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Motivation

• In order to study the hadronic processes induced by gravity we need to derive the
generally covariant effective chiral Lagrangian for nucleons and pions.

• We obtain the three basic global mechanical properties of the nucleon (mass, spin, and
D-term) as linear responses of the action to the change of spacetime metric.

• In reality the gravitational characteristics of the nucleon are measured in exclusive
processes like deeply virtual Compton scattering and hard exclusive meson production.

• The theory can be applied to a wide range of low-energy processes induced by gravity,
e.g. the pion graviproduction.
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Effective action in curved spacetime and EMT

The second order ECHL for pions and nucleons in flat spacetime was already derived and its
action is given by S = Sπ + SπN, with:

SπN =

∫
d4x

[
1

2
Ψ̄ iγa∇aΨ− 1

2
∇aΨ̄ iγaΨ−mΨ̄Ψ +

gA
2

Ψ̄γaγ5uaΨ

+ c1〈χ+〉Ψ̄Ψ− c2

8m2
〈uaub〉

(
Ψ̄ {∇a,∇b}Ψ + {∇a,∇b} Ψ̄Ψ

)
+

c3

2
〈uµuν〉Ψ̄Ψ

+
ic4

4
Ψ̄σab [ua, ub] Ψ + c5Ψ̄χ̂+Ψ +

c6

8m
Ψ̄σabF+

abΨ +
c7

8m
Ψ̄σab〈F+

ab〉Ψ ] ,

Sπ =

∫
d4x

[
F 2

4
Tr(DaU(DaU)†) +

F 2

4
Tr(χU† + Uχ†)

]
. (1)
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Effective action in curved spacetime and EMT

The action has following Building blocks:
• χ = 2B0(s + ip), DaU = ∂aU − iraU + iUla,where B0 is related to the vacuum condensate,
U = exp

(
i
F τ · π

)
is pion matrix, s, p, lµ = vµ − aµ and rµ = vµ + aµ are external sources.

• AaB
a = ηabAaBb, where we use for the Minkowski metric the signature (+,−,−,−) .

•

ua = i
[
u†∂au − u∂au

† − i(u†vau − uvau
†)
]
,F+

ab = u†FRabu + uFLabu
† ,

FRab = ∂arb − ∂bra − i [ra, rb], FLab = ∂alb − ∂bla − i [la, lb] ,

χ+ = u†χu† + uχ†u , χ̂+ = χ+ −
1

2
〈χ+〉 ,

∇aΨ = ∂aΨ +
(

Γa − iv
(s)
a

)
Ψ, ∇aΨ̄ = ∂aΨ̄− Ψ̄

(
Γa − iv (s)

µ

)
,

Γa =
1

2

[
u†∂µu + u∂µu

† − i(u†vµu + uvau
†)
]
, v

(s)
a is isoscalar external vector source.
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Effective action in curved spacetime and EMT

To get the corresponding action in curved spacetime we couple the individual terms in the
action to gravitational field:

•
∫
d4x →

∫
d4x
√
−g , AaB

a → gµνAµBν , γaAa → eµa γaAµ, σabAab → eµb e
ν
aσ

abAµν .

• ∇aΨ→ ∇µΨ ≡ ∂µΨ + i
2 ω

ab
µ σabΨ +

(
Γµ − iv

(s)
µ

)
Ψ,

• ∇µΨ̄ = ∂µΨ̄− i
2 Ψ̄σab ω

ab
µ − Ψ̄

(
Γµ − iv

(s)
µ

)
, ωab

µ = −gνλeaλ
(
∂µe

b
ν − ebσΓσµν

)
.

• Γλαβ = 1
2 g

λσ (∂αgβσ + ∂βgασ − ∂σgαβ) ,

• ∇gr
µ A

αβ...
ρσ... = ∂µA

αβ...
ρσ... + ΓαµνA

νβ...
ρσ... + . . .− ΓνµρA

αβ...
νσ... − . . . .

• eaµe
b
ν ηab = gµν , eµa eνbη

ab = gµν , eaµe
b
ν g

µν = ηab, eµa eνbgµν = ηab.

• We have to consider higher-order couplings to the gravitaional field, as to Rαβ and R.
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Effective action in curved spacetime and EMT

The GCE actions are found to be:

SπN =

∫
d4x
√
−g
{

1

2
Ψ̄ ieµa γ

a∇µΨ− 1

2
∇µΨ̄ ieµa γ

aΨ−mΨ̄Ψ +
gA
2

Ψ̄eµa γ
aγ5uµΨ

+ c1〈χ+〉Ψ̄Ψ− c2

8m2
gµαgνβ〈uµuν〉

(
Ψ̄ {∇α,∇β}Ψ + {∇α,∇β} Ψ̄Ψ

)
+

c3

2
gµν〈uµuν〉Ψ̄Ψ

+
ic4

4
Ψ̄ eµa e

ν
bσ

ab [uµ, uν ] Ψ + c5Ψ̄χ̂+Ψ +
c6

8m
Ψ̄ eµa e

ν
bσ

abF+
µνΨ +

c7

8m
Ψ̄ eµa e

ν
bσ

ab〈F+
µν〉Ψ

+
c8

8
RΨ̄Ψ +

ic9

m
Rµν

(
Ψ̄eaµγa∇νΨ−∇νΨ̄eaµγaΨ

)}
,

Sπ =

∫
d4x
√
−g

{
F 2

4
gµν Tr(DµU(DνU)†) +

F 2

4
Tr(χU† + Uχ†)

}
. (2)
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Effective action in curved spacetime and EMT

• The EMT for bosonic matter fields in flat spacetime is given by:

Tµν =
2√
−g

δS

δgµν
|gµν=ηµν . (3)

• In case of fermionic matter fields we have to take the functional variation with respect to
the vielbein fields:

Tµν =
1

2e

[
eaν

δS

δeaµ
+ eaµ

δS

δeaν

]
|gµν=ηµν . (4)
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Effective action in curved spacetime and EMT

The EMT is found to be:

T (πN)
µν =

i

4

(
Ψ̄ γµDνΨ + Ψ̄ γνDµΨ− DµΨ̄ γνΨ− DνΨ̄ γµΨ

)
+

gA
4

(
Ψ̄ γµγ5uνΨ + Ψ̄ γνγ5uµΨ

)
− c2

8m2

[
〈uµuβ〉

(
Ψ̄ {Dν ,Dβ}Ψ + {Dν ,Dβ} Ψ̄Ψ

)
+ 〈uαuµ〉

(
Ψ̄ {Dα,Dν}Ψ + {Dα,Dν} Ψ̄Ψ

)
+ 〈uνuβ〉

(
Ψ̄ {Dµ,Dβ}Ψ + {Dµ,Dβ} Ψ̄Ψ

)
+ 〈uαuν〉

(
Ψ̄ {Dα,Dµ}Ψ + {Dα,Dµ} Ψ̄Ψ

)]
+

ic2

16m2
∂ρ
{
〈uαuβ〉

[
DαΨ̄ (ηβνσρµ + ηβµσρν) Ψ + DβΨ̄ (ηανσρµ + ηαµσρν) Ψ

]
− 〈uαuβ〉

[
Ψ̄ (ηβνσρµ + ηβµσρν)DαΨ + Ψ̄ (ηανσρµ + ηαµσρν)DβΨ

]}
+

c2

4m2

{
∂α
[
〈uαuµ〉Dν(Ψ̄Ψ) + 〈uαuν〉Dµ(Ψ̄Ψ)− 〈uµuν〉Dα(Ψ̄Ψ)

]}
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Effective action in curved spacetime and EMT

+ c3 Ψ̄〈uµuν〉Ψ +
ic4

8
Ψ̄
(
σνβ

[
uµ, u

β
]

+ σαν [uα, uµ] + σµβ

[
uν , u

β
]

+ σαµ [uα, uν ]
)

Ψ

+
c6

8m
Ψ̄
(
σνβF

+
µαη

αβ + σµβF
+
ναη

αβ
)

Ψ +
c7

8m
Ψ̄
(
σνβ〈F+

µα〉ηαβ + σµβ〈F+
να〉ηαβ

)
Ψ

+
c8

4
(ηµν∂

2 − ∂µ∂ν)Ψ̄Ψ +
ic9

2m
(ηµαηνβ∂

2 + ηµν∂α∂β − ηµα∂ν∂β − ηνα∂µ∂β)

×
(

Ψ̄γαDβΨ− DβΨ̄γαΨ + Ψ̄γβDαΨ− DαΨ̄γβΨ
)

− ηµν

[
1

2
Ψ̄ iγαDαΨ− 1

2
DαΨ̄ iγαΨ−mΨ̄Ψ +

gA
2

Ψ̄γαγ5uαΨ + c1〈χ+〉Ψ̄Ψ

− c2

8m2
〈uαuβ〉

(
Ψ̄
{
Dα,Dβ

}
Ψ +

{
Dα,Dβ

}
Ψ̄Ψ
)

+
c3

2
〈uαuα〉Ψ̄Ψ +

ic4

4
Ψ̄σαβ [uα, uβ] Ψ

+ c5Ψ̄χ̂+Ψ +
c6

8m
Ψ̄σαβF+

αβΨ +
c7

8m
Ψ̄σαβ〈F+

αβ〉Ψ
]
, (5)
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Effective action in curved spacetime and EMT

T (π)
µν =

F 2

4
Tr(DµU(DνU)† + DνU(DµU)†)

− ηµν

{
F 2

4
Tr(DαU(DαU)†) +

F 2

4
Tr(χU† + Uχ†)

}
, (6)

• Where

DµΨ = ∂µΨ +
(

Γµ − iv (s)
µ

)
Ψ,

DµΨ̄ = ∂µΨ̄− Ψ̄
(

Γµ − iv (s)
µ

)
. (7)

• Although the C8 and C9 terms disappear in the flat spacetime Lagrangian they still give
contributions in the EMT.
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One-loop chiral corrections to nucleon GFFs

The one-nucleon matrix element of the EMT is parametrized in terms of three form factors as
follows:

•

〈pf , sf |Tµν |pi , si 〉 =

ū(pf , sf )

[
A(t)

PµPν
mN

+ iJ(t)
Pµσνα∆α + Pνσµα∆α

2mN
+ D(t)

∆µ∆ν − ηµνt
4mN

]
u(pi , si ) ,

(8)

• where mN is the physical mass of the nucleon, (pi , si ) and (pf , sf ) are the momenta and
polarizations of the incoming and outgoing nucleons, respectively.

• We introduced the kinematic variables P = (pi + pf )/2, ∆ = pf − pi , t = ∆2.
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One-loop chiral corrections to nucleon GFFs

Figure: Tree- and one-loop diagrams contributing to the nucleon matrix element of the EMT
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One-loop chiral corrections to nucleon GFFs

• Up to the fourth chiral order the tree-order diagrams give the following contributions to
the form factors:

Atree(t) = 1− 2c9

mN
t + x1M

2
πt + x2t

2 ,

Jtree(t) =
1

2
− c9

mN
t ,

Dtree(t) = c8mN + y1t + y2M
2
π . (9)

• Here xi and yi parametrize the higher-order tree-level contributions and they are functions
of the coupling constants.
• The D-term D(0) expanded in powers of the pion mass reads up to one-loop order:

D(0)

mN
= c8 +

g2
A

16πF 2
Mπ +

−3g2
A/mN + 2 (−4c1 + c2 + 2c3)

8π2F 2
M2
π ln

(
Mπ

mN

)
+

(
−g2

A (3c8 + 14/mN) + 8c3 − 16c1

)
32π2F 2

M2
π +

y2

mN
M2
π +O(M3

π) . (10)
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One-loop chiral corrections to nucleon GFFs

The slopes of GFFs are defined by writing the form factors as:

A(t) = 1 + sAt +O(t2) ,

J(t) =
1

2
+ sJt +O(t2) ,

D(t) = D(0) + sDt +O(t2) . (11)
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One-loop chiral corrections to nucleon GFFs

For the chiral expansion of the loop contributions to the slopes we obtain

sA = −
7g2

A

128πF 2mN
Mπ +

(
c2mN − 4g2

A

)
16π2F 2m2

N

M2
π ln

(
Mπ

mN

)
−

3g2
A (2c9mN + 1)

32π2F 2m2
N

M2
π +O(M3

π) ,

sJ = −
g2
A

32π2F 2
ln

(
Mπ

mN

)
+

g2
A (4c9mN − 5)

64π2F 2
+

7g2
A

128πF 2mN
Mπ +O(M2

π) ,

sD = −
g2
AmN

40πF 2

1

Mπ
−
(
5g2

A + 4 (c2 + 5c3)mN

)
80π2F 2

ln

(
Mπ

mN

)
+

g2
A (24 + (15c8 + 40c9)mN)

480π2F 2

+
(4c1 − c2 − 7c3)mN

40π2F 2
+O(Mπ) . (12)
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One-loop chiral corrections to nucleon GFFs

• Together with the one-loop contributions we have at chiral limit for small t :

A(t) = 1− 2c9

mN
t +

3g2
A

512F 2mN
(−t)

3
2 −

(
c2mN − 10g2

A

)
320π2F 2m2

N

t2 ln

(
−t
m2

N

)
−

(
25g2

A (12c9mN − 7)− 62c2mN

)
9600π2F 2m2

N

t2 + O(t
5
2 ) ,

J(t) =
1

2
− c9

mN
t −

g2
A

64π2F 2
t ln

(
−t
m2

N

)
+

g2
A (12c9mN − 7)

192π2F 2
t −

3g2
A

512F 2mN
(−t)

3
2 + O(t2) ,

D(t) = mNc8 +
3g2

AmN

128F 2

√
−t −

(
5g2

A + 4 (c2 + 5c3)mN

)
160π2F 2

t ln

(
−t
m2

N

)
+

(
5g2

A (40c9mN + 15c8mN + 28) + 94c2mN + 200c3mN

)
2400π2F 2

t + O(t
3
2 ) . (13)
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Large distance asymptotics of the energy, spin, pressure and

shear force distributions

The GFFs of the nucleon A(t), J(t) and D(t) can be related to the energy and spin densities:

ρE (r) = mN

∫
d3∆

(2π)3
e−ir∆

[
A(−∆2) +

∆2

4m2
N

[
A(−∆2)− 2J(−∆2) + D(−∆2)

]]
, (14)

ρJ(r) =

∫
d3∆

(2π)3
e−ir∆

[
J(−∆2) +

2

3
∆2 dJ(−∆2)

d∆2

]
. (15)

The distribution of the pressure p(r) and shear force s(r) are obtained through:

s(r) = − 1

4mN
r
d

dr

1

r

d

dr
D̃(r), p(r) =

1

6mN

1

r2

d

dr
r2 d

dr
D̃(r),

D̃(r) =

∫
d3∆

(2π)3
e−i∆r D(−∆2). (16)
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Large distance asymptotics of the energy, spin, pressure and

shear force distributions

Performing 3D Fourier transformation of the above GFFs we obtain the large distance behavior
of the spatial distributions in the parametrically wide region 1/Λstrong � r � 1/Mπ :

ρE (r) =
9g2

A

64π2F 2

1

r6
−

3
(
10g2

A/mN + (c2 + 10c3)
)

16π3F 2

1

r7
+ O

(
1

r8

)
, (17)

ρJ(r) =
5g2

A

64π3F 2

1

r5
−

9g2
A

64π2F 2mN

1

r6
+ O

(
1

r7

)
, (18)

D̃(r) = −
3g2

AmN

128π2F 2

1

r4
+

3
(
5g2

A + 4 (c2 + 5c3)mN

)
160π3F 2

1

r5
+ O

(
1

r6

)
. (19)
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Large distance asymptotics of the energy, spin, pressure and

shear force distributions

The large distance behavior of the pressure and shear force distributions is then given by:

p(r) = −
3g2

A

64π2F 2

1

r6
+

(
5g2

A/mN + 4 (c2 + 5c3)
)

16π3F 2

1

r7
+ O

(
1

r8

)
,

s(r) =
9g2

A

64π2F 2

1

r6
−

21
(
5g2

A/mN + 4 (c2 + 5c3)
)

128π3F 2

1

r7
+ O

(
1

r8

)
. (20)

The general stability conditions are satisfied1: ρE (r) > 0 and 2
3s(r) + p(r) > 0.

1Xiangdong Ji, Yizhuang Liu. arXiv:2110.14781v1 [hep-ph].
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Pion graviproduction

• The pion graviproduction is relevant for hadronic reactions in strong gravitational fields as
well as in hard exclusive processes.

• We calculate the amplitude of the one pion production up to third chiral order:
Ma,µν = 〈πa(k)N(pf )|Tµν |N(pi )〉 .
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Pion graviproduction

Figure: Tree-order diagrams to the one pion production matrix element of the EMT
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Pion graviproduction

At the threshold the tree-order ME has the form:

−i Ma,µν
tree = F1(∆2) ū(pf )

τ a

2

{
∆2PµPν − (m2

∗ −m2
N)∆{µPν}

+
(m2
∗ −m2

N)2

4
gµν
}
γ5u(pi ) + F2(∆2) ū(pf )

τ a

2

{
∆2γ{µPν}

− (m∗ + mN)∆{µPν} −
(m2
∗ −m2

N)

2

(
γ{µ∆ν} − (m∗ + mN)gµν

)}
γ5u(pi )

+ F3(∆2)
{

∆µ∆ν − gµν∆2
}
ū(pf )

τ a

2
γ5u(pi ) , (21)

where ∆ = pf + k − pi , P = pi + ∆
2 , m∗ = mN + Mπ, and the symmetrization is defined as

X {µY ν} = (XµY ν + X νY µ)/2.
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Pion graviproduction

Our tree-order calculations give:

F1(∆2) =
8 c9gAmN

Fm∗ (mN (m∗ + mN)−∆2)
+

4gAmN (mN −Mπ)

F (mN (m∗ + mN)−∆2) (M2
π (m∗ + mN)−∆2mN)

,

F2(∆2) =
2gAmN

F (m∗ + mN) (mN (m∗ + mN)−∆2)

−
2 c9gA

(
MπmN (m∗ + mN) 2 + ∆2

(
2m2

N −M2
π

))
Fm∗mN (m∗ + mN) (mN (m∗ + mN)−∆2)

,

F3(∆2) = −
c9MπgA

(
−M2

πmN + 4m3
N + Mπ∆2

)
Fm∗mN (mN (m∗ + mN)−∆2)

−
c8m∗gA

(
2mN (m∗ + mN)−∆2

)
2F (m∗ + mN) (mN (m∗ + mN)−∆2)

+
MπgAmN

(
−4m2

N + M2
π + ∆2

)
F (mN (m∗ + mN)−∆2) (M2

π (m∗ + mN)−∆2mN)
.

In the momentum transfer range ∆2 ∼ M2
π ∼ ε2 → 0 the above FFs behave as

F1(∆2) ∼ 1/ε2, F2(∆2) ∼ ε0, and F3(∆2) ∼ 1/ε.
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Summary

• The effective chiral Lagrangian of pions and nucleons in curved spacetime up to the
second chiral order was introduced.

• The corresponding energy-momentum tensor of pions and nucleons (with external scalar,
pseudoscalar, vector and axial-vector quark currents included) in flat spacetime was
derived.

• The one-loop contributions to the one-nucleon ME of the EMT at fourth chiral order were
calculated and the corresponding contributions to GFFs of the nucleon were extracted.

• The leading- and next-to-leading order tree contributions to the amplitude of the pion
graviproduction were calculated.
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