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Outline
1. Effective field theory and the large-N expansion 

2. Neutrinoless double beta decay with light Majorana exchange 

3. WIMP-light nucleus elastic scattering 

4. Summary
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Effective Field Theory
❖ Lagrangian organized as power series 

❖ Low energy coefficients dimensionless and  

❖ Systematic and model independent 

❖ Pionless EFT and Chiral EFT 

- Symmetries of QCD 

- Simple inclusion of external fields
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Low Energy Coefficients
❖ LECs must be obtained from: 

• fit to data 

- lacking for many low-energy processes 

• nonperturbative QCD calculation 

- lattice QCD 

❖ Theoretical constraints from large-Nc QCD 

• other applications: two-nucleon potential, parity violation, time-
reversal invariance violation, etc. 

• Fierz transformations can obscure large-Nc relations
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Large-Nc Baryons
❖ Limit                  with                   fixed 

• QCD becomes expansion in  

❖ Mesons are weakly interacting with fixed mass  

❖ Baryon must be made of Nc quarks  

❖ Baryon mass scales as Nc 

Large N QCD 51

Fig. 36. Baryon-baryon scattering.

N . Baryon-baryon scattering can be described by classical trajectories in
the large N limit, since the particle masses are order N , and the scattering
amplitude is also of order N .

The processes considered so far all have an N dependence that is some
power of N . There are also processes that are exponentially small in N ,
such as the cross-section for e+e− → BB. The amplitude to create a quark
pair from the vacuum is some number a < 1. The baryon has N quarks,
so the amplitude to create a BB pair is of order aN , and is exponentially
suppressed in N .

An important observation due to Witten is that all the N -counting rules
mentioned above are the same as in a field theory with coupling constant
1/

√
N , where the mesons are fundamental fields and the baryon is a soliton.

5.2. The Non-Relativistic Quark Model

The non-relativistic quark model treats the baryon as made of three non-
relativistic quarks bound by a potential. The precise details of the potential
will not be important for these lectures. All we need assume is that the
ground state baryon is described by all three quarks in the same spatial
wavefunction φ(x). The wavefunction must then be completely symmetric
in spin and flavor. In the case of three flavors, there are six possible quark
states u ↑, u ↓, d ↑, d ↓, s ↑, s ↓. The potential is assumed to be spin and
flavor independent, so the non-relativistic quark model has an SU(6) spin-
flavor symmetry under which these six states transform as the fundamental
representation. The ground state baryons transform as the completely
symmetric product of three 6’s of SU(6), which is the 56 dimensional
representation.

Figure: Baryon-baryon scattering 
Manohar, 1998 
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Large-Nc Spin-Flavor Symmetry
❖ Large-Nc SU(4) spin-flavor symmetry 

❖ Factorization and Hartree Hamiltonian
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Si = q†
�i
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are suppressed [16]. In order to achieve this, one may start from the QCD Lagrangian for Nf flavors of
quarks,

L =

NfX

f

 ̄f

�
i�D �m

�
 f +

1

4
F a
µ⌫F

µ⌫
a , (1)

where D
µ is the QCD gauge covariant derivative, and make the replacement

g !
g

p
Nc

. (2)

As a consequence, each interaction vertex comes with a factor of N�1/2
c , and traces over color indices which

are necessary for the theory to be color neutral produce factors of Nc. These observations may be related
to the topology of a given Feynman diagram, from which it may be inferred that the leading order vacuum-
to-vacuum diagrams in QCD start at N2

c and contain only planar gluons, and every quark loop produces a
N�1

c suppression [5].
In a theory with Nc colors of quarks, it is clear that a baryon must be composed of Nc quarks that are

antisymmetric in color indices. From this observation, Witten showed that the mass of a Large-Nc baryon
grows as Nc while the shape of the baryon is independent of Nc [18]. In addition, because of the scaling of
the coupling constant g and some combinatorics from choosing quarks in a baryon, it can be seen that the
baryon-baryon scattering amplitude is O(Nc).

Perhaps the most relevant result from the study of Large-Nc QCD is that the baryon sector possesses an
exact SU(4) contracted symmetry as Nc ! 1 [6]. For finite Nc, corrections for certain baryon properties
may be calculated through the study of the baryon spin-flavor structure [7]. Sometimes, these corrections
actually come in an expansion in N�2

c , which certainly has a smaller error than an expansion in N�1
c . The

key result from the study of baryon spin-flavor structure is the scaling of baryon matrix elements [9, 10],

hB0
|
O

(n)

Nn
c

|Bi ⇠ N�|I�S|
c .

From this relation, the scalings for the quark-model operators

Ŝi = q†
�i

2
q, Îa = q†

⌧a

2
q, Ĝia = q†

�i⌧a

4
q (3)

may be deduced, and we find that

hB0
| Ŝi

|Bi , hB0
| Îa |Bi ⇠ O(N0

c )

hB0
| Ĝia

|Bi ⇠ O(Nc). (4)

Additionally, the identity operator scales as O(Nc) since we may insert it on any of the Nc quark lines inside
the baryon. However, the matrix elements do not necessarily begin at these orders, rather these are upper
bounds on the matrix elements since there could be various cancellations in a calculation.

2.2 Pionless E↵ective Field Theory

For more extensive reviews of EFT⇢⇡ , see [2, 3, 4, 8, 14]. Low energy physics is insensitive to high energy
physics, so for nucleons at momenta much smaller than the pion mass the physics should not depend highly
upon meson exchange. Therefore, it is possible to construct an e↵ective theory consisting only of nucleons
organized in powers of

Q ⇠
p

m⇡
, (5)

where p is the external momentum and m⇡ is the pion mass. The most general set of operators may
be constructed such that they are hermitian and possess the desired symmetry properties under Galilean
transformations, gauge transformations, isospin rotations, etc. For example, at lowest order in the e↵ective
theory, there are four operators for two-nucleon interactions.

�
N†N

� �
N†N

�
,

�
N†�i⌧aN

� �
N†�i⌧aN

�
,

�
N†�iN

� �
N†�iN

�
,

�
N†⌧aN

� �
N†⌧aN

�
. (6)
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Making use of Fierz rearrangements, it can be seen that there are only two independent operators in this
set. Thus, a suitable choice for the minimal set of operators is

�
N†N

� �
N†N

�
,

�
N†�iN

� �
N†�iN

�
. (7)

When these are inserted into the Lagrangian, the operators must come with undetermined coe�cients to be
fit to data

L = N†
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2
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N†N
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The interaction terms in the Lagrangian may be rewritten through more Fierz rearrangements in a partial
wave basis such that the Lagrangian takes the form

Lint = �C(1S0)
0

�
NTPiN

�2
� C(3S1)

0

�
NTP aN

�2
, (9)

where

Pi =
1
p
8
�2�i⌧2, P a =

1
p
8
�2⌧2⌧a,

P0 =
1
p
8
�2⌧2, P a

i =
1
p
8
�2�i⌧2⌧a, (10)

and the coe�cients in the so-called Weinberg basis and the partial wave basis are related as

C(1S0)
0 = Cs � 3Ct,

C(3S1)
0 = Cs + Ct. (11)

Additionally, the low energy coe�cients (LEC) in the partial wave basis may be obtained from phase shift
data and are constructed to reproduce Bethe’s e↵ective range expansion to lowest order.

C0(µ) =
4⇡

mN

1
1
a � µ

The LEC’s dependence on the subtraction point arises from the power divergence subtraction scheme devised
by Kaplan, Savage, and Wise to deal with the unnaturally large scattering length in singlet scattering channel
[11, 12].

2.3 Integration of Large-Nc QCD and EFT⇢⇡

Determining the LEC’s in EFT⇢⇡ amounts to fitting the coe�cients to data or performing a nonperturbative
QCD calculation. The first option is viable for scattering, but data is lacking for other processes while the
second does not seem to be feasible at the time unless the LEC’s can be extracted from Lattice QCD.
Thus, the purpose of combining Large-Nc and EFT⇢⇡ is to constrain the relative sizes of the LEC’s without
performing a full calculation and when data is lacking.

A delicate detail to merging these tools to study nucleon interactions is the factorization of two-body
matrix elements

hN3N4| O1O2 |N1N2i
Nc!1
����! hN3| O1 |N1i hN4| O2 |N2i , (12)

so that we may find the Nc scaling of individual bilinears, and then map the scalings onto the LEC’s in the
e↵ective theory [15]. In order to find the scalings, it is most convenient to work in the Weinberg basis with
an overcomplete set of operators since Fierz transformations can obscure the Large-Nc relations. Thus, for
example, the operators in the first row of equation (6) scale as O(Nc) while the operators in the second row
scale as O(N0

c ). Next, we would apply the same Fierz rearrangements and find that

Cs ⇠ O(Nc) Ct ⇠ O(N0
c ). (13)

Therefore, we have a way to constrain the relative sizes of the LEC’s. If we take the ratio of the LEC’s in
the partial wave basis, then the constraint takes the form

C(3S1)
0

C(1S0)
0

= 1 +O(N�2
c ) (14)
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Light Majorana Exchange Mechanism

❖ Neutrino exchange potential 

❖ Contact term required for renormalization
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Relation to Charge Independence Breaking

❖ CIB isotensor Lagrangian 

❖ Chiral symmetry dictates 

❖ Approximate 

8

Q̃± =
1

4

⇥
u†⌧3u± u⌧3u†⇤

Epelbaum and Meißner 1999,  
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Results: LEC Constraints
❖ LNV contact term 

❖ CIB contact terms
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C̄6 ⇠ O(1)

C1 = �3C̄3 � 3C̄6 = �3C̄3 [1 +O(1/Nc)]

C2 = �3C̄3 + 3C̄6 = �3C̄3 [1 +O(1/Nc)]



Results: Isospin Breaking Two-Nucleon Interactions

❖ Four classes of charge symmetry of nuclear forces 

❖ Class (IV) occurs for P-wave or higher 

- suppressed in EFT power counting

10
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WIMP-Light Nucleus Scattering
❖ Recent proposals for light nuclei as direct detection targets 

❖ Momentum transfer bounded from above by a few MeV 

❖ (Almost) model-independent framework—minimal assumptions about dark 
matter 

- Spin 0 or 1/2 

- Heavy WIMP 

❖ Novel theoretical constraints can be used to simplify many-body 
calculations

11
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One-Nucleon Currents
❖ Zero derivatives 

❖ One derivative—16 terms, but only 6 are  

- 3 suppressed by WIMP mass
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Two-Nucleon Currents
❖ Seven operators, only three              LECs 

❖ For WIMP-deuteron scattering need                and
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Single-Nucleon Cross Section
❖ Unpolarized scattering cross section at LO in EFT
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Deuteron Cross Section
❖ Symmetry conserving unpolarized cross section
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WIMP-Three body Scattering
❖ For triton or helium-3 

❖ SI and SD cross sections are of the same size as 
corresponding nucleon cross sections
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Conclusions
❖ Large-Nc spin-flavor symmetry constrains relative sizes of LECs 

without data 

❖ Constraints should guide the interpretation of data 

❖ Constraints can reduce required input in ab initio studies that use 
EFT interactions  

❖ Leading order LECs should be priority for lattice QCD calculations

17


