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• LQCD is QCD formulated on a discrete Euclidean space-time grid.

• LQCD is in a formulism of Feynmann path integral quantization.

• LQCD is a theory from the first principle, it retains the 
fundamental character of QCD.

• The functional integrals are calculated through the numerical Monte 
Carlo simulation instead of the perturbative expansion.

• Therefore, LQCD is a non-perturbative method for solving QCD.

• The numerical simulation of LQCD becomes the third branch of high 
energy study parallel to the theoretical and experimental approach.

I. Overview of lattice QCD



Wick Rotation from Minkowski Space to Euclidean Space

A D-dimensonal Minkowski field theory is connected to a 
D-dimensional Euclidean field theory through analytical 
continuation----Wick rotation: 
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Path Integral Quantization in Euclidean Space

• The generating functional of QCD in the Euclidean Space 

• Integrating out the fermion fields, we have, 

• The physical observables are obtained by calculating the expectation
value of a field operator



QCD on a Euclidean Space-time Grid
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• Space-time discretization Lattice spacing a



It is easily seen that, the largest momentum on the lattice is 
The finite lattice spacing provides a natural UV cutoff. a

π



The Local gauge symmetry

• Local gauge transformation:

• There exist only two types of gauge invariant quantities:



The simplest gauge action
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• The action should be gauge invariant, so it is constructed by 
Wilson loops.
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• Replace the derivatives to differentiate

Naïve fermion action

• Satisfying the chiral symmetry



• Sixteen poles can be divided into two groups with different 
chiral charge.

• These doublers cancel the axial anomaly which exists in the 
continuum.

On a four-torus
• Locality, hermicity, correct low-momentum limit
• Chiral symmetry and free of fermion douling

cannot be satisfied simultaneously 

p

No-Go theorem on finite lattices

The properties and problems of naïve fermion action

a
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“Fermion doubling”



• Adding an additiong dimension 5 term to the conventional action,
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Wilson fermion action



The 15 extra states get heavy masses propotional to 2r/a and 
decouple from the theory when a is small enough. 

• Free of fermion doubling

Properites of Wilson Fermion

• Discretization errors

Naïve fermion (r=0):

Wilson fermion (r=1):



• Ginsburg-Wilson relation---chiral symmetry on lattice
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• Chiral tranformation in the continuum
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• Chiral transfromation on the lattice
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Chiral Fermions



• Two types of fermion actions that satisfy GW relation:

• Free of fermion doubling + chiral

• But computation is much more expensive.

overlap fermion
domain-wall fermion



Monte Carlo Simulation of Lattice QCD

Due to the similarity, we can borrow the methods of statistical 
mechanics to study lattice QCD, such as Monte Carlo simulation.
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• Taking                     as a probability distribution, an ensemble 
of configurations are generated from MC simulation.  This is the 
procedure that eat the computation resources mostly. 

becomes the much simpler arithmetic average:
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• Generally speaking, the quantites that are most commonly calculated 
are Green’s function, say, the vacuum expectation values of field 
operators defined at different space-time points.  

MC Simulation——Importance Sampling

• After the generation of configurations, the 
functional integral
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On the lattice, M is a very large matrix, such that the calculation
of its trace is very expensive in the MC simulation. A way out this 
difficulty is to take the approximation  
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Theoretically, this means that we set the sea quark mass to be 
infinitely large such that they decouple from the gauge field. In
other words, we will ignore the vacuum polarization diagram, say,
the effects of sea quarks.

Quenched and Unquenched





Example: LQCD calculation of pion mass and pion decay constant

Theoretically, we have the following relations
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• Two point function:

Extracting Physical Quantites from MC Simulation





1.Generate the gauge 
configurations by MC.

2.Calculate the quark 
propagators for each 
gauge configuration.

3.Calculate the two-piont
function.

4.Fit the data using the
theoretical formula. 
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The mass plateau



Form factors 

• Three-point function:



Sources of systematical uncertainties:

• Pion masses are higher than the physical value
chiral extrapolation-ChPT

• Finite lattice spacing:   continuum extrapolation

• Finite volume effects. 5.3≥Lmπ

Control of systematical uncertainties
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• Dimensionful quantities  measured on the lattice are all in unit of 
lattice spacing  a, since the only dimensionful parameter in LQCD
actions is the lattice spacing, apart from quark masses.

• The continuum limit can be reach by extrapolating the measured 
values at several finite lattice spacings.

• LQCD has the correct continuum limit, continuum QCD. This is 
guaranteed by the renormlization group theory.

• The only tunable parameter in the action of LQCD is the bare 
couping constant, g, which directly relates to the lattice spacing
according to the RG equation, 
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Going back to the Contimuum



Lattice QCD: A path integral formalism of QCD on Euclidean spacetime

Otherwise, a unitary theory of full QCD on the lattice

Dynamical
Calculation

Observables: VEV of operators, such as Green’s functons.
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Monte Carlo simulation, importance sampling 

II. Present Status of LQCD



Ukawa, KITPC 2009



Ukawa, KITPC 2009



Ukawa, KITPC 2009



Probes: valence quark propagators, etc.,

Expensive

Fairly 
expensive

Manpower 
intensive

Dynamical 
configurations

Probe1 Probe2 ………

Data analysis

Lattice QCD

Facilities

Detectors

Data analysis

Experiments





• RBC-UKQCD Collaboration: 
2+1 Domain Wall Fermions (DMF)

Advantage: chiral symmetry on the lattice



• MILC Collaboration: 
2+1 Staggered Fermions (Asqtad)

Advantage: computationally cheap
Disadvantage: 

the fourth-root-trick is
controversial.



• 2+1 Wilson-type Fermions (Clover,etc.)

Disadvantage: chiral symmetry can be restored only
in the continuum limit.



• ETMC Collaboration: 
nf=2 (2+1+1) Twisted Mass Fermions (Asqtad)



III. Selected Latest Results of LQCD 

• Static potential----confinement

• Standard model parameters
alpha_s
current quark masses
CKM matrix elements relevant

• Spectroscopy



• Derived from vacuum expectation 
values of Wilson loops

R

Cornell confinement potential

1. Static potential  and confinement

T),( TRW



2. Strong coupling constant



3. Quark masses



For heavy quark masses, HPQCD proposes a new solution 
C. McNeile et al, arXiv:1004.4285

PT calculable

Lattice calculation



C. T. H. Davies et al. (HPQCD Collab.), 
arXiv:0910.3102[hep-ph]

Latest results of quark masses 



4. CKM matrix elements relevant

• CKM matrix and PDG number (Amsler2008)

Lattice gold-plated
processes which can
be used to determine
the CKM matrix elements



Master equation:

Decay constants,

Form factors

Decay constants:

Which can be derived from the two-point function,



Form factors 



Aubin et al 2005



E. E. Scholz, PoS(LAT2009)005

a) Latest results of f_pi and f_K





b) Latest results of f_D and f_Ds

Grey bands indicate 
the HPQCD results
(Kronfeld 2010)



c) Latest results of f_B and f_Bs



Current status of lattice inputs to the global fit of the CKM unitarity
triangle. These are obtained by averaging all available 2+1 flavor
results documented in proceedings and publications that contain
Complete error budgets, and account forcorrelations between 
different calculations in a conservative manner.

d) Other lattice inputs to CKM 







5. Hadron spectroscopy

S.Durr et al.(BMW Collab.), 
Science 322, 1224 (2008).

S. Aoki et al. (PACS-CS Collab.)
Phys. Rev. D 79, 034503 (2009).

• Light hadron spectrum



• Lattice predictions of heavy flavored hadrons



• Rho resonance ππρ +→

On the finite lattice, 
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Pion-pion I=1, L=1 phase shift and BW fit
(G. Shierholz, arXiv:0810.5337(hep-lat))



6. Summary

• High precision for standard model parameters.
• The spectrum of quite a few light hadrons can
be reproduced.

• Further efforts desired for most of hadron
resonances.

• Lattice calculation at the physical point is 
expected in the following ten years.



Thank You!
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