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Baryon-Baryon interactions in χEFT

• based on Weinberg power counting as in the NN case
• degrees of freedom: octet baryons , pseudoscalar mesons (N, Λ, Σ, Ξ) (π, K, η)

LO:  H. Polinder et al., NPA 779 (2006). NLO: J. Haidenbauer et al., NPA 915 (2013) 

unresolved short-distance dynamics

is absorbed into contact terms (LECs) 

BB interaction in chiral effective field theory
Baryon-baryon interaction in SU(3) �EFT à la Weinberg (1990)

Power counting
systematic improvement by going to higher order
Possibility to derive two- and three-baryon forces and external current operators
in a consistent way

• degrees of freedom: octet baryons (N, ⇤, ⌃, ⌅), pseudoscalar mesons (⇡, K , ⌘)
• pseudoscalar-meson exchanges
• contact terms – represent unresolved short-distance dynamics

(involve low-energy constants (LECs) that need to be fixed from data)
(⇤⇤, ⌅N + ⇤p, ⌃N + (broken) SU(3) flavor symmetry)

LO :

NLO :

LO: H. Polinder, J.H., U.-G. Meißner, PLB 653 (2007) 29
NLO: J.H., U.-G. Meißner, S. Petschauer, NPA 954 (2016) 273; EPJA 55 (2019) 23

Johann Haidenbauer Assorted aspects of hyperon physics
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Johann Haidenbauer Assorted aspects of hyperon physics

LO:

NLO:

   number of contact terms: 

• exploit  to fix BBM couplings and relate various LECs, allow   breakingSU(3)f SU(3)f
where it seems appropriate 

NN:   2  (LO)         7   (NLO)

YN:  + 3 (LO)       + 11 (NLO)

YY:  + 1 (LO)       + 4   (NLO)   28 LECs for S=-2 at NLO⇒
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Constraints from S=-2 sector: ΞN
• some data/ limits for    (in)elastic cross sections ΞN (J.K. Ahn et al, PLB 633 (2006) 214)

σΞ−p → ΛΛ < 12 mbσΞ−p → Ξ−p < 24 mb;

σΞ−p → ΛΛ = 4.3+6.3
−2.7

mb,    at    MeV/cpΞ = 500

• events support -bound states:


:      MeV    (KISO)    K. Nakazawa et al., PTEP 033D02 (2015)


                                       MeV                           (KINKA)  M. Yoshimoto et al., PTEP 073D02 (2021)


                                              MeV                       (IBUKI)  S.H. Hayakawa et al., PRL 126 (2021) 

Ξ

Ξ−−14N (15
Ξ−C ) BΞ = 3.87(1.03) ± 0.21(0.18)

= 4.96 ± 0.77
= 1.27 ± 0.21

 is captured in nuclear 1p stateΞ−

 (KINKA) ,   (IRRAWADDY)   (M.Yoshimoto et al., PTEP (2021))BΞ = 8.00 ± 0.77 6.27 ± 0.27

T. Nagae et al., PoS (INPC2016) 038, AIP Conf. Proc 2130 (2019),  MeV (and 2 MeV)BΞ ≈ 9

s-shell   nuclear stateΞ−

:  12C(K−, K+) 12
Ξ−Be P. Khaustov PRC 61 (2000)T. Fukuda et al. PRC 58 (1998), 

(200 <  < 800 MeV/c)          pΞ

σΞ−N = 12.7+3.5
−3.1 mb     (400 <  < 600 MeV/c)          pΞ  (S. Aoki et al., NPA 644 (1998))

 single particle  potential  MeV  (  MeV)Ξ UΞ ≈ − 14 UΛ ≈ − 30

  interaction can not be very strongΞN
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Constraints from S=-2 sector: ΛΛ

 (K. Nakazawa et al., NPA 835 (2010))ΔBΛΛ = BΛΛ(  6ΛΛHe) − 2BΛ(5
ΛHe) = 0.67 ± 0.17 MeV

J. Haidenbauer et al., NPA 954 (2016) 273,  EPJA 55 (2019) 23   YY interaction at NLO

(A. Gasparyan PRC 85 (2012)) 

•  fulfil all the constraints from S=-2 sector (see J. Haidenbauer talk) 

• study   and   using LO and NLO    6
ΛΛHe,   5

ΛΛHe   4
ΛΛH

(HL et al.,  EPJA 57 (2021) 217 )

• Kohno et al., use  s.p. potential obtained with NLO

 to study finite systems: 

Ξ
,  Ξ−−14N Ξ−−12C

reasonable agreement with experiment can be obtained  

(M. Kohno  PRC 100 (2019), M. Kohno, K. Miyagawa., arXiv:2107.03784  )

•   hypernuclei:  (Nagara),  (Demachi-Yanagi),  (Hida)  ΛΛ   6
ΛΛHe   10

ΛΛ Be   11
ΛΛ Be

  is fairly well described with NLO;   is  6
ΛΛHe   5

ΛΛHe
  predicted to be bound  

 interaction is weakly attractiveΛΛ

aΛΛ = − 1.2 ± 0.6 fm

   MeV Uc
Ξ ≈ − 14

7

a⇤⇤ a⌅0n(
1
S0) U⌅(p⌅ = 0)

NLO(500) -0.62 -1.30 - i0.07 -5.5

NLO(550) -0.61 -2.05 - i0.27 -3.8

NLO(600) -0.66 -1.95 - i0.25 -4.3

NLO(650) -0.70 -1.41 - i0.09 -4.1

x

The predicted separation energies B⌅ for the A =
4 � 7 ⌅ hypernuclei are listed in Table 1. We verified
that all the bound states established here are predom-
inantly due to the strong ⌅N interaction. The ⌅

�
p

Coulomb interaction contributes roughly 200, 600, and
400 keV to the binding energies of NNN⌅, 5

⌅H and
7
⌅H, respectively. Table 1 provides also an estimate of
the corresponding decay width � . These widths have
been evaluated perturbatively by adapting the proce-
dure followed by Hiyama et al. [20, 27]. Hiyama et al.
have used the imaginary part of the G matrix. Here,
we employ the ⌅N T -matrix in the 11

S0 state from
the original potential that includes the ⌅N-⇤⇤ cou-
pling [23] instead. Schematically the width amounts to
� ' �2 Im h B⌅ |T⌅N�⌅N | B⌅ i and involves the per-
tinent hypernuclear wave function  B⌅ and the (o↵-
shell) ⌅N T -matrix at the sub-threshold energy corre-
sponding to the bound state. One can clearly see that
the three states (1+, 0), (0+, 1) and (1+, 1) in NNN⌅
are only weakly bound, possessing quite similar B⌅ ’s
but substantially di↵erent decay widths. Interestingly,
our result for B⌅(NNN⌅(1+, 0)) is close to that for
the HAL QCD potential, reported in [20], although the
(0+, 1) and (1+, 1) states are unbound for the HAL
QCD interaction. There are substantial (but not sur-
prising) di↵erences between our separation energies
B⌅(NNN⌅) and the predictions [20] for the ESC08c
potential [22]. According to the discussion in Ref. [20],
it is the strong attraction in the 33

S1 and 13
S1 channels

that is responsible for the rather large binding energies
predicted for that ⌅N model in the (1+, 0) and (1+, 1)
states.

In Appendix A, we summarize the relative weights
of the di↵erent partial wave channels to the e↵ective ⌅N
interaction in the s-shell ⌅ hypernuclei. Although such
an estimate is rather rough, it can nevertheless help to
understand the pattern of di↵erent bound states found.

Our results for the 5
⌅H separation energy and decay

width are B⌅(5⌅H) = 2.16±0.1 MeV and � (5⌅H) = 0.19
MeV, respectively. Oddly enough, these values agree
roughly with the estimations by Myint and Akaishi [47]
of 1.7 MeV and 0.2 MeV, respectively. However, given
the di↵erences in the underlying interactions and specif-

ically in the employed approaches, this is certainly acci-
dental. We further note that in contrast to our finding
where 5

⌅H is bound primarily due to the strong ⌅N in-
teraction, the authors in [47] state that the binding en-
ergy of 1.7 MeV in 5

⌅H largely comes from the 4He-⌅�

Coulomb interaction. The mechanism for the narrow
width of 5

⌅H has been investigated in [48,49]. Recently,
Friedman and Gal, employing an optical potential, also
reported a quite similar result for 5

⌅H (B⌅(5⌅H) =
2.0 MeV) [11]. But also here the agreement could be
more or less accidental given that the ⌅-nuclear in-
teraction used as starting point in that work is with
U⌅ . �20 MeV significantly more attractive than the
one predicted by the chiral ⌅N potential employed in
the present study which is only around U⌅ ⇡ �9 MeV
[40] as mentioned above.

The prediction of the chiral ⌅N interaction for 7
⌅H

( 12
+
,
3
2 ), B⌅(7⌅H) = 3.50 ± 0.39 MeV, is only slightly

larger than the binding energy of 3.15 MeV reported
by Fujioka et al. [17, 50] for the HAL QCD interac-
tion, based on a calculation within a four-body (↵nn⌅)
cluster model [27, 51]. An earlier study utilizing older
S = �2 potentials from the Nijmegen group indicated
somewhat smaller binding energies [16, 27]. Finally, as

one can see from Table 1, the 7
⌅H( 12

+
,
3
2 ) state is also

very narrow, with a width of � = 0.2 MeV.

To shed light on the relation between the proper-
ties of the chiral ⌅N potential and the binding of the
A = 4 � 7 ⌅ systems, we provide in Table 2 the con-
tributions of di↵erent ⌅N partial waves to the expecta-
tion value of the S = �2 potential hV S=�2i. These
results are computed at N = 28,! = 10 MeV for
NNN⌅, at N = 14,! = 16 MeV for 5

⌅H and at N =
10,! = 16 MeV for 7

⌅H. Here the second largest model
space is chosen for each system in order to save com-
putational resources. And, ! is the corresponding op-
timal HO frequency for the chosen model space. For
completeness, the energy expectation values are also
shown in the last column of Table 2. Clearly, in all
the considered states except NNN⌅(0+, 0) the attrac-
tive ⌅N interaction in the 33

S1 channel plays the most
important role in binding the systems. It accounts for
more than 50% of the expectation value hV s=�2i. While
the attraction in the 11

S0 channel is essential as well
for NNN⌅(1+, 0) and (0+, 1) (amounting to more than
30% of hV S=�2i), its contribution becomes less signif-
icant in other states. Furthermore, the ⌅N repulsion
in 31

S0 contributes predominantly to the expectation
value hV S=�2i of NNN⌅(0+, 0) (naturally with oppo-
site sign), which causes the system to be unbound. The
expectation value hV S=�2(31S0)i is also sizable for 5

⌅H
and 7

⌅H, however, its e↵ect is largely canceled by the
attraction in the 11

S0 channel.
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Possible lightest  hypernucleus?Ξ

Faddeev equation for  with modern  potentialsNNΞ ΞN
 K. Miyagawa and M. Kohno FBS 65 (2021)

• original  potentials are employed to obtain  ΞN TΞN,ΞN

• no bound states are obtained with chiral NLO  or HAL QCD

 E. Hiyama et al., PRL 124 (2020) 092501

variational Gaussian expansion method using ESC08c and HAL QCD

•  ,  coupling effects are renormalized into ΞN−ΛΣ − ΣΣ ΛΛ − ΞN VΞN−ΞN

• Nijmegen ESC08c leads to  ;  bound statesNN Ξ(Jπ, T ) = (3/2+,1/2) NNN Ξ(1+,0), (0+,1)(1+,1)

• HAL QCD predicts a loosely bound   state in  (1+,0) NNN Ξ

Our aim:
• study predictions of chiral interactions for  systems using Jacobi NCSMA = 4 − 7 Ξ

‣ input Hamiltonian: chiral NN ( ) and  S=-2 NLO potentials     N4LO+(450)

‣   coupling is effectively incorporated by re-adjusting the strength of  ΛΛ − ΞN (11S0) VΞN−ΞN

‣   transition in S=-2 is explicitly considered  ΞN−ΛΣ − ΣΣ
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N phase shifts predicted by modern interactionsΞ

NLO(500)
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N phase shifts predicted by modern interactionsΞ

NLO(500) & HAL QCD* Nijmegen ESC08c*

(* E. Hiyama et al. PRL 124, 092501 (2020)) 

•   is rather attractive in NLO and HAL QCD, but repulsive in ESC08c11S0

•  is strongly attractive in ESC08c (lead to a  bound state), 

it is only moderately (weakly) attractive in NLO (HAL QCD)

33S1 ΞN

(* E. Hiyama et al PRL 124, 092501 (2020)) 
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Jacobi No-Core Shell Model (J-NCSM)
• an expansion of the wavefunction in a many-body HO basis depending on

Appendix C Jacobi coordinates for an A-body system

A

A � 1

6

5

4

3

2

1

r12 r3

r4 r5

r6

rA�1

rA

(C.3)

Figure C.1: A possible set of Jacobi coordinates for an A-body system

4

3

2

1

p12 p3

p4

(C.4)

Figure C.2: A possible set of Jacobi coordinates for an A-body system

C.1 Orthogonal transformation between two sets of
three-cluster Jacobi coordinates

Generally, for describing a system of three clusters, for example 1,2 and 3, one can use di↵erent sets
of Jacobi coordinates in which either cluster 1 or 2 or 3 is the outer spectator. These three di↵erent
sets of intrinsic Jacobi coordinates are illustrated in Fig. C.3

156

Jacobi coordinates

p12 =
m2

m1 + m2
k1 −

m1

m1 + m2
k2

p3 =
m2 + m1

m1 + m2 + m3
k3 −

m3

m1 + m2 + m3
(k2 + k2)

pA =
∑A−1

i=1 mi

∑A
i=1 mi

kA −
mA

∑A
i=1 mi

A−1

∑
i=1

ki

⋮

‣ explicit removal of c.m. motion        

‣ all particles are active (no inert core)            employ microscopic BB interactions

‣ converge slowly           require soft interactions (use techniques e.g., Vlow_k, SRG)

• basis functions are split into two orthogonal sets: 

Chapter 5 Jacobi NCSM for S = �2 systems

states describing a system of two hyperons, |Y1Y2i

| iY1Y2
⌘ |↵⇤(Y1Y2)i = |↵(A�2)Ni ⌦ |Y1Y2i
= |N JT,↵(A�2)N ↵Y1Y2

n��;

(((lY1Y2
(sY1

sY2
)S Y1Y2

)JY1Y2
(�JA�2)I�)J, ((tY1

tY2
)TY1Y2

TA�2)T i

⌘
����

Y1

Y2

E
,

(5.1)

with Y1,Y2 = ⇤,⌃ and Y1  Y2. The latter inequality Y1  Y2 expresses the fact that we only
distinguish the |⇤⇤i, |⇤⌃i and |⌃⌃i states but do not explicitly consider the |⌃⇤i state. Here, we
have adopted the same notations as those used in Eq. (3.16). For example, the symbol ↵(A�2)N stands
for all quantum numbers characterizing the antisymmetrized states of A � 2 nucleons: the total
number of oscillator quanta NA�2, total angular momentum JA�2, isospin TA�2 and state index ⇣A�2
as well. Similarly, ↵Y1Y2

stands for all quantum numbers describing the subcluster of two hyperons Y1
and Y2: the total number of oscillator energyNY1Y2

, total angular momentum JY1Y2
, isospin TY1Y2

and
the state index ⇣Y1Y2

. Finally, the HO energy number n� together with the orbital angular � describe
the relative motion of the (A�2)N core with respect to the C.M. of the Y1Y2 subcluster. The orders, in
which these quantum numbers are coupled, are explicitly shown after the semicolon. Note that, when
the two hyperons Y1 and Y2 are identical, only the antisymmetrized states of |Y1Y2i, i.e. those states
with the quantum numbers satisfying the condition (�1)TY1Y2

�tY1
�tY2 (�1)S Y1Y2

�sY1
�sY2 (�1)lY1Y2 = �1,

are taken into account.
Analogously, the basis functions | i⌅ are obtained when one combines the antisymmetrized states

of an (A � 1)-nucleon system, |↵(A�1)Ni, with the HO states, |⌅i, describing the relative motion of a
⌅ hyperon with respect to the C.M. of the (A-1)N subcluster

| i⌅ ⌘ |↵⇤(⌅)i = |↵(A�1)Ni ⌦ |⌅i
= |N JT,↵(A�1)N n⌅ I⌅ t⌅; (JA�1(l⌅ s⌅) I⌅)J, (TA�1 t⌅)T i
⌘
���� ⌅

E
.

(5.2)

The notation used in Eq. (5.2) follow exactly as the one of Eq. (3.2). Thus, ↵(A�1)N denotes a set
of quantum numbers describing an antisymmetrized state of A � 1 nucleons: the total oscillator
energy number NA�1, total angular momentum JA�1, isospin TA�1 and state index ⇣A�1. Likewise,
the relative motion of a ⌅ hyperon is labeled by the HO energy number n⌅, the orbital angular
momentum l⌅ and spin s⌅ =

1
2 which combine together to form the total angular momentum I⌅

as well as the isospin t⌅ =
1
2 . Finally, the last lines in Eqs. (5.1) and (5.2) show the graphical

representations of the states.
Having defined the basis states, we can now expand the S = �2 hypernuclear wavefunction

| (⇡, J,T )i,

��� (⇡JT )
↵
=
X

↵⇤(Y1Y2)

C↵⇤(Y1Y2)

���↵⇤(Y1Y2)(N JT )
↵
+
X

↵⇤(⌅)

C↵⇤(⌅)

���↵⇤(⌅)(N JT )
↵
, (5.3)

where the expansion coe�cients are obtained when diagonalizing the A-body Hamiltonians in the

110
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= |𝒩JT, αA−2 αY1Y2
⏟

nλλ; ((lY1Y2
SY1Y2

)JY1Y2
(λJA−2)Iλ)J, ((tY1

tY2
)TY1Y2

TA−2)T ⟩ ≡ |α*(Y1Y2)⟩
|ΛΣ⟩, |ΣΣ⟩

= |𝒩JT, αA−1 nΞ lΞ tΞ; (JA−1(lΞ s)IΞ) J, (TA−1tΞ)T ⟩ ≡ |α*(Ξ)⟩
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and
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Analogously, the basis functions | i⌅ are obtained when one combines the antisymmetrized states

of an (A � 1)-nucleon system, |↵(A�1)Ni, with the HO states, |⌅i, describing the relative motion of a
⌅ hyperon with respect to the C.M. of the (A-1)N subcluster

| i⌅ ⌘ |↵⇤(⌅)i = |↵(A�1)Ni ⌦ |⌅i
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E
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=
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���↵⇤(Y1Y2)(N JT )
↵
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X
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↵
, (5.3)
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⌘
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( -coupling)JJ

• basis truncation:   
⇒ Eb = Eb(ω, 𝒩max)

require  extrapolation  𝒩max → ∞

𝒩 = 𝒩A−2 + NY1Y2
+ 2nλ + λ = 𝒩A−1 + 2nΞ + λΞ ≤ 𝒩max

(HL et al.  arXiv:2008.11565, arXiv:2103.08395)
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Dependence of energies on SRG

4
ΞH(1+,0)

6

the properties of ⌅s in nuclear matter. In this work, we
present such an investigation for ⌅ hypernuclei up to
A = 7.

In this exploratory study, we do not take the ⌅
�-

⌅
0 mass di↵erence of 6.85 MeV into account and as-

sume isospin symmetry by assigning to each state a def-
inite isospin. We believe that this is justified to identify
states that are possibly bound but stress that the im-
pact of the mass di↵erence and possible isospin break-
ing by other contributions like the Coulomb interaction
should be analysed in a future study. For the A = 3
and A = 5 ⌅ hypernuclei, the isospins are well defined
since the corresponding core nucleus is predominantly
in its isospin zero state. For A = 7, we follow the choice
of Hiyama et al. [20] and only consider the (1/2+, 3/2)
state. For this state, it is natural to expect that the ⌅�-
6He(0+, 1) component is the dominant one. The situa-
tion is less clear for A = 4 since, a priori, none of the
possible isospins is favored by the 3N core. Below we
have therefore assumed isospin symmetry and give sep-
arate results for T = 0 and T = 1 states. Our results
for the contribution of the Coulomb interaction suggest
that this is a reasonable approximation since the bind-
ing is still predominately due to the strong interaction.
However, a more careful analysis also taking the cas-
cade mass di↵erence into account should be performed
in the future.

As mentioned earlier, in order to eliminate the ef-
fect of finite-basis truncation on the binding energies,
we follow the two-step extrapolation procedure as ex-
plained in [38]. The !- and N -space extrapolations for
the binding energy of the 4

⌅H(1+, 0) state, E(1+, 0), are
illustrated in panels (a) and (b) of Fig. 2, respectively.
To obtain the converged ⌅ separation energy B⌅ , we
perform an analogous exponential fit on the quantities
B⌅(N ) = EN (1+, 0)�EN (3H), see also panel (c). Here
EN (1+, 0), EN (3H) are the hypernuclear and nuclear
binding energies, respectively, obtained at their opti-
mal HO frequencies for a given model space N . For the
separation energies, we cannot expect a monotonic con-
vergences a priori. But for the results shown here, we
observed that this is the case and that an exponential fit
is appropriate. The same approach was used for the sep-
aration energies obtained in our earlier studies [38,39].
Note that the error bars shown in panels (b)-(c) are
given by the di↵erence to the next model space. These
error bars are not meant to provide a realistic uncer-
tainty estimate, but rather to assign relative weights
for the following extrapolation to N ! 1. Clearly,
well-converged results for both E(1+, 0) and B⌅(1+, 0)
are achieved for model spaces up to Nmax = 30. For
the NN interaction alone, the triton energy calcula-
tion is, however, converged already for model spaces

�B
SRG
⌅ �B

SRG
⇤⇤ �B

SRG
⇤

[keV] [keV] [keV]

A=4 190± 30 - 740± 2

A=5 460± 140 80± 40 1501± 20

A=6 - 100± 17 -

Nmax = 24. Similar convergence patterns are also ob-
served for the binding (separation) energies of the other

states in NNN⌅ and of the 5
⌅H( 12

+
,
1
2 ),

7
⌅H( 12

+
,
3
2 ) hy-

pernuclei. The convergence for A = 5 and A = 7 is
generally faster since the separation energies are larger.
Therefore, our current limits of Nmax = 16 and 12 for
A = 5 and 7, respectively, still allow an accurate deter-
mination of the energies as can be seen from Table 1.

In order to minimize the contribution of the Coulomb
interaction, we use the 4

⌅n states for isospin T = 1. As
can be seen in Table 1, both of these states, 4

⌅n(0
+
, 1)

and 4
⌅n(1

+
, 1), are clearly bound for the chiral interac-

tion. It turns out that their binding energies are compa-
rable to that one for 4

⌅H(1
+
, 0). The 4

⌅H(0+, 0) state, on
the other hand, is unbound for the chiral interactions
at NLO.

The converged B⌅(1+, 0) computed for a wide range
of SRG-flow parameter, 1.4  �Y Y  3.0 fm-1, are pre-
sented in panel (d) of Fig. 2. One sees that the overall
variation of B⌅(1+, 0) is visible, about 190±30 keV. It
is also larger than the dependence of B⇤⇤ on the SRG-
flow parameter, which was found to be of the order
of 100 keV [38]. This may be related to the fact that,
unlike for the ⇤⇤ case where the coupling to the pion
is suppressed by isospin conservation, ⇡ exchange con-
tributes to the ⌅N interaction at leading order. Long-
range interactions are likely to be more strongly a↵ected
by the SRG evolution. However, the variation is much
smaller than the one observed for single ⇤ hypernu-
clei (see e.g. [38]). For the A = 5 and 7 ⌅ hypernuclei,
we observed similarly large absolute variations, but still
they are relatively smaller as compared to the estimated
⌅ separation energies. Therefore, in all cases, the SRG
dependence is small enough that it does not a↵ect con-
clusions on the existence of the found bound states.
Thus, in the following discussion, we will present results
for a specific flow parameter, namely �Y Y = 1.6 fm-1.
Anyway, in the future, it will be interesting to better
explore the dependence on the SRG evolution. Such cal-
culations are however beyond the scope of the current
work.

• effect of  SRG evolution on  is moderately large,


however, 

BΞ

ΔBSRG
Ξ ≪ BΞ

SRG dependence will not affect conclusions on the

 existence of bound states

 suppressed by 
isospin symmetry

Λ

Λ Λ

Λ

π

Σ N

Λ N

π

Ξ

Ξ N

N

π

Λ

Ξ N

Λ

π
π

Λ

Λ Λ

Λ

π
πΣ

Λ

Λ N

N

π

• apply SRG evolution to  and S=-2 NLO(500) to speed up convergence:N4LO+(450)
,  λNN = 1.6 fm−1 1.4 ≤ λYY ≤ 3.0 fm−1

estimate effect of  the omitted SRG-induced 3BFs   

or η
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Results for A=4-7 

Γ ≃ − 2 Im ⟨ΨBΞ
|TΞN−ΞN |ΨBΞ

⟩

 HAL QCD (t/a=12)(1)

 Nijmegen ESC08c (2)

 K. Myint, Y. Akaishi  PTPS 117 (1994)(3)

E.Hiyama et al., PRL 124 (2020)

 E. Friedman, A. Gal  PLB 820(2021)(4)

H. Fujioko  APFB2021, March (2021)

 HAL QCD (t/a=11)(5)

 Nijmegen ESC04d (6)

•  Coulomb interaction contributes roughly 200, 600 and 400 keV to and Ξ−p NNNΞ, 5
ΞH 7

ΞH

8

NLO(500) others

B⌅ [MeV] � [MeV] B⌅ [MeV] � [MeV]

4
⌅H(1+, 0) 0.48± 0.01 0.74 0.36(16)(26)(1) 0.06(1)

10.20(2) 0.89(2)

4
⌅n(0+, 1) 0.71± 0.08 0.2 3.55(2) 0.43(2)

4
⌅n(1+, 1) 0.64± 0.11 0.01 10.11(2) 0.03(2)

4
⌅H(0+, 0) - - - -

5
⌅H(12

+
,
1
2 ) 2.16± 0.10 0.19 1.7(3) 0.2(3)

2.0(4) 0.45(4)

7
⌅H(12

+
,
3
2 ) 3.50± 0.39 0.2 3.15(5) 0.02(5)

1.8(6) 2.64(6)

B⌅ [MeV] � [MeV]

4
⌅H(1+, 0) 0.48± 0.01 0.74

4
⌅n(0+, 1) 0.71± 0.08 0.2

4
⌅n(1+, 1) 0.64± 0.11 0.01

4
⌅H(0+, 0) - -

5
⌅H(12

+
,
1
2 ) 2.16± 0.10 0.19

7
⌅H(12

+
,
3
2 ) 3.50± 0.39 0.2

Table 1: ⌅ separation energies B⌅ and estimated decay
widths � for A = 4� 7 ⌅ hypernuclei. All calculations
are based on the YY-⌅N interaction NLO(500) and the
NN interaction SMS N4LO+(450). Both potentials are
SRG-evolved to a flow parameter of �NN = �Y Y =
1.6 fm-1. The values of B⌅ in NNN⌅, 5

⌅H and 7
⌅H are

measured with respect to the binding energies of the
core nuclei 3H, 4He and 6He, respectively.

and 7
⌅H, however, its e↵ect is largely canceled by the

attraction in the 11
S0 channel.

Complementary to Table 2, the binding of the A =
4� 7 hypernuclei can also be understood from Table 3,

where probabilities of finding a ⌅N pair, P⌅N, in dif-
ferent partial-wave states are listed. One clearly notices
that, in most of the systems, a ⌅N pair is predomi-
nantly found in those channels with J  1 and in par-
ticular in the 33

S1, except for the unbound 4
⌅H(0+, 0)

state. In addition, the two extremely small probabili-
ties P⌅N(11S0) = 0.02% and P⌅N (33S1) = 0.11% in
4
⌅H(0

+
, 0) are obvious manifestations of the small ex-

pectation values V
S=�2(11S0) = �0.002 MeV and

V
S=�2(33S1) = �0.006 MeV listed in Table. 2. Fur-

thermore, the strong variation of P⌅N(11S0) in di↵erent
states of the A = 4� 7 hypernuclei clearly explains the
large di↵erence in the decay widths estimated for these
systems, see Table 1.

As discussed in Section 2, we had to omit the ⇤⇤�
⌅N coupling in the J-NCSM application and we com-
pensated that by a small modification of the ⌅N po-
tential strength in the 11

S0 state. It is reassuring to see
that the overall e↵ect of this partial wave on the bind-
ing energies is not too large. Specifically, the existence
of the predicted bound states does not depend on its
precise contribution, as can be read o↵ from Tables 2
and 3. In fact, the slightly more attractive 11

S0 interac-
tion predicted by the original ⌅N potential, see Fig. 1,
implies that all found ⌅ hypernuclei could be simply
minimally more bound.
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Results for A=4-7 

* M. Kohno PRC 100(2019) (based on NLO(550))

9

hV S=�2i [MeV] E [MeV]

11
S0

31
S0

13
S1

33
S1 total

4
⌅H(1+, 0) -1.95 0.02 -0.7 -2.31 -5.21 -8.97

4
⌅n(0+, 1) -0.6 0.25 -0.004 -0.74 -1.37 -9.07

4
⌅n(1+, 1) -0.02 0.16 -0.13 -1.14 -1.30 -9.0

4
⌅H(0+, 0) -0.002 0.08 -0.01 -0.006 -0.11 -6.94

5
⌅H(1/2+, 1/2) -0.96 0.94 -0.58 -3.63 -4.88 -31.43

7
⌅H(1/2+, 3/2) -1.23 1.79 -0.79 -6.74 -8.04 -33.22

U⌅(p⌅ = 0)* -3.15 9.64 -3.24 -11 -8.8

V
S=�2 E

11
S0

31
S0

13
S1

33
S1 total

4
⌅H(1+, 0) -1.95 0.02 -0.7 -2.31 -5.21 -8.97

4
⌅n(0+, 1) -0.6 0.25 -0.004 -0.74 -1.37 -9.07

4
⌅n(1+, 1) -0.02 0.16 -0.13 -1.14 -1.30 -9.0

4
⌅H(0+, 0) -0.002 0.08 -0.01 -0.006 -0.11 -6.94

5
⌅H(1/2+, 1/2) -0.96 0.94 -0.58 -3.63 -4.88 -31.43

7
⌅H(1/2+, 3/2) -1.23 1.79 -0.79 -6.74 -8.04 -33.22

Table 2: Contributions of di↵erent partial waves to
hV S=�2i (first five columns), and the total binding en-
ergy (last column) for the A = 4 � 7 ⌅ hypernuclei.
The results are extracted at N = 28, ! = 10 MeV for
NNN⌅, at N = 14, ! = 16 MeV for 5

⌅H and at N = 10,
! = 16 MeV for 7

⌅H. All energies are given in MeV.
Same interactions as in Table 1. Note that the calcu-
lated binding energy of 3He(3H) is �7.79 (�8.50) MeV.

evolution on the ⌅ separation energies is in general
small, but, it is slightly larger than that observed for
⇤⇤ hypernuclei. We found three loosely bound states
(1+, 0), (0+, 1) and (1+, 1) for the NNN⌅ system and
more tightly bound 5

⌅H,
7
⌅H hypernuclei. These ⌅ sys-

tems are bound predominantly due to the attraction
of the chiral ⌅N potential in the 33

S1 channel. On the
other hand, the repulsive nature in 31

S0 prevents the
binding of the NNN⌅(0+, 0) state. All the investigated
⌅ bound states are predicted to have very small decay
widths.

In view of these results, which are based on an inter-
action that is fully consistent with presently available
experimental constraints, and well in line with current
lattice QCD results [24], it seems likely that light ⌅ hy-
pernuclei exist. Experimental confirmation is certainly
challenging. However, theoretical estimates for yields of
A = 4 hypernuclei [52] as well as actual measurements
of 4

⇤H,
4
⇤He by the STAR Collaboration [53] raise hopes

that NNN⌅ bound states can be detected in heavy ion
collisions in the not too far future. Also a bound 7

⌅H sys-
tem could be produced and studied in the 7Li(K�

,K
+)

reaction, cf. the proposal P75 for J-PARC [16]. Once
these new experimental results are available, they will
provide new insights into the properties of S = �2 BB
interactions. The current manuscript sets up a frame-
work that allows one to exploit these insights to con-
strain BB interactions in the future.

the attraction in  is essential for the binding of A=4-7  -hypernuclei33S1 Ξ
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Estimate partial-wave contributions 

• A=3 system:

3
ΞH(

1
2

+
,

1
2

) : ṼΞN ≈
3
16

V
11S0
ΞN +

9
16

V
31S0
ΞN +

1
16

V
13S1
ΞN +

3
16

V
33S1
ΞN

3
ΞH(

3
2

+
,

1
2

) : ṼΞN ≈
1
4

V
13S1
ΞN +

3
4

V
33S1
ΞN

• A=4 system:

4
ΞH(1+,0) : ṼΞN ≈

1
6

V
11S0
ΞN +

1
3

V
13S1
ΞN +

1
2

V
33S1
ΞN

4
ΞH(0+,1) : ṼΞN ≈

1
6

V
11S0
ΞN +

1
3

V
31S0
ΞN +

1
2

V
33S1
ΞN

4
ΞH(1+,1) : ṼΞN ≈

1
6

V
31S0
ΞN +

1
6

V
13S1
ΞN +

2
3

V
33S1
ΞN

4
ΞH(0+,0) : ṼΞN ≈

1
2

V
31S0
ΞN +

1
2

V
13S1
ΞN

• A=5 system:

5
ΞH(

1
2

+
,

1
2

) : ṼΞN ≈
1
16

V
11S0
ΞN +

3
16

V
31S0
ΞN +

3
16

V
13S1
ΞN +

9
16

V
33S1
ΞN

• Assumption:  
 ‣ no particle conversion contributing 

‣ both core nucleons and  are in s-wave statesΞ
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Estimate partial-wave contributions 

• Assumption:  
 ‣ no particle conversion contributing 

‣ both core nucleons and  are in s-wave statesΞ

12

(Jcore, Tcore,m
t
⌅) 4

⌅H(1+, 0) 4
⌅n(0+, 1) 4

⌅n(1+, 1) 4
⌅H(0+, 0)

(12 ,
1
2 ,�

1
2 ) 49.66 97.48 97.44 49.98

(12 ,
1
2 ,

1
2 ) 49.66 – – 49.98

(12 ,
3
2 ,

1
2 ) – 0.54 0.55 –

(12 ,
3
2 ,�

1
2 ) – 1.6 1.6 –

others 0.16 0.17 0.22 0.02

Table 4: Probabilities (in %) of finding the nucleons in a total Jcore and Tcore angular momentum and isospin
state and with a ⌅ hyperon with third component of isospin m

t
⌅ in the wave functions of A = 4 ⌅ hypernuclei.

(Jcore, Tcore,m
t
⌅) 5

⌅H(12
+
,
1
2 )

(0, 0,�1
2 ) 96.03

(0, 0, 1
2 ) 1.1

(0, 1, 1
2 ) 2.1

others 0.3

(Jcore, Tcore,m
t
⌅) 7

⌅H(12
+
,
3
2 )

(0, 1,�1
2 ) 94.44

(0, 2,�1
2 ) 0.7

(0, 2, 1
2 ) 2.8

others 1.13

Table 5: Same as Table 4 for A = 5 and 7 ⌅ hypernuclei.
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Summary

we studied  A=4-7  hypernuclei using J-NCSM and NLO(500)  potentialΞ ΞN

• found 3 loosely bound states   in (1+,0), (0+,1), (1+,1) NNNΞ

,    are more tightly bound5
ΞH(1/2+,1/2) 7

ΞH(1/2+,3/2)

‣ these bindings are predominantly due to the attraction of  potential in  channel ΞN 33S1

‣ all bound states are predicted to have very small decay widths

experimental confirmation?

•  could be produced in heavy ion collisions or in  reactionNNNΞ 4He(K−, K+)

•  is expected to be produced and studied in  reaction at J-PARC7
ΞH 7Li(K−, K+) (H. Fujioka et al., FBS 69(2021))

future works: study dependence of  on chiral cutoff. Include SRG-induced 3BF BΞ

• production of   5
ΞH?

p̄ p → Ξ− Ξ̄+

4He → 5
ΞH

PANDA  (J.I. Pütz PhD Thesis (2020)) 

→ Ξ̄+ Ξ*(1530), Ξ*(1530) → Ξ−+π+then 
4He → 5

ΞH
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                   Thank you for the attention!
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Results for A=4-7 

Probabilities (%) of finding a pair  in different partial-wave states |ΞN⟩

10

|⌅Ni

|11S0i |31S0i |13S1i |33S1i J � 2 total

4
⌅H(1+, 0) 12.88 0.18 25.91 35.72 24.80 99.49

4
⌅n(0+, 1) 8.24 13.32 0.23 23.29 54.73 99.81

4
⌅n(1+, 1) 0.14 9.22 9.83 33.08 47.56 99.83

4
⌅H(0+, 0) 0.02 11.87 14.65 0.11 73.33 99.98

5
⌅H(1/2+, 1/2) 4.82 12.18 14.37 35.53 32.59 99.49

7
⌅H(1/2+, 3/2) 3.71 12.92 11.11 38.36 32.94 99.04

|⌅Ni

|11S0i |31S0i |13S1i |33S1i J � 2

4
⌅H(1+, 0) 12.88 0.18 25.91 35.72 24.80

4
⌅n(0+, 1) 8.24 13.32 0.23 23.29 54.73

4
⌅n(1+, 1) 0.14 9.22 9.83 33.08 47.56

4
⌅H(0+, 0) 0.02 11.87 14.65 0.11 73.33

5
⌅H(1/2+, 1/2) 4.82 12.18 14.37 35.53 32.59

7
⌅H(1/2+, 3/2) 3.71 12.92 11.11 38.36 32.94

Table 3: Probabilities (in %) of finding a ⌅N pair in
di↵erent partial-wave states in the wave functions of
A = 4� 7 ⌅ hypernuclei. Same interactions and model
spaces as in Table 1. Note that for each system all prob-
abilities sum up to the probability of finding a ⌅ hy-
peron in that system.
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The work of UGM was supported in part by the Chinese
Academy of Sciences (CAS) President’s International
Fellowship Initiative (PIFI) (Grant No. 2018DM0034)
and by VolkswagenStiftung (Grant No. 93562).

Appendix A: Estimate of partial wave

contributions

In this appendix, we summarize approximate partial
wave contributions to s-shell ⌅ hypernuclei. The rela-
tions are similarly derived as the ones for ⇤ hypernuclei
and the ⇤N potential [54]. For these rough estimates
it is assumed that there is no particle conversion con-
tributing. Additionally, the ⌅ hypernucleus exhibits a
clear core-⌅ structure. Both, the core nucleons and the
⌅ are in s-wave states. To justify these assumptions, we
provide in Tables 4 and 5 probabilities of finding the nu-
cleons in certain angular momentum and isospin states
and together with ⌅

� or ⌅0. For the isospin zero states
of A = 4, the hypernucleus seems to be dominated by
the 3He/3H component together with ⌅

� and ⌅
0, re-

spectively. The choice of T = 0 enforces that both parts
contribute equally. For the other isospin and A = 5 and
7, the total charge of the systems is chosen such that
the ⌅� contribution dominates in conjunction with the
expected core nuclei. In the approximation that the hy-
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Extrapolation of the results
• extract converged binding energy


        𝒩 = 𝒩A−2 + NY1Y2
+ 2nλ + λ = 𝒩A−1 + 2nΞ + λΞ ≤ 𝒩max ⇒ Eb = Eb(ω, 𝒩max)

5

(a) EN (4⌅H(1+, 0)) as a function of !. (b) E(4⌅H(1+, 0)) as a function of N .

(c) B⌅(4⌅H(1+, 0)) as a function of N . (d) B⌅(4⌅H(1+, 0)) as a function of �Y Y .

Fig. 2 (a-c): binding energy E and ⌅ separation energy B⌅ for 4
⌅H(1+, 0) computed with the YY-⌅N interaction NLO(500),

SRG-evolved to a flow parameter of �Y Y = 3.0 fm-1. For the NN interaction the SMS N4LO+(450) potential [29] with
�NN = 1.6 fm-1 is employed. B⌅ is measured with respect to the triton binding energy (which is E(3H) = �8.5 MeV for the
used NN interaction). (a): Solid lines and symbols (with di↵erent colors) represent numerical results for di↵erent model spaces
N = 14 � 30, from top to bottom. The dashed lines are obtained by using the ansatz Eq. (22) in [38]. (b-c): Horizontal (red)
lines with shaded areas indicate the converged results and the corresponding uncertainties. (d): Dependence of B⌅(4⌅H(1+, 0))
on the flow parameter �Y Y .

4 Results and discussion

As it has been shown in [21], the 3
⌅H hypernucleus is

not bound with the chiral YY-⌅N NLO potential [23].
Therefore, the lightest system that we study here is
NNN⌅. A ⌅ hyperon with isospin 1

2 can couple to the

core nucleus 3H/
3He in its ground state ( 12

+
,
1
2 ) result-

ing in several NNN⌅ states with (J⇡
, T ) = (1+, 0),

(0+, 1), (1+, 1) and (0+, 0). The first three states are
found to be strongly bound in the work by Hiyama
et al. when the Nijmegen ESC08c potential is used.
The HAL QCD potential, however, supports only one
weakly bound NNN⌅ state, namely the (1+, 0) [20]. As
discussed in Section 2, there are some di↵erences in the

predictions for the ⌅N phase shifts by the NLO(500)
and HAL QCD interactions. It is therefore interesting
to calculate the A = 4 system based on the chiral poten-
tial in order to see whether such di↵erences are manifest
in the predictions for the NNN⌅ binding energies. We
also consider 5

⌅H. Due to the strong binding of the ↵

particle core, the mass di↵erence between ⌅N and ⇤⇤ is
partly removed [47] which makes this light hypernucleus
especially interesting. Likewise, theoretical predictions
for 7

⌅H are of importance since this system is expected
to be investigated through the 7Li(K�

,K
+) reaction

in upcoming experiments at J-PARC [17]. Generally,
we expect that a consistent study of hypernuclei for a
range of mass numbers might provide constraints for
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E𝒩

E𝒩+2 − E𝒩

δE = E∞ − E𝒩max

                 Eb(ω, 𝒩) = E𝒩 + κ(log(ω) − log(ωopt))2 E𝒩 = E∞ + Ae−b𝒩
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The HAL QCD potential, however, supports only one
weakly bound NNN⌅ state, namely the (1+, 0) [20]. As
discussed in Section 2, there are some di↵erences in the
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partly removed [47] which makes this light hypernucleus
especially interesting. Likewise, theoretical predictions
for 7

⌅H are of importance since this system is expected
to be investigated through the 7Li(K�

,K
+) reaction

in upcoming experiments at J-PARC [17]. Generally,
we expect that a consistent study of hypernuclei for a
range of mass numbers might provide constraints for

BΞ,𝒩 = E𝒩(3H) − E𝒩(4
ΞH), 𝒩 = 14,⋯,30

• extract converged separation energy :BΞ

BΞ,𝒩 = BΞ,∞ + Ae−b𝒩

•    𝒩max(5
ΞH) = 16, 𝒩max(7

ΞH) = 12


