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X, Y, Z States

Many X, Y, Z states have been observed since 2003, when X(3872)
was detected by Belle[Choi et al., 2003].
Exploring their properties is one of most active topics in hadron
physics.
An important topic is distinguishing hadronic molecules from compact
states.
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Pole counting rule, PCR
A resonance is a compact state, if there are two poles near the threshold
found in S-wave scattering amplitude. Otherwise, it is a molecular state
with only one pole near the threshold[Morgan, 1992].

S-wave scattering amplitude:

T = (M − ik)−1, S =
M + ik
M − ik , pole position: M − ik = 0. (1)

▶ Potential scattering: M = − 1
a0

+ r0
2 k2 + O

(
k4
)
. |r0| ∼ (200MeV)−1,

two roots satisfy：
|k1|+ |k2| ≥

2

|r0|
. (2)

Only one pole is near the threshold → molecular state.
▶ CDD poles with weak coupling: M =

k2−k2
0

g2 , g2 → small
⇒ |k1|+ |k2| ≥ g2 ⇒Two poles are near the threshold → compact
state.
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Applications in previous works

X(3872): Two poles are near the threshold of D∗D̄ ⇒ 23P1 cc̄
state[Zhang et al., 2009].
Zc(3900): One pole exits near D∗D̄ threshold ⇒ D∗D̄ molecule[Gong
et al., 2016].
X(4660): There exists a pole as a molecule of ΛcΛ̄c. Meanwhile,
X(4660) is a compact state[Cao et al., 2019].
...
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Application on X(6900)

In 2020，LHCb Collaboration observed a structure around 6.9 GeV, named
as X(6900), in the di-J/ψ invariant mass spectrum. [Aaij et al., 2020a]。

Valence quarks：cc̄cc̄.
Mass and width：

M = 6886± 11± 11 MeV,
Γ = 168± 33± 69 MeV.

Figure: Schematic diagram of
X(6900). Image credit: CERN
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Related researches

Compact state:
With methods of QCD sum
rule[Chen et al., 2020b], quark
model[liu et al., 2020, Lü et al.,
2020] regard X(6900) as a
compact state.

Hadronic molecular state:
Dynamically generated
resonance.[Gong et al., 2020, Liang
et al., 2021]

Other opinions:
There does exist a structure called X(6200).
X(6900) may not to be a resonance but generated by the interference
of J/ψψ(2S), J/ψψ(3770) with background.[Dong et al., 2021]。
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Motivations & Approaches
Q.-F. Cao and H. Chen et al., Chin.Phys.C 45 (2021) 103102

Motivations:
▶ A general parametrization.
▶ Data driven.
▶ Respect the analycity of

scattering amplitudes.

Approaches:
▶ Flatté-like parametrization ⇒ fit

data.
▶ Analyse nature of resonances:{

Pole counting rule
Spectral density function sum rule

▶ A simple study on X(7200).
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Flatté-like parametrization

M1 =
g1n11(s)eiϕ1

s − M2
1 + iM1Γ11(s)

, the structure around 6.5 GeV,

Mi =
gini1(s)eiϕi

s − M2
i + iMi

∑2
j=1 Γij(s)

, i=2, for X(6900), i=3 for X(7200),

MNoR = c0ec1(
√

s−2m)

√
s − 4m2

s , coherent background.

(3)

nij(s) = (pij/p0)
lFl(s), Γij(s) =

gijρij(s)n2
ij(s)

ρij: two-body phase space of
couple channel，l: orbital angular
momentum number.
Fl: form factor. F2

0 = 1, F2
1 =

1/(1 + z), z = (pij/p0)
2[Chung

et al., 1995]。
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Spectral density function sum rule, SDFSR
S. Weinberg: Proposed the renormalization constant of deutron: Z [Weinberg,
1965]：

▶ Z = 0 → molecular state, Z = 1 → compact state.
▶ Deutron is a molecular state of p and n.
▶ Only suitable for S-wave stable particles which are near the thresholds.

Expansion[Baru et al., 2004, Kalashnikova and Nefediev, 2009]:

|Ψ⟩ =
( ∑

a ca |ψa⟩∑
i χi |M1(i)M2(i)⟩

)
,

|ψa⟩ : Bare elementary state.
|M1M2⟩: Two-hadron continum.
⟨ψ0|Ψ⟩ = c0(E): Possibility of finding an
elementary state in a physical hadronic
state.

▶ S-wave:∫
|c0(E)|2dα⇒

∫
ω(E)dE ≡ Z

▶ ω(E): Spectral density:

ω(E) =
1

2π

ΓI + ΓII∣∣E − Ef +
i
2
ΓI +

i
2
ΓII

∣∣2 .
▶ E =

√
s−mth, Ef = M−mth, Γ =

g̃
√
2µEθ(E). g̃ = 2g/mth.

g: coupling constant in Eq. (3).
▶ Z ∼ Z, but suitable for S-wave

resonances.
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Fit results

A: X(6900),X(7200) both couple to S-wave di-J/ψ (S-S couplings).

|M|2 =

∣∣∣∣∣
3∑

i=1

Mi +MNoR

∣∣∣∣∣
2

+ B.G.,

where B.G. is the incoherent background.
Three coupling cases for X(6900):

▶ Case I: di-J/ψ and J/ψ,ψ(3770),
▶ Case II: di-J/ψ and J/ψ,ψ(3823),
▶ Case III: di-J/ψ and J/ψ,ψ(3842).

One coupling case forX(7200): di-J/ψ + J/ψ,ψ(4160).
Results: Both compact and molecular states are possible.
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(a) Case I: elementary (b) Case II: elementary (c) Case III: elementary

(d) Case I: molecular (e) Case II: molecular (f) Case III: molecular

Figure: Fit projections for S-S coupling
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Pole positions of S-S couplings in the
complex s plane:

▶ Definition of Riemann sheets
(i=2,3),

I II III IV
ρi1 + - - +
ρi2 + + - -

▶ Sol.I: Compact states,
Sol.II: Molecular states.

▶

Faraway poles: more than
3 times of lineshape width
away from the threshold.

SDFSR for S-S couplings: Z =
∫ Emax

Emin
ω(E)dE,
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B:X(6900),X(7200) both couple to P-wave
di-J/ψ (P-P couplings):

|M|2 =

∣∣∣∣∣
3∑

i=1

Mi +MNoR

∣∣∣∣∣
2

+ B.G.,

Couple channels:
▶ Case I: X(6900) → J/ψJ/ψ, χc0χc1;

X(7200) → J/ψJ/ψ, χc0χc1(3872)；
▶ Case II:

X(6900) → J/ψJ/ψ, J/ψψ(3770);
X(7200) → J/ψJ/ψ, J/ψψ(4160).

Pole positions:

But it is neither suitable for PCR nor SDFSR.

Fit results:

(a) Case I

(b) Case II
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C: One of X(6900),X(7200) couples to S-wave di-J/ψ, another couples to
P-wave di-J/ψ.

▶ Case I: S-wave for X(6900) → J/ψJ/ψ, J/ψψ(3770); P-wave for X(7200)
→ J/ψJ/ψ, J/ψψ(4160), (S-P couplings).

▶ Case II: P-wave for X(6900) → J/ψJ/ψ, J/ψψ(3770); S-wave for X(7200)
→ J/ψJ/ψ, J/ψψ(4160), (P-S couplings).

▶

|M|2 =

∣∣∣∣∣
2∑

i=1

Mi +MNoR

∣∣∣∣∣
2

+ |M3|2 + B · G., (4)

X(6500) always interfer with X(6900) to fit the dip around 6.8 GeV.
▶ Pole positions:

Hao Chen (PKU) The Pole Counting Rule and X, Y, Z States November 16, 2021 13 / 32
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X(2900)
In year 2020, LHCb Collaboration declared two structures X0(2900),X1(2900) found in
D−K+ invariant mass spectrum via B± → D+D−K±[Aaij et al., 2020b].

Masses and widths are:

mX0 = 2.866± 0.007± 0.002 GeV,
ΓX0 = 57± 12± 4 MeV,

and

mX1 = 2.904± 0.005± 0.001 GeV,
ΓX1 = 110± 11± 4 MeV.

Valence quarks: uds̄c̄.

Figure: Image credit: CERN

Hao Chen (PKU) The Pole Counting Rule and X, Y, Z States November 16, 2021 14 / 32



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Background

Methods in related works& Conclusions
▶ Quark model[He et al., 2020]⇒ compact state.
▶ Triangle diagram+final state interaction[Burns and Swanson, 2020, Liu

et al., 2020]
⇒ threshold singularity of D̄1K, D̄∗K∗

▶ QCD sum rule[Chen et al., 2020a], L-S equation[Hu et al., 2020],
qBSE[He and Chen, 2020, Qi et al., 2021], quark model[Xue et al., 2021]
⇒ hadronic molecule of D̄∗K∗, D̄1K

Our motivation:
▶ QCD sum rule, quark model, qBSE, L-S equation ⇒ Pole positions √,

Fit data ×.
▶ We want to fit the data and give the pole positions.
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Our approaches
H. Chen, H.-R. Qi and H.-Q. Zheng, Eur.Phys.J.C 81 (2021) 9, 812.

Consider X1(2900) couples to D̄1K
and D̄K.
Dynamically generated X1(2900):
heavy meson chiral perturbation
theory, HMχPT⇒ perturbative
scattering amplitudes of D̄K, D̄1K
⇒ couple channel K-matrix ⇒ fit
data ⇒ pole positions.
Explicitly introduced X1(2900):
Flatté parametrization ⇒ fit data
⇒ pole positions. Only X1(2900) is under consideration.
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Dynamically generated X1(2900)

Heavy meson fields:

H(Q̄)
a =

[
P∗(Q̄)µ

a γµ − P(Q̄)
a γ5

] 1− /v
2

,

H̄(Q̄)
a =

1− /v
2

[
P∗(Q̄)µ†

a γµ + P(Q̄)†
a γ5

]
.

Q → c,
(P(Q̄), P∗(Q̄)) → (D̄, D̄∗). Q → c, (P(Q̄)

1 , P∗(Q̄)
2 ) → (D̄1, D̄∗

2).

Interaction lagrangian[Ding, 2009]:

LD̄D̄ϕϕ =− iβ
〈

H̄(Q̄)
a vµ (Vµ)ab H(Q̄)

b

〉
,

LD̄1D̄1ϕϕ
=− iβ2

〈
T̄(Q̄)

aλ vµ (Vµ)ab T(Q̄)λ
b

〉
,

LD̄D̄1ϕϕ
=− iζ1

〈
H̄(Q̄)

a (Vµ)ab T(Q̄)µ
b

〉
+ h.c. .

Vµ = 1
2

(
ξ†∂µξ + ξ∂µξ

†), ξ = exp (iϕ/fπ).

Hao Chen (PKU) The Pole Counting Rule and X, Y, Z States November 16, 2021 17 / 32



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Isospin symmetry:∣∣KD̄
〉

I=0
=

1√
2

(∣∣K+D−〉− ∣∣K0D̄0〉) , ∣∣KD̄
〉

I=1
=

1√
2

(∣∣K+D−〉+ ∣∣K0D̄0〉) ,∣∣KD̄1

〉
I=0

=
1√
2

(∣∣K+D−
1

〉
−

∣∣K0D̄0
1

〉)
,
∣∣KD̄1

〉
I=1

=
1√
2

(∣∣K+D−
1

〉
+

∣∣K0D̄0
1

〉)
.

Partial wave amplitudes: helicity basis → LSJ
basis.[Chung, 1971]〈
λ3λ4

∣∣∣MIJ(s)
∣∣∣λ1λ2

〉
=

1

2π

∫ 1

−1

〈
Ω′λ3λ4|MI(s, t)|00λ1λ2

〉
dJ
λ,λ′(zs)dzs.

T IJ
L,L′ ≡

〈
JML′S′

∣∣∣MI (s)
∣∣∣ JMLS

〉
=

∑
λi

√
2L + 1

2J + 1

√
2L′ + 1

2J + 1

〈
λ3λ4

∣∣∣MIJ (s)
∣∣∣λ1λ2

〉
×

〈
L′0S′λ′ | Jλ′〉 〈s3, λ3, s4,−λ4 | S′λ′〉

× ⟨L0Sλ | Jλ⟩ ⟨s1, λ1, s2,−λ2 | Sλ⟩ .

▶ zs : cos θs.
▶ λ = λ1 − λ2,
λ′ = λ3 − λ4.

▶ S: total spin,
L: orbital angular
momentum.
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Unitarization

K-matrix:(
TD̄K→D̄K TD̄K→D̄1K + P12

TD̄1K→D̄K + P12 TD̄1K→D̄1K

)IJ

≡
(

K11 K12

K21 K22

)IJ

▶ P12 → c012 + c112 (
√

s − mth2).

Unitarization:
T = K · [1− iρ(s)K]−1,

ρ = diag {ρ1, ρ2} .
Full amplitude:

A = α1(s)T11(s) + α2(s)T21(s),

α1,2 are polynomials of s.

A satisfies the theorem of FSI:
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Results& Discussions

(a) IJP = 01−, pole posi-
tion: (2.928-0.034i) GeV in
sheet II.

(b) IJP = 11−, pole posi-
tion: (2.925-0.039i) GeV in
sheet II.

Only one pole near the threshold → hadronic molecule.

ζ1 ≈ ±0.16 estimated from
K1 → Kρ.[Dong et al., 2020]
X1(2900) is more like an iso-singlet.
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Explicitly introduced X1(2900)

Couple channels:
X1(2900) → JP = 1−

{
S-wave D̄1K
P-wave D̄K

Invariant mass spectrum:

dσ
d
√

s = pD̄K ·

∣∣∣∣∣ g · nD̄K(s)
s − M2

X + iMX
(
g1ρD̄K(s)n2

D̄K(s) + g2ρD̄1K(s)
) ∣∣∣∣∣

2

+ b.g.

RS pole position (GeV)
II 2.910− 0.039i
III 2.435− 0.012i

Only one pole near the threshold →
hadronic molecule.
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Triangle cusp?

Discussions about the possibility of X1(2900) to be a triangle cusp.

D∗
sJ mass: m∗ − iΓ → free parameter. m∗ = (2.544± 0.097) GeV,

Γ = (0.048± 0.059) GeV
The mass and width are not consistent with the suggestions that D∗

sJ
is D∗

s1(2860) or D∗
s1(2700) in Refs. [Burns and Swanson, 2020, Liu et al.,

2020].
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Conclusions

Pole counting rule is a powerful method to distinguish a hadronic
molecule from a compact state.
For X(6900), both a compact state and a molecular state are possible
based on current data. More data ⇒ understand its nature better.
For X1(2900), it should be a D̄1K molecule.
Almost all X, Y, Z states with exotic quantum numbers ⇒ hadronic
molecules.
X(3872) ⇒ cc̄ quantum number ⇒ large portion of charmonium.

Thanks for Listening！
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Remarks

Couplings of X(6900)[X(7200)] with nearby channels are studied.
Flatté-like parametrization is used to fit the data and PCR, SDFSR
are used to analyse the nature of resonances.
Both compact and molecular states are possible. PCR and SDFSR
give consistent conclusions.
We suggest that experiments measure processes, such as
X(6900) → J/ψψ(3770), J/ψψ(3823), J/ψψ(3842), χc0χc1；
X(7200) → J/ψψ(4160), χc0χc1(3872), to clarify their nature.
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Remarks

X1(2900) can be produced dynamically via the couple channel
interactions between D̄K and D̄1K.
X1(2900) is a S-wave hadronic molecule of D̄1K with JP = 1− and is
leaning toward an iso-singlet.
Results of explicitly introduced X1(2900) also support this point of
view.
X1(2900) can hardly be produced by a triangle cusp.
We suggest experiments to measure processes, e.g.
B+ → D0X+,X+ → D̄0K+ and B0 → D+X−,X− → D−K0 to
determine the isospin of X1(2900).
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Couple channels involved:

X(6900)



JPC = 0++, S−wave
{

J/ψ J/ψ + J/ψψ(2S)
J/ψ J/ψ + J/ψψ(3770)

JPC = 2++, S−wave


J/ψ J/ψ + J/ψψ(2S)

J/ψ J/ψ + J/ψψ(3770)
J/ψ J/ψ + J/ψψ(3823)
J/ψ J/ψ + J/ψψ(3842)

JPC = 1−+, P−wave → J/ψ Jψ + χc0χc1
JPC = (0, 1, 2)−+, P−wave → J/ψ J/ψ + J/ψψ(3770)

X(7200)


JPC = (0, 2)++, S−wave → J/ψ J/ψ + J/ψψ(4160)

JPC = (0, 1, 2)−+, P−wave → J/ψ J/ψ + J/ψψ(4160)
JPC = 1−+, P−wave → J/ψ Jψ + χc0χc1(3872)
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Three-point loop integral function:
C0(p2

1, p2
2, p2

3;m2
2,m2

1,m2
3) =

µ4−D

i

∫
dDk
(2π)D

{
1

[k2 − m2
1 + iε][(k − p1)2 − m2

2 + iε]

× 1

[(k − p2)2 − m2
3 + iε]

}
.

Analyse the singularity of C0 with different m∗.
X1(2900) can hardly be produced by a triangle
cusp.
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