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Charmonium III: Above Threshold 

• Dynamics near threshold

– Threshold formalism

– Strong Decays

– Rc in the threshold region

• The XYZ states

– Transitions 

–  New degrees of freedom?

• Summary and outlook
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•  Lattice calculation V(r), then SE
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Fig. 3.6: The singlet static energy (quenched and unquenched data) from Ref. [51], see also [143]

2.3.3 The QCD static spectrum and mechanism of confinement18

The spectrum of gluons in the presence of a static quark–antiquark pair has been extensively studied with

high precision using lattice simulations. Such studies involve the calculation of large sets of Wilson loops

with a variety of different spatial paths. Projections onto states of definite symmetries are done, and the

resulting energies are related to the static quark–antiquark potential and the static hybrids potentials. With

accurate results, such calculations provide an ideal testing ground for models of the QCD confinement

mechanism.

The singlet static energy

The singlet static energy is the singlet static potential V (0)
s .

In the plot3.6, we report simulation results both with and without light quark–antiquark pair cre-

ation. Such pair creation only slightly modifies the energies for separations below 1 fm, but dramatically

affects the results around 1.2 fm, at a distance which is too large with respect to the typical heavy quarko-

nium radius to be relevant for heavy quarkonium spectroscopy. At finite temperature, the so-called string

breaking occurs at a smaller distance (cf. corresponding Section in Chapter 7,Media).

One can study possible nonperturbative effects in the static potential at short distances. As it has

already been mentioned in the ”static QCD potential” subsection, the proper treatment of the renormalon

effects has made possible the agreement of perturbation theory with lattice simulations (and potential

models) [78,88–92]. Here we would like to quantify this agreement assigning errors to this comparison.

In particular, we would like to discern whether a linear potential with the usual slope could be added to

perturbation theory. In order to do so we follow here the analysis of Ref. [90, 144], where the potential

is computed within perturbation theory in the Renormalon Subtracted scheme defined in Ref. [81]. The

comparison with lattice simulations [145] in Fig. 3.7 shows that nonperturbative effects should be small

and compatible with zero, since perturbation theory is able to explain lattice data within errors. The

systematic and statistical errors of the lattice points are very small (smaller than the size of the points).

Therefore, the main sources of uncertainty of our (perturbative) evaluation come from the uncertainty in

the value of ΛMS (±0.48 r−1
0 ) obtained from the lattice [146] and from the uncertainty in higher orders

in perturbation theory. We show our results in Fig. 3.7. The inner band reflects the uncertainty in ΛMS
whereas the outer band is meant to estimate the uncertainty due to higher orders in perturbation theory.

We estimate the error due to perturbation theory by the difference between the NNLO and NNNLO

evaluation. The usual confining potential, δV = σr, goes with a slope σ = 0.21GeV2. In lattice units

18Authors: N. Brambilla, C. Morningstar, A. Pineda
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LQCD calculation of static energy

•  What about the gluon and light quark   
degrees of freedom of QCD?  

•  Two thresholds: 

–  Usual                   decay threshold
–  Excite the string - hybrids

• Hybrid states will appear in the spectrum 
associated with the potential Πu, ...  

• In the static limit this occurs at separation:  r 
≈ 1.2 fm.           Between 3S-4S in        ;              
just above the 5S in        .

The leading Born-Oppenheimer approximation

In the leading Born-Oppenheimer approximation, one replaces the covariant Lapla-

cian DDD2 by an ordinary Laplacian !!!
2
, which neglects retardation effects. The spin in-

teractions of the heavy quarks are also neglected, and one solves the radial Schrödinger

equation:

−
1

2µ

d2u(r)

dr2
+

{

〈LLL2
QQ̄

〉

2µr2
+VQQ̄(r)

}

u(r) = E u(r), (2)

where u(r) is the radial wavefunction of the quark-antiquark pair. The total angular
momentum is given by

JJJ = LLL+SSS, SSS= sssQ+ sssQ̄, LLL= LLLQQ̄+ JJJg, (3)

where sssQ is the spin of the heavy quark, sssQ̄ is the spin of the heavy antiquark, JJJg is the

total spin of the gluon field, and LLLQQ̄ is the orbital angular momentum of the quark-

antiquark pair. In the LBO, both L and S are good quantum numbers. The expectation

value in the centrifugal term is given by

〈LLL2
QQ̄

〉 = 〈LLL2〉−2〈LLL · JJJg〉+ 〈JJJ2g〉. (4)

The first term yields L(L+1). The second term is evaluated by expressing the vectors in
terms of components in the body-fixed frame. Let Lr denote the component of LLL along

the molecular axis, and L" and L# be components perpendicular to the molecular axis.

Writing L± = L" ± iL# and similarly for JJJg, one obtains

〈LLL · JJJg〉 = 〈LrJgr〉+
1
2
〈L+Jg− +L−Jg+〉. (5)

Since Jg± raises or lowers the value of $, this term mixes different gluonic stationary
states, and thus, must be neglected in the leading Born-Oppenheimer approximation. In

the meson rest frame, the component of LLLQQ̄ along the molecular axis vanishes, and

hence, 〈LrJgr〉 = 〈J2gr〉 = $2. In summary, the expectation value in the centrifugal term
is given in the adiabatic approximation by

〈LLL2
QQ̄

〉 = L(L+1)−2$2+ 〈JJJ2g〉. (6)

We assume 〈JJJ2g〉 is saturated by the minimum number of allowed gluons. Hence, 〈JJJ
2
g〉= 0

for the %+
g level and 〈JJJ

2
g〉= 2 for the&u and %

−
u levels.Wigner rotations are used as usual

to construct |LSJM;'(〉 states, where ' = JJJg · r̂rr and $ = |' |, then JPC eigenstates are
finally obtained from

|LSJM;'(〉+ )|LSJM;−'(〉, (7)

where ) = 1 for %+ levels, ) = −1 for %− levels, and ) = ±1 for $ ≥ 1 levels. Hence,
the JPC eigenstates satisfy

P= )(−1)L+$+1, C = ()(−1)L+S+$. (8)

QCD Dynamics at Threshold
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Heavy-Light mesons 

• The  low-lying spectrum for heavy-light mesons            

• The doublet degeneracy is split by 1/mQ terms: 

• Transition branching ratios H1 -> H2 + (π, K, ...) predicted by HQET

3

_
HLj = (Qq)(L,j)

M. Di Pierro and E. Eichten, Phys. Rev. D 64, 114004 (2001).

Hs1/2 = {Hs(0-), H*s(1-)}

HP1/2 = {H(0+), H(1+)}
HP3/2 = {H(1+), H(2+)}

Hd3/2 = {Hd(1-), Hd(2-)}

H’s1/2 = {H’s(0-), H’*s(1-)}

Hd5/2 = {Hd(2-), Hd(3-)}

HLj HL([J=j+1/2]P)

HL([J=j-1/2]P)
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Heavy-Light mesons 

• The low-lying charmed mesons   

– D(u,d)   m(D+)-m(D0) = 4.77 ±0.10 MeV

4

T.P. Sun, J.S. Yu, X. Liu, T. Matsuki [arXiv:1008.3120]

1/2 -
1/2 -
1/2 + 
1/2+
3/2+
3/2+
1/2 -
1/2 -
3/2 -

jP (D0, D+ )

* J. Benitez et al. (BaBar Collaboration)  (ICHEP2010)

Width
--
(77, 96) keV
276 MeV 
380 MeV
31.0 MeV *
50.5 MeV *
128  MeV *
92.9 MeV *
83.9 MeV *

*

*
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Heavy-Light mesons (Charm)

– Decay patterns as expected for heavy light mesons

– Ds+

5

T.P. Sun, J.S. Yu, X. Liu, T. Matsuki
 [arXiv:1008.3120]

jP (Ds+)

1/2 -
1/2 -
1/2 + 
1/2+
3/2+
3/2+

Width

--
0.44 keV
23  keV *
38  keV *
290 keV 
20  MeV 

Mass (MeV)

1968
2112
2317
2459
2535 
2573 

* Theoretical expectations  - Below threshold for Zweig allowed decays 
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The Behaviour of R in the Heavy Quark Threshold Region

Estia J. Eichten1, ∗

1
Theoretical Physics Department

Fermi National Accelerator Laboratory

P.O. Box 500, Batavia, IL 60510

The contributions of individual heavy flavor meson pair, (Qq̄+Q̄q),final states to the ratio RQ(s) =

σ(e+e− → hadrons)/σ(e+e− → µ+µ−) are studied for the threshold region,
q

s− 4M2
Qq̄ ≤ 1GeV .

The calculation of RQ is performed in a NRQCD framework; while the Cornell coupled channel
model (CCC) is used to determine the nonperturbative hadronization of QQ̄ into pairs of heavy
flavor mesons. Some suggested targets for experimental study are discussed.

PACS numbers: 14.40.Gx,13.25.Gv,14.40.Lb

I. INTRODUCTION

Detailed studies of the charm and beauty threshold
regions have been presented by many experiments over
the years. Specifically, measurements of

R =
σ(e+e− → hadrons)
σ(e+e− → µ+µ−)

(1)

have been made by DASP[1, 2], MARK I[3], Pluto[4] and
Crystal Ball[5] more than twenty years ago.

A new generation of experiments with improved de-
tectors and much higher statistics are now refining
these measurements. The BES collaboration has mea-
sured the energy dependence of R in 5 MeV steps in
the charm threshold region[6]. The CLEO-c collabo-
ration has made precise measurements of the D0D̄0

and D+D− cross sections in the ψ(3773) resonance
region[7, 8]. Furthermore, CLEO-c has also collected
data on the the energy dependence of the cross section
for charm mesons pair production in exclusive channels:
DD,D∗D,D∗D∗, DsDs, D∗

sDs andD∗
sD∗

s in the energy
range 3960− 4260 MeV[9].

The asympotic behaviour of R has been computed
in perturbative QCD to high order[10]. In the charm
threshold region R can be separated into two components
R(u,d,s) + Rc. The contribution from light quark pairs,
R(u,d,s), is well described by perturbative QCD but the
contribution from charm quark pairs, Rc, is nonperturba-
tive. A theoretical model is needed to extract from exper-
imental measurements of Rc information about the decay
widths for charmonium resonances above charm thresh-
old. A review of some of the issues of extracting decay
widths has been recently been presented by Seth[11].

Finally, BABAR has recently discovered[12] and
CLEO-c confirmed[13] a new JPC = 1−− resonance, de-
noted Y(4260), in the charm threshold region. The na-
ture of this charmonium state is uncertain at present.

∗E-mail: eichten@fnal.gov

The detailed behaviour of individual open charm chan-
nels may be important in disentangling the physical in-
terpertation of all the states in the 3.8 <

√
s < 4.3 GeV

energy region.
All this provides reason for renewed interest in theoret-

ical predictions for the charm meson pair production in
the threshold region. Theoretical models also provide a
firm foundation for the perturbative non-relativistic be-
haviour of the production but the production of individ-
ual charm meson final states is essentially non perturba-
tive in nature and at present only phenomenological mod-
els predict this detailed behaviour. In particular, the Cor-
nell Coupled Channel Model gave detailed predictions for
the behaviour of Rc over 25 years ago[14–16]. The vac-
uum pair creation model[17] has been used recently to
make predictions for the branching fractions for various
final states at resonance peaks[18]. Given the greatly
improved measurements of the individual channels it is
useful to return to these old ideas, update them and com-
pare with existing data. It will also be useful to suggest
measurements that can be performed at CLEO-c, Belle
and BABAR that may improve the state of the theory.

In section 2, the general theoretical framework for the
non-relativistic QCD approach to the measurement of
RQ is set up. Particular attention is given to the sep-
aration of the perturbative and non-perturbative contri-
butions. Section 3 briefly reviews the phenomelogical
non-perturbative CCC model approach for computing
the individual charm meson pair final states. In Section
4, the region around the ψ(3773) resonance is considered.
Within the charmonium framework this is identified as
the 13D1 state. Theoretical expectations are compared
to the existing results and suggestions for further experi-
mental studies are given. Section 5, considers the region
3.8 <

�
(s) < 4.3 region. The charmonium 33S1 and

23D1 states lie in this region. There is expected to be
a complicated behaviour of the individual charm meson
pair final states. In Section 5, the region

�
(s) > 4.3

is briefly discussed. Here contributions from final states
with orbital and radial excited charm mesons become im-
portant. The charmonium 43S1 resonance is observed at

2

√
s ≈ 4.41. Above this region the description in terms

resonances and a few well identified final states becomes
less useful as the whole non-relativistic picture loses valid-
ity. Section 6 considers the same approach for the beauty
threshold region. Finally, in the last section, the charm
and bottom regions are compared and contrasted. Some
suggestions for future studies are presented.

II. NRQCD

Starting from the correlator of two electromagnetic
charm quark currents

i

�
d4x eiqx �0|Tjµ

Q(x)jν
Q(0) |0� = (2)

(gµνq2 − qµqν)ΠQ(q2)

RQ can be defined in terms of the current correlator of
Eq. 2 as:

RQ = 12πe2
QImΠ(s + i�) (3)

In the center of mass frame only the spatial compo-
nents of the EM current contribute to the cross section.
Near threshold the production of charm hadrons should
be governed by nonrelativistic dynamics and the EM cur-
rent can be expanded in terms of the two-component
Pauli spinors as follows: ψ and χ:

ji
Q = s1ψ

†σiχ +
s2

m2
c

ψ†σiD2χ (4)

+
d2

m2
Q

ψ†σj [
1
2
(DiDj + DjDi)− 1

3
δijD2]χ + ...

where s1, s2, and d2 are Wilson coeffecients representing
the contributions from hard momentum that have been
integrated out in NRQCD approach. These coefficients
are given by:

s1 = 1 + (5)

s2 = −1
6
− 8CF

3β0
ln[

αs(mQv2)
αs(mQ)

]

d2 =
1
4
+ (6)

in vNRQCD [? ]. This is of course not ideal for the
charm system because of the relatively large velocities v
of the charm quark.

The general expression for Rc in Eq.3 can be rewritten
by inserting a complete state of states in the nonrelativis-
tic limit in the absence of coupling to decay channels into
the current correlator defining Πc in Eq. 2. Only states
with JPC = 1−− contribute. In nonrelativistic notation
these states have L = 0 and labeled here by the radial
quantum number n (one plus the number of nodes) as

n3S1 or L = 2 and labeled using the same notation as
m3D1. Rc can be rewritten as:

Rc =
�

i,j

Im
�
Ψ†

iG(i, j, s)Ψj

�
(7)

where the index i(j) represents the ith state ordered by
assending mass. The Green’s Function G, denotes the
off energy shell amplitude for the ith state to propagate
into the jth state at center of mass energy

�
(s). This

is described in the original CCC model[15, 16] and more
recently by Eichten, Lane and Quigg[19]. Letting |a >
represent ath charmonium state, the corresponding com-
ponent of the vector Ψ is defined by:

< 0|ji
c(0)|a >= �i(a)Ψa

�
(Nc)�

(2mQ)
(8)

For S states the definition of Ψ just corrresponds to the
the usual wavefunction at the origin in nonrelativistic
potential models, while for D states it is proportional to
m−2

Q times the second derivative of the wavefunction at
the origin. We will make these connenctions more precise
below.

For the nth S state the form of the normalized nonrel-
ativistic wavefunction, ψ, is given by:

ψnS(�r) = �(nS)i 1√
2
χ†

s1
σiχs2

1√
4π

RnS(r) (9)

The expression for production in e+e− is straighfor-
ward, writing the EM current in nonrelativistic form (Eq.
4) both the first and second terms in the current’s decom-
postion contribute to Ψ, while the third term vanishes by
conservation of orbital angular momentum. Hence the ex-
plicit expression for Ψ when the a state is the n3S1 state
is:

Ψa = c1RnS(0) +
c2

m2
Q

R��
nS(0) (10)

as expected.
For the rmnth D state the form of the normalized non-

relativistic wavefunction, ψ, is given by:

ψnD = �(nD)i 1√
2
χ†

s1σjχs2

�
9
8π

[rirj − 1
3
δijr2]

RnD(r)
r2

(11)
.

Now evaluating the current matrix element for the
rmnth D state. From symmetry considerations only the
third term in the EM current survives. Hence the explicit
expression for Ψ in the case that the ath state is the n3D1

state is:

Ψa =
d1

m2
Q

ψ��
m(0) (12)

2

√
s ≈ 4.41. Above this region the description in terms
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threshold region. Finally, in the last section, the charm
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Eq. 2 as:

RQ = 12πe2
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nents of the EM current contribute to the cross section.
Near threshold the production of charm hadrons should
be governed by nonrelativistic dynamics and the EM cur-
rent can be expanded in terms of the two-component
Pauli spinors as follows: ψ and χ:

ji
Q = s1ψ

†σiχ +
s2

m2
c

ψ†σiD2χ (4)

+
d2

m2
Q

ψ†σj [
1
2
(DiDj + DjDi)− 1

3
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where s1, s2, and d2 are Wilson coeffecients representing
the contributions from hard momentum that have been
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6
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αs(mQ)

]

d2 =
1
4
+ (6)

in vNRQCD [? ]. This is of course not ideal for the
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The general expression for Rc in Eq.3 can be rewritten
by inserting a complete state of states in the nonrelativis-
tic limit in the absence of coupling to decay channels into
the current correlator defining Πc in Eq. 2. Only states
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these states have L = 0 and labeled here by the radial
quantum number n (one plus the number of nodes) as
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m3D1. Rc can be rewritten as:
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Ψ†

iG(i, j, s)Ψj
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(7)

where the index i(j) represents the ith state ordered by
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potential models, while for D states it is proportional to
m−2

Q times the second derivative of the wavefunction at
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ativistic wavefunction, ψ, is given by:

ψnS(�r) = �(nS)i 1√
2
χ†
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σiχs2

1√
4π

RnS(r) (9)

The expression for production in e+e− is straighfor-
ward, writing the EM current in nonrelativistic form (Eq.
4) both the first and second terms in the current’s decom-
postion contribute to Ψ, while the third term vanishes by
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nS(0) (10)

as expected.
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�
9
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3
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third term in the EM current survives. Hence the explicit
expression for Ψ in the case that the ath state is the n3D1

state is:

Ψa =
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m(0) (12)
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with orbital and radial excited charm mesons become im-
portant. The charmonium 43S1 resonance is observed at√

s ≈ 4.41. Above this region the description in terms
resonances and a few well identified final states becomes
less useful as the whole non-relativistic picture loses valid-
ity. Section 6 considers the same approach for the beauty
threshold region. Finally, in the last section, the charm
and bottom regions are compared and contrasted. Some
suggestions for future studies are presented.

II. NRQCD

Starting from the correlator of two electromagnetic
charm quark currents

i

�
d4x eiqx �0|Tjµ

Q(x)jν
Q(0) |0� = (2)

(gµνq2 − qµqν)ΠQ(q2)

RQ can be defined in terms of the current correlator of
Eq. ?? as:

RQ = 12πe2
QImΠ(s + i�) (3)

In the center of mass frame only the spatial compo-
nents of the EM current contribute to the cross section.
Near threshold the production of charm hadrons should
be governed by nonrelativistic dynamics and the EM cur-
rent can be expanded in terms of the two-component
Pauli spinors as follows: ψ and χ:

ji
Q = s1ψ

†σiχ +
s2

m2
Q

ψ†σiD2χ (4)

+
d2

m2
Q

ψ†σj [
1
2
(DiDj + DjDi)− 1

3
δijD2]χ + ...

where s1, s2, and d2 are Wilson coeffecients representing
the contributions from hard momentum that have been
integrated out in NRQCD approach. These coefficients
are given by:

s1 = 1 + (5)

s2 = −1
6
− 8CF

3β0
ln[

αs(mQv2)
αs(mQ)

]

d2 =
1
4
+ (6)

in vNRQCD [? ]. This is of course not ideal for the
charm system because of the relatively large velocities v
of the charm quark.

The general expression for Rc in Eq.?? can be rewrit-
ten by inserting a complete state of states in the nonrela-
tivistic limit in the absence of coupling to decay channels
into the current correlator defining Πc in Eq. ??. Only
states with JPC = 1−− contribute. In nonrelativistic no-
tation these states have L = 0 and labeled here by the
radial quantum number n (one plus the number of nodes)

as n3S1 or L = 2 and labeled using the same notation as
m3D1. Rc can be rewritten as:

Rc =
�

i,j

Im
�
Ψ†

iG(i, j, s)Ψj

�
(7)

where the index i(j) represents the ith state ordered by
assending mass. The Green’s Function G, denotes the
off energy shell amplitude for the ith state to propagate
into the jth state at center of mass energy

�
(s). This

is described in the original CCC model[? ? ] and more
recently by Eichten, Lane and Quigg[? ]. Letting |a >
represent ath charmonium state, the corresponding com-
ponent of the vector Ψ is defined by:

< 0|ji
c(0)|a >= �i(a)Ψa

�
(Nc)�

(2mQ)
(8)

For S states the definition of Ψ just corrresponds to the
the usual wavefunction at the origin in nonrelativistic
potential models, while for D states it is proportional to
m−2

Q times the second derivative of the wavefunction at
the origin. We will make these connenctions more precise
below.

For the nth S state the form of the normalized nonrel-
ativistic wavefunction, ψ, is given by:

ψnS(�r) = �(nS)i 1√
2
χ†

s1
σiχs2

1√
4π

RnS(r) (9)

The expression for production in e+e− is straighfor-
ward, writing the EM current in nonrelativistic form
(Eq. ??) both the first and second terms in the cur-
rent’s decompostion contribute to Ψ, while the third term
vanishes by conservation of orbital angular momentum.
Hence the explicit expression for Ψ when the a state is
the n3S1 state is:

Ψa = c1RnS(0) +
c2

m2
Q

R��
nS(0) (10)

as expected.
For the rmnth D state the form of the normalized non-

relativistic wavefunction, ψ, is given by:

ψnD = �(nD)i 1√
2
χ†

s1σjχs2

�
9
8π

[rirj − 1
3
δijr2]

RnD(r)
r2

(11)
.

Now evaluating the current matrix element for the
rmnth D state. From symmetry considerations only the
third term in the EM current survives. Hence the explicit
expression for Ψ in the case that the ath state is the n3D1

state is:

Ψa =
d1

m2
Q

ψ��
m(0) (12)

Consider the contribution to R from heavy quark (Q = c, b or t)
near pair production threshold: 

hence RQ is given by:

and the electromagnetic current can be expressed in nonrelativistic form:

s1, s2, d2 calculable in 
perturbative QCD

6

Threshold behavior of RC
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Charmed Threshold Region
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P-wave thresholds:          DD,   DD*, D*D*, 
                                                    DsDs   DsDs* Ds*Ds*
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Narrow Thresholds Broad Thresholds
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⎫
⎬S-wave
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Charmed Meson Pair Thresholds
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• Strong decays for charmonium states into charmed meson pairs. Need 
model to:

– Extract the masses and widths of charmonium resonances

– Calculate the behavior of ∆Rc both total and individual exclusive 
channels

• Significantly differs from expectations for light hadrons

– Kinematics - mQ large => ∆E /∆p small

– Many Narrow Two Body Channels Opening

– Radially Excited Charmonium Resonances 

• Result:

– Complicated Threshold Behavior Expected

– Difficult region for direct lattice calculations

Charm Threshold Region

9
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• Light quark loops 
– Corrections even below threshold

• Above threshold: Zweig allowed strong decay      

;

f

,

fπ

fK

3MΞ − MN

2MBs
− MΥ

ψ(1P − 1S)

Υ(1D − 1S)

Υ(2P − 1S)

Υ(3S − 1S)

Υ(1P − 1S)

LQCD/Exp’t (nf = 0)

1.110.9

LQCD/Exp’t (nf = 3)

1.110.9

Fig. 3.2: Lattice QCD results divided by experiment for a range of ‘gold-plated’ quantities which cover the full range of

hadronic physics [29]. The unquenched calculations on the right show agreement with experiment across the board, whereas

the quenched approximation on the left yields systematic errors of O(10%).

−
clat
S

8m2
iσ · (D × gE + gE × D) −

clat
F

2m
σ · gB

]
ψ + · · · , (3.1)

similar to the standard (continuum) NRQCD Lagrangian, but note that the derivative operators are ‘im-

proved’ on the lattice to remove leading errors arising from the lattice spacing. See also the Introduction

3.23 Heavy Quark Actions in Chapter 1. We have omitted the term ψ†mψ.

Compared to the NRQCD description of continuum QCD, an unimportant difference is the Eu-

clidean metric (D4 instead of −iD0). Also, unlike in dimensional regularization, in lattice regularization

the mass shift δm will in general be non-zero. However, this cancels from mass differences and decay

amplitudes. Moreover, it can be determined nonperturbatively from the Υ dispersion relation. Obvi-

ously, terms accompanied by wi are lattice specific. The essential difference is that the matching scale is

provided by the lattice spacing: the short-distance coefficients clat
i , w

lat
i and δm depend on am and on

the details of the chosen discretisation. The matching of clat
i and wlat

i is carried out to some accuracy in

αs. From Eq. (3.1) one sees that the most important matching condition is to identify the kinetic massm
with the heavy quark mass in the lattice scheme, and then tune the higher-dimension interactions.

One area of lattice QCD which has remained problematic is the handling of light quarks on the

lattice. This is now being addressed successfully and is critical to obtaining precision results of use

to experiment. In particular the problem is how to include the dynamical (sea) u/d/s quark pairs that
appear as a result of energy fluctuations in the vacuum. We can often safely ignore c/b/t quarks in
the vacuum because they are so heavy, but we know that light quark pairs have significant effects, for

example in screening the running of the gauge coupling and in generating Zweig-allowed decay modes

for unstable mesons.

Many calculations in the past have used the “quenched approximation,” attempting to compensate

sea quark effects by ad hoc shifts in the bare coupling and (valence) quark masses. The results then suffer

from errors as large as 10–30%. The error of the quenched approximation is not really quantifiable and

this is reflected by a lack of internal consistency when different kinds of hadrons are used to fix the bare

parameters. This ambiguity plagues the lattice QCD literature.

The MILC Collaboration recently have produced ensembles of gluon field configurations which

include 2 degenerate light sea quarks (u, d) and a heavier one (s) [30]. They rely on fast supercomputers
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Figure 13. Radial and orbital splittings in the Υ spectrum from lattice QCD in the

quenched approximation and including a realistic light quark vacuum polarisation. In

these plots the b quark mass was fixed from the Υ mass and the lattice spacing from

the splitting between the Υ′ and the Υ. Neither of these masses is predicted. (Top) The
spectrum of S, P andD levels in theΥ system obtained from coarse (filled red triangles)

and fine (open black triangles) quenched lattice calculations and from coarse (filled red

squares) and fine (open black squares) unquenched calculations. Experimental results

are shown as lines. (Bottom) Results for different splittings as a function of light u/d
quark mass. The leftmost points, at lightest u/d quark mass, are the ones included in the
top plot for the unquenched results. (Gray et al. 2003)

momentum transfer inside an Υ is larger than any of the u, d, or s masses and so we

expect these splittings simply to ‘count’ the presence of the light quarks. This lack of

variation with light quark mass is evident in Figure 13.

1. Coupling to Open-Charm Channels

1.1 Theoretical Models

Near the threshold for open heavy flavor pair production, there are significant non-perturbative contri-

butions from light quark pairs to the masses, wavefunctions and decay properties of physical states.

QCD sum rules [1,2] have been used to obtain some results [3–5] and lattice QCD calculations extended

into the flavor-threshold region should eventually give a firm basis for predictions. However, at present a

more phenomenological approach is required to provide a detailed description of these effects.

The effects of light quark pairs near open heavy flavor threshold can be described by coupling the

potential model states to nearby physical multibody states. In this threshold picture, the strong inter-

actions are broken into sectors defined by the number of valence quarks. This separation is reminiscent

of the Tamm-Dancoff approximation [6]. The dynamics of the states (with no valence light quarks,

) is described by the interaction . Nonrelativistic potential models are normally used to determine

the properties of the resulting bound states in this sector. In this framework excitations of the gluonic

degrees of freedom would also be contained the spectrum of .

The two meson sector are described by the Hamiltonian . In the simplest picture,

is assumed to be be described the low-lying spectrum of two free heavy-light mesons. The physical

situation is more complex. At large separation between two mesons the interactions are dominated t-

channel pion exchanges. For states very near threshold such as the X(3872) charmonium state such pion

exchange in attractive channels might have significant effects on properties of the physical states [7]. At

somewhat shorter distances, more complicated interactions exist and new bound states might arise, e.g.

molecular states [8, 9].

Our command of quantum chromodynamics is inadequate to derive a realistic description of the

interactions, , that communicate between the and sectors. Two simple phenomenological

models have been used to describe this coupling: the Cornell coupled-channel model (CCC) and the

vacuum quark pair creation model (QPC).

The Cornell coupled-channel model for light quark pair creation [10–12]. generalizes the Cornell

model without introducing new parameters, writing the interaction Hamiltonian as

(1)

where is the quarkonium potential and is the color current density, with

the quark field operator and the octet of SU(3) matrices. To generate the relevant interactions, is

expanded in creation and annihilation operators (for up, down, strange and heavy quarks), but transitions

from two mesons to three mesons and all transitions that violate the Zweig rule are omitted. It is a good

approximation to neglect all effects of the Coulomb piece of the potential in Eq. 1. It was shown that this

simple model coupling charmonium to charmed-meson decay channels gives a qualitative understanding

of the structures observed above threshold while maintaining the successes of the single-channel

analysis below threshold [11, 12].

The main theoretical weakness of the CCC model is the use of the time component of a long-

range vector interaction between the heavy quarks color densities rather than the Lorentz scalar confining

interaction now favored in quarkonium potential models.

The vacuum quark pair creation model (QPC). This model was developed by Le Yaouanc et.

al. [13–15] based on an earlier idea of Micu [16] that the light quark pair is produced from the vacuum

with vacuum quantum numbers . The model is also referred to as the P model. The form

of the interaction Hamiltonian is

(2)

The constant is a free parameter of the model. This model has been applied to the light meson states

[17, 18]. It was first applied above charm threshold by the Orsay group [19].
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al. [13–15] based on an earlier idea of Micu [16] that the light quark pair is produced from the vacuum

with vacuum quantum numbers . The model is also referred to as the P model. The form

of the interaction Hamiltonian is

(2)

The constant is a free parameter of the model. This model has been applied to the light meson states

[17, 18]. It was first applied above charm threshold by the Orsay group [19].

Table 1: Charmonium spectrum, including the influence of open-charm channels. All masses are in MeV. The penultimate

column holds an estimate of the spin splitting due to tensor and spin-orbit forces in a single-channel potential model. The last

column gives the spin splitting induced by communication with open-charm states, for an initially unsplit multiplet. From [26].

State Mass Centroid
Splitting

(Potential)

Splitting

(Induced)

S

S

P

P

P

P

S

S

D

D

D

D

(3 815)

P

P

P

P

3 968

The main theoretical weakness of the QPC model is its failure to reproduce the vanishing of the
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(3)

Above threshold has both a real (mass) and imaginary part (width).
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Our command of quantum chromodynamics is inadequate to derive a realistic description of the

interactions, , that communicate between the and sectors. Two simple phenomenological

models have been used to describe this coupling: the Cornell coupled-channel model (CCC) and the

vacuum quark pair creation model (QPC).

The Cornell coupled-channel model for light quark pair creation [10–12]. generalizes the Cornell

model without introducing new parameters, writing the interaction Hamiltonian as
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where is the quarkonium potential and is the color current density, with

the quark field operator and the octet of SU(3) matrices. To generate the relevant interactions, is

expanded in creation and annihilation operators (for up, down, strange and heavy quarks), but transitions

from two mesons to three mesons and all transitions that violate the Zweig rule are omitted. It is a good

approximation to neglect all effects of the Coulomb piece of the potential in Eq. 1. It was shown that this

simple model coupling charmonium to charmed-meson decay channels gives a qualitative understanding

of the structures observed above threshold while maintaining the successes of the single-channel

analysis below threshold [11, 12].

The main theoretical weakness of the CCC model is the use of the time component of a long-

range vector interaction between the heavy quarks color densities rather than the Lorentz scalar confining

interaction now favored in quarkonium potential models.

The vacuum quark pair creation model (QPC). This model was developed by Le Yaouanc et.

al. [13–15] based on an earlier idea of Micu [16] that the light quark pair is produced from the vacuum

with vacuum quantum numbers . The model is also referred to as the P model. The form

of the interaction Hamiltonian is

(2)

The constant is a free parameter of the model. This model has been applied to the light meson states

[17, 18]. It was first applied above charm threshold by the Orsay group [19].
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Heavy-Light meson pair 
interactions

Cornell model (CCCM)

Vacuum Pair Creation model (QPC)
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Light quarks effects
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• Two set of states near threshold in each JPC channel
Charmonium bound states                     Charmed meson pair states

Threshold Formalism

J/ψ

ψ(3770)

ψ’(3686)

ψ(4040)
ψ(4160)

DD

D*D*

DD*+D*D

H0 H2
1--
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• Coupled channel problem

• Formally eliminate ψ2

• Decay amplitude    <DD|HI|ψ>

• Simplifying assumptions
– H2 - free meson pairs no final state interactions
– H0 - charmonium states are a complete basis - no hybrids

• Assuming vector meson dominance. Can compute Rc

Threshold Formalism

defines ΩΩ(z)
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Hence   

where   
    Reduced decay 

amplitudes I(p)Statistical factor
13

• Cornell Coupled Channel Model 
• ψn  potential model wavefunction

• Final mesons:

– dV(x)/dx = 1/a2 + κ/x2  => no free parameters                                                                      
setting  κ = 0   => same form as the vacuum pair creation model (3P0)

Decay Amplitudes

E. Eichten, K. Gottfried, T. Kinoshita, K. Lane and T.M. Yan
PR D17, 3090 (1978)
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14

H = (Qq)

Hs = {H, H*, Hs}

HP1/2 = {H(0+), H(1+),   
Hs(0+), Hs(1+)}

HP3/2 = {H(1+), H(2+),   
Hs(1+), Hs(2+)}

_
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Il=13S(p) cc,bb

p(GeV)

Il=1ϒ(4S)(p) d,s

p(GeV)

Sample decay amplitudes I(p)

15

• Reduced decay amplitudes:

• Key points:
– The decay amplitudes IlnL(p) have nodes 

reflecting the nodes in the radially 
excited charmonium initial state.

– The only part of I(p) that depends on the 
pair production model is the function Φ

(t): 
• For the CCCM model:

– Using HQET this function Φ(t) is the 

same for all members of the same jlP 
multiplet.

– Apart from overlap light quark mass 
factors Φ(t) is essentially SU(3) 

invariant.  
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• One universal function, Φ(t), determines RQ in the threshold region. The 

same Φ(t) for DD, DD*+D*D, and D*D* final states. This a general result 

that does not depend on the details of the CCC Model.

• Consider the static limit:  <D1(x1) D2(x2) |HI|0;x1,x2>

• HI should  only depend on the spins (s1,s2) and position (y) of the light 
quark pair creation and the heavy quark positions x1, x2.  [HI = (s1+s2)⋄H].  
Integrating over y and the final state heavy-light meson wavefunctions 
defines Φ(t).  So it is independent of heavy quark spins.

• .For jl1 = jl2 = 1/2- (D, D*) there is a single invariant function: for all other 
heavy-light systems two invariant functions Φj1,j2+(t) and Φj1,j2-(t).  

• Can probe these functions using Lattice QCD

 
Q(x1)

Qc(x2)
HI

D1(x1) jl1

D2(x2) jl2
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Observation of String Breaking in QCD

Gunnar S. Bali,1, ∗ Hartmut Neff,2, † Thomas Düssel,3, ‡ Thomas Lippert,3, § and Klaus Schilling4, ¶

(SESAM Collaboration)
1Department of Physics & Astronomy, The University of Glasgow, Glasgow G12 8QQ, Scotland

2Center for Computational Science, Boston University, 3 Cummington St, Boston MA02215, USA
3John von Neumann Institute for Computing, Forschungszentrum Jülich, D-52425 Jülich, Germany
4Fachbereich Physik, Bergische Universität Wuppertal, Gaußstraße, D-42097 Wuppertal, Germany

(Dated: May 31, 2006)

We numerically investigate the transition of the static quark-antiquark string into a static-light
meson-antimeson system. Improving noise reduction techniques, we are able to resolve the signature
of string breaking dynamics for nf = 2 lattice QCD at zero temperature. This result can be related
to properties of quarkonium systems. We also study short-distance interactions between two static-
light mesons.

PACS numbers: 12.38.Gc, 12.38.Aw, 12.39.Pn, 12.39.Jh

I. INTRODUCTION

Sea quarks are an important ingredient of strong in-
teraction dynamics. In the framework of quantum chro-
modynamics, however, quantitative calculations of their
effects on hadron phenomenology have proven to be no-
toriously difficult, unless one resorts to approximations
based on additional model assumptions. Nevertheless,
the ab initio approach of lattice gauge theory towards
the sea quark problem has shown steady progress over
the past decade: recently the η′-problem has been tackled
successfully on the lattice [1–3] where sea quarks induce
the axial anomaly in the sense of the Witten-Veneziano
mechanism [4, 5].

Another example is the strong decay of hadrons
through light quark-antiquark pair creation, for instance
the transition from a colour string configuration between
two static colour sources, QQ, into a pair of static-light
mesons, BB. This colour string breaking, which we ad-
dress in this paper, is expected to occur as soon as the
colour source-sink separation, r, exceeds a certain thresh-
old value, rc > 1 fm.

In lattice simulations this behaviour has been investi-
gated in four dimensional QCD at zero temperature T
with sea quarks [6–12] as well as in QCD3 [14]. However,
these studies lacked compelling evidence of string break-
ing1. This failure is due to problems like: (i) String
breaking investigations only make sense in a full QCD
setting with large ensemble sizes. (ii) String breaking
occurs at distances beyond 1 fm, a regime with a poor
signal-to-noise ratio. (iii) The poor overlap of the QQ

∗Electronic address: g.bali@physics.gla.ac.uk
†Electronic address: hneff@buphy.bu.edu
‡Electronic address: th.duessel@fz-juelich.de
§Electronic address: th.lippert@fz-juelich.de
¶Electronic address: schillin@theorie.physik.uni-wuppertal.

de
1 The T > 0 situation appears to be more favourable [13].

creation operator with the large-distance BB ground
state.

This last problem necessitates to resolve the signal at
huge Euclidean times t, unless one bases the investigation
on a 2× 2 correlation matrix, whose additional elements
include the insertion of light quark propagators into the
standard Wilson loop [7, 10–12]. Such quark insertions
require propagators from any source to any sink position
(“all-to-all propagators”), in order to enable the exploita-
tion of translational invariance for error reduction (self
averaging).

For QCD with nf mass-degenerate sea quark flavours
this correlation matrix takes the form,

C(t) =

(

CQQ(t) CQB(t)
CBQ(t) CBB(t)

)

= e−2mQt













√
nf

√
nf −nf +













, (1)

where the straight lines denote gauge transporters and
the wiggly lines represent light quark propagators2. We
refer to the difference between the physical eigenstates
and the QQ and BB basis as “mixing”. Such mixing
should manifest itself “explicitly”, by non-vanishing off-
diagonal matrix elements, relative to the diagonal matrix
elements, and “implicitly”. The latter refers either to
the Wilson loop CQQ(t) decaying into the mass of the
(dominantly) BB state for r > rc or to a decay of CBB(t)
towards the QQ mass for r < rc, as t → ∞. Implicit
mixing is much harder to detect than explicit mixing.

In the quenched approximation baryon and anti-
baryon numbers are separately conserved and the QQ
and BB sectors are mutually orthogonal. By definition,

2 Details of this expression will be discussed in Sec. II below.
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FIG. 13: The two energy levels, as a function of r, normal-
ized with respect to 2mB (horizontal line). The curve cor-
responds to the three parameter fit to E1(r), Eqs. (80)–(82),
for 0.2 fm ≤ r ≤ 0.9 fm < rc.
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FIG. 14: The same as Figure 13, for the string breaking re-
gion.

The fit implies a Sommer parameter,

r2
0

dE1(r)

dr

∣

∣

∣

∣

r=r0

= 1.65, (83)

of

r0 = 6.009(53)a ≈ 0.5 fm, (84)

which we use to translate the lattice scale a into physical
units.

On the scale of Figure 13, the energy gap ∆Ec =
minr[E2(r) − E1(r)] is barely visible. Therefore, we en-
large the string breaking region in Figure 14. We define

the string breaking distance as the distance where the
energy gap is minimal: E2(rc) − E1(rc) = ∆Ec.
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FIG. 15: The mixing angle θ, as a function of r. The curve
corresponds to the parametrization Eqs. (85)–(88).

Not only the two energy levels play a role in the mixing
dynamics but also the mixing angle θ of Eqs. (77) and
(78). In Figure 15 we depict θ as a function of r. For r <
rc, the overlap Q1 will be larger than B1 and hence θ <
π/4. For r → ∞ the QQ content of the ground state will
vanish and θ → π/2. The Figure reveals that while this
large r limit is rapidly approached for r > rc, the ground
state at small r contains a significant BB admixture:
for instance, sin2[θ(8a)] ≈ 0.03. Furthermore, there is a
“bump” at small r in θ(r) as well as in E2(r), before θ is
forced to approach zero at r → 011, where CQB(t) = 0.
This bump is likely to be related to light meson exchange,
where in our study m−1

π ≈ 4a.
The curve corresponds to a phenomenological three pa-

rameter fit to the 0.9 fm ≈ 11a ≤ r ≤ 19a ≈ 1.6 fm data:

θ(r) =
c

2

{

arctan [d(r − rs)] −
π

2

}

+
π

2
, (85)

with parameter values,

rs = 14.95(12)a, (86)

d = 2.31(21)a−1, (87)

c = 0.914(6). (88)

The increase of θ with respect to r for r ≈ rs is given
by, dθ(r)/dr|r=rs = cd/2 = 0.34(3)π a−1. Our distance-
resolution clearly allows us to resolve the mixing dynam-
ics at r ≈ rc. We enlarge this region in Figure 16.

Finally, in Figure 17, we investigate the difference
∆E(r) = E2(r) − E1(r) in the string breaking region.

11 Note that 0 ≈ 0.92a.
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FIG. 16: The same as Figure 15, for the string breaking re-
gion.

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 14  14.5  15  15.5  16

a
#

E
(r

)

r/a-  

mixing
no mixing

FIG. 17: The energy gap ∆E = E2 − E1 with (circles) and
without (squares) mixing.

The circles represent the results from our mixing analy-
sis while the squares are extracted from fits to the Wilson
loops CQQ and the I = 1 BB operator Cdis

BB alone. This
resembles the situation in the quenched approximation
where no string breaking or mixing occurs. We perform
a quadratic fit in the region 14a ≤ r ≤ 16a,

∆E(r) = ∆Ec + b3(r − rc)
2. (89)

The resulting parameter values are,

rc = 15.00(8) a, (90)

∆Ec = 0.0217(9) a−1, (91)

b = 0.325(14) a−1. (92)

The position of the minimal energy gap rc = 15.00(8)a
is in perfect agreement with the value rs = 14.95(12)a
of Eq. (86), at which θ = π/4. Translated into phys-
ical units we obtain a minimal energy gap, ∆Ec ≈
51(3) MeV, and a string breaking distance,

rc = 2.496(26) r0 ≈ 1.248(13) fm. (93)

The errors quoted are purely statistical and do not con-
tain the 5 % uncertainty of r0 ≈ 0.5 fm or the deviation
of nf = 2 and m ! ms from the real QCD situation.
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FIG. 18: The transition rate g between |B〉 and |Q〉 states, as
a function of r.

C. Transition rates

We assume that the elements of our mixing matrix
only couple to the lowest two QCD eigenstates within the
appropriate static-static sector. In this limit, for each r,
we encounter a quantum mechanical two-state system.
Our two test wave functions are not QCD eigenstates
and, therefore, the off-diagonal matrix elements CQB(t)
assume non-trivial values. The transition rate, governing
string fission at r > rc and fusion at r < rc, is given by,

g =
dCQB(t)

dt

∣

∣

∣

∣

t=0

1
√

CBB(0)CQQ(0)
. (94)

While in Euclidean time all Fock states eventually de-
cay into the ground state |1〉, in Minkowski space-time,
starting from such a non-eigenstate, results in oscillations
between the QQ and BB sectors.

Obviously, our states |Q〉 and |B〉 are somewhat pol-
luted by n ≥ 3 excitations as evidenced by aQ &= 1 and
aB &= 1. So we have to “wait” for some initial relaxation
time tmin to pass until this equation becomes applica-
ble. We can easily extract g from our five parameter fits,
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The position of the minimal energy gap rc = 15.00(8)a
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of Eq. (86), at which θ = π/4. Translated into phys-
ical units we obtain a minimal energy gap, ∆Ec ≈
51(3) MeV, and a string breaking distance,
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tain the 5 % uncertainty of r0 ≈ 0.5 fm or the deviation
of nf = 2 and m ! ms from the real QCD situation.
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C. Transition rates

We assume that the elements of our mixing matrix
only couple to the lowest two QCD eigenstates within the
appropriate static-static sector. In this limit, for each r,
we encounter a quantum mechanical two-state system.
Our two test wave functions are not QCD eigenstates
and, therefore, the off-diagonal matrix elements CQB(t)
assume non-trivial values. The transition rate, governing
string fission at r > rc and fusion at r < rc, is given by,

g =
dCQB(t)

dt

∣
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CBB(0)CQQ(0)
. (94)

While in Euclidean time all Fock states eventually de-
cay into the ground state |1〉, in Minkowski space-time,
starting from such a non-eigenstate, results in oscillations
between the QQ and BB sectors.

Obviously, our states |Q〉 and |B〉 are somewhat pol-
luted by n ≥ 3 excitations as evidenced by aQ &= 1 and
aB &= 1. So we have to “wait” for some initial relaxation
time tmin to pass until this equation becomes applica-
ble. We can easily extract g from our five parameter fits,

transition amplitude is difficult to 
extract accurately

This is exactly the function Φ(r) we need!
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Sample mass shifts and decay widths (CCCM)
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The ψ(3770) decays

Production in e+e- due to relativistic terms:
(a) Expansion of EM current 

(b) S-D mixing terms - short range:  ~5 MeV

(c) Induced mixing from D*-D mass difference - long range

2

resonances and a few well identified final states becomes
less useful as the whole non-relativistic picture loses va-
lidity. Finally, in the last section, some suggestions for
future studies are presented.

II. NRQCD

Starting from the correlator of two electromagnetic
charm quark currents

i

∫

d4x eiqx 〈0|T jµ
c (x)jν

c (0) |0〉 = (2)

(gµνq2 − qµqν)Πc(q
2)

Rc can be defined in terms of the current correlator of
Eq. 2 as:

Rc = 12πQ2
cImΠ(s + iε) (3)

In the center of mass frame only the spatial compo-
nents of the EM current contribute to the cross section.
Near threshold the production of charm hadrons should
be governed by nonrelativistic dynamics and the EM cur-
rent can be expanded in terms of the two-component
Pauli spinors as follows: ψ and χ:

ji
c = s1ψ

†σiχ +
s2

m2
c

ψ†σiD2χ (4)

+
d2

m2
c

ψ†σj [
1

2
(DiDj + DjDi) −

1

3
δijD2]χ + ...

where s1, s2, and d2 are Wilson coeffecients representing
the contributions from hard momentum that have been
integrated out in NRQCD approach. These coefficients
are given by:

s1 = 1 + (5)

s2 = −
1

6
−

8CF

3β0
ln[

αs(mcv2)

αs(mc)
]

d2 =
1

4
+ (6)

in vNRQCD [? ]. This is of course not ideal for the
charm system because of the relatively large velocities v
of the charm quark.

The general expression for Rc in Eq.3 can be rewritten
by inserting a complete state of states in the nonrelativis-
tic limit in the absence of coupling to decay channels into
the current correlator defining Πc in Eq. 2. Only states
with JPC = 1−− contribute. In nonrelativistic notation
these states have L = 0 and labeled here by the radial
quantum number n (one plus the number of nodes) as
n3S1 or L = 2 and labeled using the same notation as
m3D1. Rc can be rewritten as:

Rc =
∑

i,j

Im
(

Ψ†
iG(i, j, s)Ψj

)

(7)

where the index i(j) represents the ith state ordered by
assending mass. The Green’s Function G, denotes the off
energy shell amplitude for the ith state to propagate into
the jth state at center of mass energy

√

(s). This is de-
scribed in the original CCC model[? ] and more recently
by Eichten, Lane and Quigg[? ]. Letting |a > represent
ath charmonium state, the corresponding component of
the vector Ψ is defined by:

< 0|ji
c(0)|a >= εi(a)Ψa

√

(Nc)
√

(2mQ)
(8)

For S states the definition of Ψ just corrresponds to the
the usual wavefunction at the origin in nonrelativistic
potential models, while for D states it is proportional to
m−2

Q times the second derivative of the wavefunction at
the origin. We will make these connenctions more precise
below.

For the nth S state the form of the normalized nonrel-
ativistic wavefunction, ψ, is given by:

ψnS()r) = ε(nS)i 1√
2
χ†

s1
σiχs2

1√
4π

RnS(r) (9)

The expression for production in e+e− is straighfor-
ward, writing the EM current in nonrelativistic form (Eq.
4) both the first and second terms in the current’s decom-
postion contribute to Ψ, while the third term vanishes by
conservation of orbital angular momentum. Hence the
explicit expression for Ψ when the a state is the n3S1

state is:

Ψa = c1RnS(0) +
c2

m2
Q

R′′
nS(0) (10)

as expected.
For the rmnth D state the form of the normalized non-

relativistic wavefunction, ψ, is given by:

ψnD = ε(nD)i 1√
2
χ†

s1σjχs2

√

9

8π
[rirj −

1

3
δijr2]

RnD(r)

r2

(11)
.

Now evaluating the current matrix element for the
rmnth D state. From symmetry considerations only the
third term in the EM current survives. Hence the ex-
plicit expression for Ψ in the case that the ath state is
the n3D1 state is:

Ψa =
d1

m2
Q

ψ′′
m(0) (12)

III. CCC MODEL

The Green’s function G is formally given by:

[G−1]ij = (Mij − Eδij) + iΩ(E)ij (13)

 S-wave

 D-wave

ψ(3772) = 0.10 |2S� + 0.01e+0.22iπ |3S� + ...

+ 0.69e−0.59iπ |1D� + 0.10e+0.27iπ |2D� + ...

CCC Model

Decay width in good agreement with theory
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Induced 2S-1D tensor mixing term

At ψ(3773):  -23 MeV (total) 
Cancellations between (DD, DD*, and D*D*)contributions

20
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D0D̄0

D+D−

Γ(p) ∼ A
p3

Λ2
exp (− p2

Λ2
)

A = .18 Λ = .57 GeV

p0 = 283 MeV p+ = 250 MeV

Decays into open charm

The ratio, R0/+, of  D0D0 to D+D- 
production deviates from one due to 
isospin violating terms: 

(a) up-down mass difference 
(b) EM interactions                      
-> m(D+)-m(D0) = 4.78 ± 0.10 MeV    
-> different final state 
interactions

The shape of the resonance differs from
the usual Breit-Wigner:   
(1) width Γ(p) not pure p wave 
(2) interference with 2S, 3S state.

R0/+

CLEO pdg07 p3 CCCM

1.25 1.28± 0.14 1.47 1.36

21
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• Using the CCCM formalism one obtains: 

22

Rc in the ψ(3770) region 

BES data
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Non DD decays of the ψ(3770) 

BES [hep-ex/0705.2276]

•X J/ψ 

•ϒΧcJ

•light hadrons	 

9

TABLE III: The upper limits on the observed cross section σup
ψ(3770)→f and the branching fraction Bup

ψ(3770)→f for ψ(3770) → f

are set at 90% C.L.. The σψ(3770)→f in the second column is calculated with Eq. (6), where the first error is the statistical, the
second is the independent systematic, and the third is the common systematic error. Here, the upper t denotes that we treat
the upper limit on the observed cross section for e+e− → f at 3.773 GeV as σup

ψ(3770)→f , the upper n denotes that we neglect
the contribution from the continuum production, and the upper z denotes that we treat the central value of σψ(3770)→f as zero
if it is less than zero.

Decay Mode σψ(3770)→f σup
ψ(3770)→f Bup

ψ(3770)→f

[pb] [pb] [×10−3]

φπ0 < 3.5tn < 3.5 < 0.5

φη < 12.6tn < 12.6 < 1.9

2(π+π−) 7.4 ± 15.0 ± 2.8 ± 0.8 < 32.5 < 4.8

K+K−π+π− −19.6 ± 19.6 ± 3.3 ± 2.1z < 32.7 < 4.8

φπ+π− < 11.1tn < 11.1 < 1.6

2(K+K−) −2.7 ± 7.1 ± 0.5 ± 0.3z < 11.6 < 1.7

φK+K− −0.5 ± 10.0 ± 0.9 ± 0.1z < 16.5 < 2.4

pp̄π+π− −6.2 ± 6.6 ± 0.6 ± 0.7z < 11.0 < 1.6

pp̄K+K− 1.4 ± 3.5 ± 0.1 ± 0.2 < 7.2 < 1.1

φpp̄ < 5.8tn < 5.8 < 0.9

3(π+π−) 16.9 ± 26.7 ± 5.5 ± 2.4 < 61.7 < 9.1

2(π+π−)η 72.7 ± 55.0 ± 7.3 ± 8.2 < 164.7 < 24.3

2(π+π−)π0 −35.4 ± 24.6 ± 6.6 ± 4.0z < 42.3 < 6.2

K+K−π+π−π0 −36.9 ± 43.8 ± 12.8 ± 4.2z < 75.2 < 11.1

2(K+K−)π0 18.1 ± 7.7 ± 0.7 ± 2.0n < 31.2 < 4.6

pp̄π0 1.5 ± 3.9 ± 0.5 ± 0.1 < 7.9 < 1.2

pp̄π+π−π0 26.0 ± 13.9 ± 2.6 ± 3.2 < 49.7 < 7.3

3(π+π−)π0 −12.7 ± 55.9 ± 8.7 ± 1.8z < 92.8 < 13.7
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Table VI: Radiative decays ψ′′ → γχcJ : energies, predicted and measured partial
widths. Theoretical predictions of Ref. [8] are (a) without and (b) with coupled-
channel effects; nonrelativistic (c) and relativistic (d) predictions of Ref. [11]; (e)
shows predictions of Ref. [134].

Mode Eγ (MeV) Predicted (keV) CLEO (keV)
[55] (a) (b) (c) (d) (e) [136]

γχc2 208.8 3.2 3.9 4.9 3.3 24±4 < 21
γχc1 251.4 183 59 125 77 73 ± 9 70 ± 17
γχc0 339.5 254 225 403 213 523 ± 12 172 ± 30

4.8 ψ(4040) and ψ(4160)

The ψ(4040) and ψ(4160) resonances appear as elevations in the measurement of
R = σ(hadrons)/σ(µ+µ−). They are commonly identified with the 3S and 2D states
of charmonium (Fig. 1). Their parameters have undergone some refinement as a
result of a recent analysis in Ref. [145]. The error on the mass of ψ(4040) has shrunk
considerably, with M = (4040±10) MeV/c2 in 2004 (Ref. [146]) replaced with (4039±
1) MeV/c2 in 2006 (Ref. [55]). The width is now quoted as (80±10) MeV/c2, up from
(52 ± 10) MeV/c2. Similarly, the mass and width of the ψ(4160) are now quoted as
(4153±3) MeV/c2 and (108±8) MeV/c2, replacing (4159±20) MeV/c2 and (78±20)
MeV/c2. Data taken at the ψ(4040) and the ψ(4160) can be useful to search for the
2P states through radiative decays ψ(4160) → γχ′

c0,1,2. Identifying the transition
photon in the inclusive photon spectrum requires excellent background suppression
and is therefore a challenge. The E1 branching fractions listed in [147] are, calculated
for χ′

cJ masses chosen to be2 3929/3940/3940 MeV for J = 2/1/0:
ψ(4040) → γχ′

c2,1,0: 0.7/0.3/0.1× 10−3,
ψ(4160) → γχ′

c2,1,0: 0.1/1.3/1.7× 10−3.
The J = 0 and J = 1 states can be distinguished since the decays χc0 → DD̄

and χc1 → DD̄∗ are possible but not the reverse. χ′
c2 can decay to either, where the

relative rate depends on the amount of phase space, which in turn depends on the
mass. Exclusive decays to charmonium have not been observed, though CLEO has
set upper limits on a number of final states involving charmonium [148].

4.9 New Charmonium-like States

Many new charmonium states above DD̄ threshold have recently been observed.
While some of these states appear to be consistent with conventional cc̄ states, others
do not. Here we give a brief survey of the new states and their possible interpretations.
Reviews may be found in Refs. [149–151]. In all cases, the picture is not entirely clear.
This situation could be remedied by a coherent search of the decay pattern to DD̄(∗),
search for production in two-photon fusion and ISR, the study of radiative decays of

2 The motivation for this choice will become apparent in Section 4.9.

28

ψ�� → π+π−J/ψ 0.34± 0.14± 0.09 BES

0.189± 0.020± 0.020 CLEO

ψ�� → π0π0J/ψ 0.080± 0.025± 0.016 CLEO

ψ�� → η0J/ψ 0.087± 0.033± 0.022 CLEO

Good agreement with theory 
expectations including relativistic effects 

Theory expectation for π+π-J/ψ: 
0.1-0.7%

No evidence for direct decays 
to light hadrons seen yet.  

No evidence of unexpected rates for 
non DD decays

Puzzle of missing decays
σψ(3770) = 6.38± 0.08 +0.41

−0.30 nb

σψ(3770) − σψ(3770)→DD̄ = −0.01± 0.08 +0.41
−0.30nb

σψ(3770) = 7.25± 0.27± 0.34 nb

CLEO

BES
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• The CCC model results show the complicated behavior seen in the data, but does 
not fully reproduce the details.  

• Search for a better Φ using lattice.

• The 3770 region needs a detailed theoretical study.

Structure in  Rc: 3.8 < √s < 4.3 GeV
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Figure 1: The fit to the R values for the high mass charmonia structure. The dots
with error bars are the updated R values. The solid curve shows the best fit, and the
other curves show the contributions from each resonance RBW , the interference Rint, the
summation of the four resonances Rres = RBW + Rint, and the continuum background
Rcon respectively.
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Figure 2: (I) The comparison of R values between the values published in Ref. [14]
(triangles: Rold) and the updated values in this work (points: Rnow). (II) The relative
differences between the two sets of R values.
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Comments

• Detailed measrements of Rc in the threshold region provides a wealth of 
information. Particularly useful are scans of exclusive charm meson pair 
channels.

• Much of the rich structure in Rc in the threshold region arises simply from 
the behavior (i.e. nodes) of decay amplitudes for radially excited states.

• The peaks in R for individual final states do not coincide.

• Determining the number and properties of resonances in the threshold 
region is difficult without a detailed decay model.

• Simple phenomenological models work reasonably well but a sounder 
theoretical footing is needed.

• Above the opening of the DS DP decay channels the structure of individual 
resonances disappears. Many new channels with excited charm mesons 
become available. A dual picture from perturbative QCD is more 
appropriate.
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New XYZ States 

and 
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“Heavy quarkonium: progress, puzzles and opportunities”  
N. Brambilla, et.al. (in preparation)
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S. Dubynski et al PLB 666,344 (2008) 

  Understanding the New XYZ States

S. Godfrey and S. L. Olsen,  Ann. Rev. Nucl. Part. Sci. 58, 51 (2008) [arXiv:0801.3867 [hep-ph]].

• Is it a new state ?

– What are its properties?: Mass, width, JPC, decay modes

– Charmonium state or not?

– If not what? New spectroscopy
• Four quark state:

– molecule

– diquark-antidiquark

– hadro-charmonium

• Hybrid
– valence gluons, string

• Strong threshold effects
– strong decay channel effects
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• If confirmed Z+(4430), Z1+(4050) and  Z2+(4250)   must be four quark 
states -> new spectroscopy

• G(3900) is not a new resonance.  It is just the coupling channel effects in 
the 3S region.

• The 3940 and 4160 have C=+1 states in regions with charmonium P states 
expected.

• X(3872)  at D0 D0* threshold: m(X) - m(D0) - m(D0*) = -0.42 ±0.39 MeV    
-> D0 D0* threshold bound state or strong threshold effect.

• Y(4260), Y(4350), Y(4660) are seen in (ππ J/ψ), (ππ ψ’), (ππ ψ’) decays 

respectively ->  candidates for hybrid states. 

30
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 X(3872)  

MASS
X(3872) right at threshold -> molecular bound state
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ππ J/ψ decay mode -> isospin ≠ 0
JPC 1++ favored but 2+- still possible

large γψ’ decay mode -> disfavors molecular interpertation

DECAYS
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Where are the charmonium 23PJ states?

J=2  23P2 state

Agreement is good

CCCM
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J=0  23P0 state

Issue is small decay rate 
into DD channel - ok

CCCM

Still issue of large 
ωJ/ψdecay mode

Plausible candidate
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J=1  23P1 state

Missing 

But this is not surprising
width would be 140 MeV
for M = 3.940

The status of the X(3872) is
not resolved and the 23P1 state
not yet observed.

Rules out the X(3940) as
the 23P1.
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– Y(4260) 

-  Decays
– Y(4260) -> π+π- + J/ψ                            

(BaBar, CLEO, Belle)

– Y(4260) -> π0π0 + J/ψ (CLEO)

– Y(4260) -> K+K- + J/ψ (CLEO) 

- Not a charmonium state

– Small ΔR - 43S1 state at 4.26 would have 

ΔR≈2.5

– 13D1 state ψ(4160)
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Figure 4: J/ψπ+π− invariant mass spectrum in the range 3.8−5.0 GeV/c2 and (inset) over
a wider range that includes the ψ(2S) state.

least five charged tracks in the event for background suppression, we report the product of
the branching fraction to states with more than two tracks and the production cross section.
The results are 17.6±2.8+1.5

−2.1 fb, 10.3±2.5+1.4
−1.8 fb and 16.4±3.7+2.4

−3.0 fb for ηc, χc0 and ηc(2S),
respectively. These values are an order of magnitude higher than those predicted by non-
relativistic QCD [13]. However, recent works incorporating charm quark dynamics [14] seem
to narrow down the discrepancy.

5 Observation of Y (4260)

ISR events produced in the Υ (4S) energy region at the B factories act as a probe of inter-
esting physics occurring at a lower center-of-mass energy. Motivated by this, BABAR has
investigated the e+e− → J/ψπ+π−γISR process across the charmonium mass range, using a
data sample of 233 fb−1 integrated luminosity [15]. These events are characterized by two
pions, two leptons (electron or muon) making a J/ψ candidate and a very small recoil mass
against the J/ψπ+π− system. Figure 4 shows the J/ψπ+π− invariant mass spectrum for
the selected candidates. An enhancement of events near 4.26 GeV/c2 is clearly observed
in addition to the expected ψ(2S) peak. No other structures are evident in the spectrum
including the X(3872). Using a maximum likelihood fit, we obtain a signal yield of 125± 23
with a statistical significance of 8σ (the signal is referred to as Y (4260)). The mass and
width of the particle are found to be 4259 ± 8+2

−6 MeV/c2 and 88 ± 23+6
−4 MeV, respectively.

We also calculate a value of Γ(Y (4260) → e+e−) · B(Y → J/ψπ+π−) = 5.5 ± 1.0+0.8
−0.7 eV.

Although all these results are from a single resonance fit, we cannot exclude or establish a
multi-resonance hypothesis at the current level of statistics. More data are needed to reveal
its exact nature.

5

Mass = 4264 ±    MeV;  Width = 83 ±    MeV

Seen by BaBar in ISR production 
 confirmed by CLEO and Belle

⇒ JPC= 1--

consistent with I = 0

FIG. 13 Evidence for Y (4260) from a direct scan by CLEO (Coan et al., 2006a).

observed width implies that Γ(Y → J/ψπ+π−) > 7.7±2.1 MeV. This is much larger than the

typical charmonium transition widths of, for example, Γ(ψ(3770) → J/ψπ+π−) ∼ 80 keV.

And the Y is seen in this mode while the conventional states ψ(4040), ψ(4160), and ψ(4415)

are not.

One predicted consequence of the hybrid hypothesis is that the dominant hybrid char-

monium open-charm decay modes are expected to be a meson pair with an S-wave (D, D∗,

Ds, D∗
s) and a P -wave (DJ , DsJ) in the final state (Close and Page, 2005). The dominant

decay mode is expected to be DD̄1 + c.c.. (Subsequently we shall omit “+c.c.” in cases

where it is to be understood.) Evidence for a large DD̄1 signal would be strong evidence

for the hybrid interpretation. A complication is that DD̄1 threshold is 4287 MeV/c2 if we

consider the lightest D1 to be the narrow state noted in Yao et al. (2006) at 2422 MeV/c2.

The possibility also exists that the Y (4260) could be a DD̄1 bound state. It would decay to

DπD̄∗, where the D and π are not in a D∗. Note that the dip in Re+e− occurs just below

DD̄1 threshold, which may be the first S-wave meson pair accessible in cc̄ fragmentation

(Close and Page, 2005; Rosner, 2006a). In addition to the hybrid decay modes given above,

55

 Y(4260) and the 1-- states beyond



• Heavy quark limit:  Born-Oppenheimer approximation

Estia Eichten     Topical Seminars on Frontier of Particle Physics: Charm and Charmonium Physics       August 27-31, 2010 (Beijing)                      

The leading Born-Oppenheimer approximation

In the leading Born-Oppenheimer approximation, one replaces the covariant Lapla-

cian DDD2 by an ordinary Laplacian !!!
2
, which neglects retardation effects. The spin in-

teractions of the heavy quarks are also neglected, and one solves the radial Schrödinger

equation:

−
1

2µ

d2u(r)

dr2
+

{

〈LLL2
QQ̄

〉

2µr2
+VQQ̄(r)

}

u(r) = E u(r), (2)

where u(r) is the radial wavefunction of the quark-antiquark pair. The total angular
momentum is given by

JJJ = LLL+SSS, SSS= sssQ+ sssQ̄, LLL= LLLQQ̄+ JJJg, (3)

where sssQ is the spin of the heavy quark, sssQ̄ is the spin of the heavy antiquark, JJJg is the

total spin of the gluon field, and LLLQQ̄ is the orbital angular momentum of the quark-

antiquark pair. In the LBO, both L and S are good quantum numbers. The expectation

value in the centrifugal term is given by

〈LLL2
QQ̄

〉 = 〈LLL2〉−2〈LLL · JJJg〉+ 〈JJJ2g〉. (4)

The first term yields L(L+1). The second term is evaluated by expressing the vectors in
terms of components in the body-fixed frame. Let Lr denote the component of LLL along

the molecular axis, and L" and L# be components perpendicular to the molecular axis.

Writing L± = L" ± iL# and similarly for JJJg, one obtains

〈LLL · JJJg〉 = 〈LrJgr〉+
1
2
〈L+Jg− +L−Jg+〉. (5)

Since Jg± raises or lowers the value of $, this term mixes different gluonic stationary
states, and thus, must be neglected in the leading Born-Oppenheimer approximation. In

the meson rest frame, the component of LLLQQ̄ along the molecular axis vanishes, and

hence, 〈LrJgr〉 = 〈J2gr〉 = $2. In summary, the expectation value in the centrifugal term
is given in the adiabatic approximation by

〈LLL2
QQ̄

〉 = L(L+1)−2$2+ 〈JJJ2g〉. (6)

We assume 〈JJJ2g〉 is saturated by the minimum number of allowed gluons. Hence, 〈JJJ
2
g〉= 0

for the %+
g level and 〈JJJ

2
g〉= 2 for the&u and %

−
u levels.Wigner rotations are used as usual

to construct |LSJM;'(〉 states, where ' = JJJg · r̂rr and $ = |' |, then JPC eigenstates are
finally obtained from

|LSJM;'(〉+ )|LSJM;−'(〉, (7)

where ) = 1 for %+ levels, ) = −1 for %− levels, and ) = ±1 for $ ≥ 1 levels. Hence,
the JPC eigenstates satisfy

P= )(−1)L+$+1, C = ()(−1)L+S+$. (8)
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withε=+1 for Σ+ and ε=-1 for Σ- both signs for Λ>0.   

Hybrid States and Lattice QCD
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TABLE I: Operators to create excited gluon states for small
qq̄ separation R are listed. E and B denote the electric and
magnetic operators, respectively. The covariant derivative D

is defined in the adjoint representation [10].

gluon state J operator
Σ+ ′

g 1 R · E, R · (D ×B)
Πg 1 R × E, R × (D× B)
Σ−

u 1 R · B, R · (D× E)
Πu 1 R × B, R × (D× E)
Σ−

g 2 (R · D)(R · B)
Π′

g 2 R × ((R · D)B + D(R · B))
∆g 2 (R × D)i(R × B)j + (R × D)j(R × B)i

Σ+
u 2 (R · D)(R · E)

Π′

u 2 R × ((R · D)E + D(R · E))
∆u 2 (R × D)i(R × E)j + (R × D)j(R × E)i

predicted short–distance degeneracies. Only the states
∆u and Σ+′

g show considerable soft breaking of the ap-
proximate symmetry at the shortest R values.
Crossover region. For 0.5 fm < R < 2 fm, a dramatic
crossover of the energy levels toward a string-like spec-
trum as R increases is observed. For example, the states
Σ−

u with N = 3 and Σ−

g with N = 4 break violently away
from their respective short-distance O(3) degeneracies to
approach the ordering expected from bosonic string the-
ory near R ∼ 2 fm.

An interesting feature of the crossover region is the suc-
cessful parametrization of the Σ+

g ground state energy by
the empirical function E0(R) = a + σR− c π

12R
, with the

fitted constant c close to unity, once R exceeds 0.5 fm.
The Casimir energy of a thin flux line was calculated in
Refs. [11, 12], yielding c = 1, and this approximate agree-
ment is often interpreted as evidence for string formation.
While the spectrum, including the qualitative ordering
of the energy levels, differs from the naive bosonic string
gaps for R < 1 fm, a high precision calculation shows
the rapid approach of ceff(R) to the asymptotic Casimir
value in the same R range [13]. Although there is no in-
consistency between the two different findings, a deeper
understanding of this puzzling situation is warranted.

We will return to this issue in a high precision study of
the 3-dimensional Z(2) gauge model in a future publica-
tion [14]. This accurate study of ceff(R) and the excita-
tion spectrum of the Z(2) flux line for a wide range of R
values between 0.3 fm and 10 fm will clearly demonstrate
the early onset of c ≈ 1 without a well-developed string
spectrum. For now, Fig. 3 shows the lowest excitations in
Z(2) for R = 0.7 fm, revealing a bag-like disorder profile
surrounding the static qq̄ pair in the vacuum [14]. The
two lowest energy levels are substantially dislocated from
exact π/R string gaps and all other excitations form a
continuous spectrum above the glueball threshold. Since
the submission of this work, a new study of Z(2) at fi-
nite temperature has appeared [15], reporting very early
onset of string behavior in support of Ref. [13].
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FIG. 2: Short-distance degeneracies and crossover in the
spectrum. The solid curves are only shown for visualization.
The dashed line marks a lower bound for the onset of mixing
effects with glueball states which requires careful interpreta-
tion.

String limit. For R > 2 fm, the energy levels exhibit,
without exception, the ordering and approximate degen-
eracies of string-like excitations. The levels nearly re-
produce the asymptotic π/R gaps, but an intriguing fine
structure remains.

It has been anticipated that the interactions of mass-
less excitations on long flux lines are described by a lo-
cal derivative expansion of a massless vector field ξ with
two transverse components in four–dimensional space-
time [11, 12]. Symmetries of the effective QCD string
Lagrangian require a derivative expansion of the form

Leff = a∂µξ·∂µξ+b(∂µξ·∂µξ)2+c(∂µξ·∂νξ)(∂µξ·∂νξ)+...,
(1)

where the dots represent further terms with four or more
derivatives in world sheet coordinates. The coefficient a
has the dimension of a mass squared and can be identified
with the string tension σ. The other coefficients must be
determined from the underlying microscopic theory. Ex-
amples with calculable coefficients include the D=3 Z(2)
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without exception, the ordering and approximate degen-
eracies of string-like excitations. The levels nearly re-
produce the asymptotic π/R gaps, but an intriguing fine
structure remains.

It has been anticipated that the interactions of mass-
less excitations on long flux lines are described by a lo-
cal derivative expansion of a massless vector field ξ with
two transverse components in four–dimensional space-
time [11, 12]. Symmetries of the effective QCD string
Lagrangian require a derivative expansion of the form

Leff = a∂µξ·∂µξ+b(∂µξ·∂µξ)2+c(∂µξ·∂νξ)(∂µξ·∂νξ)+...,
(1)

where the dots represent further terms with four or more
derivatives in world sheet coordinates. The coefficient a
has the dimension of a mass squared and can be identified
with the string tension σ. The other coefficients must be
determined from the underlying microscopic theory. Ex-
amples with calculable coefficients include the D=3 Z(2)

K.J. Juge, J. Kuti and C. Morningstar
 [PRL 90, 161601 (2003)] 

VQQ(r) determined by direct lattice calculations 

• Operators for excited gluon states

38

• Mainly interested in non-exotics: JPC = 0-+, 0++,  1--, 1++,  1 +-, ... 
• Need Hybrid potentials for: Σ’+g, Σ-g, Πg, Σ+u,  Πu, Δg
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For cc and bb systems neither is adequate.
Need to combine behavior with lattice calculations 
in the region [0.25 fm < R < 2 fm]

!

(b)(a)

FIGURE 2. One possible interpretation of the spectrum in Fig. 1. (a) For small quark-antiquark sepa-

rations, the strong chromoelectric field of the QQ̄ pair repels the physical vacuum (dual Meissner effect)

creating a bubble. The low-lying stationary states are explained by the gluonic modes inside the bubble,

since the bubble surface excitations are likely to be higher lying. (b) For large quark-antiquark separations,

the bubble stretches into a thin tube of flux, and the low-lying states are explained by the collective motion

of the tube since the internal gluonic excitations are much higher lying.

antiquark pair in SU(2) gauge theory also hint at flux tube formation[6].
The spectrum shown in Fig. 1 provides unequivocal evidence that the gluon field can

be well approximated by an effective string theory for large separations r. However,

string formation does not appear to set in until the quark and the antiquark are sepa-

rated by about 2 fm. For small separations, the level orderings and degeneracies are not

consistent with the expectations from an effective string description. More importantly,

the gaps differ appreciably from N"/r with N = 1,2,3, . . .. Such deviations cannot be
considered mere corrections, making the applicability of an effective string description
problematical. Between 0.5 to 2 fm, a dramatic level rearrangement occurs. For separa-

tions above 2 fm, the levels agree without exception with the ordering and degeneracies

expected from an effective string theory. The gaps agree well with N"/r, but a fine struc-
ture remains. The N"/r gaps are a robust prediction of any effective string theory since
they are a feature of the Goldstone modes associated with the spontaneous breaking of

transverse translational symmetry. However, the details of the underlying string theory

are encoded in the fine structure. This first glimpse of such a fine structure offers the

exciting possibility of ultimately understanding the nature of the QCD string in future

higher precision simulations.

Fig. 2 illustrates one possible interpretation of the results shown in Fig. 1. At small

quark-antiquark separations, the strong chromoelectric field of the QQ̄ pair repels the
physical vacuum in a dual Meissner effect, creating a bubble surrounding the QQ̄. The

low-lying stationary states are explained by the gluonic modes inside the bubble, since

the bubble surface excitations are likely to be higher lying. For large quark-antiquark

separations, the bubble stretches into a thin tube of flux, and the low-lying states are

explained by the collective motion of the tube since the internal gluonic excitations,

being typically of order 1 GeV, are now much higher lying.
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Short distance:   Perturbative QCD,  pNRQCD 
singlet:  -4/3 αs/r
octet :    1/6 αs/r      gluelumps

Long distance:   String 
σ r + πN/r     Nambu-Goto string behavior

Determining the Hybrid Potentials
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• Short distance ( R < 0.25 fm)

Estia Eichten     Topical Seminars on Frontier of Particle Physics: Charm and Charmonium Physics       August 27-31, 2010 (Beijing)                      

Determining the Hybrid Potentials

40

The short distance behavior of pNRQCD is confirmed by lattice studies of
hybrid potentials and the relation to gluelumps is computed.  

5.1 Determination of ΛRS
B from the static potentials

We intend to determine ΛB from the hybrid potentials. For this purpose we will use our
nf = 0 lattice continuum limit data on ∆EΠu(r) = EΠu(r) − EΣ+

g
(r) as obtained in Sec. 3.

Using this difference allows us to eliminate the power divergence that appears in lattice
simulations of the potentials (or, in the continuum OS scheme, the renormalon associated
with the pole mass). Note that the difference has a well defined continuum limit. It is also
interesting to see that the large distance linear term is cancelled as well. At the same time,
ΛB will still additively contribute to this combination, see Eq. (6). In order to extract this
non-perturbative constant, the perturbative difference between octet and singlet potentials
has to be subtracted. For a reliable determination, the perturbative series has to be well
defined and show convergence. However, this is complicated by the contribution from the
renormalon discussed above and can only be achieved in a scheme where such renormalon
singularities are taken into account. We have worked out the RS scheme in Sec. 4.3, which
is well suited for this purpose.

r0((Vo,RS − Vs,RS)(r) + ΛRS
B )

0 0.25 0.5 0.75 1 1.25 1.5
1

2

3

4

5

r/r0

Figure 12: Splitting between the Πu and the Σ+
g potentials and the comparison with Eq. (65)

for ν = νi [see Eq. (16)] at νf = 2.5 r−1
0 . r0[(Vo,RS − Vs,RS)(r) + ΛRS

B ] is plotted at tree level
(dashed line), one-loop (dashed-dotted line), two loops (dotted line) and three loops (estimate)
plus the leading single ultrasoft log (solid line).

We fit ΛB using the following equality (see Figs. 12 and 13 for the quality of the fit):

EΠu(r) − EΣ+
g
(r) = ΛRS

B (νf) + Vo,RS(r; νf) − Vs,RS(r; νf) , (65)

where the non-perturbatively obtained left hand side (lhs) is renormalon-free but on the rhs
the renormalon can be shifted between the two contributions, the ultrasoft matrix element
ΛB and the soft Wilson coefficient Vo − Vs, at a given order of perturbation theory. This is
why we have to specify the scheme, the RS scheme in our case, which we use to eliminate
(or to reduce) this ambiguity.

25

The corrections of order R2 split the gluelump degeneracies:
  Roughly speaking V(R) = 1/6 α(R)/R + C0(gluelump state) + C2 (R)R2 + ...

0
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FIGURE 2. Splitting between the !−u and the"u potentials, extrapolated to the continuum limit, and the

comparison with a quadratic fit to the r <
∼ 0.5r0 data points (r

−1
0 ≈ 0.4 GeV). The big circles correspond

to the data of Juge et al. [14], obtained at finite lattice spacing a# ≈ 0.39r0. The errors in this case are
smaller than the symbols.
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• Toy model - minimal parameters
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3

TABLE I: Operators to create excited gluon states for small
qq̄ separation R are listed. E and B denote the electric and
magnetic operators, respectively. The covariant derivative D

is defined in the adjoint representation [10].

gluon state J operator
Σ+ ′

g 1 R · E, R · (D ×B)
Πg 1 R × E, R × (D× B)
Σ−

u 1 R · B, R · (D× E)
Πu 1 R × B, R × (D× E)
Σ−

g 2 (R · D)(R · B)
Π′

g 2 R × ((R · D)B + D(R · B))
∆g 2 (R × D)i(R × B)j + (R × D)j(R × B)i

Σ+
u 2 (R · D)(R · E)

Π′

u 2 R × ((R · D)E + D(R · E))
∆u 2 (R × D)i(R × E)j + (R × D)j(R × E)i

predicted short–distance degeneracies. Only the states
∆u and Σ+′

g show considerable soft breaking of the ap-
proximate symmetry at the shortest R values.
Crossover region. For 0.5 fm < R < 2 fm, a dramatic
crossover of the energy levels toward a string-like spec-
trum as R increases is observed. For example, the states
Σ−

u with N = 3 and Σ−

g with N = 4 break violently away
from their respective short-distance O(3) degeneracies to
approach the ordering expected from bosonic string the-
ory near R ∼ 2 fm.

An interesting feature of the crossover region is the suc-
cessful parametrization of the Σ+

g ground state energy by
the empirical function E0(R) = a + σR− c π

12R
, with the

fitted constant c close to unity, once R exceeds 0.5 fm.
The Casimir energy of a thin flux line was calculated in
Refs. [11, 12], yielding c = 1, and this approximate agree-
ment is often interpreted as evidence for string formation.
While the spectrum, including the qualitative ordering
of the energy levels, differs from the naive bosonic string
gaps for R < 1 fm, a high precision calculation shows
the rapid approach of ceff(R) to the asymptotic Casimir
value in the same R range [13]. Although there is no in-
consistency between the two different findings, a deeper
understanding of this puzzling situation is warranted.

We will return to this issue in a high precision study of
the 3-dimensional Z(2) gauge model in a future publica-
tion [14]. This accurate study of ceff(R) and the excita-
tion spectrum of the Z(2) flux line for a wide range of R
values between 0.3 fm and 10 fm will clearly demonstrate
the early onset of c ≈ 1 without a well-developed string
spectrum. For now, Fig. 3 shows the lowest excitations in
Z(2) for R = 0.7 fm, revealing a bag-like disorder profile
surrounding the static qq̄ pair in the vacuum [14]. The
two lowest energy levels are substantially dislocated from
exact π/R string gaps and all other excitations form a
continuous spectrum above the glueball threshold. Since
the submission of this work, a new study of Z(2) at fi-
nite temperature has appeared [15], reporting very early
onset of string behavior in support of Ref. [13].
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FIG. 2: Short-distance degeneracies and crossover in the
spectrum. The solid curves are only shown for visualization.
The dashed line marks a lower bound for the onset of mixing
effects with glueball states which requires careful interpreta-
tion.

String limit. For R > 2 fm, the energy levels exhibit,
without exception, the ordering and approximate degen-
eracies of string-like excitations. The levels nearly re-
produce the asymptotic π/R gaps, but an intriguing fine
structure remains.

It has been anticipated that the interactions of mass-
less excitations on long flux lines are described by a lo-
cal derivative expansion of a massless vector field ξ with
two transverse components in four–dimensional space-
time [11, 12]. Symmetries of the effective QCD string
Lagrangian require a derivative expansion of the form

Leff = a∂µξ·∂µξ+b(∂µξ·∂µξ)2+c(∂µξ·∂νξ)(∂µξ·∂νξ)+...,
(1)

where the dots represent further terms with four or more
derivatives in world sheet coordinates. The coefficient a
has the dimension of a mass squared and can be identified
with the string tension σ. The other coefficients must be
determined from the underlying microscopic theory. Ex-
amples with calculable coefficients include the D=3 Z(2)

Fixes Mc = 1.84 GeV, √σ = .427 GeV, αs = 0.39

n(R) = [n]  (string level) if no level crossing
        [n - 2 tanh(R0/R)] for Σ ­u potential (n=3)
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Comparing Toy Model to Lattice Results

42

Comparing this model (dashed lines) to the parameterization of The fits to  Juge, Kuti and 
Morningstar lattice results (thanks to  Juge) (solid lines) one finds fairly good agreement in the 
region (0.25 fm < R < 2 fm ) 
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• Only interested in states below 4.8 GeV for cc system.                                                                   
Unlikely higher states will be narrow (DD, glueball+J/ψ, etc)  
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• Only Πu, Σu- , andΣg+‘ systems have sufficiently light states.                                                        
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• Πu (1S)   m = 4.132 GeV      Πu (2S)   m = 4.465 GeV      JPC = 0++, 0- -, 1+ - , 1- +                                                  

Πu (1P)   m = 4.445 GeV      Πu (2P)   m = 4.773 GeV       JPC = 1--, 1++, 0- +, 0+ -, 1+ -, 1- +, 2+ -, 2- +

• Σg +’(1S)   m = 4.547 GeV   JPC = 0- +, 1- -  

• The Πu (1P), Πu (2P) and Σg +’(1S)  have 1-- states with spacing seen in the Y(4260) system

• Σu -(1S)   m = 4.292 GeV       Σu -(1P)   m = 4.537 GeV     Σu -(2S)   m = 4.772 GeV

• Numerous states with C=+ in the 4.2 GeV region.
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• Approach looks promising but more work is required.                                                            
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• The wealth of precision data has solidified our confidence in the NRQCD 
approach below threshold [Spectrum, transitions and decays]

• The situation above threshold is not yet clear:  

- Need measurements of transition rates for established resonances.

- Detailed measurements of R in each exclusive channel useful for 
probing strong decay amplitudes.

- Need JP determination for many of the new states.

- New states and possibly a new spectroscopy: X(3872), X(4008),           
Y(4140), Y(4160), Y(4350), Y(4260), Y(4360),  Y(4660), Z+(4430), ...

• The hybrid potential approach looks promising:  

- X(3872)  and Z+(4430)  states not hybrid candidates.

- The states in the 4160 region with C=+ may contain hybrid states.

- The Y(4260) and related 1-- new states. Hybrid states?
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• Improvements for hybrid spectrum  

- Can include spin dependent corrections using results from lattice     
and pNRQCD.

- Understand the level crossover behavior in QCD.

- New states with exotic quantum numbers are expected.             
Masses determined relative to non exotic hybrid spectrum..

- Directly apply results to the bottomium system.  No new  parameters.

- Any relation to unexpectedly large hadronic transition rates:            
Υ(5S) ->Υ(nS)+2π  (n=1,2,3) ?

• Future prospects

- NRQCD and HQET allows scaling from c to b systems. This will eventually 
provide critical tests of our understanding of new charmonium states.

- Lattice calculations will provide insight into theoretical issues.

- Answers in many cases will require the next generation of heavy flavor 
experiments - BES III, LHCb and Super-B factories. 
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