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Nucleon Form Factors

● Definition

● Normalization
● Isospin decomposition

● Sachs NFFs 
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Proton charge radius

● Definition

● Measurements

– Leptonic hydrogen Lamb shift

– Lepton-proton Scattering (Rosenbluth separation) 
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Why Dispersion Theory?

● Difficulties on NFFs
– Unknown expression              parametrization-dependent
– Data at         is unachievable           extrapolation needed

● Dispersion theoretical NFFs

– Unitarity and analyticity guaranteed,

– Works well in the whole t-region,

– Theoretical constraints of asymptotic behavior of NFFs can 
be added consistently, 

– Connects to data from various processes.
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Dispersion Relations of NFFs

Starting from the lowest 
two-pion cuts

● Definition

● Low-mass part: Spectral Decomposition
– Crossing symmetry

– Spectral decomposition

● Intermediate mass states (continua) 
– Isoscalar – Isovector
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Dispersion Relations of NFFs

● Sketch of the spectral functions

● High-mass part: Vector meson dominance

Effective poles
➢ Narrow state
➢ Broad state
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Theoretical constraints

● Normalization (4)

● Neutron charge radius squared (1)

● Superconvergence relations from pQCD (6) 
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Data basis

● Number of data/free parameters

● Fitting strategy: 
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Space-like results 

Line best fit
Band error from bootstrap sampling.

● Best configuration ‘3s+5v+3S+3V’

– 74 parameters

–

–

–
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Space-like results

Line best fit
Band error from bootstrap sampling.

Empty symbols not fitted
No zero crossing 



11/17/21 YHL11

Time-like results

Line best fit
Band error from bootstrap sampling.

● Effective FFs

Empty symbols not fitted
BABAR fit formula
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Time-like results

Line best fit
Band error from bootstrap sampling.

● Effective FFs

Empty symbols not fitted
BESIII fit formula
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Time-like results

Line best fit
Band error from bootstrap sampling.

Empty symbols not fitted
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Proton charge radius

● Comparing to existing DR determinations

● Our determination 
“Systematical” error from variation of the spectral functions
“Statistical”  error form bootstrap
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Comparing to recent measurements
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Zemach radius and third Zemach moment

● Our determination 
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Comparison to spectroscopy observables
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Summary

● NFFs is extracted from the latest experimental data over the full 
range of momentum transfer by using dispersion theory for the 
first time.
– Spacelike data 0.000215-0.977 GeV^2
– Timelike data 3.52-20.25 GeV^2

● DR analysis on NFFs data provide robust and consistent proton 
radius over decades, agrees with the small one.

● The DR NFFs is also consistent with          spectroscopy observables. 

● Several issues on the behavior of NFFs are addressed,
– Disfavor the zero crossing at intermediate spacelike momentum transfer.

–                     and                            in the time-like region are predicted.  
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Thank you very much for your attention!
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Parametrization of NFFs

● Our spectral functions of NFFs read 

● Then NFFs can be written as
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Fitting procedure

● Definition of  

● Theoretical constraints are imposed in a soft way (implemented 
as additive terms to the total     ) 
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Two-pion continuum

● Two-pion contribution to isovector spectral functions

– Pion FFs        : from        scattering phase shift
–                                        : from analytic continuation of         data 

● Substantially different with the 
single     meson approximation 

A visible enhancement on 
the left shoulder of     is 
found.
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Parametrization of NFFs

● Continuum contributions (not fitted to data)
–        based on precise analysis of pion-nucleon scattering

–         from an analytic continuation of kaon-nucleon scattering data

–         from investigation of the 
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Two-photon-exchange correction

● Leading TPE contribution

● One-photon amplitude

● Two-photon amplitude
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Values of the proton charge radius

● Historical DR determination

Here * means that no error analysis has been performed. 
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Parameters of best fit

● Best fit
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Bootstrap vs Bayesian in PRad fits

● Bayesian theorem

● Bayesian analysis
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Bootstrap vs Bayesian in PRad fits

● Comparing with bootstrap sampling
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From “puzzle” to precision

● Some discussions

Precision is the issue that really matters in the 
proton charge radius problem.
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