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“So far we have analyzed less than 6% of the data that the experiment will eventually collect.

Although these first results are telling us that there is an intriguing difference with the Standard

Model, we will learn much more in the next couple of years.” — Chris Polly, Fermilab scientist,

co-spokesperson for the Fermilab muon g — 2 experiment.
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Dirac equation implies:

a(p")y.u(p)
g=2

a(p) (Fl(qz)% + in(qQ)ﬂ'%]q”> u(p)

(Euclidean space time)
> g-2
a=F(qg°=0)

s The quantity a is called the anomalous magnetic moments.

= Its value comes from quantum correction.
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Muon g — 2 Theory Initiative White paper posted 10 June 2020.

132 authors from worldwide theory + experiment community. [Phys. Rept. 887 (2020) 1-166]
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» Two methods: dispersive + data <> lattice QCD

From Aida El-Khadra's theory talk during the Fermilab g — 2 result announcement.
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= Heroic efforts by
Johan Bijnens, Gilberto Colangelo, Antoine Gérardin, Nils Hermansson-Truedsson, Martin Hoferichter,
Bai-Long Hoid, Bastian Kubis, Stefan Leupold, Pere Masjuan, Kirill Melnikov, Harvey B. Meyer,
Andreas Nyffeler, Massimiliano Procura, Antonio Rodriguez-Sanchez, Pablo Sanchez-Puertas,
Sebastian P. Schneider, Peter Stoffer, Arkady Vainshtein, etc

Published in a series of works, which are summarized in the community muon g — 2 white paper.
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Contribution PdRV(09) [471] N/IN(09) [472, 573] J(17) [27] Our estimate
7%, n, 1 -poles 114(13) 99(16)  95.45(12.40) 93.8(4.0)
7, K-loops/boxes —19(19) -19(13) -20(5) -16.4(2)
S-wave 7 rescattering =7(7) -7(2) —5.98(1.20) =8(1)
subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)
scalars - - -
tensors — - 1.1(1) } -1
axial vectors 15(10) 22(5) 7.55(2.71) 6(6)
u,d, s-loops / short-distance — 21(3) 20(4) 15(10)
c-loop 2.3 - 2.3(2) 3(1)
total 105(26) 116(39) 100.4(28.2) 92(19)

Table 15: Comparison of two frequently used compilations for HLbL in units of 107! from 2009 and a recent update with our estimate. Legend:

PdRV = Prades, de Rafael, Vainshtein (“Glasgow consensus”); N/JN = Nyfteler / Jegerlehner, Nyffeler; J = Jegerlehner.

= Values in the table is in unit of 107

= The total HLbL contribution is on the order of 10 x 107 °.

= “Short-distance constraints in hadronic-light-by-light for the muon g — 2"

Talk by: Johan Bijnens

= Make use of experimental inputs on many processes: Y*y* — 7° n, 7', 7.

New experiments results (Jlab, KLOE, BESIII, etc).

Talk by: llya Larin, Igal Jaegle, Elena P. D. Rio
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= The total HLbL contribution is on the order of 10 x 10

= “Short-distance constraints in hadronic-light-by-light for the muon g — 2"

Talk by: Johan Bijnens

= Make use of experimental inputs on many processes: ¥y = 70 m, 1, T

New experiments results (Jlab, KLOE, BESIII, etc).

Talk by:

Ilya Larin, Igal Jaegle, Elena P. D. Rio

3

7) [27] Our estimate
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=20(5) -16.4(2)
18(1.20) —-8(1)
5(13.4) 69.4(4.1)
1.1(1) } -10)
»5(2.71) 6(6)
20(4) 15(10)
2.3(2) 3(1)
4(28.2) 92(19)

:cent update with our estimate. Legend:
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Wilson gauge action Lattice fermion action

Figure credit: Stephen R. Sharpe.



HLbL: RBC-UKQCD 2019 9 /27

PHYSICAL REVIEW LETTERS 124, 132002 (2020)

Hadronic Light-by-Light Scattering Contribution to the
Muon Anomalous Magnetic Moment from Lattice QCD

Thomas Blum,l'2 Norman Christ,3 Masashi Hz1yakawa,4‘5 Taku Izubuchi,("2
Luchang Jin " Chulwoo Jung,6 and Christoph Lehner”®
IPhysics Department, University of Connecticut, 2152 Hillside Road, Storrs, Connecticut 06269-3046, USA
2RIKEN BNL Research Center, Brookhaven National Laboratory, Upton, New York 11973, USA
3Physics Department, Columbia University, New York, New York 10027, USA
4Deparl‘mem‘ of Physics, Nagoya University, Nagoya 464-8602, Japan
>Nishina Center, RIKEN, Wako, Saitama 351-0198, Japan
(’Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA
"Universitdit Regensburg, Fakultdt fiir Physik, 93040 Regensburg, Germany

® (Received 18 December 2019; accepted 27 February 2020; published 1 April 2020)

= First lattice result for the hadronic light-by-light scattering contribution to the muon g — 2 with all

errors systematically controlled.

= Lattice calculation directly at the physical pion mass and no Chiral extrapolation is needed.



HLbL: diagrams

» Gluons and sea quark loops (not directly connected to photons) are included automatically

to all orders!
= There are additional four different permutations of photons not shown.

= The photons can be connected to different quark loops. These are referred to as the

disconnected diagrams. They will be discussed later.

= First results are obtained by T. Blum et al. 2015 (PRL 114, 012001).
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= Two point sources at x, y:

randomly sample x and y.

= Importance sampling:

focus on small |x — y/|.

= Complete sampling for |[x — y| < 5a

upto discrete symmetry.

Tsrc ! o o Tsnk
Yy,o 2K T,p

iL_/s’(o) 6 Z ZZ (Xop Xref) X Us’( )/ﬁc(a;xv)/vzvxop)us(a)

r=x—y Z Xop

1 N .
- Z i(iop — Xeef) X J(Xop) = Muon is plane wave, X.f = (x + y)/2.
Xop

= Sum over time component for Xop.

Reorder summation
= Only sum over r = x — y.

Ix —y[ < min(ly — 2|, [x — 2])

T. Blum et al 2016. (PRD 93, 1, 014503)
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e We test our setup by computing muon leptonic light by light contribution to muon g —2.

50

analytic X
a=0 ——-
mya = 0.1000 +—m—
mya = 0.1333
mya = 0.1500
mya = 0.2000 —o—

Zop, V
Yy,0 T, p

0 002 0.04 0.06 0.08 0.1 0.12 0.14
1/(m,L)*

c ¢l _
Fy(a,L)=F, (1 - (m,,lL)Q + (m,,1L)4> (1—coa?+cha?) — Fo=46.6(2) x 10719 (19)

e Pure QED computation. Muon leptonic light by light contribution to muon g — 2.
Phys.Rev. D93 (2016) 1, 014503. arXiv:1510.07100.
e Analytic results: 0.371 x (/)% =46.5 x 10~ 1°.

e O(1/L?) finite volume effect, because the photons are emitted from a conserved loop.
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e One diagram (the biggest diagram below) do not vanish even in the SU(3) limit.

e We extend the method and computed this leading disconnected diagram as well.

Tg;

s snk
2, p
’. "

Tsre 1o
st 2K l//v o

Tops V
o1
Tare T
ENG

o ' o P Tank
Yo v pf BN o

e Permutations of the three internal photons are not shown.
e Gluons exchange between and within the quark loops are not drawn.

e We need to make sure that the loops are connected by gluons by “vacuum” subtraction.
So the diagrams are 1-particle irreducible.
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Lop, V

Yy,o Z, R

Ty o ol Ty
src ', p y/,OJ 2K snk

e Point z is used as the reference point for the moment method.

e We can use two point source photons at x and y, which are chosen randomly. The points
Zop and z are summed over exactly on lattice.

e Only point source quark propagators are needed. We compute M point source propagators
and all M? combinations of them are used to perform the stochastic sum over r =z — .

T. Blum et al 2017. (PRL 118, 2, 022005)
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48l 641

= Domain wall fermion action (preserves Chiral symmetry, no O(a) lattice artifacts).

» lwasaki gauge action.

» M;=135MeV * [ =55 fm box, 1/asg = 1.73 GeV, 1/ag4 = 2.359 GeV.
PRD 93, 074505 (2016) RBC-UKQCD

*. Valence pion mass. Slightly different from the 139 MeV unitary pion mass used in the ensemble generation.

T. Blum et al 2020. (PRL 124, 13, 132002)
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48l 641

24D 32D 48D 32Dfine

= For 24D, 32D, 48D, 32Dfine,
M, =~ 140 MeV

T. Blum et al 2020. (PRL 124, 13, 132002)
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—us/(O) = 1u(0) = > Zzé(zop—zef) x Oy (0)iF(0; X, ¥, 7, xop) s(0)

r=x—y z Xop

1
8 ' ' ' ' 481 con H—o—
16 T 641 con F——i
i { ' I [ 24D con
14 - 1 1 tly ms 32D con
i I }EE 3 % T % % ] 48D con
- B T3¢ 1 [ T ] 32Dfine con F-—
S 10 - .8 ¢ -
x oL " 3 xindd Bl g pL , . .
& 3 A more accurate estimate can be obtained by taking
6 £ B _| the continuum limit for the sum up to » = 1 fm, and above
& that by taking the contribution from the relatively precise
4 - Ia;& _| 483 ensemble. We include a systematic error on this long
distance part since it is not extrapolated to a = 0. The
2 |- | infinite volume limit is taken as before.
B
0 1 1 1 1
0 0.5 1 1.5 2 2.5

r (fm)
Partial sum is plotted above. Full sum is the right most data point.

T. Blum et al 2020. (PRL 124, 13, 132002)
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a, _ = o 1 - oo -
m—‘;us/(O)EUS(O) = Z ZZ §(xop — Xef) X uSI(O)/]-'C(O;x,y,z,xop)us(O)

r=x—y z Xop

481 discon F—o—i

641 discon H—+—
24D discon *
32D discon ¢
32Dfine discon H—&—

Partial sum is plotted above. Full sum is the right most data point.

T. Blum et al 2019. (PRL 124, 13, 132002)
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30

au(L, a aD)

bo

48] o

641

ol > D/.D 2, D/D 4
aﬂ(l—m—q(a GeV) —cr(a GeV) + ¢ (a GeV))

48] —o—i

641
24D 24D
32D 32D
- 48D - 32Dfine F—&—
ES 32Dfine & 2, 24D-32D
; -| 24D-32D-48D ; 481-641 +—m—
N A81-641 —=— °_ inf & cont +—e—i
< inf & cont —e—i <
0 ‘ ‘ ‘ (conn) (discon)
0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2
1/(muL)? 1/(muL)?
12 T 481 F—o—i
641
24D
32D
- 32Dfine F—4&—
= 24D-32D
; 481-641 +—=—
£y
S

0.15 0.2

inf & cont +—e—i

(tot)

T. Blum et al 2020. (PRL 124, 13, 132002)
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con discon tot
au 24.16(2.30) -16.45(2.13) 7.87(3.06)
sys hybrid O(a?>)  0.20(0.45) 0 0.20(0.45)
sys O(1/L3) 2.34(0.41)  1.72(0.32)  0.83(0.56)
sys O(a*) 0.88(0.31)  0.71(0.28)  0.95(0.92)
sys O(a’log(a®))  0.23(0.08)  0.25(0.09)  0.02(0.11)
sys O(a/L) 4.43(1.38)  3.49(1.37)  1.08(1.57)
sys strange con 0.30 0 0.30
sys sub-discon 0 0.50 0.50
sys all 5.11(1.32)  3.99(1.29)  1.77(1.13)

= Same method is used for esimating the systematic error of individual and total contribution.

= Systematic error has some cancellation between the connected and disconnected diagrams.

T. Blum et al 2020. (PRL 124, 13, 132002)
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Hadronic light-by-light contribution to (g — 2),
from lattice QCD: a complete calculation

En-Hung Chao,' Renwick J. Hudspith,! Antoine Gérardin,?
Jeremy R. Green,® Harvey B. Meyer,*? and Konstantin Ottnad!

LPRISMA™ Cluster of Excellence & Institut fiir Kernphysik,
Johannes Gutenberg-Universitdt Mainz, D-55099 Mainz, Germany
2 Aiz Marseille Univ, Université de Toulon, CNRS, CPT, Marseille, France
3 Theoretical Physics Department, CERN, 1211 Geneva 23, Switzerland
4Helmholtz Institut Mainz, Staudingerweg 18, D-55128 Mainz, Germany
5GSI Helmholtzzentrum fiir Schwerionenforschung, Darmstadt, Germany
(Dated: April 7, 2021)

= Mainz pioneered in using the infinite volume QED method in HLbL. The QED weighting function

can be saved to disk and reuse.

= Use 4D rotational symmetry of the Euclidean space-time when combining the hadronic 4-point

function with the QED weighting function.

= The other aspect of the method is similar to the one used in the RBC/UKQCD calculation. It is

developed to a very large degree independently.

= Use the subtraction method for the QED weighting funcion invented by RBC-UKQCD based on the
QEDo: T. Blum et al 2017. PRD 96, 3, 034515
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A654 A653
0.25 - u *
1 C101  HI05 U102 U103 H101
0.20 I A A /]
a” D450 B450
= 0.15 4 * *
O
= D200 N200 N203 N202 H200
= (| [ | * [ B |
0.10 -
N300
*
0.05 -
0-00 xl 1 I ] I ] 1
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175
m% [GeV?]

E.H. Chao et al 2021. (EPJC 81 7, 651)
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= Pion masses are heavier than physical value and Chiral extrapolation is used.

= For the connected and disconnected dlagrams contributions |nd|V|duaIIy

au(m?,myL,a®) = Ae 2 L Ba? +C S(m2) + D+ Em? (21)
1
Pole :: -
Log :: logm? (22)

Log2 :: log” (m )
m2Log :: m? log (mfr) .

= For the total contribution:
ay(m?,m.L,a*) = a,(0,00,0)(1 + Am? + Be ™ %/? + Ca?), (23)

— Note: more stringent Chiral fitting form for the total contribution due to weaker pion

mass dependence for the total contribution.

= Long distance (separation of the two vertices locations) contribution obtained by fitting an
ansatz: f(|y|) = |y|*Ae B

Results only weakly depend on the form of the ansatz.

E.H. Chao et al 2021. (EPJC 81 7, 651)
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. 34
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E.H. Ch3o et al 2021. (EPJC 81 7, 651)
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» Systematic uncertainty of the continuum extrapolation

a7 <02Gev” |

mL>4

m” <0.165 GeV”

All Data -
) ) ) ® Linearina
2% <02Gev’ ° K .
® Linearina
mL>4 ] | ° | -~ Stat.
— Stat. + Syst.
m,” <0165 GV’ — ¢ °
All Data — t L

T T T T T T T
70 80 90 100 110 120 130 140 150
(Conn + 2+2)-1 11

N x 10

Root-mean-squared deviation (9.2 x 1071) is estimated to be the uncertainty.

» Systematic uncertainty from Chiral extrapolation:

a(m?,m.L,a*) = a,(0,00,0)(1 + Am? + Be ™ L/? + Ca?), (23)

With Am2 — A, log(m?2/GeV?), half difference (6.0 x 107!) is used as the estimate of
the uncertainty. E.H. Chao et al 2021. (EPJC 81 7, 651)



Muon g — 2 HLbL summary

» Mainz 2021 is the most recent
lattice result. It uses heavier
pion mass with infinite volume
QED kernel and extrapolate to

the physical pion mass.

= RBC-UKQCD 2019 is the first
lattice result. It uses physical
pion mass in the finite volume
QED, scheme and extrapolate

to the infinite volume.

Mainz 2021 /e
RBC-UKQCD 2019 L i
WP 2020 P
J2017 } i !

N/NJ 2009 } L ] |

PdRYV 2009 f L
[ T I T T I 1
25 50 75 100 125 150 175

Hibl 11
a, X 10

WP 2020 result uses dispersive relations and data. It is the sum of the contributions from

different cuts and poles. High energy contributions are the major source of uncertainties.

average gives: a,'°" =9.77(1.16) x 1077,

These three results have different systematics and agree well with each other. Uncorrelated

Hadronic light-by-light contribution cannot be the source of the muon g — 2 puzzle.
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Thank You!
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24D 341 F——+—

04 , | | | |
02 - :1: 1 J e
z |
L —02 | BN
3
s —04 |- N
—0.6 |
0.8 Y S R - 24D: 24° % 64
0 0.5 1 1.5 2 2.5 3 L =4.8fm
Rmax/fm
= a1 =1.015 GeV
= Partial sum upto Rmax My = 142 MeV
Mk =512 MeV

Rmax = max(lx _ylv |X - Z|v |y - Z|)
» The tadpole part comes from C. Lehner et al. 2016 (PRL 116, 232002)

» Systematic error (subdiscon): 0.5 x 10710
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ay X 1010

0.35
0.3
0.25
0.2
0.15
0.1
0.05

—0.05

1 15 2 25 3 35 4

Ripax/fm

» Partial sum upto Rpax

Rmax = max(lx—y|, |X_Z|' |y _Z|)

= Systematic error (strange con): 0.3 x 1071°

Tsre Zsnk

n 24D: 243 x 64
L =48 fm

» a1 =1.015 GeV
My = 142 MeV
My = 512 MeV
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Contribution Valuex 10
Light-quark fully-connected and (2 +2) [107.4(11.3)(9.2)
Strange-quark fully-connected and (2 +2)| —0.6(2.0)

(3+1) 0.0(0.6)

(2+1+1) 0.0(0.3)

(1+1+1+1) 0.0(0.1)
Total 106.8(14.7)

TABLE VII. A breakdown of our result for aElbl.
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Zsnk Lsrc Tsnk Lsrc

» The three internal vertex attached to the quark loop are equivalent

(all permutations are included).
= We can pick the closer two points as the point sources x, y.
3 if [ x—y|<|x—2z]and |[x—y| < |y —Z|
3/2 if[x—y[=Ix—z[<|y—Z|
Do 243/2 iflx—yl=ly-zl<Ix-7

xX,\y.z X, y.z

1 ifx—yl=ly—zl=[x-Z

0 others
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Split the a;>" into two parts:

con,long

con __ acon,short + au

K K

con,short __ con .
. ag =a"(r < 1fm):

most of the contribution, small statistical error.
Jong _ )
n gpPnione = aff”(r > 1fm):
small contribution, large statistical error.

Perform continuum extrapolation for short and long parts separately.

= aP"shrt: conventional a? fitting.

con,long. «:
= g ”"°"8: simply use 48l value.

Conservatively estimate the relative O(a?) error: it may be as large as for =" from

48l.
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b
(muL)2

—cj(a GeV)? — cP(a° GeV)? + cP(a GeV)4)

au(L,a', aP) = au<1

O(1/L3) . .

L I D _ 1 —
L) = a1l i Ty
—cl(a' GeV)? — cP(aP GeV)? + cP(aP GeV)“)

O(a?log(a?))

— (C{(a' GeV)? + cP(aP GeV)? — cP(aP GeV)“)

X (1 - % log ((a GeV)Z))>
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b
au(L,a', aP) = au<1—ﬁ
n

—cj(a GeV)? — cP(a° GeV)? + cP(a GeV)4)

O(a*) (maximum of the following two)
au(L,a', a%) = au<1 —

(muL)?
—cj(a GeV)? — cP(a° GeV)? + c(a GeV)4)

b
(muL)?
—ci(a GeV)? + ch(a' Gev)* + P (aP GeV)4)
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Figure 91: Combined lattice and pion-pole contributions to the HLbL scattering part of the muon anomaly. Partial sums for the hadronic con-

tributions, connected (top-left), leading disconnected (top-right), and total (bottom), computed with QED.. a!
Mjy = 142 MeV. Lines denote the ’-pole contribution computed from the LMD model and are summed right-to-left.

1GeV, L = 6.4fm, and
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