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III. Charm quark on lattice

• Discretization error of lattice fermion actions ))(( n
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Naïve fermion (r=0):

Wilson fermion (r=1):

Generally, tested by spectral quantities

For the typical lattice spacing of current dynamical simulations,
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• So, it is difficult to put heavy quarks on lattice straightforwardly





• Non-relativistic QCD prescription

• Improve relativistic fermion action

In order to do high precision calculations, it is necessary to correct 
the fermion action to a higher order of ma by including more terms
in the action. 

Taking Wilson fermion for example, this can be realized by including
a clover term (Sheikholeslami and Wohlert, 1985)

))(()( 2maOmaO →Can be tuned 
or calculated in PT



• FermiLab fermion action for heavy quark on the lattice

In the Fermilab method, a version of the clover Wilson action, but
the results are interpreted with (dimensionally regulated and
MS-renormalized) NRQCD with modified short-distance coefficients.
This is possible because Wilson fermions possess heavy-quark 
symmetry, and the proposed improvements preserve this feature. Then 
the parallel structure of the NRQCD descriptions of QCD and lattice
gauge theory are used to match the latter to the former. In both
frameworks, the lattice action can be systematically improved via the 
nonrelativistic expansion (FermiLab & MILC Collab. arXiv:09122701)

Breaking the space and time interchange symmetry



IV. Charmonium spectrum 

• Charmonium and bottomium properties are relatively well understood 
by potential models and effective theories.

• Charmonium and bottomium spectrum can be a good testbed to check
techniques of lattice QCD. 



• Charmonium spectrum
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Charmonium spectrum for quenched LQCD



Latest results of onium mass splittings (Fermilab&MILC, arXiv:09122701 )



• Hyperfine splitting

2+1 DMF sea and overlap valence (chiQCD preliminary)

The exp’t result of hpf is corrected by
considering the omission of c-barc
annihalation effect in LQCD calculation.



• Hybrid charmonia
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Operators always used to calculate 
‘hybrid’ mesons on lattice 

(CLQCD,in quenched approximation)

‘exotic’ quantum number
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For q-barq sys.



Y(4260)——A hybrid charmonium?

Experimental facts:



• hybrids in              and               channelscgc −−1+−0
0-+ channel, 

hybrid-hybrid  correlation function (H-H);
meson-meson  correlation function (M-M)

1-- channel, 
hybrid-hybrid  correlation function (H-H);
meson-meson  correlation function (M-M);
meson-hybrid  correlation function (M-H);
hybrid-meson  correlation function (H-M)

Intuitively, an operator can overlap to all the hadron states 
with the same quantum number of the operator. Therefore,
These hybrid operators can couple to the conventional 
Charmonium states and also the hybrid states if they exist.
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• Masses from the four-mass-term SEB fitting of hybrid-hybrid (HH) and meson-
meson (MM) correlation functions in 1–- and 0-+ channels.  

• It is understandable that the masses of the ground states are almost the same and   
the masses of the first excited states are consistent with each other, because the 
operators with the same quantum numbers can overlap to the same hadron states.

• The masses of the second excited state of HH are very different from those of MM
• No convincing results of masses of non-exotic hybrids can be derived in our work.

Quenched results (CLQCD preliminary, 2006)



V. D(Ds) leptonic decay constants 
and semi-leptonic decay form factors

Decay constants:

Which can be derived from the two-point function,

The axial current should be renormalized 



f_Ds puzzle or not?

Grey bands indicate 
the HPQCD results
(Kronfeld 2009)

Puzzle?



HPQCD 2010
arXiv:1008.4018

Latest results given by HPQCD 



Error budget of HPQCD2010



• Form factors of D to K or pion

CKM matrix and PDG number (Amsler2008)

Lattice gold-plated
processes which can
be used to determine
the CKM matrix elements



Master equation:

Decay constants,

Form factors



Form factors 



• The connection between the matrix elements 
and the form factors

Multiplying                        , we have the identityKD ppq μμμ −= )0()0( 0ff =+

PCAC qurantees the renormaliztion invariant

• Alternatively, if we forcus on f+(0) for deriving Vcs

• For parameterization



Fermilab&MILC, 2009

HPQCD 2010 (arXiv:1008.4562)



CKM unitarity value

The final lattice result

Using the lattice form factor as input, and combining CLEO_c and BaBar
experiments,





V. Charmonium radiative transitions and decays
• Charmonium radiative trnasitions



• Can be studied 
on lattice



After the intermediate insertion, the three-point function takes 
the form,

This matrix element can be derived by combining the relevant
two-point function,



• Some of the charmonium radiative transitions have been 
numerically studied by quenched lattice QCD

[2] Jozef Dudek, Robert Edwards, Christopher Thomas
‘Exotic and excited-state radiative transitions 
in charmonium from lattice QCD’ ,
Phys. Rev. D 79:074504, 2009
arXiv:0902.2241(hep-lat)

[1] Jozef Dudek, Robert Edwards, Christopher Thomas
‘Radiative Transitions in Charmonium from Lattice QCD ’ ,
Phys. Rev. D 73:074507, 2006
arXiv: hep-ph/0601137 

Charm quark prescription:  aniotropic lattice with a_s/a_t>>1,
such that

12.0~ <<tcam

http://xxx.itp.ac.cn/find/hep-ph/1/au:+Dudek_J/0/1/0/all/0/1
http://xxx.itp.ac.cn/find/hep-ph/1/au:+Dudek_J/0/1/0/all/0/1
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• J/psi radiative decays to glueballs

• QCD predicts the existence of glueballs

• Quenched LQCD predicts glueball spectrum
Lowest-lying glueballs have masses in 
the range 1~3GeV

• Experimentally, f0(1370), f0(1500),  
f0(1710), etc., are glueball candidates,   
but decisive conclusion cannot be drawn.

• Due to its abundance of gluons, J/psi 
radiative decay can be the best hunting   
ground.

• BESIII in Beijing is producing      J/psi  
events

1010
Y. Chen et al, 
Phys. Rev. D 73, 014516 (2006) 

CLQCD Collab.:  Y. Chen et al, in progress.



• Formalism
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The decay width of J/psi radiatively decaying to the scalar 
glueball can be derived from the formular

where E1(0) is the on-shell form factor, which appears in
the matrix elements  (J.J. Dudek,hep-lat/0601137)

With the vector current insertion                      , these 
Matrix elements can be calculated through the three point 
function,

ccj μμ γ=

Numerical details



96833 ×=×TL 5/ == ts aaξAnisotropic lattice:
Strong coupling: 4.2=β fmas )2(222.0=

• Lattice and parameters

• 5000 gauge configurations, separated by 100 HB sweeps

• Charm quark mass is set by the physical mass of J/psi 

• On each configuration, 96 charm quark propagators are
calculated with point sources on all the 96 time slices.
The periodic boundary conditions are used both for the 
spatial and temporal directions.   

μγ ψ/JG
μγ ψ/JG



Polynomial fit:
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• The form factor and the decay width



Experimental results for J/psi radiatively decaying to scalars 

C. Amsler et al., Phy. Lett. B667, 1 (2008)



• The systematic uncertainties

• The continuum extrapolation 
has not been carried out. 
(The same calculation on a 
finer lattice is undergoing.)

• The lattice vector current has not been renormalized.
(We are working on it.)

• The uncertainty owing to the quenched approximation.
( Cannot be resolved in the near future.)

• The analyses of tensor channel and pseudoscalar are
under the way. 



VI.  Summary

• The results of dynamical lattice QCD are impressive.

• Lattice QCD is promising.



Thank You!
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