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Physics at Large Hadron Collider

• improving requirements on theoretical predictions

• new NNLO and N3LO cross sections

• bottleneck problems 

• integrals reduction

• master integrals calculation

Introduction
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Methods
• Integrals reduction

• integration by parts 

• syzygy equation 

• finite field interpolation

• intersection numbers 

• block triangular systems

• Master integrals calculation
• differential equation and its canonical form 

• Mellin Barnes representation 

• sector decomposition 

• difference equation 

• numerical differential equation 

• auxiliary mass flow

Introduction

[Chetyrkin , Tkachov, 1981] [Laporta, 2000]

[Gluza , Kajda , Kosower , 2011] [Schabinger , 2012] [Larsen, Zhang, 2016]

[Manteuffel , Schabinger , 2015] [Peraro, 2016]

[Liu, Ma, 2019] [Guan, Liu, Ma, 2020]

[Mastrolia , Mizera , 2019] [Frellesvig , et al, 2019]

[Kotikov, 1991] [Henn, 2013]

[Smirnov, 1999]

[Binoth, Heinrich, 2000]

[Caffo, et al, 2008] [Czakon, 2008] [Lee, et al, 2017]

[Tarasov, 1996] [Laporta, 2000] [Lee, 2009]

[Liu, Ma, Wang, 2018]

4/20



General phase-space and loop integral
• form

•

• Ԧ𝑠: kinematical invariants (including 𝑄2)

• phase-space

Introduction
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Examples: VRR of 𝜸∗ → 𝒕 ҧ𝒕 + 𝑿

• notation: V𝐿
+
R𝑁−1V𝐿

−
to distinguish sub-processes

• (a) is the most complicated diagram

• (b) is (a)’s sub-diagram, take it as an example

• the phase-space integrals

• inverse propagators 

• take

• dimensionless integrals

Auxiliary mass flow

a typical Feynman 
diagrams
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Differential equations (DEs)

• Reverse unitarity relation

• map phase-space integrals onto pure loop integrals

• IBP reduction

• set up DEs w.r.t 𝑥 among MIs ( Ԧ𝐼(𝑥))

• DEs w.r.t. kinematical invariants 
• auxiliary mass flow (AMF) : DEs w.r.t. auxiliary mass

• Boundary conditions of DEs
• At singularity: analyze regions

• At regular point: auxiliary mass flow

Auxiliary mass flow

𝒟𝑖
𝑐 = 𝑘𝑖

2 −𝑚𝑖
2
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Auxiliary mass flow

• general form

• direction choice of  Ԧ𝜂 → 0
• Rule of Feynman prescription for 

Feynman propagators
take 𝜂𝛽

+ → 0+ and 𝜂𝛾
− → 0+

• 𝜂𝛼
𝑡 → 0+ or 𝜂𝛼

𝑡 → 0− are both 
fine
take 𝜂𝛼

𝑡 → 0+ for convenient

Add auxiliary mass to inverse propagators

• choice of finite  Ԧ𝜂
• either related to each others or completely independent

• our choice: either 0+ or 𝜂
• if {𝒟𝛽

+} or {𝒟𝛾
−} depend on Ԧ𝑠, choose 𝜂𝛼

𝑡 → 0+ and  𝜂𝛽
+ =

𝜂𝛾
− = 𝜂

• else, choose 𝜂𝛼
𝑡 = 𝜂
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VRR: sub-diagram (b)

• take 𝑦 = 𝜂/𝑠

• define dimensional integrals

• after reduction, 7 MIs for finite 𝜂 (or 𝑦)

• 6 MIs for 𝜂 → 0+

Auxiliary mass flow
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VRR: sub-diagram (b)

• choose 𝑥 = 1/2 (regular point) and set up DEs

• take boundaries at 𝜂 → ∞

Auxiliary mass flow
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Expansion for tree propagators at 𝜂 → ∞

• scalar products among external momenta and cut 
momenta are finite

• If 𝜂 is introduced, tree propagators are removed

• else, tree propagators remain

Auxiliary mass flow
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Expansion for loop propagators at 𝜂 → ∞

• loop momenta can be any large value

• at 𝜂 → ∞, linear combinations of loop momenta 
can be either at the order of 𝜂 1/2 or much smaller 
than it

• decompose 𝒟𝛼
+ into two parts

𝒟𝛼
+ = ෩𝒟𝛼

+ + 𝐾𝛼
• ෩𝒟𝛼

+: only including the part at order 𝜂

• 𝐾𝛼: other parts

Auxiliary mass flow
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Expansion for loop propagators at 𝜂 → ∞

• expansion for 𝒟𝛼
− are similar

• propagators (𝜂 exits and ෩𝒟𝛼
+ = 0) removed

• decouple some loop momenta at order 𝜂 1/2

−→ single-scale vacuum integrals factored

Auxiliary mass flow

eg: 𝑙𝛼
+ ⋅ 𝑘𝑖, 𝑙𝛼

+ ⋅ 𝑞𝑖
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Expansion at 𝜂 → ∞

• 𝐹 Ԧ𝜈; Ԧ𝑠, 𝜂 is simplified to a linear combination of 
integrals with fewer inverse propagators

• 𝑐 are rational functions of Ԧ𝑠 and 𝜂

• 𝐹bub: single-scale vacuum bubble integrals
• studied up to five-loop order

• 𝐹cut : basal phase-space integrations with the 
integrands being polynomials of scalar products 
between cut momenta.
• also studied for 𝑚𝑖 = 0 or 𝑚 (no more than 2)

Auxiliary mass flow

Luthe, Maier, Marquard et al., JHEP 03, (2017) 020

Bernreuther, Bogner, Dekkers, JHEP 06, (2011) 032
Liu, Ma, Tao, Zhang, Chin. Phys. C 45, (2021) 013115
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VRR: sub-diagram (b)

Auxiliary mass flow
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basal phase-space integrations

• ∫ dPS3(𝒟1
𝑡)𝑖 can be reduced to two MIs of RR 

process

• 𝐹𝑟,𝑁,𝑛
cut denote the n-th MI for N-particle-cut 

integrals with 𝑚1 = ⋯ = 𝑚𝑟 = 𝑚 and          
𝑚𝑟+1 = ⋯ = 𝑚𝑁 = 0

• for 𝑁 = 3, two MIs: 𝐹2,3,1
cut and 𝐹2,3,2

cut

• definition

Auxiliary mass flow
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basal phase-space integrations

• MI result of RR

Auxiliary mass flow
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basal phase-space integrations

• without 𝜂, MIs of RRR are not the basal phase-
space integrations 

• add 𝜂 and make expansion at 𝜂 → ∞ (see Page 11)

• all 𝒟𝛼
𝑡 come to the numerators

• then MIs are all basal phase-space integrations

Comment
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Flow of 𝜂 (𝑦)

• Set up DEs w.r.t. 𝑦 (as shown in page 10)

• boundary condition: fixed x= 1/2 and 𝑦 → ∞

• solve DEs with the flow of 𝑦 from ∞ to 0+

• eg: ෠𝐹 {1,1,2}; 1/2,0

Auxiliary mass flow
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• Reverse unitarity relation transforms the delta 
function to inverse propagators on cut

• With IBP reduction, complex integrals can be 
reduced to linear combination of MIs

• set up DEs w.r.t. kinematical invariants 
• use AMF to calculate the boundary conditions

• add auxiliary mass on inverse propagators
• set up DEs w.r.t. 𝜂
• at 𝜂 → ∞, integrals are reduced to a linear combination 

of basal phase-space integrals multiplied by single-scale 
vacuum bubble integrals

• flow 𝜂 → ∞ to 𝜂 → 0 with DEs

• The method is systematic and efficient

• Its high-precision nature makes it possible to obtain 
analytical results with a proper ansatz

Summary
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