letters (under development)
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Chen’s iterated integrals

Ĩ(sij, ε) = ε−4
∞∑

m
εmĨ(m)(sij)

✏4 Ĩ(sij, ✏) = B(0) + ✏

✓
B(1) +

Z

�
dA(sij)B(0)

◆
+ ✏2

✓
B(2) +

Z

�
dA(sij)

✓
B(1) +

Z

�0
dA(sij)B(0)

◆◆
+ . . .

✏4 Ĩ(eij, ✏) =
1X

m=0

✏mB(m)

boundary value

boundary 
point

27

To find the analytic boundary value 
is not easy …



Boundary value

• Many subtopology integrals are known analytically 
              or can be computed by direct integration/ dimension recursion relation  
• Study the behaviour of the general solution on spurious poles

These two conditions usually determine the boundary value analytically

{e12, e23, e34, e45, e15} = {3,−1, 1, 1,−1}

108  master integrals →   49 independent integrals

Choice a boundary point 

• should be in the kinematic region under consideration 
• Use simple and symmetric numbers

1

2 4

5

3

k1 k2
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implemented in Ginac

Analytic Feynman integral: Solution

Chicherin, Gehrmann, Henn, Wasser, YZ, Zoia,  
Phys.Rev.Lett. 123 (2019), no. 4 041603 A tiny example:

I =
1
ε2

f(2) +
1
ε
f(3) + f(4) +O(ε) .

Leading part:

f(2) = � 3

Li2

✓
1
W27

◆
� Li2

✓
W27

◆
+ Li2

✓
1
W28

◆
� Li2

✓
1

W27W28

◆

� Li2

✓
W28

◆
+ Li2

✓
W27W28

◆�
.

2

1

4

35
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If all square roots in one iterative are rationalised, then the result is a GPL function  



To Simplify the IBP coefficients 

30



What about the other Feynman integrals? 

UT integrals

Other integrals 
in the same family 

IBP reductions
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Boehm, Wittmann, Xu, Wu and YZ, JHEP 12 (2020) 054 
Bendle, Boehm, Heymann, Ma, Rahn, Wittman, Ristau, Wu,  YZ, 2104.06866    

IBP reduction coefficients made simple

We can shorten the coefficients by a factor as large as 10~100.

32

Use UT basis for the reduction

Use multivariate partial fraction  
to simplify the expression



Why do we prefer a UT integral basis 
for the reduction ?



A good master integral choice  
can make the reduction result simpler

Smirnov, Smirnov, Nucl.Phys.B 960 (2020) 115213 
Klappert, Lange, Maierhöfer, Usovitsch Comput.Phys.Commun. 266 (2021) 108024 

IBP reduction coefficients may contain unphysical poles …  

If one can avoid these poles, the coefficients are getting physical and simpler 

no dimension/kinematics mixed pole 

<latexit sha1_base64="McL5w0rFYJZrbC2sZE2E/2GMtTY=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahIpakinosevFYwX5AGspms2mXbrJhdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbm+YngGmz72yqsrK6tbxQ3S1vbO7t75f2DtpapoqxFpZCq6xPNBI9ZCzgI1k0UI5EvWMcf3U39zhNTmsv4EcYJ8yIyiHnIKQEjuVV9FmA4v8Bw2i9X7Jo9A14mTk4qKEezX/7qBZKmEYuBCqK169gJeBlRwKlgk1Iv1SwhdEQGzDU0JhHTXjY7eYJPjBLgUCpTMeCZ+nsiI5HW48g3nRGBoV70puJ/nptCeONlPE5SYDGdLwpTgUHi6f844IpREGNDCFXc3IrpkChCwaRUMiE4iy8vk3a95lzV6g+XlcZtHkcRHaFjVEUOukYNdI+aqIUokugZvaI3C6wX6936mLcWrHzmEP2B9fkDBt+Pyg==</latexit>

(s+ dt� 3t)

no dimension/kinematics mixed pole , no unphysical pole 

Boehm, Wittmann, Xu, Wu and YZ, JHEP 12 (2020) 054  

<latexit sha1_base64="McL5w0rFYJZrbC2sZE2E/2GMtTY=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahIpakinosevFYwX5AGspms2mXbrJhdyKU0J/hxYMiXv013vw3btsctPXBwOO9GWbm+YngGmz72yqsrK6tbxQ3S1vbO7t75f2DtpapoqxFpZCq6xPNBI9ZCzgI1k0UI5EvWMcf3U39zhNTmsv4EcYJ8yIyiHnIKQEjuVV9FmA4v8Bw2i9X7Jo9A14mTk4qKEezX/7qBZKmEYuBCqK169gJeBlRwKlgk1Iv1SwhdEQGzDU0JhHTXjY7eYJPjBLgUCpTMeCZ+nsiI5HW48g3nRGBoV70puJ/nptCeONlPE5SYDGdLwpTgUHi6f844IpREGNDCFXc3IrpkChCwaRUMiE4iy8vk3a95lzV6g+XlcZtHkcRHaFjVEUOukYNdI+aqIUokugZvaI3C6wX6936mLcWrHzmEP2B9fkDBt+Pyg==</latexit>

(s+ dt� 3t)
<latexit sha1_base64="1WbTiFqMlUMQCL/W6OjjhFg/GGw=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAiQtgNoh6DXjxGMA9I1jA7mU2GzD6c6Q2EJd/hxYMiXv0Yb/6Nk2QPmljQUFR1093lxVJotO1va2V1bX1jM7eV397Z3dsvHBw2dJQoxusskpFqeVRzKUJeR4GSt2LFaeBJ3vSGt1O/OeJKiyh8wHHM3YD2Q+ELRtFIbkk/Vs7RlCZ41i0U7bI9A1kmTkaKkKHWLXx1ehFLAh4ik1TrtmPH6KZUoWCST/KdRPOYsiHt87ahIQ24dtPZ0RNyapQe8SNlKkQyU39PpDTQehx4pjOgONCL3lT8z2sn6F+7qQjjBHnI5ov8RBKMyDQB0hOKM5RjQyhTwtxK2IAqytDklDchOIsvL5NGpexcliv3F8XqTRZHDo7hBErgwBVU4Q5qUAcGT/AMr/BmjawX6936mLeuWNnMEfyB9fkDoz6QuA==</latexit>

(s2 + t2 + st)

(four-point massless example)

Choose a UT basis



A close look at UT/non-UT integrals  
<latexit sha1_base64="YUtx/Klq8n9r8N3NEnsYFf1wZTA="></latexit>

G(1, 0, 1, 1, 2, 0, 1, 0, 0)
�
4x2✏+ 2x2

�

6 (x3 + x) ✏2
+

G(1, 0, 1, 2, 1, 0, 1, 0, 0)
�
✏� x2✏

�

6 (x3 + x) ✏2

+

�
x2 � 1

�
G(1, 0, 1, 1, 1, 0, 1, 0, 0)

x3 + x UT integral

UT integrals only contains constants and transcendental functions 
no rational functions

Symbol letters 
<latexit sha1_base64="F+Wn8t2yr5u1MI32OrTlzpjwK/Y=">AAAB8nicbVDLSgMxFL1TX7W+qi4VCRZBUMtMF+qy6MZlC/YB7VAyaaYNzUyGJCMtQ5d+ghsXirj1A/od7vwGf8L0sdDWAwmHc+7l3nu8iDOlbfvLSi0tr6yupdczG5tb2zvZ3b2qErEktEIEF7LuYUU5C2lFM81pPZIUBx6nNa93O/ZrD1QqJsJ7PYioG+BOyHxGsDZSo3+O+heO+c6cVjZn5+0J0CJxZiRXPByVvx+PRqVW9rPZFiQOaKgJx0o1HDvSboKlZoTTYaYZKxph0sMd2jA0xAFVbjJZeYhOjNJGvpDmhRpN1N8dCQ6UGgSeqQyw7qp5byz+5zVi7V+7CQujWNOQTAf5MUdaoPH9qM0kJZoPDMFEMrMrIl0sMdEmpYwJwZk/eZFUC3nnMl8omzRuYIo0HMAxnIIDV1CEOyhBBQgIeIIXeLW09Wy9We/T0pQ169mHP7A+fgDByZNQ</latexit>

x, x� 1, x+ 1



A close look at UT/non-UT integrals  
<latexit sha1_base64="E1f6OdNtGNj744MncXo3wnBO04s=">AAAB/nicbVDLSgMxFM3UV62vUXHlJrQIFYeS6UJdFl3osoJ9QDuUTJq2oZnMkGSEYSj4Ef6AGxeKuPU73PVvTDtdaPXA5R7OuZfcHD/iTGmEplZuZXVtfSO/Wdja3tnds/cPmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx9czv/VApWKhuNdJRL0ADwUbMIK1kXr20U3ZdZDjOlUn68hBp7Bnl1AFzQH/EndBSrVi9+xpWkvqPfur2w9JHFChCcdKdVwUaS/FUjPC6aTQjRWNMBnjIe0YKnBAlZfOz5/AE6P04SCUpoSGc/XnRooDpZLAN5MB1iO17M3E/7xOrAeXXspEFGsqSPbQIOZQh3CWBewzSYnmiSGYSGZuhWSEJSbaJFYwIbjLX/5LmtWKe16p3pk0rkCGPDgGRVAGLrgANXAL6qABCEjBM3gFb9aj9WK9Wx/ZaM5a7ByCX7A+vwGVW5Rd</latexit>

G(1, 0, 1, 2, 1, 0, 1, 0, 0) non-UT integral
a common master integral  
chosen by Laporta algorithm

Rational functions lead to unphysical poles in the IBP reduction coefficients  



A close look at reduction to UT/non-UT basis  
<latexit sha1_base64="6sixJimU8hxpDE9ksIiykHwJK6k=">AAACBnicbVDLSgMxFL1TX7W+Rl2KEFqEirXMVFCXRRe6rGAf0A4lk2ba0MyDJCMMpSs3foA/4caFIm79Bnf9G9PHQlsP98LhnHtJ7nEjzqSyrJGRWlpeWV1Lr2c2Nre2d8zdvZoMY0FolYQ8FA0XS8pZQKuKKU4bkaDYdzmtu/3rsV9/oEKyMLhXSUQdH3cD5jGClZba5uFN/qyA7IWyCujUPm6bOatoTYAWiT0juXK2dfI8KieVtvnd6oQk9mmgCMdSNm0rUs4AC8UIp8NMK5Y0wqSPu7SpaYB9Kp3B5IwhOtJKB3mh0B0oNFF/bwywL2Xiu3rSx6on572x+J/XjJV36QxYEMWKBmT6kBdzpEI0zgR1mKBE8UQTTATTf0WkhwUmSieX0SHY8ycvklqpaJ8XS3c6jSuYIg0HkIU82HABZbiFClSBwCO8wBu8G0/Gq/FhfE5HU8ZsZx/+wPj6AXsplb4=</latexit>

G(3, 1, 1, 1, 1, 1, 1, 0,�1) reduced to a UT basis

<latexit sha1_base64="6sixJimU8hxpDE9ksIiykHwJK6k=">AAACBnicbVDLSgMxFL1TX7W+Rl2KEFqEirXMVFCXRRe6rGAf0A4lk2ba0MyDJCMMpSs3foA/4caFIm79Bnf9G9PHQlsP98LhnHtJ7nEjzqSyrJGRWlpeWV1Lr2c2Nre2d8zdvZoMY0FolYQ8FA0XS8pZQKuKKU4bkaDYdzmtu/3rsV9/oEKyMLhXSUQdH3cD5jGClZba5uFN/qyA7IWyCujUPm6bOatoTYAWiT0juXK2dfI8KieVtvnd6oQk9mmgCMdSNm0rUs4AC8UIp8NMK5Y0wqSPu7SpaYB9Kp3B5IwhOtJKB3mh0B0oNFF/bwywL2Xiu3rSx6on572x+J/XjJV36QxYEMWKBmT6kBdzpEI0zgR1mKBE8UQTTATTf0WkhwUmSieX0SHY8ycvklqpaJ8XS3c6jSuYIg0HkIU82HABZbiFClSBwCO8wBu8G0/Gq/FhfE5HU8ZsZx/+wPj6AXsplb4=</latexit>

G(3, 1, 1, 1, 1, 1, 1, 0,�1) reduced to a Laporta basis

Unphysical pole x = i, -i   



To reduce the number (and types) of denominators 
Hilbert Nullstellensatz 

less frequent 

Algebraic independence more frequent 



Further simplification of the partial fraction coefficients 

Polynomial division

unique, low degree

non-unique, degree out of control

Syzygy division
<latexit sha1_base64="T8LCNiQTo8q4yCmUCzxxhX4UT9c=">AAACCXicbVA9SwNBEN2LXzF+nVraLAbBKtwFUZtA0MYygvmA5HLMbTbJkt27c3dPCEdaG/+KjYUitv4DO/+Nm+QKTXww8Hhvhpl5QcyZ0o7zbeVWVtfWN/Kbha3tnd09e/+goaJEElonEY9kKwBFOQtpXTPNaSuWFETAaTMYXU/95gOVikXhnR7H1BMwCFmfEdBG8m3cUYnwU1ZxJ12BwWfdtAM8HsIE3/sMVxzfLjolZwa8TNyMFFGGmm9/dXoRSQQNNeGgVNt1Yu2lIDUjnE4KnUTRGMgIBrRtaAiCKi+dfTLBJ0bp4X4kTYUaz9TfEykIpcYiMJ0C9FAtelPxP6+d6P6ll7IwTjQNyXxRP+FYR3gaC+4xSYnmY0OASGZuxWQIEog24RVMCO7iy8ukUS6556Xy7VmxepXFkUdH6BidIhddoCq6QTVURwQ9omf0it6sJ+vFerc+5q05K5s5RH9gff4AbTWZgw==</latexit> mX

i=1

a↵i qi = 0 syzygy generators

<latexit sha1_base64="NTrjL8uB8RCtNa9xdMiTS8GDvhk="></latexit>

(b1, . . . , bm) =
X

↵

P↵ ⇥ (a(↵)1 , . . . , a(↵)m ) + (B1, . . . Bm)

only keep this list
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5

3

k1 k2

deg-5 numerator reduction 

Klappert, and Lange and Maierhofer, and Usovitsch 

Integral relations provides by auxiliary mass flow method

Guan, Liu, Ma, Chin. Phys. C 44(2020) 9, 093106  

It is not necessary to find the analytic reduction, 
Nowadays, if one wants analytic amplitudes, 
one uses numeric IBP coefficient and then interpolate the IR safe “hard part” 

If we want the analytic integral reduction, base on Peking U. Group’s result

size 25GB !

Here we uses the complicated coefficients from this example 
to show the power of our algorithm 



Cut # relations # integrals size
{1,5,7} 2723 2749 1.4 MB
{1,5,8} 2753 2777 1.6 MB
{1,6,8} 2817 2822 2.1 MB
{2,4,8} 2918 2921 2.1 MB
{2,5,7} 2796 2805 1.5 MB
{2,6,7} 2769 2814 1.2 MB
{2,6,8} 2801 2821 1.6 MB
{3,4,7} 2742 2771 1.4 MB
{3,4,8} 2824 2849 1.9 MB
{3,6,7} 2662 2674 1.5 MB
{1,3,4,5} 1600 1650 0.72MB

module intersection

17.2 MB in total

Reduced to a UT basis with an analytic coefficients with integer-valued interpolation 
307200 semi-numeric points

Degree-5

RREF about 3 month on Kaiserslautern’s cluster 
would be improved with pure numeric (finite-field) RREF



Improve Leintars 
Use our partial fraction package “pfd” + UT integrals to  
simplify the analytic reduced IBP

reduced 
IBP size after pfd

Compression 
Rate

deg-4 700 MB 20 MB 35

deg-5 20 GB 190 MB 105

Bendle, Boehm, Decker, Georgoudis,  
Pfreundt,  Rahn, Wasser, YZ 

JHEP 02 (2020) 079

Bendle, Boehm, Heymann 
 Ma, Rahn, Wittmann, Wu,YZ 

2104.06866     

partial fraction: 
All entries with external parallelisation, 350 cores, about 72 hours; the “hardest” entry took about 72 hours to finish  
with internal parallelisation: 16 cores, 19 hours to finish the “hardest” entry  (under development)



Summary

•Significant progress of analytic Feynman evaluation 
•Canonical differential equation: lastest development 
•Simplify IBP results by UT and computational algebraic geometry 
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